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Abstract

In this paper, we first propose a new continuous action-set learning automaton and theoretically study

its convergence properties and show that it converges to the optimal action. Then we give an adaptive and

autonomous call admission algorithm for cellular mobile networks, which uses the proposed learning

automaton to minimize the blocking probability of the new calls subject to the constraint on the dropping
probability of the handoff calls. The simulation results show that the performance of the proposed algo-

rithm is close to the performance of the limited fractional guard channel algorithm for which we need to

know all the traffic parameters in advance.
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1. Introduction

In cellular networks, geographical area covered by a mobile network is divided into smaller
regions called cells. Each cell has a base station, which is located at its center. A number of base
stations are connected to a mobile switching center, which also acts as a gateway of the mobile
network to the existing wired-line networks. In order for a mobile user to be able to communicate
with other user(s), a connection usually must be established between the users. When a mobile
user needs a connection, sends his request to the base station of the cell residing it. Then, the base
station determines whether it can meet the requested quality of service (QoS) requirements and, if
possible, allocates a channel to the incoming call and establishes a connection. When a call gets a
channel, it will keep the channel until its completion, or until the mobile user moves out of the cell,
in which case the used channel will be released. When the mobile user moves into a new cell while
its call is ongoing, a new channel needs to be acquired in the new call for further communication.
This process is called handoff and must be transparent to the mobile user. During the handoff, if
there is no channel available in the new cell for the ongoing call, it is forced to terminate (dropped)
before its completion. The disconnection in the middle of a call is highly undesirable and one of
the goals of the network designer is to keep such disconnections low.

Introduction of micro cellular networks leads to efficient use of channels but increases the ex-
pected rate of handovers per call. As a consequence, some network performance parameters such
as blocking probability of new calls and dropping probability of handoff calls are affected. Call
admission algorithms control both the blocking probability of the new calls (Bn) and the dropping
probability of the handoff calls (Bh) by putting some restrictions on the allocation of channels to
the incoming calls. Since the dropping probability of handoff calls is more important than the
blocking probability of new calls, call admission algorithms usually put restriction on the accep-
tance of new calls. Assume that the given cell has C full duplex channels. The simplest call admis-
sion algorithm, which is called guard channel algorithm, reserves a subset of the channels allocated
to the cell, called guard channels, for sole use of the handoff calls. In the guard channel algorithm,
when the channel occupancy exceeds certain threshold T, then the new calls are rejected until the
channel occupancy goes below threshold T [1]. The guard channel algorithm accepts the handoff
calls as long as channels are available. It has been shown that there is an optimal threshold T* for
which the blocking probability of the new calls is minimized subject to the constraint on the drop-
ping probability of handoff calls [2]. Algorithms for finding T* are given in [2–4]. Although, the
guard channel algorithm decreases the dropping probability of the handoff calls, but the blocking
probability of the new calls may be degraded to a great extent.

In order to have more control on the blocking probability of the new calls and the dropping
probability of the handoff calls, the limited fractional guard channel algorithm (LFG) is introduced
[2]. The LFG algorithm uses an additional parameter p and is the same as to the guard channel
algorithm except that when T channels are occupied in the cell, it accepts the new calls with prob-
ability p. It has been shown that there is a threshold T* and a value p* for parameter p such that
the blocking probability of the new calls is minimized subject to the constraint on the dropping
probability of handoff calls [2]. An algorithm for finding T* and p* is given in [2]. Uniform frac-

tional channel policy (UFC) is introduced in [5,6], which accepts the new calls with probability p
independently of channel occupancy. It is shown that there is an optimal p*, which minimizes the
blocking probability of the new calls subject to the constraint on the dropping probability of the
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handoff calls. In [5,6], an algorithm for finding p* is given and the conditions under which the
UFC policy performs better than the guard channel policy is derived and finally it is concluded
that, the UFC policy performs better than the guard channel policy under the low handoff traffic
conditions. All of the above mentioned call admission algorithms assume that the input traffic is a
stationary process with known parameters. Since in reality, the input traffic is not a stationary
process, the optimal number of guard channels cannot be kept fixed and needs to be adapted
as traffic conditions change. In such cases adaptive call admission algorithms can be used to adapt
the required number of guard channels as the network operates.

The learning automata are adaptive decision making devices that operating in an unknown ran-
dom environment and progressively improve their performance via a learning process. Learning
automata are divided into two main groups: finite action-set learning automata (FALA) and
continuous action-set learning automata (CALA) based on whether the action set is finite or con-
tinuous [7]. For an r-action FALA, the action probability distribution is represented by an r-
dimensional probability vector and is updated by the learning algorithm. In many applications
a large number of actions may be needed. A FALA with too large number of actions converges
too slowly. In such applications CALA, whose actions are chosen from real line, are very useful
[8–10].

In this paper, we first propose a new continuous action-set learning automaton. This learning
automaton uses a Gaussian distribution N(l,r) for choosing its actions. We state and prove a
strong convergence theorem that implies the optimal performance of CALA. Then we introduce
an adaptive and autonomous call admission algorithm, which uses the proposed continuous
action-set learning automaton. This algorithm uses only the current channel occupancy of the
given cell and dynamically adjusts the number of guard channels in order to minimize the block-
ing probability of the new calls subject to the constraint on the dropping probability of the hand-
off calls. Since the learning automaton starts its learning without any priori knowledge about its
environment, the proposed algorithm does not need any a priori information about the input traf-
fic. One of the most important advantages of the proposed algorithm is that no status information
will be exchanged among neighboring cells. The simulation results show that the performance of
the proposed algorithm is near to the performance of the LFG algorithm that knows all the traffic
parameters.

