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a b s t r a c t

Due to the hardness of solving the minimum spanning tree (MST) problem in stochastic environments, the
stochastic MST (SMST) problem has not received the attention it merits, specifically when the probability
distribution function (PDF) of the edge weight is not a priori known. In this paper, we first propose a
learning automata-based sampling algorithm (Algorithm 1) to solve the MST problem in stochastic graphs
where the PDF of the edge weight is assumed to be unknown. At each stage of the proposed algorithm, a
set of learning automata is randomly activated and determines the graph edges that must be sampled in
that stage. As the proposed algorithm proceeds, the sampling process focuses on the spanning tree with
the minimum expected weight. Therefore, the proposed sampling method is capable of decreasing the
rate of unnecessary samplings and shortening the time required for finding the SMST. The convergence
of this algorithm is theoretically proved and it is shown that by a proper choice of the learning rate the
spanning tree with the minimum expected weight can be found with a probability close enough to unity.
Numerical results show that Algorithm 1 outperforms the standard sampling method. Selecting a proper
learning rate is the most challenging issue in learning automata theory by which a good trade off can be
achieved between the cost and efficiency of algorithm. To improve the efficiency (i.e., the convergence
speed and convergence rate) of Algorithm 1, we also propose four methods to adjust the learning rate

in Algorithm 1 and the resultant algorithms are called as Algorithm 2 through Algorithm 5. In these
algorithms, the probabilistic distribution parameters of the edge weight are taken into consideration for
adjusting the learning rate. Simulation experiments show the superiority of Algorithm 5 over the others.
To show the efficiency of Algorithm 5, its results are compared with those of the multiple edge sensitivity
method (MESM). The obtained results show that Algorithm 5 performs better than MESM both in terms
of the running time and sampling rate.
. Introduction

A minimum spanning tree (MST) of an edge-weighted network
s a spanning tree having the minimum sum of edge weights among
ll spanning trees. The weight associated with the graph edge rep-
esents its cost, traversal time, or length depending on the context.
inimum spanning tree has many applications in different areas

uch as data storage [31,32], statistical cluster analysis [33,34], pic-
ure processing [35], and especially in communication networks

36,37]. In network routing protocols, the minimum cost span-
ing tree is one of the most effective methods to multicast or
roadcast the massages from a source node to a set of destina-
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tions. In most scenarios, the edge weight is assumed to be fixed,
but this does not hold always true and they vary with time in
real applications. For example, the links in a communication net-
work may be affected by collisions, congestions and interferences.
Therefore, the MST problem is generalized toward a stochastic min-
imum spanning tree (SMST) problem in which the edge weight
is a random variable rather than a constant value. There have
been many studies of the minimum spanning tree problem dealing
with the deterministic graphs and several well-known sequen-
tial algorithms such as Boruvka [1], Kruskal [2] and Prim [3], in
which the MST problem can be solved in polynomial time, have
been presented. Furthermore, several efficient distributed [20–24]
and approximation [25–27] algorithms have been also proposed to

solve the MST problem in deterministic graphs. However, when the
edge weight is allowed to be random (vary with time), this problem
becomes considerably hard to solve. This becomes more difficult if
the probability distribution function (PDF) of the edge weight is
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ot a priori known. Unlike the deterministic graphs, due to hard-
ess the MST problem has not received much attention in stochastic
raphs.

Ishii et al. [4] proposed a method for solving the stochastic span-
ing tree problem in which the mentioned problem is transformed

nto its proxy deterministic equivalent problem and then a poly-
omial time algorithm presented to solve the latter problem. In
his method, the probability distribution of the edges’ weights is
ssumed to be known. Ishii and Nishida [5] considered a stochas-
ic version of the bottleneck spanning tree problem on the edges
hose weights are random variables. They showed that, under rea-

onable restrictions, the problem can be reduced to a minimum
ottleneck spanning tree problem in a deterministic case. Mohd
6] proposed a method for stochastic spanning tree problem called
nterval elimination and introduced several modifications to the
lgorithm of Ishii et al. [4] and showed that the modified algo-
ithm is able to obtain the better results in less time. Ishii and
atsutomi [7] presented a polynomial time algorithm to solve

he problem stated in [4] when the probability distribution of the
dges weight is unknown. They applied a statistical approach to a
tochastic spanning tree problem and considered a minimax model
f the stochastic spanning tree problems with a confidence region
f unknown distribution parameters. Alexopoulos and Jacobson
8] proposed some methods to determine the probability distri-
ution of the weight of the MST in stochastic graphs in which the
dges have independent discrete random weights, and the prob-
bility that a given edge belongs to a minimum spanning tree.
hamdhere et al. [9] and Swamy and Shmoys [10] formulated the

tochastic MST problem as a stochastic optimization problem and
roposed some approximation approaches to solve two and mul-
istage stochastic optimization problems.

In Ref. [41], Hutson and Shier studied several approaches
o find (or to optimize) the minimum spanning tree when the
dges undergo the weight changes. Repeated Prim method, cut-
et method, cycle tracing method, and multiple edge sensitivity
ethod are the proposed approaches to find the MST of the

tochastic graph in which the edge weight can assume a finite num-
er of distinct values as a random variable. To approximate the
xpected weight of the optimal spanning tree, Hutson and Shier
sed the algebraic structure to describe the relationship between
he different edge-weight realizations of the stochastic graph. They
ompared different approaches and showed that the multiple edge
ensitivity method, which is here referred to as MESM, outper-
orms the others in terms of the time complexity and the size of
he constructed state space. Katagiri et al. [38] introduced a fuzzy-
ased approach to model the minimum spanning tree problem in
ase of fuzzy random weights. They examined the case where the
dge weights are fuzzy random variables. Fangguo and Huan [39]
onsidered the problem of minimum spanning tree in uncertain
etworks in which the edge weights are random variables. They ini-
ially define the concept of the expected minimum spanning tree
nd mathematically model (formulate) the problem accordingly.
hen, based on the resulting model they propose a hybrid intel-
igent algorithm which is a combination of the genetic algorithm
nd a stochastic simulation technique to solve the SMST problem.
n Ref. [44], a new classification is presented for MST algorithms.
his paper generally classifies the existing approaches into deter-
inistic and stochastic MST algorithms. Deterministic algorithms

re further subdivided into constrained and unconstrained classes.
n this paper, the authors propose a heuristic method to solve the
tochastic version of the minimum spanning tree problem. In Ref.
39], the Prüfer encoding scheme which is able to represent all pos-

ible trees is used to code the corresponding spanning trees in the
enetic representation. Almeida et al. [40] studied the minimum
panning tree problem with fuzzy parameters and proposed an
xact algorithm to solve this problem.
Soft Computing 11 (2011) 4064–4077 4065

The main drawback of the above mentioned SMST algorithms is
that they are feasible only when the probability distribution func-
tion of the edge weight is assumed to be a priori known, whereas
this assumption can not hold true in realistic applications. In this
paper, we first propose a learning automata-based approximation
algorithm called Algorithm 1 to solve the minimum spanning tree
problem in a stochastic graph, where the probability distribution
function of the edge weight is unknown. As Algorithm 1 proceeds,
the process of sampling from the graph is concentrated on the
edges of the spanning tree with the minimum expected weight.
This is theoretically proved for Algorithm 1 that by the proper
choice of the learning rate the spanning tree with the minimum
expected weight will be found with a probability close enough
to unity. To show the performance of Algorithm 1, the number
of samples that is required to be taken from the stochastic graph
by this algorithm is compared with that of the standard sampling
method when the approximated value of the edge weight con-
verges to its mean value with a certain probability. The obtained
results show that the average number of samples taken by Algo-
rithm 1 is much less than that of the standard sampling method. In
Algorithm 1, a learning automaton is assigned to each graph node
and the incident edges of node are defined as its action-set. This
algorithm is composed of a number of stages and at each stage
a spanning tree of the graph is constructed by the random selec-
tion of the graph edges by the activated automata. At each stage,
if the expected weight of the constructed spanning tree is larger
than the average weight of all spanning trees constructed so far,
the constructed spanning tree is penalized and it is rewarded oth-
erwise. The performance of a learning automata-based algorithm
is directly affected by the learning rate. Choosing the same learn-
ing rate for all learning automata to update their action probability
vectors may prolong the convergence for some learning automata
and accelerate the convergence to a non-optimal solution for some
others. To avoid this, we also propose four methods for adjust-
ing the learning rate and apply them to Algorithm 1. Algorithm
1 in which the learning rate is computed by these four statistical
methods are named as Algorithm 2 through Algorithm 5. Com-
puter simulation shows that Algorithm 5 outperforms the others in
terms of sampling rate (the number of samples) and convergence
rate. To investigate the efficiency of the best proposed algorithm
(Algorithm 5), we compare Algorithm 5 with MESM proposed by
Hutson and Shier [41]. The obtained results show that Algorithm
5 is superior to MESM in terms of running time and sampling
rate.

