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Abstract

In this paper, we propose an adaptive call admission algorithm based on learning automata. The proposed
algorithm uses a learning automaton to specify the acceptance/rejection of incoming new calls. It is shown
that the given adaptive algorithm converges to an equilibrium point which is also optimal for uniform
fractional channel policy. In order to study the performance of the proposed call admission policy, the
computer simulations are conducted. The simulation results show that the level of QoS is satisfied by the
proposed algorithm and the performance of given algorithm is very close to the performance of uniform
fractional guard channel policy which needs to know all parameters of input traffic.The simulation results
also confirm the analysis of the steady-state behaviour.

Keywords: Reinforcement learning, Learning automata, Uniform fractional guard channel policy, Adaptive uniform
fractional guard channel policy.

1 Introduction

Micro cellular networks use channels efficiently but expected rate of handover per call is increased. As a
consequence, some network performance parameters such as blocking probability of new calls (B,,) and dropping
probability of hand-off calls (By,) are affected. In order to have these performance parameters at reasonable
level, call admission policies are used. The call admission policy plays a very important role in the cellular
networks because it directly controls B,, and By, by putting some restrictions on allocation of channels to calls.
Since the dropping probability of hand-off calls is more important than the blocking probability of new calls,
call admission policies usually give the higher priority to hand-off calls. This priority is implemented through
allocation of more resources (channels) to hand-off calls.

In last decades several call admission algorithms are proposed in the literature. Fractional guard channel
policy (FG) accepts new calls with a certain probability that depends on the current channel occupancy and
accepts hand-off calls as long as channels are available [1]. Suppose that the given cell has C full duplex
channels. This policy accepts new calls with probability 73, when k (0 < k < C) channels are busy. Depending
on the probabilities 7, we may have different call admission policies. Guard channel policy (GC) reserves
a subset of channels allocated to a cell, called guard channels, for hand-off calls (say C' — T channels) [2].
Whenever the channel occupancy exceeds a certain threshold 7', the guard channel policy rejects new calls until
the channel occupancy goes below the threshold. The guard channel policy accepts hand-off calls as long as
channels are available. It has been shown that there is an optimal threshold 7™ at which the blocking probability
of new calls is minimized subject to the hard constraint on the dropping probability of hand-off calls and an
algorithm for finding such optimal threshold is given in [3]. The GC policy reserves an integral number of guard
channels for hand-off calls. If performance parameter By, is considered, the guard channel policy gives very good
performance, but performance parameter B,, is degraded to great extent. In order to have more control on the
blocking probability of new calls and the dropping probability of hand-off calls, limited fractional guard channel



policy (LFG) is introduced [1]. The LFG can be obtained from FG policy by setting 7 = 1 (for 0 < k < T)),
mp =m and m, = 0 (for T < k < C). There is an optimal threshold 7% and an optimal value of 7* for which
blocking probability of new calls is minimized subject to the hard constraint on dropping probability of hand-off
calls and an algorithm for finding these optimal parameters is given in [1]. Uniform fractional guard channel
policy (UFC) is also a restricted version of FG, which accepts new calls with probability of = independent of
channel occupancy [4]. There is an optimal value of 7* for which blocking probability of new calls is minimized
subject to the hard constraint on dropping probability of hand-off calls and an algorithm for finding the optimal
value of 7 is given in [4]. It was shown that, the UFC policy performs better than GC policy under the low
hand-off traffic conditions [4]. There are some call admission policies which allow either hand-off or new calls to
be queued until free channels are obtained in the cell [5, 6]. There also some call admission control algorithms
that consider the multi-services networks [7, 8, 9].

All above mentioned call admission policies are static and assume that all parameters of traffic are known in
advance. These policies are useful when input traffic is a stationary process with known parameters. Since the
parameters of input traffic are unknown and possibly time varying, adaptive version of these policies must be
used. In [10], a learning automata (LA) based algorithm is given that adjusts m for uniform fractional channel
policy. In [11], a LA based algorithm is given which adjusts T and = for limited fractional guard channel policy.
It was shown that the learning automaton finds the optimal values of T and 7. In [12], a cellular learning
automata based algorithm is given which adjusts T for guard channel policy. In [13], two LA based algorithms
are given which adjust 7" for guard channel policy and their steady state behaviour studied. These algorithms
reserve channels for guard channels explicitly. The three last algorithms reserve channels to service calls while
the algorithm presented in this paper doesn’t reserve any channel. There are also some alternative approaches
for managing channels in the cellular networks such as game theory and hidden Markov chains [14, 15].

