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This paper studies an iterative stochastic algorithm for solving the stochastic shortest path problem.
This algorithm, which uses a distributed learning automata, tries to find the shortest path by taking
a sufficient number of samples from the edges of the graph. In this algorithm, which edges to be
sampled are determined dynamically as the algorithm proceeds. At each iteration of this algorithm, a
distributed learning automata used to determine which edges to be sampled. This sampling method,
which uses distributed learning automata, reduces the number of samplings from those edges, which
may not be along the shortest path, and resulting in a reduction in the number of the edges to be
sampled. In this paper, we propose a new method for analysis of the algorithm. The method proposed
in this paper, unlike the previous ones, which were based on the Martingale theory, is based on the
sampling. The proof given in this paper, unlike the previous ones, which were for a specific input
graph, is not restricted to the input graph and is general. We also show that as the number of samples
taken from the edges increases, the probability of finding the shortest path also increases. Experimental
results obtained from some benchmark stochastic graphs and some random graphs also confirm the
theoretical results.

© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Many problems can be modeled as finding the shortest path
n weighted graphs. In many applications, such as travel time in
ntelligent transportation systems, length of edges are random
ariables, and these graphs are called stochastic graphs. A stochas-
ic graph, G, can be defined by a triple G = (V , E,F) comprising
set V of nodes with a set E of edges, which are ordered pairs of

elements of nodes, and the probability distribution F associated
to edges of the graph describing the statistics of edge lengths. In
this graph, the length of edge (i, j) is sampled from distribution
defined by fij. Node j is successor of node i and node i is prede-
cessor of node j. We also assume that the length of edge (i, j) is a
positive-valued random variable with fij as its probability density
function. Also, it assumed that these probability density functions
are unknown to the algorithm, in which the algorithm only has
access to samples taken from the corresponding distribution.
For example, considering transportation networks, the intersec-
tions represent nodes of the graph, and each edge represents
the street/road between the two corresponding nodes. In this
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network, measures such as the travel time and the cost of a trav-
eling show the edge length. The travel time is a random variable
with unknown distribution. The travel time in each street/road
depends on the traffic situation on that edge (street/road). When
traveling from each street/road, we have a sample travel time that
is sampled from the corresponding distribution. This problem in
intelligent transportation systems is called vehicle route guidance
systems (RGS). The goal of solving the RGS problem is the design
of an algorithm for finding the optimal route (path) from the
origin to the destination. This optimal route between an origin
and destination for most RGS is defined as the one with minimum
expected travel time [1].

A sequence
(
vi1 , vi2 , . . . , vini

)
of distinct nodes of the graph

with the property that there is an edge between every two
consecutive pair of nodes, (vij , vij+1 ) ∈ E (for 1 ≤ j < ni), is
called simple path, where ni is the number of nodes in the given
ath. Since each edge length is a random variable, the goal is
o find its expected value. Let Cuv denotes a sample length of
dge (u, v) taken from the probability density function fuv and
et C̄uv denotes the expected length of the edge (u, v). We denote
simple path from vs to vd as π and its expected length as L̄π .
he expected length of path π , which is denoted by L̄π , equals to
ni−1
j=1 C̄ij ij+1 . We also assume that the graph has t distinct simple

aths Π = {π , π , . . . , π } from v to v . A simple path with
1 2 t s d
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he minimum expected length from vs and to vd is called the
shortest path and denoted by π∗, i.e. the shortest path π∗ has
xpected length of L̄π∗ = minπ∈Π {L̄π }. This means that path π∗

as the smallest expected length among all paths from the source
ode vs to the destination node vd. The problem of finding the
hortest path in a stochastic graph is called stochastic shortest
ath problem (SSPP). A simple algorithm for solving this problem
s to take a sufficient number of samples from edge length Cuv
f each edge (u, v) and then estimate the expected length C̄uv
f that edge. Finally, by using an algorithm for solving shortest
ath problems, such as Dijkstra or Floyd–Warshal, we can find
he shortest path from the source node vs to the destination node
d. This approach has two main problems: the first one is that we
eed a lot of samples from each edge for estimating the expected
ength with high confidence and the second one is that we need
lot of samples from the edges that do not belong to the shortest
ath. The goal of the approach proposed in this paper is to take
ore samples from edges belonging to the shortest path and take
smaller number of samples from the edges that do not belong

o the shortest path.
Several algorithms are proposed in the literature for solving

he SSPP. These algorithms can be classified into three groups
ased on the time that values of edge lengths are learned [2].
1) The lengths of edges are learned before traversing a path [3].
2) The length of an edge is never learned or become known
fter traversing the shortest path [4]. (3) The lengths of edges are
earned as traversing different paths in the graph.

Let π be a path and the probability that this path is short-
st be denoted by P [π ]. An approach for finding P [π ] is to
se distributed learning automata (DLA), in which a network of
earning automata cooperates for solving the stochastic shortest
ath problem. Several DLA-based algorithms are proposed in the
iterature for solving the SSPP. These algorithms fall in the third
roup in which the lengths of edges are learned as traversing
ifferent paths in the graph. Beigy and Meybodi proposed some
LA-based algorithms for solving SSPP [5,6]. The convergence of
hese algorithms was shown by using Martingale Theorem. Mey-
odi and Meybodi proposed an algorithm based on an extended
ersion of DLA for solving the SSPP and its convergence was
hown by using Martingale Theorem [7]. Vahidipour et al. pro-
osed an algorithm for solving the SSPP by using a combination
f LAs and Pertri-nets [8]. This algorithm explores different paths
n parallel by sending different tokens. The convergence of this
lgorithm was shown by using a continuous-time Markov chain.
he combination of LA and Petri-nets was also generalized for
olving different graph problems [9].
In this paper, an iterative algorithm using DLA for solving the

SPP, which falls in the third group, is studied. This algorithm
ries to find the shortest path, π∗, from the set of paths Π =

π1, . . . , πt} by taking a sufficient number of samples from the
engths of their edges. This algorithm dynamically determines the
ext edge to be sampled. This method reduces the number of un-
ecessary sampling from the edges that are not along the shortest
ath resulting reduction of the overall number of samples. The al-
orithm studied in this paper is obtained by a modification on the
lgorithm given in [6], by changing the updating rule of learning
ates but the different method was used for proof of convergence.
he convergence of the algorithms proposed in [5,6] was shown
y using Martingale theory, and the outline of proof is given and
hen the convergence of the algorithms was proved only for a
ive nodes graph. When the size of the graph becomes larger, the
erivation of equations using the methods given in [5,6] becomes
ery complicated or even intractable. Hence, the convergence of
lgorithms are not applicable for general graphs and must be
one for every input graph. In this paper, a new method of proof

ased on the sampling, which is different from [5,6], is used

2

o prove that if each LA of DLA uses the linear reward-inaction
earning (LR−I) algorithm, then the algorithm finds the shortest
path with a high probability. The LR−I algorithm only updates
its state when the environment gives a reward to the selected
action. The proof shows that if the parameters of the algorithm
are chosen properly, it finds the path with the minimum expected
length with probability as close to unity as desired. Hence, the
convergence proof given for this algorithm in contrast to the pre-
viously reported convergence method for DLA-based algorithms
is based on sampling and can be used for the arbitrary graph.
We also evaluate the modified method using some benchmark
stochastic graphs, some randomly generated graphs, and some
Kronecker graphs. The experimental results have shown that the
modified algorithm outperforms the algorithms reported in [5,6].
Specifically, the algorithm given in this paper needs a smaller
number of iterations and a smaller number of samples from the
edges of the graph than the algorithm given in [5,7] to find the
shortest path at approximately the same convergence rate. But
the modified algorithm increases the rate of convergence at the
cost of increasing the number of iterations needed for finding the
shortest path and the number of samples taken from the edges
of the graph than the algorithm given in [6].

The rest of this paper is organized as follows: The related
work is given in Section 2. LA and DLA are briefly described in
Section 3. The modified algorithm for solving the stochastic short-
est path problem is given in Section 4. In this section, we also
study the convergence of the proposed algorithm and introduce
a new method for proving the convergence of the algorithm. In
Section 5, the experimental results are reported. In Section 6, we
study the computational complexity of the modified algorithm
and compare it with the computational cost of three other related
algorithms. Finally, Section 7 concludes the paper.