The rest of the paper is organized as follows. The stochas-
tic graph and learning automata theory are briefly reviewed in
Section 2. In Section 3, our learning automata-based algorithms
are presented. Section 4 presents the convergence proof of the
first proposed algorithm (Algorithm 1) and studies the relation-
ship between the learning rate and convergence rate of Algorithm
1. Section 5 evaluates the performance of the proposed algo-
rithms through simulation experiments, and Section 6 concludes
the paper.

2. Stochastic graph, learning automata theory

To provide the sufficient background for understanding the
basic concepts of the stochastic minimum spanning tree algorithms
which are presented in this paper, the stochastic graphs and learn-
ing automata theory are briefly described in this section.
2.1. Stochastic graph

An undirected stochastic graph G can be defined by a triple
G = (V, E, W), where V = {v1, v2, . . . , vn} is the vertex set, E ⊂ V × V
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s the edge set, and matrix Wn×n denotes the probability distri-
ution function of the random weight associated with the graph
dges, where n is the number of nodes. For each edge e(i,j) the asso-
iated weight is assumed to be a positive random variable with
robability density function wi,j, which is assumed to be unknown

n this paper. An undirected stochastic sub-graph G′ = (V′, E′, W)
s also called a stochastic spanning tree of G if G′ is a connected
ub-graph, G′ has the same edge set as G, and E′ ⊆ E, satisfying
E′| = n − 1, where |E′| denotes the cardinality of set E′. Let T ={�1,
2, �3, . . .} be the set of all possible stochastic spanning trees of
raph G and W̄�i denotes the expected weight of spanning tree
i. SMST is defined as the stochastic spanning tree with the mini-
um expected weight. In other words, a given stochastic minimum

panning tree �* ∈ T is the SMST if and only if W̄�∗ = min∀�i ∈ T {W̄�i}
4,7].

.2. Learning automaton

A learning automaton [11,12] is an adaptive decision-making
nit that improves its performance by learning how to choose
he optimal action from a finite set of allowed actions through
epeated interactions with a random environment. Learning
utomaton has shown to perform well in computer networks
43,48,49,50,51,52,54] and solving combinatorial optimization
roblems [44,45,47,53]. The action is chosen at random based on a
robability distribution kept over the action-set and at each instant
he given action is served as the input to the random environment.
he environment responds the taken action in turn with a rein-
orcement signal. The action probability vector is updated based on
he reinforcement feedback from the environment. The objective of
learning automaton is to find the optimal action from the action-

et so that the average penalty received from the environment is
inimized.
The environment can be described by a triple E ≡{˛,ˇ, C}, where

≡{˛1, ˛2, . . ., ˛r} represents the finite set of the inputs, ˇ≡{ˇ1,
2, . . ., ˇm} denotes the set of the values that can be taken by the
einforcement signal, and c ≡{c1, c2, . . ., cr} denotes the set of the
enalty probabilities, where the element c1 is associated with the
iven action ˛i. If the penalty probabilities are constant, the ran-
om environment is said to be a stationary random environment,
nd if they vary with time, the environment is called a non sta-
ionary environment. The environments depending on the nature
f the reinforcement signal � can be classified into P-model, Q-
odel and S-model. The environments in which the reinforcement

ignal can only take two binary values 0 and 1 are referred to as
-model environments. Another class of the environment allows
finite number of the values in the interval [0,1] can be taken by

he reinforcement signal. Such an environment is referred to as Q-
odel environment. In S-model environments, the reinforcement

ignal lies in the interval [a,b].
Learning automata can be classified into two main families

11,13–19]: fixed structure learning automata and variable struc-
ure learning automata. Variable structure learning automata are
epresented by a triple 〈ˇ

- -̨ , T〉, where ˇ
-

is the set of inputs, ˛ is
he set of actions, and T is learning algorithm. The learning algo-
ithm is a recurrence relation, which is used to modify the action
robability vector. Let ˛i(k) ∈ -̨ and p

-
(k) denote the action selected

y learning automaton and the probability vector defined over the
ction set at instant k, respectively. Let a and b denote the reward
nd penalty parameters and determine the amount of increases
nd decreases of the action probabilities, respectively. Let r be the

umber of actions that can be taken by learning automaton. At each

nstant k, the action probability vector p
-
(k) is updated by the linear

earning algorithm given in Eq. (1), if the selected action ˛i(k) is
ewarded by the random environment, and it is updated as given
Soft Computing 11 (2011) 4064–4077

in Eq. (2) if the taken action is penalized.

pj(k + 1) =
{
pj(k) + a

[
1 − pj(k)

]
j = 1

(1 − a)pj(k) ∀j /= i
(1)

pj(k + 1) =

⎧⎨
⎩

(1 − b)pj(k) j = 1(
b

r − 1

)
+ (1 − b)pj(k) ∀j /= i

(2)

If a = b, the recurrence Eqs. (1) and (2) are called linear reward-
penalty (LR−P) algorithm, if a � b the given equations are called
linear reward-�penalty (LR−∈P), and finally if b = 0 they are called
linear reward-Inaction (LR−1). In the latter case, the action proba-
bility vectors remain unchanged when the taken action is penalized
by the environment.

2.3. Variable action set learning automaton

A variable action-set learning automaton is an automaton in
which the number of actions available at each instant changes with
time. It has been shown in Ref. [11] that a learning automaton
with a changing number of actions is absolutely expedient and
also ∈-optimal, when the reinforcement scheme is LR−1. Such an
automaton has a finite set of n actions, -̨ = {˛1, ˛2, . . . , ˛r}. A ={A1,
A2, . . ., Am} denotes the set of action subsets and A(k) ⊆˛ is the
subset of all the actions can be chosen by the learning automaton,
at each instant k. The selection of the particular action subsets is
randomly made by an external agency according to the probabil-
ity distribution � (k) ={�1(k), �2(k), . . ., �m(k)} defined over the
possible subsets of the actions, where � i(k) = prob[A(k) = Ai|Ai ∈ A,
1 ≤ i ≤ 2n − 1].
p̂i(k) = prob[˛(k) = ˛i|A(k), ˛i ∈A(k)] denotes the probability of

choosing action ˛i, conditioned on the event that the action subset
A(k) has already been selected and ˛i ∈ A(k) too. The scaled proba-
bility p̂i(k) is defined as

p̂i(k) = pi(k)
K(k)

(3)

where K(k) =
∑
˛i ∈A(k)

pi(k) is the sum of the probabilities of the

actions in subset A(k), and pi(k) = prob[˛(k) =˛i].
The procedure of choosing an action and updating the action

probabilities in a variable action-set learning automaton can be
described as follows. Let A(k)be the action subset selected at instant
n. Before choosing an action, the probabilities of all the actions in
the selected subset are scaled as defined in Eq. (3). The automaton
then randomly selects one of its possible actions according to the
scaled action probability vector p̂(k). Depending on the response
received from the environment, the learning automaton updates
its scaled action probability vector. Note that the probability of the
available actions is only updated. Finally, the action probability vec-
tor of the chosen subset is rescaled as pi(k + 1) = p̂(k + 1) · K(k),
for all ˛i ∈ A(k). The absolute expediency and ε-optimality of the
method described above have been proved in [11].