The rest of the paper is organized as follows: Section 2 presents the performance parameters
of the LFG algorithm. Section 3 presents a brief review of learning automata. In Section 4, a
new continuous action-set learning automaton is given and its behavior is studied. In Section
5, an adaptive call admission control algorithm, which uses the proposed continuous action-set
learning automaton, is given. The simulation results are presented in Section 6 and Section 7 con-
cludes the paper.
2. Blocking performance of LFG

In the limited fractional guard channel algorithm (LFG), a fractional number of channels is
reserved in each cell exclusively for the handoff calls [2]. The LFG algorithm uses two parameters
T and p and operates the same as the guard channel algorithm except that when T channels are
occupied in the cell, the new calls are accepted with probability p. Since in the LFG algorithm,
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both T and p control the acceptance of the new calls, we consider T + p as a control parameter. In
what follows, we study the blocking performance of the LFG algorithm. We consider a homo-
genous wireless network where all the cells have the same number of channels, C, and experience
the same new and handoff calls arrival rates. In each cell, the arrival of the new calls and the hand-
off calls are Poisson distributed with arrival rates kn and kh, respectively and the channel holding
time of new and handoff calls are exponentially distributed with the same mean l�1. Note that the
same service rate for both types of calls implies that the base station of a cell does not need to
discriminate between new and handoff calls, once they are connected. These assumptions have
been found reasonable as long as the number of mobile users in a cell is much greater than the
number of channels allocated to that cell. Define the state of a cell at time t by the total number
of occupied channels, c(t). Thus, the cell channel occupancy can be modelled by a continuous time
Markov chain with states 0,1, . . . ,C. Fig. 1 shows the state transition diagram of a system with C

channels for the LFG algorithm.
Define the steady state probability Pn = limt!1Prob[c(t) = n] as the probability of n channels

being occupied. Given this, it is straight forward to derive probability Pn (for n = 0,1, . . . ,C).
These state probabilities are given below:
Pn ¼
qn

n! if n 6 T ;

ca�ðTþ1Þ ðqaÞn
n! if T < n 6 C;

(
ð1Þ
where
P 0 ¼
XT
n¼0

qn

n!
þ ca�ðTþ1Þ

XC
n¼Tþ1

ðqaÞn

n!

" #�1

ð2Þ
and a = kh/k, k = kn + kh, q = k/l, c = [a + (1 � a)p], and k = kn + kh. Given these state probabil-
ities vector, we can find the dropping probability of the handoff calls, Bh(C,T,p), and the blocking
probability of the new calls, Bn(C,T,p), as
BhðC; T ;pÞ ¼ ca�ðTþ1Þ ðqaÞ
C

C!
P 0; ð3Þ
BnðC; T ;pÞ ¼ ð1� pÞPT þ
XC
n¼Tþ1

Pn. ð4Þ
Below we study some of the useful properties of Bn(C,T,p) and Bh(C,T,p). These properties will
be used later in this paper.
Fig. 1. Markov chain model of cell using LFG algorithm.
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Property 1. Bh(C,T,p) is a monotonically increasing function of both T and p.

Corollary 1. Bh(C,T,p) is a monotonically increasing function of T + p.

Proof. Since Bh(C,T,p) is a monotonically increasing function of both T and p, it is a monoton-
ically increasing function of T + p. h

Property 2. Bn(C,T,p) is a monotonically decreasing function of both T and p provided that
q < (T + 1) and kn=k < minf 1

Tþ1
; 1
C�Tg.

Corollary 2. Bh(C,T,p) is a monotonically decreasing function of T + p.

Proof. Since Bh(C,T,p) is a monotonically decreasing function of both T and p, it is a monoton-
ically decreasing function of T + p. h
3. Learning automata

Learning automata (LA) are adaptive decision making units that can learn to choose the opti-
mal action from a set of actions by interaction with an unknown random environment. At each
instant n, the LA chooses an action an from its action probability distribution and applies it to the
random environment. The random environment provides a stochastic response, which is called
reinforcement signal, to the LA. Then the LA uses the reinforcement signal and a learning algo-
rithm to updated the action probability distribution. Based on the nature of the reinforcement sig-
nal, the random environment could be classified into three classes: P-, Q-, and S-model
environments. The reinforcement signal in P-model environments has two values while in Q-mod-
el environments can take a finite number of values in the interval [0,1]. In S-model environment,
the reinforcement signal is a bounded continuous random variable. The LA can be classified into
two main groups: finite action-set learning automata (FALA) and continuous action-set learning
automata (CALA) [7]. The action-set of FALA is finite, for example for an r-action (2 6 r <1)
FALA, the action probability distribution is represented by an r-dimensional probability vector
and is updated by a learning algorithm. When the FALA is used for solving optimization prob-
lems, we need to discretize the parameter space, so that actions of LA can be possible values of the
corresponding parameter. The accuracy of the solution is increased by choosing the finer discret-
ization and hence increasing the number of actions of LA. However, increasing the number of
actions of LA leads to slow convergence of the learning algorithm. In order to provide a higher
rate of convergence, hierarchical structure LA [11], discritized LA [12], estimator algorithms [13–
15], and pursuit algorithms [16–19] are introduced. A more satisfying solution would be to employ
the LA model where the action-set can be continuous. Such model of LA is called continuous ac-
tion-set learning automata in which the action set is the real line. Like FALA, the CALA also uses
a probability distribution function to choose an action and the learning algorithm updates this
function based on the reinforcement signal.