2. Related work

In this section, we give a brief review of the related work
on algorithms for solving the stochastic shortest path problem.
These algorithms can be categorized into two main groups: the
first group aims to find a priori solution that minimizes the
expected length, and the second group computes an on-line so-
lution. Some problems for general stochastic graphs have been
analyzed in [3,10]. The unique arcs concept was studied in [11],
and the uniformly directed cuts were used for the analysis of
the SSPPs Sigal et al. [12]. In these research-works, the required
probabilistic quantities are represented by multiple integrals, and
numerical calculation of such integrals quickly gets out of hand,
even for small networks [13]. Since the exact computation of the
distribution of path lengths is difficult, Monte Carlo simulation
was used [14]. Some researchers used state-space partitioning for
solving the SSPP [15]. Two models with recourse are reported
in [2]. The first one assumes general spatial dependence among
the edges and the second one assumes that the length of the
edges are IID random variables. Then, two exponential-time al-
gorithms are proposed. The SSPP with recourse on time-varying
networks studied in [16,17], and two algorithms proposed for
solving this problem. In [18], the SSPP with limited inter-edge
dependency is considered. These research works assumed that
distributions for edges lengths are known. In [19], a dynamic
programming approach was used to find the shortest path when
the number of edges of each path is limited. In [20], it assumed
that the length for edges in the graph are exponential distributed
random variables, and finding the shortest path with minimal ex-
pected length was formulated as a linear programming problem.
In [21], a network setting is used in which the length of each edge
is a random variable with the known probability distribution.
In [22], it has shown the SSPP with the limited number of hops,



H. Beigy and M.R. Meybodi Knowledge-Based Systems 212 (2021) 106638

i
n
r
I
a
i
(
w
P
f
M
d
t

i
a
T
a
l
i

r
a
t
p
a
t
t
a
i
t
a
a
p
I
L
l
m
n
V
t
s
i
T
t
p
t
p
e
(
s
d

3

n
t
s
a
v
s
w
r
s
α
n

{

i
m

p
1
a

p

w

b

(

.e., paths with at most n−1 edges is an NP-Hard problem, where
is the number of nodes in the graph. Then they extended the

esults of [19] for the SSPP with an unlimited number of hops.
n [23], the stochastic shortest paths with no dead-end nodes
re considered and an infinite-horizon dual optimization criterion
s proposed. The shortest path in the Markov decision process
MDP), in which short-sightedness is used only to determine
hether a state should be labeled as solved or not, is studied by
ineda et al. [24]. Guillot and Stauffer proposed a new framework
or solving SSPP infinite state and action spaces in the context of
DP [25]. The definitions of the stochastic graph in MDP and the
efinition used in this paper are different and we do not consider
he stochastic shortest path problem in MDP.

The stochastic shortest path with correlated link travel times
s considered in [26]. It is assumed that edge and path lengths
re respectively fitted by the log-normal and normal distribution.
he authors of [27] proposed algorithms to find the most reli-
ble path in large-scale road networks. It is assumed that path
ength follows normal distributions and link lengths are mutually
ndependent.

In [5,6], two distributed learning automata (DLA) based algo-
ithms for solving the SSPP are reported. In the first algorithm,
DLA constructed from the graph and learning automata (LA) in
he DLA update their action probability vectors until the shortest
ath has been found. In this algorithm, the actions of LAs, which
re corresponding to the chosen path, receive a reward when
he length of the chosen path is less than a quantity called
he dynamic threshold. The dynamic threshold is defined as the
verage lengths of the traversed paths. The second algorithm
s obtained from the first algorithm by modifying the defini-
ion of the dynamic threshold. This modified algorithm requires
smaller number of samples to find the shortest path. Misra

nd Oomenn considered dynamic all-pairs shortest-path routing
roblem using a fast-converging pursuit learning automata [28].
n [7], an extended version of DLA was proposed in which each
A has an activity level and only the LA with the highest activity
evel can perform an action on the environment. The experi-
ental results reported in [7] shows that this algorithm requires
ew samples from the graph than the algorithm given in [5].
ahidipour et al. proposed an algorithm based on the combina-
ion of LA and Petri nets to speedup the process of finding the
tochastic shortest path [8]. In this algorithm, paths are traversed
n parallel by sending token on all outgoing-edges of every node.
hen, the estimated time to visit a node is measured and using
his estimated time, the shortest path is found. Vahidipour et al.
roposed a framework that generalizes different frameworks for
he fusion of LAs and Petri nets for solving different graph-based
roblems [9]. The above-mentioned algorithms are different from
ach other from the respect to (1) the learning algorithm of LAs,
2) the updating algorithm for learning rate, (3) the activation
trategy of LAs, (4) the method for avoiding cycles, and (5) the
irection in which LAs update their action probability vectors.

. Distributed learning automata

The learning in learning automata (LA), which is an intercon-
ection of a stochastic automaton and a random environment, is
o find the best action from its action set. At the stage k, the
tochastic automaton selects its action from the finite set of r
ctions, denoted by α = (α1, . . . , αr), using the action probability
ector p(k) = (p1(k), . . . , pr (k)), where pi(k) is the probability of
electing action αi at stage k. Let this action denoted by α(k) = αi,
hich applied to the random environment. The random envi-
onment emits a reinforcement signal β(k) ∈ {0, 1}, which is a
tochastic signal. The environment penalizes the selected action
(k) = αi with probability ci by producing the reinforcement sig-
al β(k) = 1 and rewards that action with the reward probability
3

Fig. 1. Distributed learning automata.

of di = 1 − ci by producing the reinforcement signal β(k) = 0.
Finally, the stochastic automaton updates its action probability
vector using the received reinforcement signal by employing a
learning algorithm. Note that the set of penalty probabilities C =
c1, . . . , cr} is unknown to the learning algorithm initially, and
ts goal is to find the action for which the penalty probability is
inimum as the automaton interacts with the environment.
The LR−I learning algorithm, which is used later in this pa-

er, updates the probability of choosing action αj (for all j =
, 2, . . . , r) using the following rule when at stage k, the learning
utomaton chooses action αi.

j(k+ 1) =
{

pj(k)+ ak × [1− pj(k)] if i = j
pj(k)− ak × pj(k) if i ̸= j (1)

hen β(k) = 0 and p(k) remains unchanged when β(k) = 1.
Parameter ak ∈ (0, 1) is learning rate at stage k and determines
the amount of increases (decreases) of the action probabilities.

LA widely used in applications such as telephone and data net-
work routing [29], solving NP-Complete problems [30,5], capac-
ity assignment [31], neural networks engineering [32,33], social
networks [34], design of Bayesian optimization algorithms [35],
cellular networks [36,37], classification and clustering [38], intel-
ligent random walks [39] to mention a few.

A single LA has a limited capability; while by using collectively
cooperating LAs, more capabilities will be obtained. Distributed
learning automata (DLA) is a graph of automata in which LAs are
cooperating to solve a problem. In this graph, the set of nodes
shows the set of LAs, and the outgoing edges of any node show
the action set of the corresponding LA. A sample DLA with three
LAs, each of which has two actions, is shown in Fig. 1. In this DLA,
when A1 chooses action α1, then A2 is activated, which is on the
other end of the corresponding edge. After that A2 chooses one
of its actions. The selected action of A2 also activates another LA
connected to A2.

Formally, a DLA can be defined by a graph (A, E) comprising
a set A of LAs with a set E ⊂ A × A of edges. Let Ai ∈ A be the
ith automaton which has ri actions. Let also αi =

(
αi
1, . . . , α

i
ri

)
e the action set of automaton Ai and pi(k) =

(
pi1(k), . . . , p

i
ri (k)

)
be its action probability vector at stage k, where pij(k) denotes
the probability of selecting action αi

j by Ai (i.e. action αj of LA
Ai) at the stage k. We use the superscript for α and p to denote
the index of the corresponding automaton and the subscript to
denote the index of the corresponding action. An action of a DLA
is a sequence of actions for its constituting LAs. For example, for
DLA given in Fig. 1, one action is