3. Learning automata-based SMST algorithms

Let G = (V, E, W) denotes the input undirected stochastic graph,
where V is the vertex set, E is the edge set, and matrix W denotes the
probability distribution function of the random weight associated
with the graph edges. A network of learning automata isomor-

phic to the stochastic graph is formed by assigning to each node
of the graph a learning automaton. The resulting network can be
described by a triple 〈A,˛,W〉, where A = {A1, A2, . . . , An} denotes
the set of the learning automata, ˛ = {˛1, ˛2, . . . , ˛n} denotes the
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et of action-sets in which ˛i = {˛i1, ˛i2, . . . , ˛ij, . . . , ˛i ri} defines
he set of actions that can be taken by learning automata Ai for
ach ˛i ∈˛. Since the stochastic graph is undirected, edge e(i,j) cor-
esponds either to the action˛ij of the learning automata Ai or to the
ction ˛ji of the learning automata Aj. Weightwi,j denotes the ran-
om weight associated with edge e(i,j) (i.e., W(e(i,j))). In this paper,

t is assumed that W(e(i,j)) be a positive random variable with an
nknown probability distribution. In this algorithm, which is here-
fter referred to as Algorithm 1, each learning automaton can be
n one of two states: active and passive. Each learning automaton
s initially set to a passive state. The proposed algorithm consists
f a number of stages. Stage k of the proposed algorithm is briefly
escribed in the following steps.

. Spanning tree formation
Repeat the following until either the number of the selected

edges is greater than or equal to (n − 1) or there are no more
passive automata to be activated
- Choose one of the passive automata at random. Mark it as

active.
- The activated automaton chooses one of its actions according

to its action probability vector.
- The random weight associated with the selected action is

added to the weight of the spanning tree that is being formed
in the current stage.

- Each passive learning automaton changes its number of actions
(or scales its action probability vector) by disabling the actions
that may cause cycle during the formation of the spanning tree
(the process of disabling the actions is described later).

. Dynamic threshold computation
Let us assume that spanning tree �i is selected at stage k. The

average weight of all the constructed spanning trees until stage
k is computed and compared with dynamic threshold Tk. At each
stage k > 1, dynamic threshold Tk is computed as

Tk = 1
r

r∑
i=1

W(�i) (4)

where r is the number of spanning trees constructed so far, and
W(�i) denotes the average weight of spanning tree �i which is
defined as

W(�i) = 1
ki

ki∑
j=1

W�i(j) (5)

where ki denotes the number of times spanning tree �i has been
constructed, and W�i(k) denotes the weight of spanning tree �i
at stage k which is defined as follows

W�i(k) =
∑

∀e(s,t) ∈ �i
W(e(s,t)(k)) (6)

where W(e(s,t)) is a positive random variable with unknown prob-
ability distribution and W(e(s,t)(k) denotes its weight at stage
k.

. Updating action probability vector
At each stage k, if the average weight of the constructed span-

ning tree (i.e.,W(�i)) is less than or equal to dynamic threshold Tk,
then the actions chosen by all activated automata are rewarded
and penalized otherwise. In this algorithm, each automaton
updates its action probability vector by using a LR−I reinforce-
ment scheme. The disabled actions are enabled again and the
probability vectors are updated as described in Section 2.3.
. Termination
Steps 1, 2, and 3 are repeated until the choice probability of a

spanning tree (PMST) becomes greater than a certain threshold
TPMST or the stage number exceeds a pre-specified threshold Tk.
Soft Computing 11 (2011) 4064–4077 4067

PMST is defined as the product of the choice probabilities of the
edges of the constructed spanning tree. The spanning tree which
is constructed just before the algorithm stops is the spanning tree
with the minimum expected weight among all spanning trees of
the stochastic graph.

As mentioned earlier, at each stage of Algorithm 1 the number
of actions that can be taken by a passive automaton changes (or
reduces) with time in such a way that no cycle appears in the span-
ning tree (see line 17 of the Algorithm 1 in Fig. 1). To avoid the
formation of a cycle in the spanning tree, Algorithm 1 performs as
follows: Let�i,j denotes the path connecting node vi to node �j, and
pi
j

and qi
j

denote the choice probability of edge e(i, j) and path �i,j,
respectively. Now, at each stage k, the proposed algorithm removes
every edge e(r, s) (or e(s, r)) and temporarily disables its correspond-
ing action in the action-set of the passive automata Ar and As, if edge
e(i, j) is chosen at stage k and both paths�i,r and�j,s has been already
constructed by the activated automata. This disabling process is
repeated until the stop condition of step 1 is met. By this, the cycle-
freeness of the proposed MST formation algorithm is guaranteed.
At each stage, Algorithm 1 updates the action probability vectors
twice. The first time is when the selected actions are rewarded or
penalized, and the second time is when the disabled actions are
enabled again at the end of each stage. In both cases, the action
probabilities are updated as described in Section 2.3 on variable
action-set learning automata.

3.1. Improvements

In Algorithm 1, all learning automata use the same learning
rate remaining unchanged during the execution of algorithm. Such
a learning rate gives the equal importance to all edges of the
stochastic graph to being in the minimum spanning tree. This may
prolong the convergence to the optimal solution for some learning
automata and accelerate the convergence to a non-optimal solution
for some others. In this section, we discuss four statistical methods
for adjusting the learning rate so as to improve the speed and con-
vergence rates of Algorithm 1. These methods take into account the
probability distribution parameters of the edge weight for adjusting
the learning rate in the course of algorithm.

Method I: The number of samples that is required to be taken
from a given edge to reach an accurate estimation of the mean value
of its random weight is directly proportional to the variance of the
random variable associated with the edge weight. That is, the sam-
pling rate increases and the learning rate decreases as the variance
of the random weight becomes larger. Therefore, it is expected that
the convergence speed of Algorithm 1 is improved if the learning
rate of each graph edge is adjusted based on the variance of its ran-
dom weight as given in Eq. (7). In this method, the variance must
be initially projected to interval (0,1) for every edge. Algorithm 1
in which the learning rate is adjusted on the basis of Method I is
called Algorithm 2.

ae(i,j)(k) = a

�e(i,j)(k)
= a
[
ke(i,j)∑
k=1

[xe(i,j)(k) − x̄e(i,j)(k)]2

(ke(i,j) − 1)

]−1/2

(7)

where ke(i,j) denotes the number of times edge e(i,j) is sampled,
xe(i,j)(k) and x̄e(i,j)(k) denote the weight of edge e(i,j) at stage k and its
average weight, and a denotes the constant general learning rate.

Method II: An edge with a lower average weight is more likely
to be a part of the final minimum spanning tree. That is, the edges

having smaller weight need a lower sampling rate than the heavy
weight edges. Therefore, it is expected that the convergence rate of
Algorithm 1 increases if the learning rate of every edge is adjusted
by Eq. (8). This equation implies that the learning rate of an edge
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Fig. 1. The pseud

s inversely proportional to its average weight. The edge with the
owest average weight is rewarded more than the others and so the
utomaton converges to it by fewer samples. Like Method I, before
pplying Eq. (8), the mean value must be projected to interval (0,1)
or every edge. Algorithm 1 in which Method II is used to adjust the
earning rate is called Algorithm 3.

e(i,j)(k) = a

	e(i,j)(k)
= ake(i,j)∑ke(i,j)

k=1 xe(i,j)(k)
(8)

Method III: As the algorithm proceeds, the choice probability of
he edges of the spanning tree with the minimum expected weight
s gradually increases as that of the others decreases. The growth
f the choice probability of an action means that it is rewarded by

he environment. In fact, the choice probability of an action rep-
esents its optimality. In Eq. (9), the learning rate of an edge is
irectly defined on the basis of its choice probability. This equa-
ion increases the convergence speed more and more as the choice
e of Algorithm 1.

probability increases (or as the algorithm approaches to the end).
Algorithm 1 in which the learning rate is computed by Eq. (9) is
called Algorithm 4.

ae(i,j)(k) = aPe(i,j)(k) (9)

Method IV: Eq. (8) can be used in applications that sacrifice
the running time in favor of the solution optimality, while Eq. (9)
is appropriate for applications that give significant importance to
the running time. Different combinations of the previous methods
(Methods I–III) can be also used for applications in which a trade-
off between the running time and solution optimality is desired.