In this paper, we propose a learning automata based adaptive uniform fractional guard channel algorithm
(AUFC). The proposed algorithm uses a learning automaton to accept/reject new calls and a pre-specified
level of dropping probability of hand-off calls is used to penalize/reward the action selected by the learning
automaton. This algorithm accepts new calls as long as the dropping probability of hand-off calls is below the
pre-specified threshold. Then we study the steady state behaviour of the proposed algorithm. It is shown that
the given algorithm converges to an equilibrium point which is also optimal for UFC policy which knows all
traffic parameters. The proposed algorithm unlike the algorithms given in [13] doesn’t reserve any channel for
guard channels explicitly. The simulation results show that, the performance of the proposed algorithm is very
close to the performance of the UFC policy, which needs to know all traffic parameters in high hand-off traffic
conditions and maintains the level of QoS in the system. The main advantage of the proposed algorithm is
its steady-state behaviour. The value of 7 found by the proposed algorithm is equal to the optimal value of 7
found by the algorithm given in [4].

The rest of this paper is organized as follows: The proposed algorithm for finding the optimal value of
parameter 7w and its steady state behaviour are given in section 2. The computer simulations is given in section
3 and section 4 concludes the paper.

2 Adaptive Uniform Fractional Guard Channel Algorithm

The UFC policy uses admission probability 7 to accept new calls and accepts hand-off calls as long as channels
are available [4]. In order to study the blocking performance of UFC policy, we assume that the network
is homogeneous in which the arrival processes of new and hand-off calls are Poisson with rates A, and A,
respectively, the channel holding time for both types of calls are exponentially distributed with mean p~!, and
the time interval between two calls from a mobile host is much greater than the mean call holding time. The
above assumptions have been found to be reasonable as long as the number of mobile hosts in a cell is much
greater than the number of channels allocated to that cell. Since the network is homogeneous, we can examine
the performance of a single network cell in isolation. We define the state of a particular cell at time ¢ to be the
number of busy channels in that cell and is represented by c(¢). {c(t)|t > 0} is a continuous-time Markov chain
(birth-death process shown in figure 1) with states 0,1,...,C.

At state 0 < n < C, new calls are accepted with probability 0 < 7 < 1 and hand-off calls are accepted
with probability 1. Both types of calls are blocked in state C'. Thus, the state dependent arrival rate in the
birth-death process is equal to [a + (1 — a)7]\, where A = A, + Ay and o = Ap/A. Define the steady state
probability

P, = tlim Prob[c(t) = n] n=20,1,...,C. (1)
— 00



Figure 1: Markov chain model of cell

The equilibrium equations for the steady-state probabilities P, (n =0,1,...,C) is equal to
VAP -1 = nuPp,

where v = [a + (1 — a)n]|. Solving the equilibrium equations, the following expression can be derived for P,

(n=0,1,...,C).

p= g, @)
where p = A/p and P, is the probability that all channels are free and obtained using equation En oPn =1
The value of Py is calculated by the following expression.
c n] !
Py = z% (pzl) 1 )

The dropping probability of hand-off calls, denoted by Bj(C, ), and the blocking probability of new calls,
denoted by B, (C,7) are given by the following expressions

C
Bu(Cm) = Po=" g? Py (4)
c-1
Bn(C,m) = > (1=mPy+Pc=1-n[l-By(C,r) (5)
n=0

The UFC policy is static and assumes that all parameters of traffic are known in advance. Static policies
are useful when input traffic is a stationary process with known parameters. Since the parameters of input
traffic are unknown and possibly time varying, adaptive version of these policies must be used. In other hand,
learning automata (LA) are, by design, ”simple agents for doing simple things”. Learning automata have been
used successfully in many applications such as call admission control and channel assignment in cellular mobile
networks [12, 16, 13], telephone and data network routing [17, 18], solving NP-Complete problems [19, 20],
capacity assignment [21], optimization [22], neural network engineering [23, 24], modeling the learning process
[25], and discovering and tracking of spatiotemporal patterns in noisy sequences of events [26] to mention a
few. A learning automaton (LA) has finite set of actions and at each stage chooses one of them. The choice of
an action («) depends on the state of LA represented by an action probability vector. For each action chosen
by the LA, the environment gives a reinforcement signal with unknown probability distribution. Then upon
receiving the reinforcement signal (3), the LA updates its action probability vector by employing a learning
algorithm [27]. Let a; be the action chosen at time k as a sample realization from probability distribution p(k).
In linear reward-epenalty algorithm (Lg_.p) scheme the recurrence equation for updating p is defined as

pi(k) +ax[1—pjk)] if i=jand environment gives reward
pj(k) —a x p;(k) if i # j and environment gives reward

pi(k+1) = pj(k) x (1 —10) if ¢ =j and environment gives penalty (6)
TL +p;(k)(1—b) if i j and environment gives penalty

Parameters 0 < b < a < 1 represent step lengths and r is the number of actions for learning automaton . The
a and b determine the amount of increase and decreases of the action probabilities, respectively. If the a equals
to b the recurrence equation (6) is called linear reward penalty(Lg—p) algorithm.