(
α1
1, α

2
2, α

3
1

)
, which shows tour

v1, v2, v3, v1) in the corresponding graph
Learning in the DLA can be described as follows. The DLA

chooses an action and applies it to the random environment.
The environment generates a reinforcement signal, which will be
used by the learning algorithm of the DLA to update its action
probability vectors according to a learning algorithm. The DLA
chooses its action in the following manner. At the beginning of
any round of action selection, only one LA is active. The activation
of this LA is application dependent. For example in the SSPP,
the source LA is activated first. The activated LA chooses one of

its actions. The chosen action will activate another LA on the
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ther end of the edge corresponding to the chosen action. The
rocedure of activating a LA and passing the activation to the
ext LA continues until no LA will be activated as a result of the
ction selection. For example, to find tours for DLA given in Fig. 1,
As sequentially choose their actions until the first activated LA
s reached or n = 3 actions are chosen, where n is the number of
As in the DLA.
When the DLA is being used in any application, the following

tems must be specified: (1) the underlying graph structure of
LA, (2) choosing LAs of DLA including their action sets and learn-
ng algorithms, (3) the action selection mechanism of DLA, and (4)
he updating mechanisms for updating action probability vectors
f LAs in the DLA. When the DLA is used to solve graph problems
s the shortest path problem, the actions of DLA specify different
aths from the source node to the destination node of the graph.
ence, we considered that the graph of DLA is isomorphic to the
nput graph. In this problem, LAs of DLA correspond to the nodes
f the graph and each action of an LA corresponds to an outgoing
dge of the corresponding node. The learning algorithm speci-
ies how to update the probability of choosing different paths.
owever, the graph can be summarized and each hyper-node
an be an LA. For example, we can find the strongly connected
omponents of the graph and assign an LA to each component.
hen, the problem is solved for each hypernode recursively. We
o not use this approach, because of the two following reasons.
he first reason is that for summarizing the graph, we need to
ample different edges, which is a costly process. The second
eason is that the convergence to the shortest path cannot be
uaranteed. When the input graphs are deterministic or sufficient
tatistics of edges’ lengths are available, this summarization ap-
roach helps to improve the running time of the algorithm, but
he convergence to the optimal solution depends on the graph
ummarization and also the algorithm for solving the problem.
DLA have been applied successfully to many applications such

s solving the SSPP [5,7], grid resource discovery [40], finding
aximum clique [41], and link prediction in social networks [42],

o mention a few.

. Algorithm for finding the stochastic shortest path

In this section, we propose a DLA-based algorithm for finding
path with the minimum expected length (the shortest path) in
stochastic graph. This algorithm is a modified version of the
lgorithm given in [6] in which the updating rule for the learning
ate has been changed. In this algorithm, the stochastic graph is
he random environment for the DLA. We build a DLA based on
he given graph. Each node of the DLA corresponds to a node in
he graph. The number of actions for every LA in the DLA equals
o the out-degree of the corresponding node in the graph. Since
ach action of a LA represents one of the edges starting from
he corresponding node in the graph, hence an action of DLA,
hich is a sequence of actions of the constituting LAs, represents
particular path in the graph. This algorithm has the following
ain steps.

1. Choosing a path from the source node to the destination
node. This path is chosen by activating the LA correspond-
ing to the source node and choosing one of its actions and
activating another LA. This process is continued until a path
is traversed. When an edge is traversed, a random length
for that edge is assigned. The random length for the edge is
taken from the underlying distribution, which is unknown
to the algorithm.

2. Computing the length of the chosen path by summing up
the edge lengths sampled from the corresponding proba-
bility distributions, which are unknown for the algorithm.
After choosing a path, its length, and the average length of
the traversed paths are calculated.
4

3. Computing the reinforcement signal and updating the ac-
tion probability vectors of LAs. The average length of tra-
versed paths is compared with a quantity called the dy-
namic threshold. Based on the result of this comparison,
the reinforcement signal is generated. Then, based on the
generated reinforcement signal, the action probability vec-
tors of LAs residing on the chosen path will be updated
accordingly.

The above three steps are repeated until the probability of
choosing a path becomes greater than a threshold Ppop or at least

times the above steps are executed, where Ppop and K are two
re-specified values.
The pseudo-code of the modified algorithm is given in Algo-

ithm 1. This algorithm can be described as follows: at first, a
LA isomorphic to the input graph is created (Line 1). After that,
he iteration number k is set to 2, and the dynamic threshold
s set to a large number (here ∞ to denote a large number)
Line 2). The value of the dynamic threshold is set to a large
umber because we need to find the minimum of the dynamic
hreshold and the average value of lengths of traversed paths.
o decrease the probability of stocking at local optima, L̄1 is set
o the average lengths of some randomly traversed paths (Line
). This avoids the probability of assigning a small value to L̄1.
hen, at iteration k, all LAs in the graph are inactive except the
ource LA As, which chooses an action that activates another LA.
his procedure is repeated until Ad is reached, or no LA can be
elected, or the number of activated LAs becomes greater than the
umber of nodes in the graph (Lines 5–13). When Ad reached, the
ath denoted by π is created and the length of this path, denoted
y Lπ , and the average length of sampled paths from vs to vd up
o now, denoted by L̄k, are computed (Lines 14–20). Then, the
verage length of sampled paths from vs to vd is compared with a
uantity called the dynamic threshold, Tk (Line 16). If L̄k is less than
k then all LAs along that path receive a reward and the actions
f all LAs are enabled; otherwise, they receive a penalty and the
ctions of all LAs are enabled (Lines 16–19). Based on the received
ignal, all the LAs along the traversed path update their action
robability vectors (Line 18). The destination LA Ad does not need
o update its action probability vector because it does not choose
ny actions. Then, the learning rate is updated using Eq. (2) (Line
2). The above steps are repeated until the probability of choosing
he last path becomes greater than the threshold Ppop or K paths
re chosen
The LR−I algorithm is employed to update the action probabil-

ty vectors in the direction from Ad to As. In updating phase, the
earning rates of LAs at iteration k ≥ 1 updated using Eq. (2).

k =
a

b+ ηk
for b ≥ 1 > a > 0 and 0 ≤ η ≤ 1 (2)

By using this updating mechanism, the action probability vec-
ors are updated with larger steps in the early stages of the
lgorithm and this step size decreases as the number of stages
ncreases. This way of updating results in a less switching be-
ween different paths, because choosing a path with a very large
ength does not change the shortest path. Dynamic threshold
t iteration k, denoted by Tk, equals to the minimum value of
equence

(
L̄1, . . . , L̄1, . . . , L̄k−1

)
. At the beginning of algorithm, Tk

s initialized to a large value and L̄1 is set to the average lengths
f some randomly traversed paths from vs to vd.
The procedure of choosing a path from As to Ad repeated until

he path probability denoted by pop, is greater than a certain
threshold denoted by Ppop. The path probability is defined as
he product of the probability of choosing the actions (edges) of
he traversed path. When the algorithm finishes, we hope that
he path with the maximum path probability has the minimum
xpected length among all the paths from source to destination.
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Algorithm 1 The pseudo-code of the DLA-based algorithm for solving the stochastic shortest path problem.
Require:

G = (V , E,F) is the input stochastic graph with the source node vs and the destination node vd.
Ppop is the threshold for path probability,
K is the maximum number of iterations for the algorithm.

nsure:
The shortest path and the probability that this path is the shortest (pop).

1: Construct a DLA isomorphic to the input graph G
2: Set k← 2 and T2 ←∞ ▷ k is the iteration number and Tk is the dynamic threshold at iteration k.
3: Set L̄1 ← the average lengths of some randomly traversed paths ▷ L̄k is the average lengths of traversed paths.
4: repeat
5: Set u← vs ▷ Traverse a path starting from the source node.
6: Set πk ← ∅ and Lπk ← 0 ▷ Initially the set of edges of the kth path is set to empty set and its length to zero.
7: while (u ̸= vd and |πk|≤ |V |) do ▷ |πk| is the number of edges in path πk.
8: Au selects an action, say αw and activate the LA, say Aw , on the end of edge (u, w).
9: Add edge (u, w) to the end of path πk.

10: Set Lπk ← Lπk + Cuw, ▷ Add length of edge (u, w) to the length of the traversed path.
11: Disable action αw of all unactivated LAs.
12: Set u← w.
13: end while
14: if (u = vd ) then
15: Set L̄k = L̄k−1 + 1

k

[
Lπk − L̄k−1

]
▷ L̄k is the average length of traversed paths from vs to vd up to now.

16: if (L̄k < Tk ) then
17: Set Tk+1 ← L̄k
18: Update action probability vectors of activated LAs. ▷ Reward the selected actions of activated LAs.
9: end if

20: end if
21: Set k← k+ 1
2: Update learning rate according Eq. (2).
3: Enable all actions of all LAs.
4: until P [πk] ≥ Ppop or k ≥ K
5: return The shortest path and the probability that it being the shortest (pop).
t
a

π

π

i

In the given input graph, we may have several simple paths
nd some paths with loops from the source node to the desti-
ation node. Since the lengths of all edges are positive, then the
lgorithm must avoid all paths with loops, because none of these
aths are the shortest. To have a simple path, the loops must
e excluded. We omit loops by visiting every node along a path
eing traversed at most once. To do this, when an LA chooses an
ction, then all unactivated LAs will disable that action from their
ction sets (Line 11). Disabling an action from the set of actions
eans that temporarily omitting an action and normalizing the
ction probability vector, and then after a time, the given action
omes back to the action set and the action probability vector
ormalized again. The process of disabling actions is done by
toring the nodes that are traversed in the current path up to
ow. When an LA is activated, then its actions corresponding to
he traversed nodes are disabled temporarily by omitting these
ctions and normalizing the action probability vectors. During the
pdating phase, when traveling from the destination node vd to
he source node vs, the action probability vectors will be updated,
nd then, all the disabled actions will be enabled (Line 23). In
he rest of this section, we first give a running example and then
tudy the behavior of the proposed algorithm.