We combined Method II and Method III in order to improve both
the convergence rate and convergence speed of Algorithm 1. This
method is called Method IV and computes the learning rate as given
in Eq. (10). Algorithm 1 in which Method IV is used to adjust the
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earning rate is called Algorithm 5.

e(i,j)(k) = aPe(i,j)(k)
	e(i,j)(k)

= aPe(i,j)(k)ke(i,j)∑ke(i,j)
k=1 xe(i,j)(k)

(10)

. Convergence results

In this section we prove two main results of the paper. The
rst result concerns the convergence of Algorithm 1 to the opti-
al solution when each learning automaton updates its action-set

y a linear reward-inaction reinforcement scheme (Theorem 1).
his result represents that by choosing a proper learning rate for
lgorithm 1, the choice probability of the optimal solution con-
erges to one as much as possible. Since Algorithm 1 is designed
or stochastic environments where the environmental parameters
ary over time, the method that is used to prove the conver-
ence of the Algorithm 1 partially follows the method given in
12,13] to analyze the behavior of the learning automata operating
n non-stationary environments. The second result concerns the
elationship between the convergence error parameter ε (i.e. the
rror parameter involves in the standard sampling method) and
he learning rate of the Algorithm 1 (Theorem 3). The second result
ims at determining a learning rate a(�) under which the probabil-
ty of constructing the spanning tree with the minimum expected

eight exceeds 1 − ε.

heorem 1. Let qi(k) be the probability of constructing spanning
ree �i at stage k. If q(k) is updated according to Algorithm 1, then
here exists a learning rate a*(ε) ∈ (0, 1) (for every ε> 0) such that for
ll a ∈ (0, a*), we have

rob[limk→∞qi(k) = 1] ≥ 1 − ε

roof. The steps of the convergence proof are briefly outlined as
ollows. At first, it is proved that the penalty probability of each
panning tree converges to the constant value of the final penalty
robability, if k is selected large enough. This property is shown

n Lemma 1. Then, it is shown that the probability of choosing
he spanning tree with the minimum expected weight is a sub-

artingale process for large values of k, and so the changes in the
robability of constructing the minimum spanning tree is always
onnegative. Lemmas 2 and 3 show this result. Finally, the con-
ergence of Algorithm 1 to the spanning tree with the minimum
xpected weight is proved by using Martingale convergence the-
rems. Therefore, the following lemmas need to be proved before
tating the proof of Theorem 1.

emma 1. If spanning tree �i is penalized with probability ci(k) at
tage k (i.e. ci(k) = prob[W�i > Tk]), and Limk→∞ci(k) = ci*. Then, for
very ε∈ (0, 1) and k > K(ε) we have,

rob[|c∗i − ci(k)|> 0]< ε

roof. Let ci denotes the final value of probability ci(k) when k is
arge enough. Using weak law of large numbers, we conclude that

imk→∞prob[|c∗i − ci(k)|> ε] → 0

Hence, for every ε∈ (0, 1), there exists a a*(ε) ∈ (0, 1) and K(ε) < ∞
uch that for all a < a* and k > K(ε) we have Prob[|c∗

i
− ci(k)|> 0]<

, and the proof of Lemma 1 is completed.
emma 2. Let cj(k) = prob[W�j(k + 1)> Tk] and dj(k) = 1 − cj(k) be
he probability of penalizing and rewarding spanning tree �j (for all
= 1, 2, . . ., r) at stage k, respectively. If q(k) evolves according to
Fig. 2. Sample graph G and its minimum spanning tree.

Algorithm 1, then the conditional expectation of qi(k) is defined as

E[qi(k + 1)|q(k)] =
r∑
j=1

qj(k)[cj(k)qi(k) + dj
∏

e(m,n) ∈ �i

ımn (k)]

where

ımn (k) =
{
pmn (k + 1) = pmn (k) + a(1 − pmn (k)); e(m,n) ∈ �j

pmn (k + 1) = pmn (k)(1 − a); e(m,n) /∈ �j

where r denotes all constructed spanning trees.

Proof. Since the reinforcement scheme that is used to update
the probability vectors in Algorithm 1 is LR−1, at each stage k the
probability of choosing the spanning tree �i (i.e., qi(k)), remains
unchanged with probability cj(k) (for all j = 1, 2, . . ., r), when the
selected spanning tree �j is penalized by the random environment.
On the other hand, when the selected spanning tree �j is rewarded,
the probability of choosing the edges of the spanning tree �i which
are in the selected spanning tree �j increases by a given learning
rate as that of the other edges decreases. To illustrate the proof of
the lemma in more detail, we prove it for the minimum spanning
tree of the graph shown in Fig. 2. As shown in this figure, graph G
has 4 nodes, 5 edges and 8 spanning trees as follows: �1 ={e1, e2,
e3}, �2 ={e1, e2, e5}, �3 ={e2, e3, e4}, �4 ={e2, e4, e5}, �5 ={e1, e3, e5},
�6 ={e1, e3, e4}, �7 ={e1, e4, e5}, �8 ={e3, e4, e5}. It is also assumed
that �1 is the spanning tree with the minimum expected weight of
the graph given in Fig. 2.

Let qi(k) be the choice probability of spanning tree �i at stage k.
Therefore we have,

q1(k) = p1
2(k)p1

3(k)p1
4(k)

q2(k) = p1
2(k)p1

4(k)p3
4(k)

q3(k) = p1
3(k)p1

4(k)p2
4(k)

q4(k) = p1
4(k)p2

4(k)p3
4(k)

q5(k) = p1
2(k)p1

3(k)p3
4(k)

q6(k) = p1
2(k)p1

3(k)p2
4(k)

q7(k) = p1
2(k)p2

4(k)p3
4(k)

q8(k) = p1
3(k)p2

4(k)p3
4(k)
where pi
j
(k) denotes the probability of choosing action ˛i,j of

automaton Ai at stage k. The conditional expectation of q1(k + 1),
assuming q(k) is updated according to Algorithm 1, is defined
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s

E[q1(k + 1)|q(k)] =
q1(k)

[
c1q1(k) +d1(k){p1

2
(k) + a(1 − p1

2
(k))}{p1

3
(k) + a(1 − p1

3
(k))}{p1

4
(k) + a(1 − p1

4
(k))}
]

+

q2(k)
[
c2q1(k) + d2(k){p1

2
(k) + a(1 − p1

2
(k))}{p1

3
(k)(1 − a)}{p1

4
(k) + a(1 − p1

4
(k))}
]

+

q3(k)
[
c3q1(k) + d3(k){p1

2
(k)(1 − a)}{p1

3
(k) + a(1 − p1

3
(k))}{p1

4
(k) + a(1 − p1

4
(k))}
]

+

q4(k)
[
c4q1(k) + d4(k){p1

2
(k)(1 − a)}{p1

3
(k)(1 − a)}{p1

4
(k) + a(1 − p1

4
(k))}
]

+

q5(k)
[
c5q1(k) + d5(k){p1

2
(k) + a(1 − p1

2
(k))}{p1

3
(k) + a(1 − p1

3
(k))}{p1

4
(k)(1 − a)}

]
+

q6(k)
[
c6q1(k) + d6(k){p1

2
(k) + a(1 − p1

2
(k))}{p1

3
(k) + a(1 − p1

3
(k))}{p1

4
(k)(1 − a)}

]
q7(k)

[
c7q1(k) + d7(k){p1

2
(k) + a(1 − p1

2
(k))}{p1

3
(k)(1 − a)}{p1

4
(k)(1 − a)}

]
+

q8(k)
[
c8q1(k) + d8(k){p1

2
(k)(1 − a)}{p1

3
(k) + a(1 − p1

3
(k))}{p1

4
(k)(1 − a)}

]
After simplifying all terms in the right hand side of the equation

bove and some algebraic manipulations, we obtain

E[q1(k + 1)|q(k)] =
8∑
j=1

qj(k)[cj(k)q1(k) + dj(k)
∏

e(m,n) ∈ �1

ımn (k)]

ımn (k) =
{
pmn (k + 1) = pmn (k) + a(1 − pmn (k)); e(m,n) ∈ �j
pmn (k + 1) = pmn (k) · (1 − a); e(m,n) /∈ �j

nd hence the proof of the lemma.

emma 3. The increment in the conditional expectation of qi(k) is
lways non-negative subject to q(k) is updated according to Algorithm
. That is,
qi(k) > 0.

roof. Define

qi(k) = E[qi(k + 1)|q(k)] − qi(k)

From Lemma 2, we have

�qi(k) = E[qi(k + 1)|q(k)] − qi(k)

=
r∑
j=1

qj(k)[cj(k)qi(k) + dj
∏

e(m,n) ∈ �i

ımn (k)] − qi(k)

where

ımn (k) =
{
pmn (k + 1) = pmn (k) + a(1 − pmn (k)); e(m,n) ∈ �j
pmn (k + 1) = pmn (k) · (1 − a); e(m,n) /∈ �j