In this section, we first propose a learning automaton based adaptive uniform fractional guard channel
algorithm (AUFC) shown in algorithm 1 and then study its steady state behaviour. The proposed adaptive



algorithm uses a learning automaton to determine the admission probability, m, when the parameters a and
p (or equivalently A, A, and p) are unknown or probably time varying. The proposed algorithm adjusts
parameter w as the network operates. This algorithm, which uses one reward-penalty type learning automaton
with two actions in each cell, can be described as follows: The action set of this automaton corresponds to
{ACCEPT,REJECT}. The automaton associated to each cell determines the probability of acceptance of
new calls (7). Since initially the values of a and p are unknown, the probability of selecting these actions are set
to 0.5. When a hand-off call arrives, it is accepted as long as there is a free channel. If there is no free channel,
the hand-off call is dropped. When a new call arrives to a particular cell, the learning automaton associated to
that cell chooses one of its actions. Let m be the probability of selecting action ACCEPT. Thus, the learning
automaton accepts new calls with probability 7 as long as there is a free channel and rejects new calls with
probability 1 — «. If action ACCEPT is selected by automaton and the cell has at least one free channel,
the incoming call is accepted and the selected action is rewarded because the selected action is successful. If
there is no free channel to be allocated to the arrived new call, the call is blocked and action ACCEPT is
penalized because the selected action failed in the environment. When the automaton selects action REJECT,
the adaptive UFC computes an estimation of the dropping probability of hand-off calls (Bh) and uses it to
decide whether or not to accept the incoming new call. If the current estimate of dropping probability of
hand-off calls is less than the given threshold p; and there is a free channel, then the new call is accepted and
the action REJECT is penalized because the selected action failed in the environment; otherwise, the new
call is rejected and the action REJECT is rewarded because the appropriate action is selected. The learning
automaton, then uses this reinforcement signal to update the probability of accepting the new calls (). This
type of reinforcement signal increases the channel utilization because its main goal is to use channels as much
as possible while the level of QoS is preserved.

The reward/penalty function measures goodness of actions applied to the environment. This function is
a part of environment and affects both the steady—state behaviour and convergence speed of the algorithm.
Actually, the reward/penalty function specifies the penalty probability of each action denoted by ¢ and for all
actions are shown by ¢ = (¢1,cz), where ¢, is the probability that action ay will be penalized. This relation
will be given in Lemma 1. This function also has the effect on the speed of convergence as it determines the
value of increase/decrease of the probability of selection actions in the action probability vector p as given by
equation (6).

Algorithm 1 Adaptive uniform fractional guard channel policy.

Require: call is the incoming call, C' is the number of channels allocated to the cell, and py is the bound for
dropping probability of hand-off calls.

1: procedure ADAPTIVEUFCCALLADMISION(call, C, pp,)

2 if call is a new call then

3 Learning automaton chooses an action.

4: if Learning automaton choose the ACCEPT action then
5: if ¢(t) < C then

6: Accept call and reward the ACCEPT action

7 else

8 Reject call and penalize the ACCEPT action

9: end if
10: else > Learning automaton chooses action REJECT action
11: Reject call
12: if (B), < pp) and (¢(t) < C) then
13: Accept call and penalize the REJECT action
14: else
15: Reject call and reward the REJECT action
16: end if
17: end if

18: end if
19: end procedure




2.1 behaviour of the Adaptive UFC

In the rest of this section, we study the steady state behaviour of the proposed algorithm. We show that, when
the adaptive UFC algorithm uses the Lr_ p reinforcement scheme, a unique value for 7 is found by the learning
automaton, which is also optimal for the UFC algorithm. In order to study the behaviour of the adaptive
UFC algorithm, we first model the environment for the learning automaton and then study the steady state
behaviour.