In [10], a CALA is given, in which the action probability distribution at instant n is a normal
distribution with mean ln and standard deviation rn. At each instant, the CALA updates its
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action probability distribution (based on its interaction with the environment) by updating ln and
rn. Since the action set is continuous, instead of penalty probabilities for various actions, we now
have a penalty probability function, M, defined by
MðaÞ ¼ E½bðanÞjan ¼ a�.

CALA has no knowledge of the penalty function M(Æ). The objective of the automaton is to

identify the optimal action, which results in the minimum value of M(Æ). This is to be achieved
through the learning algorithm that updates the action probability distribution using the most
recent interaction with the random environment. We shall denote the reinforcement signal in
response to action a as b(a) and thus
MðaÞ ¼ E½bðaÞ�.

The objective for CALA is to learn value of a at which M(a) attains a minimum. That is, we want
the action probability distribution, N(ln,rn), to converge to N(a*,0) where a* is the minimum of
M(a). However, for some technical reasons rn cannot converge to zero [10]. So, another para-
meter, rL > 0, is used in which the objective of learning is the convergence of rn and ln to rL and
a*, respectively. By choosing rL sufficiently small, asymptotically CALA will choose actions suffi-
ciently close corresponding to the minimum of M with probability sufficiently close to unity [10].

The learning algorithm for CALA is described below. Since the updating given for rn does
not automatically guarantee that rn+1 P rn, always a projected version of rn is used, denoted
by /[rn]. Also, unlike FALA, this CALA interacts with the environment through choice of
two actions at each instant. At each instant n, the CALA chooses an 2 R at random from its
current distribution N(ln,rn). Then it gets the reinforcement from the environment for the
two actions: ln and an. Let these reinforcements be b(l) and b(a). Then, the action probability
distribution is updated as
lnþ1 ¼ ln þ af 1½ln;rn; an;bðaÞ; bðlÞ�;
rnþ1 ¼ rn þ af 2½ln;rn; an;bðaÞ; bðlÞ� � Ca½rn � rL�;

ð5Þ
where f1(Æ), f2(Æ), and /(Æ) are defined as below:
f1ðl;r; a; bðaÞ; bðlÞÞ ¼
bðaÞ � bðlÞ

/ðrÞ

� �
a � l
/ðrÞ

� �
;

f2ðl;r; a; bðaÞ; bðlÞÞ ¼
bðaÞ � bðlÞ

/ðrÞ

� �
a � l
/ðrÞ

� �2

� 1

" #
;

/ðrÞ ¼ ðr � rLÞIfr > rLg þ rL

ð6Þ
and rL, C > 0, and a 2 (0,1) are parameters of the algorithm. For this algorithm it is shown that
with arbitrary large probability, ln will converge close to a minimum of M(Æ) and rn will converge
close to rL, if we choose l and rL sufficiently small and C sufficiently large [10].

Another continuous action-set learning automata called continuous action reinforcement learn-
ing automata (CARLA) is given in [20,21], independently. This automaton can be described as fol-
lows. Let actions-set of the automaton be a bounded continuous random variable defined over the
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interval ½amin; amax� 2 R. The CARLA uses a continuous probability density function, f(n), to
choose its actions. It is assumed that no information about the actions is available at the start
of learning and therefore the probabilities of actions are initially equal. Thus, the initial distribu-
tion is chosen as uniform distribution. The CARLA selects action an at instant n from distribution
f(Æ) and applies it to a S-model random environment that emits a response bn 2 [0,1]. Based on the
response bn, the continuous probability density function f(n) is updated according to the following
rule:
f ðnþ 1Þ ¼
a½ f ðnÞ þ ð1� bnÞHða; anÞ� if an 2 ½amax; amin�;
0 otherwise;

	
ð7Þ
where a is a normalization factor and H(a, r) is a symmetric Gaussian neighborhood function
centered on r = an given by Eq. (8). The function H(a, r) has the effect of spreading the reward
for neighborhood actions of the selected action:
Hða; rÞ ¼ k exp � 1

2

a � r
r


 �2� �
; ð8Þ
where k and r are parameters that affect the height and the width of the neighborhood function.
The asymptotic behavior of this continuous action learning automata is not known.

Learning automata have been used successfully in many applications such computer network
[22–24], solving NP-complete problems [25–27], capacity assignment [28,29], neural network engi-
neering [30–33], and cellular networks [34–37] to mention a few.
4. A new continuous action-set learning automaton

In this section, we introduce a new continuous action-set learning automaton (CALA), which
will be used later in Section 5 for designing an adaptive call admission algorithm. For the pro-
posed CALA, we use the Gaussian distribution, N(l,r) for selection of actions, which is com-
pletely specified by the first and second-order moments, l and r. The learning algorithm
updates the mean and the variance of the Gaussian distribution at any instant using the reinforce-
ment signal b, obtained from the random environment. The reinforcement signal, b 2 [0,1], is a
noise-corrupted reinforcement signal, which indicates a noise-corrupted observation of function
M(Æ) at the selected action. The reinforcement signal b is a random variable whose distribution
function coincides almost with the distribution H(bja) that belongs to a family of distributions
which depends on the parameter a. Let
MðaÞ ¼ E½bðaÞja� ¼
Z 1