(11)

here pmn (k) is the probability of choosing edge e(m,n) at stage
. Since the probability with which the spanning trees are con-
tructed, rewarded or penalized is defined as the product of the
robability of choosing the edges along the spanning trees, we have

qi(k) =
r∑
j=1

∏
e(m,n) ∈ �j

pmn (k)

⎡
⎣ ∏
e(m,n) ∈ �j

cmn (k)
∏

e(m,n) ∈ �i

pmn (k)

+
∏

e(m,n) ∈ �j

dmn (k)
∏

e(m,n) ∈ �i

ımn (k)

⎤
⎦−

∏
e(m,n) ∈ �i

pmn (k)

here ımn (k) is defined as given in Eq. (11) and cmn (k) is the probabil-
ty of penalizing edge e(m,n) at stage k and dmn (k) = 1 − cmn (k). At each
tage, Algorithm 1 exactly chooses (n − 1) edges of the stochastic
raph forming one of r possible spanning trees.

qi(k) =
∏

e(m,n) ∈ �i

E
[
pmn (k + 1)|pm(k)

]
−

∏
e(m,n) ∈ �i

pmn (k)
The equality above can be rewritten as

qi(k) ≥
∏

e(m,n) ∈ �i

(E [pmn (k + 1)|pm(k)] − pmn (k)) =
∏

e(m,n) ∈ �i

�pmn (k) (12)
Soft Computing 11 (2011) 4064–4077

and


pmn (k) = a · pmn (k)
rm∑
s /= n

pms (k) · (cms (k) − cmn (k))

qi(k) ∈ (0, 1) for all q∈ S0
r , where Sr = {q(k) : 0 ≤ qi(k) ≤

1;
∑r

i=1qi(k) = 1} and S0
r denotes the interior of Sr. Hence,

pmn (k) ∈ (0,1) for all m,n. Since edge e(m,n) ∈ �i is the edge with the
minimum expected weight which can be selected by automaton
Am, it is shown that cm

∗
s − cm∗

n > 0 for all s /= n. It follows from
Lemma 1 that for large values of k, cms (k) − cmn (k)> 0. Therefore,
we conclude that for large values of k, the right hand side of the
equation above consists of the nonnegative quantities and so we
have∏
e(m,n) ∈ �i

apmn (k)
rm∑
s /= n

pms (k)(cms (k) − cmn (k)) ≥ 0

and from Eq.)12), we have

�qi(k) ≥
∏

e(m,n) ∈ �i

apmn (k)
rm∑
s /= n

pms (k)(cms (k) − cmn (k))

which completes the proof of this lemma.�

Corollary 1. The set of unit vectors in Sr − S0
r forms the set of all

absorbing barriers of the Markov process {q(k)}
k≥1

, where

S0
r = {q(k) : qi(k) ∈ (0,1);

∑r

i=1
qi(k) = 1}

Proof. Lemma 3 implicitly proves that {q(k)} is a sub-Martingale.
Using Martingale theorems and the fact that {q(k)} is a non-
negative and uniformly bounded function, it is concluded that
Limk→∞qi(k) converges to q* with probability one. Hence, from Eq.
(11), it can be seen that qi(k + 1) /= qi(k) with a nonzero probability
if and only if qi(k) /∈{0, 1}, and q(k + 1) = q(k) with probability one
if and only if q* ∈{0, 1} where Limk→∞qi(k) = q*, and hence the proof
is completed.

Let � i(q) be the probability of convergence of Algorithm 1 to
unit vector ei with initial probability vector q. � i(q) is defined as
follows

�i(q) = prob[qi(∞) = 1|q(0) = q] = prob[q∗ = ei|q(0) = q]
Let C(Sr) : Sr → � be the state space of all real-valued continu-

ously differentiable functions with bounded derivative defined on
Sr, where � is the real line. If  ( .)∈ C(Sr), the operator U is defined
as

U (q) = E[ (q(k + 1)|q(k) = q] (13)

where E[.] represents the mathematical expectation.
It has been shown in [13] that operator U is linear, and it

preserves the non-negative functions as the expectation of a non-
negative function remains nonnegative. In other word, U (q) ≥ 0
for all q ∈ Sr, if  (q) ≥ 0. If the operator U is applied n (for all n > 1)
times repeatedly, we have

Un−1 (q) = E[ (q(k + 1)|q(1) = q]
Function (q) is called super-regular (sub-regular) if and only if

 (q) ≥ U (q)
(
 (q) ≤ U (q)

)
, for all q ∈ Sr. It has been shown in [13]

that � i(q) is the only continuous solution of U� i(q) =� i(q) subject

to the following boundary conditions.

�i(ei) = 1

�i(ej) = 0; j /= i
(14)
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Define

i[x, q] = e−xqi/a − 1
e−x/a − 1

here x > 0. �i[x, q] ∈ C(Sr) satisfies the boundary conditions above.

heorem 2. Let  i( . ) ∈ C(Sr) be super-regular with  i(ei) = 1 and

i(ej) = 0 for j /= i, then

i(q) ≥ �i(q)

or all q ∈ Sr. If  i( . ) ∈ C(Sr) is sub-regular with the same boundary
onditions, then

i(q) ≤ �i(q) (15)

or all q ∈ Sr.

roof. Theorem 2 has been proved in [12].

In what follows, we show that �i[x, q] is a sub-regular function,
nd �i[x, q] qualifies as a lower bound on � i(q). Super and sub-
egular functions are closed under addition and multiplication by
positive constant, and if �( . ) is super-regular then −�( . ) is sub-

egular. Therefore, it follows that �i[x, q] is sub-regular if and only
f

i[x, q] = e−xqi/a

s super-regular.
We now determine the conditions under which �i[x, q] is super-

egular. From the definition of operator U given in Eq. (13), we have

�i(x, q) =

E
[
e−
xqi(k + 1)

a
∣∣q(k) = q

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

r∑
j=1

qjd
∗
j e

−
x

a
[

∏
e(m,n) ∈ �i,
e(m,n) ∈ �j

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
qid

∗
i
e−
x

a
(qi + a(1 − qi)) +

∑
j /= i
d∗
j
e

−
x

a
[

∏
e(m,n) ∈ �i,
e(m,n) ∈ �j

(pmn +

here dj* denotes the final value to which the reward probabil-
ty dj(k) is converged (for large values of k), and e−x/a(qi+a(1−qi)) is
he expectation of �i(x, q) when the minimum spanning tree �i is
ewarded by the environment.

�i(x, q) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢qid∗

i
e−
x

a
(qi + a(1 − qi)) +

∑
j /= i

qjd
∗
j
e

−
x

a

⎛
⎜⎜⎜⎝qi(1 − a) ·

∏
e(m,n) ∈ �i,
e(m,n) ∈ �j

(pmn +
(pmn
⎢⎢⎢⎣
Soft Computing 11 (2011) 4064–4077 4071

a(1 − pmn ))]

+
r∑
j=1

qjd
∗
j e

−
x

a
[

∏
e(m,n) ∈ �i,
e(m,n) /∈ �j

(pmn (1 − a))]
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

− pmn ))]

+
∑
j /= i
qjd

∗
j
e

−
x

a
[

∏
e(m,n) ∈ �i,
e(m,n) /∈ �j

(pmn (1 − a))]
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

pmn ))

⎞
⎟⎟
⎤
⎥⎥

where �i
j
> 0 is defined as

�ij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∏
e(m,n) ∈ �i,
e(m,n) ∈ �j

(pmn + a(1 − pmn ))
(pmn (1 − a)) ; i /= j

1; i = j or (�i ∩ �j) = 


U�i(x, q) − �i(x, q) =

[
e

−xqi�ij/a
∑
j=i

qjd
∗
j
e

−x(1−qi )�ij + e−xqi�
i
j
/a
∑
j /= i

qjd
∗
j
e
xqi�

i
j

]
− e−xqi/a

�i(x, q) is super-regular if

e
−xqi�ij/a

∑
j=i
qjd

∗
j e

−x(1−qi)�ij + e−xqi�
i
j
/a
∑
j /= i
qjd

∗
j e
xqi�

i
j ≤ e−xqi/a

and

U�i(x, q) ≤ e−xqi/aqid∗
i e

−x(1−qi) + e−xqi/a
∑
j /= i
qjd

∗
j e
xqi

If �i(x, q) is super-regular. Therefore, we have

U�i(x, q) − �i(x, q) ≤

[
e−xqi/aqid∗

i
e−x(1−qi ) + e−xqi/a

∑
j /= i

qjd
∗
j
exqi

]
− e−xqi/a

After multiplying and dividing the right hand side of the inequal-
ity above by −xqi and some algebraic simplifications, we have
⎥⎥⎥⎦
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�i(x, q) − �i(x, q) ≤ −xqie−xqi/a
[
qid