Lemma 1 Let p = (p1,p2) be the action probability vector of learning automata and p; = w be the probability
of accepting new calls. Then, the steady state behaviour of the adaptive UFC algorithm can be shown by a triple
< a,B,C >, where « = {ACCEPT,REJECT} shows the set of actions of automaton, 8 = {0,1} represents
the set of inputs for automaton and C(p) = {c1(p),ca(p)} is the set of penalty probabilities, where ci(p) and
co(p) are given by the following expressions.

alp) = Po= (o) CPo (7)
C!
~ 1 Ph 1z 2

Cg(p) = Prob [Bh < ph:| = \/TT% ‘/_OO e 2( T ) dx (8)

where py, and af are mean and variance of By, respectively.

The above Lemma gave the model of the environment and in the following Lemma, we study the properties
of the environment.

Lemma 2 When p < C, the environment given in Lemma 1 has the following characteristics. Let us to write
p for p(n) and c;(p) for ¢;(n).
1. ¢i(p) (fori=1,2) is continuous function in p.

2. ¢i(p) (fori=1,2) are continuously differentiable in all their arguments.

3. ¢i(p) and 8?—5) (for i = 1,2) are Lipschitz function of all their arguments.

4. The derivative of ¢;(p) (for i =1,2) have the following features.

83;? ) o 9)
dci(p) dca(p)

Op2 < Op2 (10)
dea(p) der(p)

op1 < oy~ (1)

The process {p(n)}n>o defined by the adaptive UFC algorithm is a homogeneous Markov process. The
following theorem is concerned with its convergence behaviour and its proof given in [28].

Theorem 1 The Markov process {p(n)}n>o0 is ergodic and converges in distribution as n — oo to a unique
stationary probability p independent of the initial distribution of p.

In what follows, the steady state behaviour of the adaptive UFC algorithm will be analysed. Define the average
penalty rate of action «; as f; (p(n)) = ¢; (p(n)) pi(n), p* = (p},p3) and p; + p5 = 1. In the following lemma, it
is shown that there is a unique p* for which the average penalty rates for both actions become equal.

Lemma 3 For the adaptive UFC algorithm, there exists a unique p* such that

fe) = f2)-f(")=0 (12)



Let Apy(n) = p1(n+ 1) — p1(n), thus the conditional expectation and variance of Ap; are expressed as

B [Aﬁ%pm) p] = LM - L)

Let

Thus the variance of Ap; is equal to }
S(p) = S(p) — w?(p).

Since {p(n)}n>o is ergodic and converges in distribution to a unique stationary probability p, thus in steady
state, we obtain E [Ap;] = 0 or E[w(p)] = 0. The zero of E [w(p)] is p* and, in general, E [w(p)] = 0 need not
yield p*. However, if the learning parameter a is chosen to be sufficiently small, then the difference between
these two values may be made small, as indicated by the following theorem.

Lemma 4 Let p(0) be the initial action probability vector of the adaptive UFC algorithm with stationary measure
p, then

E [pi(n) — pj]’
= Ofa),
where K > 0 denotes a constant.
Since (E [pi(n) — p*])* < E[pi(n) — p*]*, E [ps(n)] —p: = O (v/a) and p;(n) — p? with probability 1 as a — 0.
In steady state, E[Ap;] = 0 or E[w (p(n))] — 0 as n — oo. This implies that E [f2(p)] = E[f1(p)]. From this
equation and lemma 3, we can write

E[f2(p)] = f2(p") = E[fi(P)] — f1(P"). (14)

Since f;(.) is a Lipschitz function with Lipschitz bound «, we have

Elfi(p) — fi)]] < «alEp:i—pill,

< alEp]-pil,

~ O(a).
Thus we have |E[f;(p) — f:(p*)]| = O(v/a). Hence for small values of the parameter a, it can be concluded that
asymptotic behaviour of the adaptive UFC algorithm can be approximated by f(p*) = 0.
Lemma 5 Let p(0) be the initial action probability vector of the adaptive UFC algorithm with stationary measure
P and define z;(n) = % and z(n) = z1(n), then the following relations are held. These relations verify the
condition of lemma 2.1 (pp. 156) [29], whose application results in the normal approximation.

ElAz(n)lz(n)] = aw'(p*)z(n) + o(a), (15)
E [AZ*(n)|z(n)] = aS(p*)+ o(a) (16)
E[|Az(n)]’|z(n)] = o(a), (17)

where o(a) denotes a random variable such that E {@} —+0asa—0.
The following Theorem states that the steady—state probability of accepting new calls found by the proposed

algorithm is equal to the optimal value found by the algorithm given in [4].