�1
bðaÞdHðbjaÞ
be a penalty function with boundM corresponding to this family of distributions. We assume that
M(Æ) is measurable and continuously differentiable almost everywhere. The CALA has to mini-
mize M(Æ) by observing b(a). Let ln and rn be the mean and the standard deviation of the Gauss-
ian distribution, respectively. Using the learning algorithm, we ideally want that ln ! l* and
rn ! 0 as time tends to infinity.
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The interaction between the CALA and the random environment takes place as iterations of
the following operations. Iteration n begins by selection of an action an by the CALA. This action
is generated as a random variable from the Gaussian distribution with parameters ln and rn. The
selected action is applied to the random environment and the learning automaton receives an eval-
uative signal b(an), which has the mean value M(an), from the environment. Then the learning
automaton updates the parameters ln and rn. Initially M(Æ) is not known and it is desirable that
with interaction of learning automaton and the random environment, the l and r converges to
their optimal values which results the minimum value of M(Æ). The learning automaton uses
the following rule to update the parameters ln and rn, thus generating a sequence of random vari-
ables ln and rn:
lnþ1 ¼ ln � abðanÞrnðan � lnÞ;
rnþ1 ¼ f ðrnÞ;

ð9Þ
where a is the learning rate and f(Æ) is a function that produces a sequence of rn (described later).
Eq. (9) can be written as
lnþ1 ¼ ln � ar2
nynðanÞ; ð10Þ
where
ynðanÞ ¼ bðanÞ
an � ln

rn

� �
. ð11Þ
An intuitive explanation for the above updating equations is as follows. We can view the frac-
tion in Eq. (11) as the normalized noise added to the mean. Since a, b and r all are positive, the
updating equation changes the mean value in the opposite direction of the noise. If the noise is
positive, then the learning automaton should update its parameter, so that mean value increased
and vice versa. Since E[bja] is close to unity when a is far from its optimal value and it is close to
zero when a is near to the optimal value, thus the learning automaton updates l with large steps
when a is far from its optimal value and with small steps when a is close to its optimal value. This
causes a finer quantization of l near its optimal value and a grain quantization for points far away
its optimal value. Thus, we can consider the learning algorithm as a random direction search algo-
rithm with adaptive step sizes.

In what follows, we state and prove the convergence of the proposed learning automaton in
stationary environments. The convergence is proved based on the following assumption:

Assumption 1. The sequence of real numbers {rn} is such that rn P 0,
P1

n¼1r
3
n ¼ 1,P1

n¼1r
4
n < 1.

Note that these conditions imply that rn ! 0 as n !1. Therefore, in limit, rn of Gaussian dis-
tribution tends to zero and the action of learning automaton becomes equal to the mean. The con-
dition

P1
n¼1r

3
n ¼ 1 ensures that the sum of increments to the initial mean, l0, can be arbitrary

large, so that any finite initial value of l0 can be transformed into the optimal value l*. At the
same time, the condition that

P1
n¼1r

4
n < 1 ensures that the variance in ln is finite and the mean

cannot diverge to infinity.
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Assumption 2. The M(Æ) has a unique minimum l*, a finite number of minima inside a compact
set, and bounded first and second derivatives with respect to a.

Let RðaÞ ¼ oMðaÞ
oa and SðaÞ ¼ oM2ðaÞ

oa2 be the first and the second derivative of M(a), respectively.
Suppose that R and S be the bounds on R and S, respectively.

Assumption 3. M(a) is linear near l*, that is, there is an � > 0 such that the following condition
is satisfied:
sup
�6 a�l�j j61

�

ða � l�ÞRðaÞ > 0. ð12Þ
Assumption 3 is restrictive, because it requiresM(Æ) to be linear in the neighborhood of the opti-
mal action. However, it may be possible to weaken this assumption as has been done in stochastic
approximation algorithms, but only at complicating the cost of the analysis, which we do not con-
sider it here. Assumptions 2 and 3 mean that the function being optimized has a unique global
minimum and is quadratic in the vicinity of the global minimum.

Assumption 4. The noise in the reinforcement signal b(Æ) has a bounded variance, that is
E ½bðaÞ �MðaÞ�2
n o

6 K1 1þ ða � l�Þ2
h i

ð13Þ
for some real number K1 > 0.

Given the above assumptions, in what follows, we study the behavior of the proposed CALA.
The following theorem states the convergence of the random process defined by (9). The proof of
this theorem is given in Appendix B.

Theorem 1. Suppose that Assumptions 1–4 hold, l0 is finite and there is an optimal value of l* for l.
Then if ln and rn are evolved according to the given learning algorithm, then limn!1ln = l* with
probability 1.
5. An adaptive call admission algorithm

The LFG algorithm assumes that the traffic is a stationary process with known parameters. But
in reality, the traffic is a non-stationary process. Even if we assume the traffic is stationary, its
parameters may not be known a priori. In either case, the optimal value for the parameters of
the LFG algorithm is not known a priori and may vary with time. In non-stationary traffic, an
adaptive LFG algorithm which adapts the parameter of the LFG as the network operates has
superiority over the LFG algorithm.