∗
i

e−x(1−qi ) − 1
−xqi

−
∑
j /= i

qjd
∗
j

exqi − 1
xqi

]

= −xqie−xqi/a
[
d∗
i

e−x(1−qi ) − 1
−x −

∑
j /= i

qjd
∗
j

exqi − 1
xqi

]

= −xqie−xqi/a
[

(1 − qi)d∗
i

e−x(1−qi ) − 1
−x(1 − qi)

−
∑
j /= i

qjd
∗
j

exqi − 1
xqi

]

nd

[u] =
{
eu − 1
u

; u /= 0

1; u = 0

�i(x, q) − �i(x, q) ≤ −xqie−xqi/a
[
(1 − q)id∗

i V [−x(1 − qi)]

−(
∑
j /= i
qjd

∗
j )V [xqi]

⎤
⎦ = −xqi�i(x, q)Gi(x, q)

here Gi(x, q) is defined as

i(x, q) = (1 − qi)d∗
i V [−x(1 − qi)] − (

∑
j /= i
qjd

∗
j V [xqi]) (16)

Therefore, �i(x, q) is super-regular if

i(x, q) ≥ 0 (17)

From Eq. (16), it follows that �i(x, q) is super-regular if we have

i(x, q) = V [−x(1 − qi)]
V [xqi]

≤
∑

j /= iqjd
∗
j

(1 − qi)d∗
i

(18)

The right hand side of the inequality (18) consists of the non-
egative terms, so we have∑

j /= i
qj)min

j /= i

(
d∗
j

d∗
i

)
≤ 1

(1 − qi)
∑

j /= i
qj
d∗
j

d∗
i

≤
(∑

j /= i
qj

)
max
j /= i

(
d∗
j

d∗
i

)

Substituting
∑

j /= iqj by (1 − qi) in the above inequality, we can
ewrite it as

in
j /= i

(
d∗
j

d∗
i

)
≤
∑

j /= iqj(d
∗
j
/d∗
i
)∑

j /= iqj
≤ max

j /= i

(
d∗
j

d∗
i

)

From Eq. (18), it follows that �i(x, q) is super-regular if we have

i(x, q) ≥ max
j /= i

(d∗
j /d

∗
i )

For further simplification, let employ logarithms. Let

(q, x) = ln fi(x, q)

It has been shown in [13] that

−
∫ x

0

H′(u)du ≤�(q, x) ≤ −
∫ 0

−x
H′(u)du

H(u) = dH(u)
du

, H(u) = lnV(u)
Therefore, we have

1
V [x]

≤ V [−x(1 − qi)]
V [xqi]

≤ V [−x]
Soft Computing 11 (2011) 4064–4077

and

1
V [x]

= max
j /= i

(
d∗
j

d∗
i

)
(19)

Let x*be the value of x for which Eq. (19) is true. It is shown that
there exists a value of x > 0 under which the Eq. (19) is satisfied, if
(dj/di) is smaller than 1 for all j /= i. By choosing x = x* Eq. (19) holds
true. Consequently, Eq. (17) is true and �i(x, q) is a super-regular
function. Therefore,


i[x, q] = e−xqi/a − 1
e−x/a − 1

is a sub-regular function satisfying the boundary conditions
given in Eq. (14). From Theorem 2 and Inequality (15), we conclude
that


i[x, q] ≤ �i(q) ≤ 1

From definition of �i[x, q], we see that given anyε> 0 there exists
a positive constant a* < 1 such that

1 − ε ≤ 
i[x, q] ≤ �i(q) ≤ 1

for all 0 < a ≤ a*.
Thus we conclude that the probability with which Algorithm 1

constructs the spanning tree with the minimum expected weight
is equal to 1 as k converges to infinity, and so Theorem 1 is proved:

Theorem 3. Let qi(k) be the probability of constructing minimum
spanning tree �i at stage k, and (1 − ε) be the probability with which
Algorithm 1 converges to spanning tree �i. If q(k) is updated by Algo-
rithm 1, then for every error parameter ε∈ (0, 1) there exists a learning
rate a ∈ (ε, q) so that

xa

exa − 1
= maxj /= i

(
dj
di

)

where 1 − e−xqi = (1 − e−x) · (1 − ε) and qi = [qi(k)|k = 0].

Proof. It has been proved in [13,17] that there always exists a x >
0 under which Eq. (19) is satisfied, if dj/di < 1 for all j /= i. Hence, it
is concluded that


i[x, q] ≤ �i(q) ≤ 1 − e−xqi
1 − e−x

where qi is the initial choice probability of the optimal spanning
tree �i. From Theorem 1, we have for each 0 < a < a* the probability
of converging Algorithm 1 to the spanning tree with the minimum
expected weight is (1 − ε) where a*(ε) ∈ (0, 1). Therefore, we con-
clude that

1 − e−xqi
1 − e−x = 1 − ε (20)

It is shown that for every error parameter ε∈ (0, 1) there exists
a value of x under which Eq. (19) is satisfied, and so we have

x∗a
ex∗a − 1

= max
j /= i

(
d∗
j

d∗
i

)
It is concluded that for every error parameter ε∈ (0, 1) there

exists a learning rate a ∈ (ε, q) under which the probability of
converging Algorithm 1 to the spanning tree with the minimum
expected weight is greater than (1 − ε) and hence the proof of the
theorem.
5. Numerical results

To study the efficiency of the proposed algorithms, we have con-
ducted three set of simulation experiments on four well-known
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tochastic benchmark graphs borrowed from [41,42]. The first set
f experiments aims to investigate the relationship between the
earning rate of Algorithm 1 and the error rate in standard sam-
ling method. These experiments show that for every error rate �,
here exists a learning rate a* such that for a ≤ a* Algorithm 1 con-
truct the spanning tree with the minimum expected weight. This
et of experiment is conducted on stochastic graphs Alex2-B and
lex3-B [41]. The second set of simulation experiments compare

he performance of the SMST algorithms proposed in this paper
Algorithm 1–5). These experiments are conducted on Alex2-B and
lex3-B too. The third set of experiments aims to show the effi-
iency of Algorithm 5, which is the best proposed algorithm in
omparison with MESM (multiple edge sensitivity method)[41]. In
ll three set of experiments conducted in this paper, the reinforce-
ent scheme by which the action probability vector is updated

s LR−I. Each algorithm stops if the probability of the constructed
panning tree is equal to or greater than 0.95 or the number of con-
tructed spanning trees exceeds a pre-defined threshold 100,000.
or each experiment, the results are averaged over 100 different
ndependent runs.

.1. Experiment I

This set of experiments is conducted on two sparse graphs called
lex2 and Alex3. Alex2 comprises 9 nodes and 15 edges, and Alex3
as 10 nodes and 21 edges. The discrete random variable associated
ith the edge weight of Alex2 and Alex3 has two and three states in
ode A and B, respectively. The probability distribution of the ran-

om weight assigned to the edges of Alex2 and Alex3 tends toward
he smaller edge weights. In other words, the higher probabilities
re assigned to the edges with smaller weights. Such a biased distri-
ution is more pragmatic for modeling the network dynamics than
simple uniform distribution. The first set of experiment compares

he efficiency of Algorithm 1 with the standard sampling method in
erms of the sampling rate. To do so, by Theorem 3, the learning rate
orresponding to each confidence level 1-� in initially computed
see Tables 1 and 2). Then, Algorithm 1 is run with the obtained
earning rate and its sampling rate is measured. Finally, the sam-
ling rate of Algorithm 1 is compared with that of the standard
ampling method to obtain the same confidence level.