.1. An illustrative example

To help the reader to understand the proposed algorithm
etter, we give a running example of the proposed algorithm
n a simple input graph. We consider the graph given in Fig. 2
nd describe some iterations of the proposed algorithm using this

raph. Let vs = v1 and vd = v4. Hence, we have five paths from

5

Fig. 2. A simple graph as input of the proposed algorithm.

he source node v1 to the destination node v4. These five paths
re

1 = (v1, v2, v4),

2 = (v1, v2, v3, v4),
π3 = (v1, v4),
π4 = (v1, v3, v4),
π5 = (v1, v3, v2, v4).

We assume that the length of each edge is a uniformly dis-
tributed random variable, where its probability density function
is defined using Eq. (3).

p(x) =

{ 1
b− a

if x ∈ [a, b]

0 if x ̸∈ [a, b]
(3)

The parameters of distributions for edges’ lengths are given in
Table 1.

As Table 1 shows, path π1 = (v1, v2, v4) is shortest path and
ts expected length equals to 2.
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able 1
he distribution of edges’ length of graph given in Fig. 2.
Edge no Edge a b µ

1 (1, 2) 0 2 1
2 (1, 3) 0 2 1
3 (1, 4) 0 12 6
4 (2, 3) 0 2 1
5 (2, 4) 0 2 1
6 (3, 2) 0 2 1
7 (3, 4) 0 4 2

At the first step, a DLA with four nodes and isomorphic to
he graph given in Fig. 2 is constructed. Hence, an LA with three
ctions is assigned to the source node v1 and two LAs with two

actions are assigned to nodes v2 and v3, respectively. There is no
need to assign any LA to the destination node, because it does
not select any action, but in DLA, we have the destination LA Ad.
At the first step, actions are chosen uniformly. Hence, the action
probability vectors are equal to: p1 = (0.333, 0.333, 0.333), p2 =
0.5, 0.5), and p3 = (0.5, 0.5). Let the following setting is used for
he algorithm: L̄1 = 10, a = 0.3, b = η = 1. Hence, the learning
ate for iteration k = 2 equals to a2 = 0.1.

At iteration k = 2, the source LA A1 is activated and assume
hat it chooses the action α1

1 , and hence the LA A2 is activated.
At this time, a sample length is taken from the distribution of
edge (1, 2). Let this sample length be 1.5. Then, assume that the
LA A2 chooses action 2 corresponding to the edge (2, 3), hence
A A3 will be activated and let edge length 1 will be sampled. LA
3 has two actions, but one of them creates loop to LA A2, hence

it will be deactivated because the nodes v1 and v2 are traversed
in the current path up to now. In this case, the probability of
action corresponding to the edge (3, 4) will be normalized and
its value becomes to 1. Hence, this action will be chosen and let
edge length 1.5 will be sampled. Since the destination node is
reached the process of selecting actions will be terminated. At this
time the length of the selected path is computed, which equals
to Lπ = 4 and the average length of traversed paths equals to
L̄2 = 7. Since L̄2 < T2, then we set T3 = 7 and update the
ction probability vectors of A1, A2, and A3, which become as

p1 = (0.4, 0.3, 0.3), p2 = (0.45, 0.55), and p3 = (0.5, 0.5). Then
he learning rate will be updated to a3 = 0.3

4 = 0.075 and a new
teration will be started.

At iteration k = 3, the source LA A1 is activated and let it
hooses action α1

2 , and we reach the destination node and let a
ample length is taken from the distribution of edge (1, 4). Let
his sample length be 8. At this time, the length of the selected
ath is computed, which equals Lπ = 10, and the average length

of traversed paths equals L̄3 = 8. Since L̄3 > T3, then we set
T4 = T3 = 7 and no action probability vector is updated. Then,
the learning rate will be updated to a4 = 0.3

5 = 0.06, and a new
teration will be started.

At iteration k = 4, the source LA A1 is activated and assume
hat it chooses action α1

1 , and hence LA A2 is activated. At this
ime, a sample length is taken from the distribution of edge (1, 2).
Let this sample length be 1. Then, let LA A2 chooses action α2

1 ,
where the destination node is reached and a sample is taken from
the distribution of edge (2, 4). Let this sample length be 1. Since
the destination node is reached the process of selecting actions
will be terminated. At this time the length of the selected path
is computed, which equals to Lπ = 2 and the average length
of traversed paths equals to L̄4 = 6.5. Since L̄4 < T4, then we
set T5 = 6.5 and update the action probability vectors of A1,

and A2 using learning rate a4 =
0.3

1+ 4
= 0.06, which become

s p1 = (0.436, 0.282, 0.282), and p2 = (0.483, 0.517). Other
ction probability vectors remain unchanged. Then the learning
6

rate will be updated to a5 = 0.3
6 = 0.05 and new iteration will be

started. This process is repeated until the termination condition
is reached.

4.2. Analytical study of the algorithm

To study the behavior of the modified algorithm, we study
the probability of choosing the shortest path and show that the
shortest path will be chosen with a probability as close to unity as
desired. Some ideas of the analysis are taken from [43,44]. In the
following theorem, we give the main contribution of the paper,
which is the convergence proof of the algorithm.

Theorem 1. For a graph with unique (single) shortest path from vs
to vd, Algorithm 1 finds the shortest path with a probability as close
to unity as desired.

Before we prove the main theorem, we first prove the follow-
ing Lemmas.

Lemma 1. For sequence {an} given by Eq. (2), the following
inequalities hold.[

η(m− 1)+ b− a
ηn+ a

] b
η

≤

n∏
k=m

(1− ak) ≤
[

ηm+ b
η(n+ 1)+ b− a

] b
η

.

Proof. We consider product
∏n

k=m (1− ak). For the first inequal-
ity, we have
n∏

k=m

(1− ak) = exp

[
ln

n∏
k=m

(1− ak)

]

= exp

[
n∑

k=m

ln (1− ak)

]

≥ exp
[∫ n+1

m−1
ln (1− ak)

]
, (4)

and for the second inequality, we have
n∏

k=m

(1− ak) = exp

[
ln

n∏
k=m

(1− ak)

]

= exp

[
n∑

k=m

ln(1− ak)

]

≤ exp
[∫ n

m
ln(1− ak)

]
. (5)

Using the convexity property of function x ln x, it follows that

(x+∆x) ln(x+∆x)− x ln x ≥ ∆x(1+ x ln x). (6)

Taking into account this inequality and by some algebraic simpli-
fication, we obtain

exp
[∫ η(n)

η(m)
ln

(
1−

a
x+ b

)]
≤

[
ηm+ b

η(n+ 1)+ b− a

] b
η

, (7)

and

exp
[∫ η(n+1)

η(m−1)
ln

(
1−

a
x+ b

)]
≥

[
η(m− 1)+ b− a

ηn+ a

] b
η

(8)

and hence the Lemma. □

The following corollary considers the case when the learning
rate does not change.
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orollary 1. For sequence {an} given by Eq. (2), when η = 0, then
e have
n∏
=m

(1− ak) =
(
1−

a
b

)n−m+1
(9)

Proof. The proof is trivial by using Lemma 1. □

Lemma 2. If repeat-until loop of Algorithm 1 executed infinitely
often, then every edge of the graph is sampled infinitely often with a
probability as close to unity as desired. In other words, this Lemma
asserts that Algorithm 1 samples every edge infinitely often with
probability as close to unity as desired.