In this section, we consider the call admission problem for two classes of calls: new and handoff
calls and present a learning automata based LFG algorithm (Fig. 2) to adapt the value of T + p
for LFG algorithm. This algorithm can be used particularly when kn, kh and l are unknown and
possibly time varying. The objective of this algorithm is to adapt parameter T + p in such a way
that minimizes the blocking probability of new calls subject to the constraint that the dropping
probability of handoff calls be at most ph. Since T + p is a continuous parameter, the algorithm
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uses a continuous action-set learning automaton (CALA) for adaptation of the value of para-
meter T + p. Let x(n) = T(n) + p(n) be the parameter of the LFG algorithm at instant n, and
x(n) takes values in the interval [xmin,xmax], where 0 6 xmin < xmax 6 C. The CALA uses the real
line as the action-set and uses the Gaussian distribution, N(l;r), to choose its actions. This
Gaussian distribution is updated using the reinforcement signal, b, which is emitted from the envi-
ronment. Initially, the CALA chooses one of its actions with equal probability using a Gaussian
distribution with a large variance.

Since x(n) and l(n) must be in the interval [xmin,xmax], the above mentioned CALA cannot be
used directly to adapt the value of T + p, and hence a projected version of CALA will be used. In
the projected version of CALA, a constraint set H = {yjxmin 6 y 6 xmax} is used for updating l as
well as choosing actions of CALA. In the projected version, when the updated value of l goes
outside of the constraint set H, then l is pushed into H and when the action, x, chosen by the
CALA does not belong to H, then x is pushed into H.

The proposed algorithm can be described as follows. Each base station is equipped with a
CALA for adapting T + p. When a new call arrives at a given cell, the learning automaton asso-
ciated to that cell chooses one of its actions, say x(n). Let T(n) = bx(n)c and p(n) = x(n) � bx(n)c.
If the number of busy channels of a cell is less than T(n), then the incoming call will be accepted;
when the cell has T(n) busy channels, then a call will be accepted with probability p(n); otherwise
the incoming call will be blocked. On the arrival of a new call the base station computes the cur-
rent estimate of the dropping probability of the handoff calls and based on the result of the com-
parison of this quantity with the specified level of QoS, ph, a reinforcement signal to the CALA
will be produced.
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In this algorithm, the reinforcement signal at instant n is produced using the following
expression:
bðnÞ ¼ jB̂h � phj; ð14Þ
where B̂h is the current estimate of the dropping probability of the handoff calls. B̂h is calculated
using the the current statistics of the network. The algorithm does not require a priori information
about the parameters of the traffic distribution. In fact at any stage, each base station uses an esti-
mate of the dropping probability of the handoff calls by counting the number of the dropped
handoff calls in the cell. It is evident that when B̂h is close to ph, then b becomes small and ap-
proaches zero and when B̂h far from ph, then b becomes large. The variance is updated indepen-
dently of the reinforcement signal in such a manner that r(n) is a decreasing function of n.

The following theorem states the fact that this algorithm adapts x in such a way that the block-
ing probability of new calls will be minimized and at the same time the constraint on the dropping
probability of the handoff calls is satisfied.

Theorem 2. If sequence {r(n)} satisfies Assumption 1, i.e., r(n) P 0,
P1

n¼1r
3ðnÞ ¼ 1, andP1

n¼1r
4ðnÞ < 1 and the number of channels allocated to the cell is large enough, then the proposed

call admission algorithm minimizes the blocking probability of the new calls subject to the constraint
on the dropping probability of the handoff calls.

Proof. Since the number of channels allocated to the cell is large enough, the constraint set H can
be ignored. From (14), it is clear that b 2 [0,1], and b and E[b] satisfy the following conditions:

• The penalty function E[b] has a unique minimum at ph.
• The penalty function E[b] can be approximated linearly near ph.
• The noise in b has bounded variance.

Using Theorem 1 and (14), we can conclude that the proposed algorithm attains its minimum
when B̂h ¼ ph. This implies that the constraint on the dropping probability of the handoff calls
will be satisfied. Property 1 states that the dropping probability of the handoff calls (Bh) is a
monotonically increasing function of T + p, and hence the maximum value for T + p subject to
the constraint on the dropping probability of the handoff calls will be obtained at ph. Property
2 indicates that the blocking probability of new calls is a monotonically decreasing function of
T + p. From these two properties and the fact that the algorithm attains its minimum at ph, we
can conclude that the blocking probability of new calls is minimized by the algorithm at ph, as
shown in Fig. 3. h
6. Simulation results

In this section, we compare the performance of the adaptive uniform fractional channel algo-
rithm [34], the dynamic guard channel algorithm [36], the LFG algorithm [2] and the proposed
algorithm. The results of simulations are summarized in Table 1. The simulation is based on



Fig. 3. Reinforcement signal for adaptive fractional guard channel algorithm.