Theorem 2 Let p(0) be the initial action probability vector of the adaptive UFC algorithm with stationary
measure p and lemma 4 holds, then
zi(n) ~ N (0,02) ,
2 _ _S@)
2[w’ (p*)]
Theorem 3 The equilibrium probability of learning automaton in the adaptive UFC algorithm, p* = (7*,1 — *)
, minimizes the blocking probability of new calls subject to the hard constraint on the dropping probability of

hand-off calls (Br(C,7) < py).

where o as a — 0 and na — oo.



3 Simulation Results

In this section, through simulation we compare the performance of the uniform fractional guard channel algo-
rithm [4], an adaptive uniform fractional guard channel algorithm [10], and the proposed algorithm. To compare
these algorithms, computer simulations are conducted. Simulation are conducted based on the single cell of
homogeneous cellular network system. In such network, each cell has 8 full duplex channels (C' = 8). Figures 2
and 3 compare the dropping probability of hand-off calls and the blocking probability of new calls for different
hand-off traffic. In these simulations, new call arrival rate is fixed to 30 calls per minute (A, = 30), channel
holding time is set to 6 seconds (u~! = 6), and the hand-off call traffic is varied between 2 calls per minute
to 20 calls per minute. The results shown in these figures are obtained by averaging 10 runs from 2,000,000
seconds simulation of each algorithm. The level of QoS for the dropping probability of hand-off calls is set to
0.01. The optimal value of 7 of uniform fractional channel policy is obtained by algorithm given [4]. Figure 2
shows the dropping probability of hand-off calls of the proposed algorithm and the algorithm given in [10] for
different rates of hand-off traffic. As this figure shows, the ability of the proposed algorithm for maintaining
the QoS of hand-off traffic for different hand-off load is higher than the algorithm given in [10], although there
are some variation and the proposed algorithm can not maintain the hard constraint.

F \ i

@% —e— UFC [4]
—m— Algorithm given in [10]
Qq}? —e— The proposed algorithm

Dropping probability of hand-off calls
%

Hand-off traffic
Figure 2: Dropping probability of the proposed algorithm for different hand-off traffic.

Figure 3 compares the blocking probability of new calls for the proposed algorithm and the algorithm given
in [10] for different rates of hand-off traffic. As this figure shows, the blocking probability of new calls for the
proposed algorithm is higher than the blocking probability of new calls the algorithm given in [10]. This is due
to the higher priority given to hand-off calls to maintain the level of QoS specified by py,.

By carefully inspecting figures 2 and 3, it is evident that for some range of input traffics, the performance
of the proposed policy is close to the performance of the uniform fractional guard channel policy and performs
better than the algorithm given in [10]. Since in the low hand-off traffic conditions, the UFC policy doesn’t
maintain the upper bound on the dropping probability of hand-off calls, the blocking probability of new calls
for the proposed algorithm is greater than the blocking probability of new calls for UFC. When the hand-off
traffic becomes high, the UFC policy maintains the upper bound on the dropping probability of hand-off calls
and the performance of UFC policy and the proposed algorithm is very close. In such situations, the probability
of accepting new calls converges to the optimal value found by the algorithm given in [4].

Figure 4 shows the new call acceptance probability of the above mentioned algorithms for different rates
of hand-off traffic when the other parameters of the cell are fixed. As this figure shows, the value of 7 is a
decreasing function of the hand-off traffic and the proposed algorithm gives a smaller value of m when hand-off
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Figure 3: Blocking probability of the proposed algorithm for different hand-off traffic.

Table 1: The optimal value of 7 and converged value of 7
A | An | pt * T

20| 5 6 | 0.6882 | 0.6795
20| 5 4 103755 | 0.3722
15 | 10 6 | 0.9758 | 0.9625
15 | 10 4 1 0.5006 | 0.49101

traffic becomes higher. This is due to the higher priority given to hand-off calls.

Figure 5 shows the blocking probability of new calls and dropping probability of hand-off calls of the proposed
algorithm for different rates of hand-off traffic when the other parameters of the cell are fixed. As this figure
shows, the proposed algorithm is able to maintain the QoS of hand-off traffic for different hand-off load. The
blocking probability of new calls will be increased as the hand-off traffic increase, because the number of channels
allocated to the cell is fixed.

Figure 6 shows the evolution of the performance parameters for the adaptive uniform fractional guard channel
policy. By carefully inspecting figure 6, it is evident that the admission probability, 7, oscillates and converges
to a value. The converged value is also the optimal value obtained by the algorithm given [4].