Proof. Before we begin the proof of the Lemma, we introduce
some definitions and notations. To count the number of times an
LA is activated, we define the concept of local time for every LA
(node). The local time for every LA starts from 1 and incremented
by 1 when that LA is activated. Let nA be the local time for LA A.
We now define a sequence of random variables τnA (τ1 < τ2 <
· ·), where τnA is the global time for LA A activated at nAth local
ime. Let Xi(m, n) to denote the number of times that action αi of
utomaton A is selected in the interval [τmA , τnA ], αi(n) to denote
he action αi is chosen by the automaton A at the global time TnA ,
α−i(n) to denote that the automaton A chooses action αj (j ̸= i) at
the global time τnA , and pi(n) to denote the probability of selecting
action αi by A at the global time τnA . Then, we show that all
successors of a node, which is sampled infinitely often, is also
sampled infinitely often. The proof is by induction on the number
of hops (edges) from the source node along a path.

Base step. For the base case, we show that every automaton Aj
adjacent to the source automaton As is activated infinitely often
with probability as close to unity as desired. To do this, we show
that

P [Xi(m,∞) = 0] = 0, (10)

for all τmA ≤ n ≤ τnA . This means that action αi is not chosen in
time interval [TmA ,∞]. If we use the LR−I algorithm, we have

pi(n) = P [αi(n) | a−i(n− 1), . . . , α−i(m), pi(m)]

≥ pi(m)
n−1∏
k=m

(1− ak) . (11)

Using inequality (11), we obtain

pi(m) ≥ pi(1)
m−1∏
k=1

(1− ak) = Dm, (12)

and

P [α−i(n) | α−i(n− 1), . . . , α−i(m), pi(m)]
= 1− P [αi(n) | α−i(n− 1), . . . , α−i(m), pi(m)]

≤ 1− pi(m)
n∏

k=m

(1− ak) . (13)

Also using inequality (11) and the inequality 1−x ≤ e−x, which
is valid for all x ∈ R, we obtain

P [α−i(n) | α−i(n− 1), . . . , α−i(m), pi(m)] =

≤ exp

[
−pi(m)

n∏
k=m

(1− ak)

]
,

≤ exp

[
−Dm

n∏
k=m

(1− ak)

]
. (14)
7

Using the chain rule, we also have

P [α−i(n), . . . , α−i(m) | pi(m)] =
P [α−i(n) | α−i(n− 1), . . . , α−i(m), pi(m)]× · · ·×

P [α−i(m) | pi(m)] , (15)

and using Lemma 1 and inequalities (12), (14), and (15) we have

P [α−i(n), . . . , α−i(m) | pi(m)]

≤ exp

[
−Dm

n−1∏
k=m

(1− ak)

]
× exp

[
−Dm

n−2∏
k=m

(1− ak)

]
× · · · × exp [−Dm (1− am)]

= [1− Dm] exp

⎡⎣−Dm

n−1∑
j=m

j∏
k=m

(1− ak)

⎤⎦ . (16)

Now, using inequalities (11) through (16), we conclude the
following inequality.

P [Xi(m, n) = 0] = P [α−i(n), . . . , α−i(m)]

≤ [1− Dm] exp

⎡⎣−Dm

n−1∑
j=m

j∏
k=m

(1− ak)

⎤⎦ . (17)

So, using Lemma 1 and inequality (17), we obtain that

lim
n→∞

P [Xi(m, n) = 0] = 0, (18)

or P [Xi(m,∞) = 0] = 0. Accordingly, we obtain

P [Xi(m,∞) <∞] ≤
∞∑

m=1

P [Xi(m,∞) = 0] = 0, (19)

which implies P [Xi(1,∞) = ∞] = 1.

Inductive step. For the inductive step, we assume that the kth LA
along the given path, denoted by Ai is activated infinitely often
with a probability as close to unity as desired. Then, we must
show that all successors Aj of Ai are also activated infinitely often
with a probability as close to unity as desired. Using the fact that
every automaton Aj adjacent to the automaton Ai is activated
infinitely often with probability as close to unity as desired (as
proved in base step), the proof of induction step is immediate.
Since the actions of LAs in nodes of DLA are chosen infinitely
often, we conclude that every edge of the graph is sampled
infinitely often and hence the proof of Lemma. □

In the following two Lemmas, we show that when every path
from the source to the destination nodes is sampled at least
M times, then penalty (reward) probabilities are at most at the
distance of ∆

2 with high probability. From these Lemmas, we can
conclude that for small enough values of ∆ or large enough values
f M , the environment can be considered to be stationary.

emma 3. Let qi(k) be the probability of choosing path πi at
teration k and q(k) = (q1(k), q2(k), . . .)T be the probability of
choosing different paths. Define random variable Yi(k) as the number
of times path πi was chosen up to iteration k. When q(k) updated
using Algorithm 1, then for every δ = δ(M, K ) > 0, there exists a δ,
a∗ ∈ (0, 1), M > 0, and k0 < ∞ such that for all a ∈ (0, a∗) and
for all k > k0, the following inequality holds

P [Yi(k) ≥ M] > 1− δ ∀ i = 1, 2, . . . . (20)

Proof. Wemust show that P [Yi(k) ≥ M] > 1−δ and equivalently
P [Yi(k) < M] < δ. Let us to define another random variable
Z(π, k) to show that path π is chosen in time k or not. When
path π is chosen at time k, we set Z(π, k) = 1 and otherwise, we
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et Z(π, k) = 0. Thus, we have E[Z(πi, k)] = qi(k) and variance of
Z(πi, k) equals to

Var [Z(πi, k)] = E[Z(πi, k)2] − E[Z(πi, k)]2

= qi(k)[1− qi(k)]. (21)

Since for all pairs of nodes u ̸= w, events {Yi(k) = u} and
Yi(k) = w} are mutually exclusive, then Yi(k) =

∑k
u=1 Z(πi, u).

rom Eqs. (1) and (2), it follows that qi(k + 1) ≥ qi(k)(1 − a) ≥
i(0)(1−a)k, where a is the learning rate of automaton Avs . Hence,
[Yi(k)] becomes

[Yi(k)] =
k∑

s=1

E[Z(πi, k)] ≥
k∑

s=1

qi(0)(1− a)s,

= qi(0)
(1− a)− (1− a)k+1

a
. (22)

Now, we have

lim
a→0

(1− a)− (1− a)k+1

a
= k,

lim
a→1

(1− a)− (1− a)k+1

a
= 0. (23)

So, there exists a learning rate a(πi, k) for path πi at iteration
k such that for all a < a(πi, k), we obtain

E [Yi(k)] ≥ qi(0)(k− 1). (24)

Since random variables {Z(πi, k)} are uncorrelated, we have

Var [Yi(k)] = Var

[
k∑

u=1

Z(πi, k)

]

=

k∑
u=1

qi(u)[1− qi(u)],

≤

k∑
u=1

qi(u) = E[Yi(k)]. (25)

Using the Chebyshev inequality, we obtain

P [Yi(k) > M] = 1− P [Yi(k) ≤ M]
≥ 1− P [|Yi(k)− E[Yi(k)]| ≥ E[Yi(k)] −M]

≥ 1−
Var [Yi(k)]

(E[Yi(k)] −M)2

= 1−
E[Yi(k)]

(E[Yi(k)] −M)2
. (26)

Inequality (24) shows that E[Yi(k)] increases linearly with k.
ence, for a fixed M , for all k > ko(πi, k), and a < a(πi, k), there
xists a ko(πi, k) and a a(πi, k) such that

[Yi(k) ≥ M] ≥ 1− δ. (27)

Now considering all paths Π , there exists an a∗ ∈ (0, 1) and a
o <∞ such that

ko = max
π
{ko(π, k)}

∗
= min

π
{a(π, k)}. (28)

Hence,

[Yi(k) > M] ≥ 1− δ, (29)

or all a ∈ (0, a∗) and for all k > ko. This completes the proof of
emma. □

emma 4. For a stochastic graph with unique (single) shortest path,
et path π is chosen in iteration k. Also let c (k) = P

[
C̄ > T

]
,
i i k k u

8

∗

i = limk→∞ ci(k), and let Yi(k) be the number of times path πi
s selected up to iteration k. Then for any ϵ > 0 and δ ∈ (0, 1), we
ave[⏐⏐c∗i − ci(k)

⏐⏐ > ϵ
]

< δ,

or all k > ko(ϵ, δ), a < a∗(ϵ, δ), and i = 1, 2, . . . , t.

roof. Let ∆ be the difference between two smallest elements of
c∗1 , . . . , c

∗
r }. Since the graph has only one shortest path from the

ource node to the destination node, then ∆ > 0. Let Xk be the
ndicator function such that Xi(k) = 1 when at iteration k, path πi
as chosen and actions constituting path πi are rewarded. Weak

aw of large numbers states that for a given δ > 0, there exists
i(∆, δ) < ∞ such that when path πi is chosen at least ki(∆, δ)
imes (ki(∆, δ) < Yi(k), we have[⏐⏐c∗i − ci(k)

⏐⏐ <
∆

2

]
> 1− δ. (30)

From definition of ∆, for all j ̸= i such that minl{Yl(k)} > M ,
here M = maxl{kl(∆, δ)}, we have

P
[
cj(k) > ci(k)

]
> 1− δ. (31)

By Lemma 3, we know that we find values for ko and a∗ such
that

P
[
min

i
{Yi(k)} > M

]
> 1− δ, (32)

for all k > ko and all a ∈ (0, a∗). Thus if all paths are chosen at
least M times, each ci(k) will be in a ∆/2 neighborhood of c∗i with
an arbitrary large probability and hence Lemma. □

Lemma 5. If the dynamic threshold Tk is updated using Algorithm 1,
then the given algorithm finds the shortest path.