Table 1

Comparison of the proposed call admission algorithm with other algorithms

Case kh LFG Adaptive UFC Dynamic guard

channel

The proposed algorithm

Bn Bh Bn Bh Bn Bh Bn Bh

1 2 0.031609 0.023283 0.208524 0.010001 0.053433 0.010619 0.050541 0.010170

2 4 0.051414 0.020675 0.260971 0.010001 0.080966 0.010039 0.066736 0.010130

3 6 0.071632 0.018707 0.318610 0.010003 0.125500 0.009964 0.083931 0.009956

4 8 0.092138 0.016706 0.365239 0.010003 0.154861 0.010031 0.104699 0.010034

5 10 0.114445 0.015572 0.337246 0.015549 0.207490 0.010067 0.134831 0.010028

6 12 0.147902 0.014044 0.469893 0.010003 0.245842 0.010017 0.181290 0.010015

7 14 0.204217 0.012675 0.515486 0.010290 0.290619 0.009960 0.228663 0.009794

8 16 0.250642 0.011554 0.550553 0.011164 0.331478 0.009983 0.259676 0.009838

9 18 0.294441 0.010877 0.589336 0.012027 0.377334 0.009953 0.306801 0.010030

10 20 0.384157 0.010182 0.623895 0.013519 0.427894 0.010005 0.378593 0.010251
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the single cell of homogenous cellular network system. Each cell has eight full duplex channels
(C = 8). We use the following function to update the variance in the proposed algorithm:
rðnÞ ¼ 1

b n
10
c1=3

; ð15Þ
where bÆc denotes the floor function. It can be easily verified that sequence {rn} satisfies the
conditions of Assumption 1, i.e., r(n) P 0,

P1
n¼1r

3ðnÞ ¼ 1, and
P1

n¼1r
4ðnÞ < 1.

In the simulations, we assume that the arrival of the new calls is Poisson process with rate kn
fixed at 30 calls/min. The arrival of handoff calls is Poisson process with rate kh varied between 2
and 20 calls/min. We also assume that the duration of calls are exponentially distributed with
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mean l = 1/6. We set ph to 0.01. The results listed in Table 1 are obtained by averaging over 10
runs. Each run takes 2,000,000 s. The optimal parameters of LFG algorithm is obtained using the
algorithm given in [2].

By inspecting Table 1, it is evident that (1) unlike the LFG algorithm, the upper bound of the
dropping probability of the handoff calls is maintained by the proposed algorithm; (2) the block-
ing of the new calls for the proposed algorithm is close to the blocking probability of the new calls
for the LFG algorithm that knows the traffic parameters.
7. Conclusions

In this paper, a new continuous action-set learning automaton was introduced and its conver-
gence was studied. We stated and proved a strong convergence theorem that implies the optimal-
ity of the proposed CALA. Then using the proposed CALA, an adaptive call admission
algorithm, which minimizes the blocking probability of the new calls subject to the constraint
on the dropping probability of the handoff calls was given. The algorithm does not need to know
any a priori knowledge about the traffic parameters. The computer simulations were conducted
to show the effectiveness of the algorithm.
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Appendix A

In this section, we present the proofs of Properties 1 and 2. Before we give the proofs, we first
give some notations and a property.
Proof (Property 1). In order to show that Bh(C,T,p) is a monotonically increasing function of T,
we need to show that Bh(C,T,p) < Bh(C,T + 1,p). Using Eq. (3) and some algebraic simplifica-
tions, we obtain
BhðC; T ; pÞ � BhðC; T þ 1;pÞ ¼ ca�ðTþ1Þ ðqaÞC

C!

p ðqaÞTþ1

ðTþ1Þ! þ
PT

n¼0
qn

n!

DðC; T þ 1; pÞDðC; T ;pÞ

2
4

3
5ð1� a�1Þ < 0;
where
DðC; T ; pÞ ¼
XT
n¼0

qn

n!
þ ca�ðTþ1Þ

XC
n¼Tþ1

ðqaÞn

n!
.

In order to show that Bh(C,T,p) is a monotonically increasing function of p, we need to show
that oBhðC;T ;pÞ

op > 0. Differentiating Bh(C,T,p) with respect to p, we obtain
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oBhðC; T ; pÞ
op

¼ qC

C!

PT
n¼0

qn

n!

D2ðC; T ; pÞ

" #
ð1� aÞ > 0. �
Proof (Property 2). In the first part of the proof, we show that Bh(C,T,p) is a monotonically
decreasing function of T. The blocking probability of new calls can be written as
BnðC; T ;pÞ ¼
ð1� pÞZT þ cD2ðC; T ; pÞ
D1ðC; T ;pÞ þ cD2ðC; T ; pÞ

;

where
DðC; T ;pÞ ¼
XT
n¼0

qn

n!
þ ca�ðTþ1Þ

XC
n¼Tþ1

ðqaÞn

n!
;

D2ðC; T ; pÞ ¼ a�ðTþ1Þ
XC
n¼Tþ1

ðqaÞn

n!
;

ZT ¼ a�T ðqaÞ
T

T !
and D1ðC; T ; pÞ ¼

XT
n¼0

qn

n!
.

In order to show that Bh(C,T,p) is a monotonically decreasing function of T, we need to show
that Bn(C,T,p) > Bn(C,T + 1,p). Using Eq. (4) and some algebraic simplifications, we obtain
BnðC; T þ 1;pÞ � BnðC; T ; pÞ ¼
ð1� pÞZTþ1 þ cD2ðC; T þ 1; pÞ

DðC; T þ 1; pÞ

� ð1� pÞZT þ cD2ðC; T ; pÞ
DðC; T ;pÞ

¼ ð1� pÞZT
q

ðT þ 1ÞDðC; T þ 1; pÞ �
1

DðC; T ;pÞ

� �

þ a�1c
D2ðC; T ; pÞ � ZT

DðC; T þ 1; pÞ � c
D2ðC; T ; pÞ
DðC; T ; pÞ

< ð1� pÞ ZT

DðC; T þ 1;pÞ
q

T þ 1
� 1

� �

þ c
a�1D2ðC; T ; pÞ � a�1ZT � D2ðC; T ; pÞ

DðC; T ; pÞ . ðA:1Þ
Since q < (T + 1), the first term in the above inequality is negative and therefore we have
BnðC; T þ 1;pÞ � BnðC; T ; pÞ < c
a�1D2ðC; T ;pÞ � a�1ZT � D2ðC; T ;pÞ

DðC; T ; pÞ

< c
D2ðC; T ;pÞða�1 � 1Þ � a�1ZT

DðC; T ; pÞ . ðA:2Þ
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Since kn/k < 1/(T + 1), we have
ða�1 � 1Þ ¼ kn

kh

<
1

T þ 1
<

1

1þ � � � þ qa
Tþ1


 �C�T�1
.