Figure 7 shows the performance of the proposed algorithm in a non-stationary environment. In this figure,
the algorithm starts with the following traffic setting: A\, = 30, A;, = 20, and ! = 6. Then after 1650 seconds,
the traffic is changed to \,, = 30, Ay, = 10, and p~! = 6. This figure shows that the proposed algorithm is able
to track the changes in the environment without knowing the parameters of the environment. A, = 30

Table 1 compares the the value found by the proposed algorithm and the algorithm given in [4]. This table
shows that the two values are very close while the proposed algorithm gives a higher priority (lower value of
7) to the hand-off calls. This results was obtained also for other traffic parameters as mentioned before. The
results presented in this table also confirm the results obtained in Theorem 3. The difference between 7* and
7 is due to the finite time simulation.
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Figure 4: New calls acceptance probability of algorithms for different hand-off traffic.
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Figure 5: Performance of the proposed algorithm for different hand-off traffic.
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Figure 6: The proposed algorithm for different hand-off traffic.
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Figure 7: The tracking capability of the proposed algorithm in non-stationary traffic.
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4 Conclusions

In this paper, we first propose a new learning automata based adaptive uniform fractional channel algorithm.
The proposed algorithm uses a learning automaton to determine the admission probability, 7, when the traffic
parameters are unknown or probably time varying. This algorithm adjusts parameter m as network operates.
Then we studied the steady state behaviour of the proposed algorithm. It was shown that the proposed algorithm
converges to an equilibrium point which is also optimal for UFC policy.The simulation results show that the
level of QoS is satisfied by the proposed algorithm and the performance of given algorithm is very close to the
performance of uniform fractional guard channel policy which needs to know all parameters of input traffic.
The simulation results also show that in non-stationary environment, the proposed algorithm is able to adapt it
as the environment changes. The rate of convergence is also investigated by the simulation. This rate depends
on some parameters such as the reward/penalty function and learning rate parameters. As a future work, we
will investigate the speed of the convergence analytically.

A Proof of theorems and lemmas

In this appendix, we give the proof of some lemmas and theorems given in this paper.

A.1 Proof of Lemma 1

Before we begin to prove the lemma, we introduce some definitions and notations. In order to count how many
calls are arrived, we introduce concept of local time for each type of calls. The local time for each type of
calls starts with 0 and incremented by 1 when a call of given type is arrived. Let us to define n™ and n” as
the local times for new and hand-off calls, respectively. Then, we define two sequences of random variables n;),
(n? <n? <...)and n? (nh <nb < ...), where n? (n") is the global time when the m!* new (hand-off) call
is arrived.

The proof for penalty probability of ¢;(p) is trivial, because action ACCEPT is penalized when all allocated
channels are busy. Since the probability of all channels being busy is equal to Pc, then ¢;(p) is equal to Po. In
order to find expression for co(p), we define X,, as the indicator of dropping of a hand-off call at the hand-off
local time n, where X,, = 1 if a hand-off call arrives at hand-off local time n" = n and dropped and X,, = 0 if
a hand-off call arrives at hand-off local time n" = n and accepted. Since in interval [n,n -+ 1], it is possible that
M > 0 new calls to be accepted or N > 0 calls to be completed, then the state of the Markov chain describing
cell at hand-off local time n + 1 is independent of its state at the hand-off local time n when N + M > 0.
Although there is an exception N + M = 0, which we ignore in our analysis due to the violation of Markov
chain properties. Therefore, X7, Xs,...,X,, are independent identically distributed (i.i.d) random variables
with the following first and second order statistics.

C
E[X,] = Y kP.=py[1-Pc]. (18)
k=0
Var[X,] = B[X}] - (B[Xk])® = py[1 - Pc][1 + pyPc] — (p7)*Po-1- (19)

Using the central limit theorem X, = Bh = %Zzzo X}, is a random variable with normal distribution (Eh ~
N (up, 0p)) with the following mean and variance [30].

w = E {Bh] =E[X,] =E[X,] = py[l - Po]. (20)
. _ Var [X,,
o, = Var [Bh] = Var [Xn] = M,
n
_ py[L=Pe][L+ pyPe] — (py)*Po—s (1)
p .
Thus, the value of penalty probability of ca(p) is equal to
co(p) = Prob [Bh < ph} ,
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DPh T—p 2
= 1 / e_%( "zl;b) dx
V2moy J -0

which completes the proof of this lemma. Q.E.D.