Proof. In Algorithm 1, L̄k represents the average length of paths
which are sampled up to iteration k. Suppose that lmin (lmax)
denotes the average length of paths with minimum (maximum)
expected value, thus we have lmin ≤ L̄k ≤ lmax. From lines 16
through 19 of Algorithm 1, we have Tk+1 ≤ Tk. From Lemma 2, ev-
ery source–destination path is sampled infinitely often including
the paths with lengths less than L̄k. Therefore, line 17 is executed
infinitely often until the shortest path found, that is Tk = lmin.
Define local time m for the segment containing lines 17 through
18, the value of m is incremented by 1 each time this block is
executed. So we have Tm+1 < Tm. Since Tm is a monotonically
decreasing function with minimum value of lmin we have

lim
m→∞

Tm = lmin,

and hence the Lemma. □

Proof of Theorem 1. The L̄k at iteration k is

L̄k =
t∑

i=1

qi(k)L̄i(k)

where qj(k) is the probability of choosing path πj at iteration
k and L̄j(n) is the average length of path πj up to iteration k.
sing Lemma 5, when every path from the source node to the
estination node is sampled at least M times, then the penalty
reward) probabilities are at most at the distance of ∆

2 with high
robability. Hence, for small enough values of ∆ or large enough
alues of M , we can consider that the random environment is
tationary and from our assumption that the graph has only one
hortest path, hence the DLA has a single optimal action. Then,
sing the convergence results of the L algorithm, it can be
R−I
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Fig. 3. Graphs 1 and 2.

oncluded that the DLA selects its optimal action with probability
s close to unity as desired. Therefore, according to Lemma 4,
e have limm→∞ T (m) = limm→∞ L̄m = lmin, which is obtained
hen the DLA selects its optimal action (the shortest path). This
ondition is satisfied when limm→∞ qi(m) = 1. So for a graph with
only one shortest path, the probability of choosing the shortest
path converges to unity as desired. □

These results show that by using Algorithm 1 for updating the
action probability vectors, this algorithm finds the shortest path
with a high probability, which can be close to unity as possible
as.

5. Experiments

In this section, we evaluate the performance of the proposed
algorithm using different stochastic graphs. In this section, we
first give the graphs used for evaluating the algorithm, next give
the performance measures being used for evaluation of the given
algorithms, and finally report the experimental results.

5.1. Graphs used for evaluation

For evaluating the proposed algorithm, we used three types of
graphs: stochastic graphs with the predefined structure, random
graphs, and Kronecker graphs. In the experiments, we used the
following three stochastic graphs with a predefined structure.
These graphs are borrowed from [15].

1. The first graph is shown in Fig. 3. This graph has ten nodes
and twenty-three edges. The source node has label 1 and
the destination node has label 10. The label of each edge is
the mean value of length distribution for the corresponding
edge, which has an exponential distribution. For instance,
the length of edge (1, 2) has the exponential distribution
with a mean of 12.

2. The second graph, which is shown in Fig. 3, has the same
structure as the first graph but with different edge length
distribution. The distribution of edge lengths for this graph
is given in Table A.8. In this graph, the source node is
labeled by ‘1’, and the destination node is labeled by ‘10’.

3. The third graph is shown in Fig. 4 and the length distribu-
tion of edges is given in Table A.9. This graph has fifteen
nodes and forty-two edges. In this graph, the source node
has label ‘1’, and the destination node has label by ‘15’.

The second type of graphs is a group of random graphs where
the number of nodes is in the range of 10 nodes to 1000 nodes.
These graphs are generated in the following way. For a given
pair of nodes, first, with a small probability, an edge is created
and then the length of this edge is specified. In these graphs,

the edge lengths are normally distributed random variables. The

9

Fig. 4. Graph 3.

mean value of each edge length is a uniformly distributed ran-
dom variable in the interval [6, 200]. The variance of the normal
density functions is set to 3. Finally, two nodes are chosen as the
source node and the destination node, respectively.

The third type of graphs is a group of Kronecker graphs. The
stochastic Kronecker graph model is an easy way to generate
synthetic graphs, which are similar to natural graphs [45]. The
core of this model is a simple matrix operation, which is called
the Kronecker product. The Kronecker product is an operation
on two matrices. This operation nests many copies of the second
matrix within the first matrix. This generation model produces a
self-similar graph. The stochastic Kronecker graphs are generated
by taking successive Kronecker powers of an initial stochastic
adjacency matrix. After generating a stochastic Kronecker graph,
we assign a length to each edge. The distribution of lengths is
generated in the same way as the random graphs.

5.2. Performance measures

To evaluate different algorithms, we used the following four
performance measures. The first performance measure is the
average number of iterations (AVI). This performance measure
shows the average number of iterations needed for the algorithm
to find the shortest path. When the algorithm fails to find the
shortest path, the number of iterations used by the algorithm to
terminate is used to calculate the average number of iterations.
A smaller value for AVI is better.

The second performance measure is the percentage of con-
verged runs (PC). Since both the proposed algorithm and the
input graphs are random, we need to run the algorithm several
times and then study the behavior of the given algorithm on these
runs. This performance measure shows what percentage of runs
finds the shortest path correctly. A larger value for PC is better.

The third performance measure is the average number of
samples (TS) taken from the edges of the graph. This performance
measure shows that on average how many samples are taken
from the edges of the input graph to find the shortest path. The
average number of samples also is an indicator for running time
of the algorithm. If the average number of samples increases, then
the running time of the algorithm is also increased. A smaller
value for TC is better.

The fourth performance measure is the average number of
samples taken from the edges of the shortest path (SPS). This
performance measure shows that on average how many samples
are taken from the edges along the shortest path. Thus, we have
SPS ≤ TS. A smaller value of the difference between TS and SPS
shows that the algorithm intelligently takes more samples for the
edges along the stochastic shortest path.
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able 2
he experimental results of different algorithms on graphs with predefined structures.

This algorithm Algorithm [6] Algorithm [7] Algorithm [5]

Graph AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS

Graph 1 1895 99.63 4315 1633 1751 78 4213 1613 3204 99 11672 7353 3683 100 13552 5862
Graph 2 2356 99.18 8724 4104 2062 94 6776 2802 6217 100 21251 11461 8547 99.81 26081 12182
Graph 3 28067 98.63 36380 18822 3275 70 15192 4814 7805 98 38541 23427 13133 100 42004 24680
Table 3
The results of the modified algorithm on the random graphs.

This algorithm Algorithm [6] Algorithm [7] Algorithm [5]

n AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS

10 708 100 2087 1521 695 99 1981 1472 3254 100 5175 3863 3312 100 5349 3928
20 717 100 2880 1515 722 98 2930 1412 3314 100 4987 3784 3475 100 5024 3997
50 753 100 2436 1559 965 100 14340 7977 2262 100 4473 2253 1933 100 3643 1928

100 625 100 1786 1311 933 97 5819 3263 2132 100 13594 7567 2489 100 17079 8885
200 889 99 6591 3500 844 96 3287 831 2324 100 6793 2311 1919 100 5384 1897
300 804 96 16021 2847 836 94 3301 829 2227 98 7816 2212 1920 99 6929 1899
400 772 96 12668 2785 956 99 15403 3558 2579 100 32179 9272 2189 100 27961 7882
500 741 100 6052 1579 1004 97 18057 3645 2213 100 33226 8147 2538 100 36209 9291
600 1006 96 10505 1833 1059 90 10423 2234 2230 97 21602 4721 2639 98 28124 5608
700 801 97 18731 3652 984 94 28745 5115 2248 99 48306 11138 2266 98 35052 10003
800 778 100 16223 2876 984 97 20857 3533 2243 100 43491 8195 2606 100 48551 9702
900 262 100 5180 1412 915 96 9918 4152 2078 100 19434 9438 2429 100 23002 11001