Since q < (T + 1), the above inequality becomes
a�1 � 1 <
1

1þ � � � þ ðqaÞTþ1

ðTþ1Þ�����C

¼
ðqaÞT
T !PC

n¼Tþ1
ðqaÞn
n!

<
a�ðTþ1Þ ðqaÞT

T !

a�ðTþ1ÞPC
n¼Tþ1

ðqaÞn
n!

< a�1 ZT

D2ðC; T ; pÞ
.

Using the above inequality and inequality (A.1), we conclude that Bn(C,T + 1,p) � Bn(C,T,p) < 0
and hence Bn(C,T,p) is a decreasing function of T.

In the second part of the proof, we show that Bn(C,T,p) is a monotonically decreasing function
of p. Differentiating Bn(C,T,p) with respect to p, we obtain
oBnðC; T ;pÞ
op

¼ D1ðC; T ; pÞ D2ðC; T ; pÞ � ZT½ � � D2ðC; T ;pÞ aD1ðC; T ;pÞ þ ZT½ �
D1ðC; T ; pÞ þ cD2ðC; T ; pÞ½ �2

<
D1ðC; T ;pÞ

D1ðC; T ; pÞ þ cD2ðC; T ;pÞ½ �2
ð1� aÞD2ðC; T ; pÞ � ZT½ �. ðA:3Þ
Since a�1 � 1 < 1/(C � T) and qa < T + 1, we have
a�1 � 1 ¼ kn

k
<

1

C � T
<

1

qa
Tþ1

þ � � � þ qa
Tþ1


 �C�T <
1

qa
Tþ1

þ � � � þ ðqaÞC�T

ðTþ1Þ����C

<
ðqaÞT
T !

a�T
PC

n¼Tþ1
ðqaÞn
n!

;

ðA:4Þ
1� a
a

<
ðqaÞT
T !

a�T
PC

n¼Tþ1
ðqaÞn
n!

;

1� a <
ZT

D2ðC; T ;pÞ
.

ðA:5Þ
Hence, D2(C,T,p)(1 � a) < ZT. Using (A.3) and (A.5), we can conclude that Bn(C,T,p) is a
monotonically decreasing function of p. h
Appendix B

In this section, we give the proof of Theorem 1. Before we prove this theorem, we first prove the
following two supplementary lemmas:

Lemma 1. Under Assumptions 1–4, we have E[yn(an)jln] = rnR(ln).

Proof. Let bn to denote b(an), where an is a random variable chosen from Gaussian distribution
with mean ln and variance r2

n. Using the total expectation law, we have
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E ynðanÞjln½ � ¼ E bn
an � ln

rn

� �����ln

� �
¼ E MðanÞ

an � ln

rn

� �����ln

� �
. ðB:6Þ
Replacing M(an) with its second-order Taylor series expansion around ln, we obtain
E ynðanÞjln½ � ¼ E MðlnÞ þ RðlnÞðan � lnÞ þ SðnÞ ðan � lnÞ
2

2

" #
an � ln

rn

� ������ln

( )

¼ MðlnÞE
an � ln

rn

� �����ln

� �
þ RðlnÞE

ðan � lnÞ
2

rn

 !�����ln

" #

þ 1

2
E SðnÞ ðan � lnÞ

3

rn

 !�����ln

" #
; ðB:7Þ
where n lies between an and ln. The first and last terms on the right-hand side of the above equa-
tion is zero because the odd moments of a Gaussian random variable, an, are zero. Since M(Æ) has
bounded second derivative, thus the above equation can be written as
E ynðlnÞjln½ � ¼ RðlnÞE
ðan � lnÞ

2

rn

 !�����ln

" #
¼ rnRðlnÞ. � ðB:8Þ
Lemma 2
E y2nðanÞjln

� �
6 K2 1þ ðln � l�Þ2

h i
.

Proof
E y2nðanÞjln

� �
¼
Z 1

�1
E bn

an � ln

rn

� �� �2�����ln

( )
dNðanjln; rnÞ

¼
Z 1

�1
E b2

n

��ln

� � an � ln

rn

� �2

dNðanjln; rnÞ. ðB:9Þ
Since the noise in the reinforcement signal has a bounded variance and b2(a) is bounded by a
quadratic function for all a, we obtain
E y2nðanÞjln

� �
¼
Z 1

�1
Efb2

n

��lng
an � ln

rn

� �2

dNðanjln;rnÞ

6 K1

Z 1

�1

an � ln

rn

� �2

dNðanjln; rnÞ þ K1

Z 1

�1
M2ðanÞ

an � ln

rn

� �2

dNðanjln;rnÞ

þ K1

Z 1

�1
ðan � lnÞ

2 þ 2ðan � lnÞðln � l�Þ
h

þðln � l�Þ2
i an � ln

rn

� �2

dNðanjln;rnÞ.
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Since the odd moments of a Gaussian random variable is zero, the above equation can be written
as
E y2nðanÞjln

� �
6 K1 þ 3K1r

2
n þ K1ðln � l�Þ2 þ K1

Z 1

�1
M2ðanÞ

an � ln

rn

� �2

dNðanjln;rnÞ.