The number of samples that the standard sampling method
akes from Alex2-B and Alex3-B to obtain a confidence level 1-�
as been computed and shown in Tables 1 and 2, respectively. To
o this, we varied ε from 0.01 to 0.5 and computed the minimum
equired number of samples for every edge of the graph in stan-
ard sampling method subject to prob[|x̄n −	|< ı] ≥ 1 − ε, where
= 0.001 [28,29]. According to the standard sampling method pre-
ented in [46], to obtain a confidence level 1 − ε for the MST,
e need to build a confidence with level 1 − εi for each edge ei

uch that
∑n=1

i=1 εi = ε. We assume that the edges of the stochastic
raph all have the same confidence level 1 − ε0. Therefore, select-
ng ε0 = ε/(n − 1), where n denotes the number of vertices of the
tochastic graph, guarantees a confidence level 1 − ε for the MST
30,46].

Using the numerical methods, parameter x can be determined
y solving equation e−xqi + e−x(1 − ε) − ε= 0 derived from Eq. (20)
or every error rate �. Then, learning rate a is calculated for the
btained parameter x by solving equation ax/eax−1 = maxj /= i(dj/di).
n this experiment, we changed error rate ε from 0.5 to 0.01 (or
onvergence rate from 50% to 99%) and computed the correspond-
ng learning rate for Alex2-B and Alex3-B. Then, we ran Algorithm
over these two benchmark graphs and measured the sampling
ate of algorithm. The obtained results are shown in Tables 3 and 4.
hese tables also include the sampling rate of the standard sam-
ling method to achieve the same confidence level taken from
Soft Computing 11 (2011) 4064–4077 4073

Tables 1 and 2. From the results given in Tables 3 and 4, it can be
seen that the sampling rate of Algorithm 1 is much less than that of
the standard sampling method for the same confidence level (1 − �)
in both Alex2-B and Alex3-B.

5.2. Experiment II

This set of experiments is conducted to compare the perfor-
mance of the learning automata-based SMST algorithms presented
in this paper. In these experiments, the learning rate changes from
0.005 to 0.07 and each algorithm is executed on Alex2-B and Alex3-
B. The obtained results are shown in Tables 5 and 6. In these tables,
for each algorithm the reported results include the total number
of the samples taken from the graph (ST), the total number of the
samples taken from the spanning tree with the minimum expected
weight (MST), and the percentage of the converged runs (i.e., the
percentage of runs converged to the minimum spanning tree) (PC).

From the results of Experiment II, the following points can be
made. The experiments show that for all proposed algorithms the
total number of converged runs increases and the sampling rate
increase as the learning rate of algorithm decreases. For example,
the convergence rate is 78% and the number of samples is 255 if
Algorithm 1 is executed on Alex2-B with learning rate 0.07, whereas
they are 98% and 4405 when the learning rate increases to 0.009
(see Table 3).

Comparing Algorithm 1 and Algorithm 2, we observe that the
sampling rate and the convergence rate of Algorithm 2 are much
less than those of Algorithm 1. The reason for such a reduction in
sampling rate of Algorithm 2 is the fact that in this algorithm the
learning rate of an edge is adjusted based on the variance of its
random weight as given in Eq. (7). That is, the number of samples
that Algorithm 2 takes from the edges having small variance is sig-
nificantly less than that of Algorithm 1. The results also show that
for the same convergence rate, the sampling rate of Algorithm 2 is
lower than Algorithm 1.

From the results given in Tables 5 and 6 for Algorithm 3, it is
concluded that this algorithm is capable of improving the conver-
gence rate of Algorithm 1. This is because Algorithm 3 takes into
consideration the mean of the random weight of an edge to adjust
its learning rate as described in Method II. This means that the edges
with smaller mean have a larger learning rate. On the other hand, it
is clear that the edge with a lower average weight is more likely to
be a part of the final minimum spanning tree. Therefore, the edges
of the minimum spanning tree are rewarded more with a larger
learning rate and so Algorithm 3 converges to the optimal solution
with a higher rate than Algorithm 1.

Comparing the results of different algorithms, it can be seen that
the convergence speed of Algorithm 4 is significantly higher than
that of the other algorithms as expected. This reduces the sampling
rate of Algorithm 4 as compared to the others. In this algorithm,
the learning rate of the edge increases as its choice probability
increases. Therefore, the learning rate of the edges belonging to the
minimum spanning tree and so the convergence speed of algorithm
(to the optimal solution) increases as algorithm proceeds.

As a combination of Algorithm 3 and Algorithm 4, Algorithm 5
inherits both higher convergence rate and convergence speed from
these algorithms. From the results shown in Tables 5 and 6, it is
obvious that the convergence rate of Algorithm 5 is much higher
than that of Algorithm 3. The obtained results also show that for the
same convergence rate the sampling rate of Algorithm 5 is lower
than that of Algorithm 4.
5.3. Experiment III

From the results of Experiment II, we observe that Algorithm
5 considerably outperforms the others both in terms of the con-
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Table 1
The total number of samples taken from Alex2-B for standard sampling method.

Edge Confidence level For MST

0.5 0.6 0.7 0.75 0.8 0.85 0.9 0.95 0.99

e1 299 366 323 314 282 365 555 434 472
e2 359 473 451 475 412 345 324 499 384
e3 761 600 843 694 700 665 572 611 767
e4 307 314 357 337 404 282 259 329 457
e5 295 394 289 294 373 336 265 429 450
e6 547 492 491 526 410 424 535 432 490
e7 380 254 179 403 299 346 310 315 521
e8 331 315 319 302 403 368 514 358 457
e9 291 398 424 301 346 351 342 363 419
e10 686 538 360 671 604 704 667 655 712
e11 327 321 344 549 531 477 450 564 426
e12 293 276 379 274 336 447 373 407 345
e13 386 497 632 507 456 527 554 448 611
e14 463 452 686 448 562 567 550 705 501
e15 329 447 365 376 462 452 410 327 435

Total 6062 6141 6449 6479 6586 6663 6686 6884 7455

Table 2
The total number of samples taken from graph 2 for standard sampling method.

Edge Confidence level For MST

0.5 0.6 0.7 0.75 0.8 0.85 0.9 0.95 0.99

e1 315 273 288 394 275 249 471 449 524
e2 459 473 519 397 481 552 473 499 608
e3 460 401 338 436 293 344 401 434 481
e4 346 514 351 413 395 476 401 376 479
e5 751 557 551 601 482 580 679 869 670
e6 364 304 284 268 372 320 286 452 464
e7 359 365 292 328 326 459 492 384 441
e8 279 268 240 248 319 318 353 385 412
e9 390 421 438 386 448 544 390 392 516
e10 304 392 467 405 352 407 428 446 658
e11 229 317 333 390 479 364 342 491 424
e12 524 410 490 580 438 428 406 550 463
e13 305 294 265 371 426 347 302 388 456
e14 400 410 443 337 377 353 434 388 500
e15 293 248 357 333 372 466 483 378 459
e16 705 507 692 474 552 482 509 555 593
e17 398 439 434 529 504 441 512 533 463
e18 327 254 342 347 340 434 444 442 393
e19 503 412 351 469 464 509 420 454 385
e20 704 765 530 706 505 556 666 536 546

v
e
t
p
[
A
5

T
S

e21 337 400 463 494

Total 8761 8433 8478 8917

ergence rate and sampling rate. The aim of the third set of
xperiments (Experiment III) is to investigate the performance of
he best proposed algorithm (Algorithm 5) as opposed to multi-

le edge sensitivity method (MESM) proposed by Hutson and Shier
41]. In Experiment III, in addition to the sparse graphs Alex2 and
lex3, all algorithms are also tested on two complete graphs with
and 6 vertices called K5 and K6 [41,42]. The edge weight dis-

able 3
ampling rate of algorithm 1 and the standard sampling method for Alex2-B.

Convergence rate Sampling rate

0.5 0.13
0.6 0.1051
0.7 0.08
0.75 0.068
0.8 0.058
0.85 0.05
0.9 0.034
0.95 0.0207
0.99 0.0106
373 343 410 421 400

8582 8981 9310 9829 10343

tribution of complete graphs K5 and K6 can take 4 and 3 states,
respectively. The probability distribution functions of K5 and K6
are defined in two different modes E1 and E2. In mode E1, the vari-

ance of the random edge weight is small, while in mode E2 it is
large. The learning rate of Algorithm 5 is set to 0.07 by which this
algorithm always converges to the spanning tree with the mini-
mum expected weight. In this experiment, the metrics of interest

Sampling rate

Algorithm 1 Standard sampling method

79 6062
93 6141

161 6449
252 6479
332 6586
426 6663
664 6686

1391 6884
3658 7455



Journal Identification = ASOC Article Identification = 1113 Date: May 12, 2011 Time: 4:13 pm

J. Akbari Torkestani, M.R. Meybodi / Applied Soft Computing 11 (2011) 4064–4077 4075

Table 4
Sampling rate of Algorithm 1 and the standard sampling method for Alex3-B.