A.2 Proof of Lemma 2

The proofs for items 1 through 3 are trivial using equation (7) and we only give the proof of item 4. From
equation (7) and when p < C, we have

dei(p) c
B = (1-a)Pc [7 —p(1— Pc)] >0, (22)
‘9((;1;21’) = —(1-a)Pc [f —p(1— PC)] < 0. (23)

Using equation (7), we obtain

) 1 [ (o) g 20m " sy,

Op2 oV 27 oy Opz  Op2 op Op2 J_ o

falp) _ -1 [eﬁ(wf {(ﬂﬂ%) by _ 3%} _ 200 /”h e;(z:bfdx] ,

Op1 oV 27 o op1  Op; oy Op1
Increasing po, decreases the probability of accepting new calls and hence the number of busy channels decreased.
Therefore, the dropping probability of hand-off calls is decreased or ca(p) = Prob [Bh < ph} is increased. Thus,
we have

— 00

dea(p)
> 0 24
s (24)
dca(p)
< 0. 25
O (25)
However, by choosing the proper value for parameters, condition %}? > 0 is also satisfied. From equations
(22) and (24), equation (9) is concluded, from equations (22) and (25), equation (10) is concluded and from
equations (23) and (24), equation (11) is concluded. This completes the proof of this lemma. Q.E.D.
A.3 Proof of Lemma 3
Consider f(p) at its two end points
C2 (07 1) p1 =0
f(p) = (26)
—01(170) pP1 = 1.

Since f(p) is a continuous function of p; and po, there exists at least a p* such that f(p*) = 0. For proving
the uniqueness of p*, the derivative of f(p) with respect to p; is computed and then by using lemma 2, we
obtain

8(;;;1)) = 822;110) — (1 +p1)(e1+c2),

< 0.

Since the derivative of f(p) with respect to p; is negative, f(p) is a strictly decreasing function of p;. Thus

there exists one and only one point p* for which function f(p) crosses the horizontal line and hence the lemma.
Q.E.D.
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A.4 Proof of lemma 4
Define p? = p™'p for vector p. Let p = p; and

> —p p#p*

g(p) = (27)
_8“7(1’) e
T ) P=Dp

p=p

Since w(p) < 0 when p > p* and w(p) > 0 when p < p*, g(p) is positive and continuous in interval [0, 1].
Hence, there exists a R > 0 such that g(p) > R. Thus, we have

p* —p(n)]wlp(n)) = [p* —pn)]g(p(n)),
> Rlp"—pn)”. (28)

for all probability p, then computing
[p(n +1) = p*]* = [p(n) — ") + 2 [p(n) — p*] Ap(n) + Ap*(n)
and taking expectation on both sides, cancelling E [p(n) — p*]2 and dividing by 2a, we obtain

o )

E [{p(n) —p*} 5B |~

or

E[{p(n) —p}w (p(m)] + 5 [S (p(m))] = 0.

Since, we have only bounded variables, S (p(n)) is also bounded; thus, there exists a K > 0 such that
E {5’ (p(n))] < K. Hence we obtain

E[{p* —p(n)}w (p(n))]

IN
Nw
8

Using this equation and equation (28), we obtain

E[p* - p(n)]*

A IA
SIS
N

and hence the lemma. Q.E.D.

A.5 Proof of lemma 5

In order to prove equation (15), let us to define

¢ BB _ EISHOEO _0) ), o)
Since w(.) is Lipshitz with bound j, we have |w (p(n)) — w (p*)| < K|p(n) — p*|, where K > 0 is a constant.
Using this equation and equation (29), we obtain

[l < Klp(n) - p*| < Kv/alz(n)|. (30)

Let
h(A) = w(z + A(y — )

where A € [0,1]. It follows that

13



h/()‘) - W?
= e+ My —2)(y—2) (31)
Since h/(.) is continuous, we have
wly)=u(e) = B =) = [ W/l Ay =)y -2l (32)

Subtracting w’(z)(y — x) from both sides of the above equation, we obtain

1
w(y) —w(z) —w'(z)ly — 2] = /O [w'(x + Ay — 2)) — w'(2)] [y — z]dA
Since w(.) is Lipschitz with bound S, we obtain
w(y) —w(e) —w'(@)(y — ) < Dy — 2P

Substituting y with p(n) and = with p* in the above equation, we obtain

K|p(n) — p*|?,
Kalz(n)|?. (33)

w(p(n)) —w(p*) —w'(p*)(p(n) —p*)
w(p(n)) —w(p*) — Vaw' (p*)z(n)

Using this equation, equations (29) and (30) and lemma 4, we obtain

¢ = Vaw'(p™)z(n)]

<
<

Kalz(n)|?,
K|p(n) — p*|?,
Ka. (34)

IN

INIA

Multiplying both sides of the above equation by 1/a, we obtain
|Va¢ — aw' (p*)z(n)| < Ka®/?,

[E[Az(n)|2(n)] — aw/(p")2(n)| < K/a,

which implies equation (15). In order to derive equation (16), let us to define

n=——"——"=38@Mn)=Srmn)+

By subtracting S(p(n)) from both sides of the above equation, we obtain

-8 = 1 ~
< [S(p(n) =S|+ ¢ (35)
Since S(.) is Lipschitz, we have ) )

15(p(n)) = S(")| < Klp(n) —p*|.