ðB:10Þ

Replacing M(an) with its second-order Taylor series expansion around ln, the last term of the
above equation equals to
Z 1

�1
M2ðanÞ

an � ln

rn

� �2

dNðanjln;rnÞ

¼
Z 1

�1
MðlnÞ þ RðlnÞðan � lnÞ þ SðnÞ ðan � lnÞ

2

2

" #2
an � ln

rn

� �2

dNðanjln; rnÞ

6

Z 1

�1
MþRðan � lnÞ þS

ðan � lnÞ
2

2

" #2
an � ln

rn

� �2

dNðanjln; rnÞ; ðB:11Þ
where n lies between an and ln and R and S are bounds of the first and the second derivative
of M(Æ), respectively. Using the fact that the odd moments of a Gaussian random variable is zero,
the above inequality can be written as
Z 1

�1
M2ðanÞ

an � ln

rn

� �2

dNðanjln;rnÞ 6 M2 þ 3R2r2
n þ 3MSr2

n þ
15

4
S2r4

n.
Substituting the above inequality in Eq. (B.10), we obtain
E y2nðanÞjln

� �
6 K1 þ 3K1r

2
n þ K1ðln � l�Þ2 þ K1M

2 þ 3K1R
2r2

n þ 3K1MSr2
n þ

15

4
K1S

2r4
n.
Since rn, M, R and S are bounded random variables, there is a constant K2 > 0 such that the
above inequality can be written as E½ y2nðanÞjln� 6 K2ð1þ ðln � l�Þ2Þ. h

Proof of Theorem 1. Let
en ¼ ln � l�. ðB:12Þ

Then using Eq. (10), the following recursive formula can be written for en:
enþ1 ¼ en � ar2
nynðanÞ. ðB:13Þ
Squaring, taking conditional expectation given l0, . . . ,ln of both sides of the above equation and
then using Lemmas 1 and 2, we obtain
E e2nþ1jl0; . . . ; ln

� �
¼ E en � ar2

nynðanÞ
� �2���l0; . . . ;ln

h i
6 e2n þ a2K2r

4
nð1þ e2nÞ � 2a2K2r

3
nenRðlnÞ

6 e2n þ a2K2r
4
nð1þ e2nÞ

¼ e2n 1þ a2K2r
4
n

� �
þ a2K2r

4
n. ðB:14Þ
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Let
Zn ¼ e2n
Y1
j¼n

1þ a2K2r
4
j


 �
þ a2K2

X1
j¼n

r4
j

Y1
i¼jþ1

1þ a2K2r
4
i

� �
. ðB:15Þ
Then using the above equations, it is easy to show that e2n 6 Zn and
EfZnþ1jl0; . . . ;lng 6 Zn. ðB:16Þ

Taking conditional expectations given Z1, . . . ,Zn on both sides of the above inequality, we obtain
EfZnþ1jZ0; . . . ;Zng 6 Zn; ðB:17Þ

which shows that Zn is a non-negative super-martingale. Thus, we have
EfZnþ1g 6 EfZng 6 � � � 6 EfZ1g 6 1. ðB:18Þ

Therefore, using the martingale convergence theorems [38], Zn converges with probability 1. Since
e2n 6 Zn, hence we conclude that e2n converges to g with probability 1, where g <1 is a random
variable. Taking expectation on both sides of (B.14), we obtain
E e2nþ1

� �
� E e2n

� �
6 a2K2r

4
n 1þ E e2n

� �� �
� 2a2K2r

3
nenRðlnÞ.
Adding the first n of these inequalities, we get
E½e2nþ1� � E½e21� 6 a2K2

Xn
j¼1

r4
nð1þ E½e2j �Þ � 2a2K2

Xn
j¼1

r3
j ejRðljÞ.
Adding E½e21� to both sides of the above inequality, we obtain
E½e2nþ1� 6 E½e21� þ a2K2

Xn
j¼1

r4
nð1þ E½e2j �Þ � 2a2K2

Xn
j¼1

r3
j ejRðljÞ.
Since E½e2nþ1� is positive, the above inequality becomes
E e21
� �

þ a2K2

Xn
j¼1

r4
nð1þ E½e2j �Þ � 2a2K2

Xn
j¼1

r3
j ejRðljÞ P 0.
From the above inequality, using the boundness of E½e2j � (for j > 0), and Assumption 1, it follows
that
2a2K2

Xn
j¼1

r3
j ejRðljÞ 6 E½e21� þ

Xn
j¼1

a2K2r
4
nð1þ E½e2j �Þ < 1.
Since
P1

j¼1r
3
j diverges and by Assumption 3, the quantity of ejR(lj) is positive, we can conclude

that for some sequence {nj}, we have
enjRðlnjÞ ! 0 ðB:19Þ
with probability 1. The fact that e2n converges with probability 1 to some random variable g to-
gether with Assumptions 1–4 and the above equation imply that g = 0 with probability 1. Hence,
ln converges to l* with probability 1. h
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