1000 935 100 29065 4936 942 92 29172 4981 3598 100 63218 8318 3799 100 65849 8488
5

a
b
g

5.3. Results for graphs with predefined structure

The algorithm given in this paper and algorithms given in
5–7] are executed 1100 times on every graph of the graphs
through 3 and the results of experiments for each graph are

ummarized in Table 2. The two first columns for every algo-
ithm contains the average number of iterations (AVI) for runs
hich are converged and the percentage of converged runs (PC).
he next two columns for every algorithm contains the average
umber of samples (TS) taken from the edges of the graph and
he average number of samples taken from the edges along the
hortest path (SPS). For all algorithms the following settings are
sed: Ppop is set to 0.9, the maximum number of the traversed
ath (K ) is set to 900,000, and the learning rate is changed in the
nterval [0.006, 0.007] with a step length of 0.0001, and for the
roposed algorithm we set b is set to 1, η is set to 1.
The results reported in Table 2, show that the proposed al-

orithm requires almost the same number of samples for the
raphs 1 and 2 than the algorithms given in [6] but at the higher
ate of convergence. For graph 3, the rate of convergence of the
roposed algorithm is increased at the cost of increasing the
umber of samples. For graphs 1 and 2, the proposed algorithm
equires a smaller number of samples than the algorithms given
n [5,7] at almost the same rate of convergence and for graph 3,
t requires more samples than the algorithms given in [5,7]. The
xperimental results given in these Tables show that the input
raph has a large effect on the performance of all the mentioned
lgorithms.

.4. Results for random graphs

The algorithm given in this paper and algorithms given in [5,6]
re executed 100 times on every random graph. Table 3 shows
he results of the modified algorithm on the random graphs. The
ollowing settings are used in this experiments: a is set to 0.01,
is set to 1, η is set to 1, Ppop is set to 0.9 and the maximum
umber of traversed path (K ) is set to 900,000. Table 3 also shows
hat for most graphs, the algorithm finds the shortest path. The
ame conclusion as given in Section 5.3 can be made here for the
andom graphs.
10
.5. Results for stochastic Kronecker graphs

The algorithm given in this paper and algorithms given in [5,6]
re executed 100 times on every stochastic Kronecker graph. Ta-
le 4 shows the results of the modified algorithm on the random
raphs. The following settings are used in this experiments: a is

set to 0.01, b is set to 1, η is set to 1, Ppop is set to 0.9 and the
maximum number of traversed path (K ) is set to 900,000. Table 4
also shows that for most graphs, the algorithm finds the shortest
path.

5.6. The effect of graph structure on the performance

The previous experiments on graphs 1 through 3, random
graphs, and stochastic Kronecker graphs show that when a in-
creases, the average number of iterations needed for the algo-
rithm to find the shortest path decreases. This is because of
the number of updates to the action probabilities become larger
and the path probability reaches the Ppop faster. It seems that
when the graph becomes larger, then the average number of
iterations also increases. But Tables 3 and 4 do not confirm this.
To study this issue, we set up two other experiments: the first
one studies the effect of the average out-degree of nodes, and
the second one studies the effect of the number of edges along
the shortest path for graphs with 50 nodes on the performance
of the algorithm. The settings of the previous experiment are used
for this experiment except a = 0.001. The effect of the average
out-degree of the graph on the performance of the algorithm is
reported in Table 5. Table 5 also shows that when the average
out-degree becomes larger, then the average number of iterations
increases, and the percentage of convergence decreases. This
is because when average out-degree increases, the number of
source–destination paths is increased, and also the initial val-
ues of probabilities of choosing different paths are decreased.
Hence, by increasing the average out-degree, the percentage of
converged runs decreases. The reason is that the number of paths
from vs to vd is increased and as a result, the initial probabilities of
choosing different paths are decreased. Hence, the probabilities of
choosing paths are updated by a smaller amount, which increases
the number of iterations to reach P .
pop
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able 4
he results of the modified algorithm on the stochastic Kronecker graphs.

This algorithm Algorithm [6] Algorithm [7] Algorithm [5]

n AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS

10 828 100 1783 1423 831 100 1202 740 1195 100 1960 939 1063 100 1605 946
20 769 100 1450 674 923 100 2727 1884 1650 100 4994 3348 1821 100 5695 3770
50 622 100 1049 621 776 100 1255 775 1777 100 2881 1775 1553 100 2492 1552

100 738 100 5348 1648 921 100 6286 2071 2459 100 17626 5571 2121 100 12961 4655
200 779 100 11034 3722 969 100 14142 4614 1948 100 26159 9209 2282 100 28473 10718
300 860 100 13988 4088 1094 99 21334 5529 2044 100 26949 9238 2179 100 33086 10531
400 1159 99 12364 3842 1175 99 13592 3967 2037 100 26098 7308 1981 100 27513 7464
500 798 98 28423 4791 873 95 4948 1718 1043 100 11982 3679 1094 100 12199 3793
600 1188 96 30009 5304 839 94 27731 4473 1409 97 35188 6907 1234 96 23253 5587
Table 5
The effect of average out-degree of the graph on the performance of the algorithm.
Average out
degree

This algorithm Algorithm [6] Algorithm [7] Algorithm [5]

AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS

3 2014 100 7540 1917 1531 99 8594 4695 2908 100 22152 6051 2915 100 11781 8270
3.78 7838 100 37410 12336 2406 91 10164 2398 4083 100 14414 7835 3020 100 11571 5371
5.1 9842 99 36584 12250 8568 95 41746 10796 28676 100 167959 36765 24566 100 117196 28248
6.3 20498 100 80399 22283 21814 98 83604 32729 30908 100 98703 46194 31423 100 109730 30426
6.56 26131 98 102776 25465 21163 94 84571 34027 29580 99 138352 55866 49731 100 201759 73353
Table 6
The effect of the number of edges along the shortest path on the performance of the algorithm.
Number
of edges

This algorithm Algorithm [6] Algorithm [7] Algorithm [5]

AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS AVI PC TS SPS

1 2014 100 7540 1917 1690 100 3607 1634 6625 100 13346 6541 6699 100 12901 6544
2 2367 100 37410 5760 2343 100 7574 5079 6215 100 19888 13265 7184 100 23016 15282
3 3535 100 47300 13494 3151 98 29723 10400 6664 100 53212 24005 7938 100 68184 28239
4 3908 100 65591 22283 3644 95 45272 19441 7065 100 87108 38062 8382 100 69301 37918
5 6223 99 102696 50926 6297 94 73309 44236 10163 98 127974 81093 11001 99 118223 71641
The effect of the number of edges along the shortest path on
he performance of the algorithm is reported in Table 6. Table 6
lso shows that when the number of edges becomes larger, then
he average number of iterations increases. This is because when
he number of edges in the paths from vs to vd is increased,
he number of source–destination paths is increased, and also
he initial values of probabilities of choosing different paths are
ecreased. By increasing the number of edges, the algorithm
eeds more time to update path probability to reach Ppop, because
he probabilities are updated by smaller values.

.7. Any time behavior of the proposed algorithm

A property of the proposed algorithm is any time behavior. An
lgorithm called anytime if it can produce a valid solution to a
roblem before its termination [46]. We study this property by
lotting the probability of selecting the shortest path with run-
ing time (see Fig. 5). A point (x, y) at this curve is the probability
y) of obtaining a solution if the algorithm is allowed to run for
iterations. This curve can be divided into two approximately
qually long parts. In the first part, the curve grows faster than in
he second part. This fact suggests that it is not necessary to have
ery long runs and more efforts may not provide a better solution
uality. This property holds for many iterative improvements
lgorithms. The average POP taken over one hundred converged
uns for different algorithms are given in Fig. 5. Note that a
oint (x, y) in this curve shows the average number of iterations
needed for the algorithm to find the shortest path with the
robability of y. Comparing the results of different algorithms,
ig. 5 shows that for a given convergence rate, the modified
lgorithm requires fewer samples from the edges of the graph
nd hence the less computation time.
In the rest of this section, we study the anytime behavior of
he algorithm with respect to the number of nodes of the graph,

11
Fig. 5. Probability of the shortest path for graph 2.

the average out-degree of nodes in the graph, and the number of
edges along the shortest path.

5.7.1. Effect of the number of nodes
Fig. 6 shows the probability of choosing the shortest path for a

typical run of the algorithm as the algorithm iterates for different
random graphs. Fig. 6 also shows that the number of iterations
does not depend on the number of nodes of the graph and other
important factors affect the number of iterations. These results
also show that the algorithm can be scaled up.