Convergence Rate Learning rate Sampling rate

Algorithm 1 Standard sampling method

0.5 0.0945 152 8761
0.6 0.071 281 8433
0.7 0.0592 492 8478
0.75 0.044 672 8917
0.8 0.0412 741 8582
0.85 0.0379 1391 8981
0.9 0.0256 2442 9310
0.95 0.0183 3902 9829
0.99 0.0089 5611 10343

Table 5
Comparison of the proposed algorithms on Alex2-B for different learning rates.

Learning rate Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5

ST MST PC ST MST PC ST MST PC ST MST PC ST MST PC

0.005 6052 4471 100 542 239 88 37905 21871 100 2615 858 100 28103 10267 100
0.006 5821 3887 100 480 246 88 30029 16175 100 2177 665 99 23174 9027 100
0.007 5050 3104 99 455 181 87 29511 17387 100 1851 584 99 19570 7440 100
0.008 4967 3318 100 347 159 85 26670 15982 100 1577 491 98 17291 6050 100
0.009 4405 2372 98 319 149 86 21589 14043 100 1415 426 97 15627 5468 100
0.01 3337 1889 97 266 125 85 17881 11520 100 1338 414 97 14179 5185 100
0.02 1250 697 94 138 69 83 9505 6227 100 774 296 96 7508 3152 100
0.03 921 439 91 82 44 81 5261 3323 100 455 167 96 4930 2070 100
0.04 489 272 84 63 35 78 4760 3118 100 342 120 95 4132 1915 100
0.05 395 249 83 56 26 71 3471 2326 98 293 94 92 3295 1550 100
0.06 267 143 79 45 23 68 3173 2090 99 253 89 93 2733 1277 100
0.07 255 127 78 44 17 70 2394 1529 97 209 84 91 2332 1106 100

Table 6
Comparison of the proposed algorithms on Alex3-B for different learning rates.

Learning rate Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5

ST MST PC ST MST PC ST MST PC ST MST PC ST MST PC

0.004 11001 6410 100 1905 861 89 43721 28090 100 3956 838 100 40951 20255 100
0.005 8583 4560 100 1461 637 88 42422 27869 100 3298 694 99 32734 17378 100
0.006 7693 3706 98 1093 454 87 36816 25758 100 2637 592 98 27052 15038 100
0.007 7041 2931 99 887 374 88 35016 25886 100 2273 505 98 23499 13046 100
0.008 6276 3814 97 908 371 85 31200 23409 100 2164 459 98 20154 10952 100
0.009 5402 3176 95 641 238 82 23663 15983 100 1823 415 96 17951 9983 100
0.01 5258 2855 94 511 237 76 20664 13579 100 1615 318 97 16191 9014 100
0.02 3203 1329 90 310 137 69 13332 9769 100 865 219 96 8010 4556 100
0.03 1148 548 86 157 79 62 7376 5293 100 598 156 94 5691 3298 100
0.04 857 422 80 141 81 59 5276 3798 100 469 118 92 4293 2533 100
0.05 532 261 72 107 52 56 4839 3525 99 369 97 90 3397 2011 100
0.06 400 178 68 98 49 52 3259 2292 100 303 79 88 2890 1677 100
0.07 278 140 67 65 41 55 3064 2222 98 261 71 88 2461 1432 100

Table 7
The average running time (s) of algorithms.

Graph Vertices Edges MESM Algorithm 5

Alex2-A 9 15 7.231 1.912
Alex2-B 9 15 28.12 2.821
Alex3-A 10 21 14.01 2.015
Alex3-B 10 21 31.14 3.48
K5-E1 5 10 8.45 2.211
K5-E2 5 10 12.98 3.665
K6-E1 6 15 53.87 7.01
K6-E2 6 15 69.44 9.15

Table 8
The average sampling rate of different algorithms.

Graph Vertices Edges MESM Algorithm 5

Alex2-A 9 15 23412 1814
Alex2-B 9 15 80981 2332
Alex3-A 10 21 36915 2045
Alex3-B 10 21 90440 2461
K5-E1 5 10 53902 3110
K5-E2 5 10 62411 4137
K6-E1 6 15 60787 7045
K6-E2 6 15 71192 8972



Journal Identification = ASOC Article Identification = 1113 Date: May 12, 2011 Time: 4:13 pm

4 plied

a
i
o
T

M
r
c
s
A
a
o
r
M
c
i
o
o
M
i
g
l
c
a
B
s
o

d
F
A
A
m
t
m
M
t
A
l
M

6

r
t
b
o
r
t
e
t
o
i
1
r
t
A
f
c
t
5
s
r
i

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

076 J. Akbari Torkestani, M.R. Meybodi / Ap

re the average running time of algorithm (in second) that is shown
n Table 7, and the sampling rate of algorithm (i.e., the total number
f samples that must be taken from the graph), which is shown in
able 8.

Table 7 shows the average running time of Algorithm 5 and
ESM for benchmarks Alex2, Alex3, K5 and K6 in second. Form the

esults, it can be seen that K5 and K6 are more time consuming in
ontrast with Alex2 and Alex3. This is because of the larger state
pace of the complete graphs K5 and K6 as compared to Alex2 and
lex3. In fact, to find the optimal solution in a larger state space,
larger number of samples must be taken. Comparing the results
f Algorithm 5 and MESM given in Table 7, it is obvious that the
unning time of Algorithm 5 is meaningfully shorter than that of
ESM, specifically for complete graphs. It must be note that by

hoosing learning rate 0.07 the percentage of the converged runs
s 100 for Algorithm 5, while the convergence rate of MESM to the
ptimal solution is at most 90 percent. However, the running time
f MESM is very longer than that of Algorithm 5. This is because
ESM constructs the large state space of the problem and this in

tself takes a long time for moderate size or even small stochastic
raphs. Furthermore, finding the optimal state from an extremely
arge state space requires a lot of time. While, Algorithm 5 only
onstructs the parts of the problem state space in which the prob-
bility of finding the optimal or near optimal solutions is higher.
esides, as Algorithm 5 proceeds, the constructed problem state
pace becomes finer and finer as the choice probability of the non-
ptimal solutions converges to zero.

Table 8 includes the results of the simulation experiments con-
ucted to measure the sampling rate of Algorithm 5 and MESM.
rom the obtained results, we observe that the sampling rate of
lgorithm 5 is much less than that of MESM. This is because
lgorithm 5 focuses on the sampling from the edges of the opti-
um spanning tree (avoids unnecessary samples) by excluding

he non-optimal edges (the edges that do not belong to the opti-
al spanning tree) from the sampling process at each stage. In
ESM, sampling from the very huge state space of the stochas-

ic problem results in a mush higher sampling rate compared to
lgorithm 5. Briefly speaking, the higher convergence rate and

ower sampling rate of Algorithm 5 confirm its superiority over
ESM.

. Conclusion

In this paper, we first presented a learning automata-based algo-
ithm called Algorithm 1 for finding a near optimal solution to
he MST problem in stochastic graphs where the probability distri-
ution function of the edge weight is unknown. The convergence
f the proposed algorithm was theoretically proved. Convergence
esults confirmed that by a proper choice of the learning rate
he probability of choosing the spanning tree with the minimum
xpected weight converges to one. Algorithm 1 was compared with
he standard sampling method in terms of the sampling rate and the
btained results showed that this algorithm outperforms it. Then, to
mprove the convergence rate and convergence speed of Algorithm
, we proposed four methods to adjust the learning rate of this algo-
ithm. The algorithms in which the learning rate is determined by
hese four statistical methods were called as Algorithm 2 through
lgorithm 5. Simulation experiments showed that Algorithm 5 per-

orms better than the other algorithms in terms of the sampling and
onvergence rates and Algorithm 1 has the worst results. To show
he performance of the best proposed SMST algorithm (Algorithm

), we compared its results with those of the multiple edge sen-
itivity method proposed by Hutson and Shier [41]. Experimental
esults confirmed the superiority of Algorithm 5 over MESM both
n terms of the running time and sampling rate.
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