Substituting this equation and equation (30) into equation (35), we obtain
[ = S(p)| < Klp(n) = p*| + Klp(n) — p*|?

Using lemma 4, we have E [p(n) — p*]? < Ka and E[p(n) —p*] < K+/a. Thus we obtain [n — S(p*)| = o(a).
Hence, as a consequence, we have Eln — S(p*)| — 0 as a — 0, which confirms equation (16). Equation (17)
follows by observing that

o |22

p(n)=p] =¢(p) <€< @

3 |

14



Substituting equation (17) into the above equation, we obtain

Ap(n)|?
| |20 ’p<n>] < ¢
a
Az(n)[?
B[/ ] < ¢
E[|Az(n)Pp(n)] < €&a*? (36)
where £a%/? — 0 as a — 0. This completes the proof of this lemma. Q.E.D.

A.6 Proof of Theorem 2

Let h(u) = E [¢®*(™)] be the characteristic function of z(n). Then using the third order taylor’s expansion of
e for real u, we obtain

2

E [a’uz(n) z(n)] = 1+ iuE[Az(n)]2(n)] — %E [A22(n)] 2(n)] + k[uE [|Az(n) ] 2(n)] ,

where k < 1/6; thus

h(u) = E[e“‘z ”*1)]

- E [ezuz n)E (ezqu(n

m)).

= h(u) +iuE [ewz(")E {Az(n)|z (n)}] , (37)

u2 . .
- ZE [ewz(”)E{Az2(n)| z(n)}} + E|uPE [keWWE {1a2(n)]?| z(n)}} .

Cancelling h(u) and dividing by u, results

iB [V {Az(n)]2(n)}] -

gE {eiuz(”)E {AZ*(n)] z(n)}} + ku’E {keiuz(”)E {1Aaz(n)?| z(n)}} = 0.

Thus using estimates of lemma 5, we have

iaw' (p*)E [ewz(")z(n)} - gg(p*)E [eiuz(”)] + E [o(a)] 4+ uE [o(a)] + v*E [o(a)] = 0.
From equations (15) and (17), it is evident that E[|z(n)|] < co when «a is small or

dh(u)
du
Dividing the above equation by aw’(p*) and using fact w’(p*) < 0, we obtain

dh(w) | S0")
de 2w ()]

le(w)]

14 u?

S(p*)h(u) + Efo(a)] +uE [o(a)] + u’E [o(a)] = 0.

o e

aw'(p")

h(u) + €(u) = 0,

where

© = sup — 0,

as a — 0. Since h(0) = 1, it follows that

(14,(7)2 u (um)2
h(u) =e~ "2 (1—/6 2 da:),
0

_ _S(m)
2w’ (p*)]”

2 But we have

|ul wz)?
/ e (u)dz
0

where o

lul e
<<p/ e )2(1—|—x)dx—>0,
0
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as a — 0; thus
(uo)?

h(u) — e~ 2

Then using the facts that each characteristic function determines the distribution uniquely and h(u) is charac-
teristic function of N(0,0?), thus we obtain

z(n) ~ N(0,0%),

and hence the theorem. Q.ED

A.7 Proof of Theorem 3

In the equilibrium state, the average penalty rates for both actions are equal or f;(p*) = f2(p*), which results
1 = co(1 — 7). Thus we have

1)
e — 38
T 0+ Pc ’ ( )
where § = Prob [Bh < ph}. Thus average number of blocked new calls, N,,, is equal to
N, = MJ[l—7*(1-Po)l,
Pc
= AMA+6)=——. 39
1+ 05 (39)
Computing derivative of N,, with respect to § results
ON, Y Pe(l-Pc)
a5 " (PoH+06)?
< 0. (40)

Thus N, is a strictly decreasing function of §. Since the adaptive UFC algorithm gives the higher priority to the
hand-off calls, it attempts to minimize the dropping probability of hand-off calls. Using this fact and equation
(40), it is evident that N,, is minimized which results in minimization of the blocking probability of new calls
and hence the theorem. Q.E.D
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