5.7.2. The effect of average out-degree of nodes
Fig. 7 shows the probability of choosing the shortest path

for a typical run of the algorithm as the algorithm iterates for
the different average out-degree of nodes in the random graphs
with 50 nodes. Fig. 7 also shows that the slope of the curve de-
creases as the average out-degree of nodes in the graph increases.
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Fig. 6. Probability of the shortest path for graph a random graph with different
number of nodes (n).

Fig. 7. Probability of the shortest path for graph a random graph with 50 nodes
and different average out-degrees.

Hence, the algorithm finds the shortest path more quickly for
graphs with small out-degrees. This is because the initial proba-
bilities of action are larger and updated with larger values. Hence,
the number of iterations (samples) will be decreased as the
out-degree of the nodes in the graph decreased and the algorithm
needs a smaller number of samples to find the shortest path.

5.7.3. The effect of the number of nodes along the shortest path
Fig. 8 shows the probability of choosing the shortest path for

a typical run of the algorithm as the algorithm iterates for a
different number of nodes along the shortest path in the graph.
Fig. 8 also shows that the slope of the curve decreases as the
number of nodes along the shortest path in the graph increases.
The reason is that the path probability (pop) inversely depends on
he number of edges in the shortest path. As the number of edges
long the shortest path increases, the initial value of the path
robability decreases and updated with smaller values. Hence, the
umber of iterations (samples) will be increased as the number of
dges along the shortest path increased and the algorithm needs
ore samples to find the shortest path.

.8. Discussions

In the previous subsections, we reported the results of exper-
ments on different graphs. By careful inspection on Table 2, it
s apparent that two graphs 1 and 2 have the same structure
ut different distributions for the length of edges. In these two
raphs, the expected lengths of different paths are different.
ince, the algorithm tries to find a path with the minimum
enalty probability, when the difference between penalty prob-
bilities are small, the LA needs to have more interactions with
he random environment to find the action with the minimum
enalty probability. Specifically, when the two smallest penalty
12
Fig. 8. Probability of the shortest path for graph a random graph with 50 nodes
and different number of edges along the shortest path.

probabilities are almost the same, we have the same problem. In
the SSPP, this is the same as when the difference between the
expected lengths of the shortest paths and the second shortest
path becomes small. Hence, one important factor is the differ-
ence between the expected lengths of different paths. This is the
reason for the difference between the two first rows of Table 2.
By analyzing Tables 5 and 6, it is apparent that two other im-
portant factors that affect the performance of the algorithms are
the average out-degree of nodes in the graph and the number
of the edges along the shortest path in the graph. The reason
is that the initial action probabilities of LAs become small and
these probabilities will be updated with small values. Hence, the
average iterations for finding the shortest paths will be increased,
which also increases the number of samples taken from the edges.
Analyzing Tables 3 and 4 reveals that increasing the number of
nodes in the graph does not necessarily increase the average
number of iterations for the algorithm to find the shortest path.
This result can also be seen in Fig. 6. As a result, the following
factors are very important in the SSPP: the difference between
the lengths of the shortest path and the second shortest path, the
average out-degrees of nodes, and the number of edges along the
shortest path.

6. Computational complexity of the algorithms

In this section, we study the computational complexity of the
following four algorithms: the proposed algorithm and the three
algorithms given in [5–7]. The computation times of these four
algorithms are the order of O(rkt), where r is the number of
actions of LA, k is the time needed to select a path and update
the action probability vectors for that path, and t is the number
of iterations that algorithm needs to find the shortest path. Hence,
the computation time of the algorithms depends on the three
factors: The first one is the time to select an action and update
the corresponding action probability vector, which is in order of
O(r). The number of actions (r) for each LA equals to out-degree
of the corresponding node and usually is small. This time for
the proposed algorithm and the algorithms given in [5,6] is the
same because they use the same learning algorithm and the same
information in each LA. But the algorithm given in [7] uses more
information in each node and needs more computation. Hence,
this algorithm needs more time to update action probability
vectors, but the order of time complexity for all four-mentioned
algorithms are the same. The second one is the number of times
that paths are selected and the probability vectors are updated.
This time depends on the number of edges in the selected path.
The exact value of this time cannot be determined but the upper
bound can be determined. The upper bound on the number of
edges in a path is equal to n, where n is the number of nodes
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able 7
verage running time of algorithms to find the shortest path in a random graph
ith 100 nodes.
Algorithm Running time (ms)

The proposed algorithm 863.37
Algorithm given in [5] 881.07
Algorithm given in [6] 875.52
Algorithm given in [7] 891.90

Table A.8
Length distribution of graph 2.
Edge Pairs of (lengths, probabilities)

(1, 2) (3.0, 0.3) (5.3, 0.2) (7.4, 0.3) (9.4, 0.2)
(1, 3) (3.5, 0.3) (6.2, 0.3) (7.9, 0.2) (8.5, 0.2)
(1, 4) (4.2, 0.2) (6.1, 0.3) (6.9, 0.2) (8.9, 0.3)
(2, 5) (2.6, 0.2) (4.1, 0.2) (5.5, 0.4) (9.0, 0.2)
(2, 6) (5.8, 0.3) (7.0, 0.3) (8.5, 0.2) (9.6, 0.2)
(3, 2) (1.5, 0.2) (2.3, 0.2) (3.6, 0.3) (4.5, 0.3)
(3, 7) (6.5, 0.5) (7.2, 0.2) (8.3, 0.2) (9.4, 0.1)
(3, 8) (5.9, 0.4) (7.8, 0.3) (8.6, 0.1) (9.9, 0.2)
(4, 3) (2.1, 0.2) (3.2, 0.2) (4.5, 0.3) (6.8, 0.3)
(4, 9) (1.1, 0.2) (2.2, 0.3) (3.5, 0.4) (4.3, 0.1)
(5, 7) (3.2, 0.2) (4.8, 0.2) (6.7, 0.3) (8.2, 0.3)
(5, 10) (6.3, 0.2) (7.8, 0.2) (8.4, 0.4) (9.1, 0.2)
(6, 3) (6.8, 0.4) (7.7, 0.1) (8.5, 0.1) (9.6, 0.4)
(6, 5) (0.6, 0.2) (1.5, 0.2) (3.9, 0.3) (5.8, 0.3)
(6, 7) (2.1, 0.2) (4.8, 0.4) (6.6, 0.2) (7.5, 0.2)
(7, 6) (4.1, 0.2) (6.3, 0.3) (8.5, 0.4) (9.7, 0.1)
(7, 8) (1.6, 0.2) (2.8, 0.3) (5.2, 0.3) (6.0, 0.2)
(7, 10) (1.6, 0.2) (3.4, 0.3) (8.2, 0.3) (9.3, 0.2)
(8, 4) (7.0, 0.2) (8.0, 0.2) (8.8, 0.2) (9.4, 0.4)
(8, 7) (2.1, 0.4) (4.6, 0.2) (8.5, 0.2) (9.6, 0.2)
(8, 9) (1.7, 0.2) (4.9, 0.2) (6.5, 0.2) (7.8, 0.4)
(7, 9) (3.5, 0.1) (4.0, 0.2) (5.0, 0.4) (7.7, 03)
(9, 10) (4.6, 0.4) (6.4, 0.1) (7.6, 0.2) (8.9, 0.3)

in the graph. Hence, we have k = O(n). The last one is the
umber of iteration needed by the algorithm to find the shortest
ath. This number is different for each algorithm and specifies the
omputation time of the algorithm. We can also specify the value
f kt , which is the number of times that LAs select their actions.
his equals the number of samples taken from the edges of the
raph and in Section 5, we denoted by TS. Since when each LA
elects an action, it means that an edge must be sampled. Then,
he number of times that actions of LAs are selected equals the
umber of samples taken from the edges of the graph. Hence,
he algorithm which needs a smaller number of samples has
maller computational costs for these two parts. A factor that
lso affects the computational time is the number of times that
ction probability vectors are updated. This time depends on
ow the dynamic threshold changes. This time cannot be ana-
yzed analytically, but when an algorithm converges faster, the
lgorithm updates the action probability vectors on the shortest
ath more. This time is proportionally dependent on the average
terations needed to find the shortest path. Hence, the algorithm
hat needs a smaller value of average iterations and the smaller
umber of samples runs faster. Experimental results show that
he modified algorithm also needs a lower computational time
han the other three algorithms (for graphs 1 and 2), because
t needs a smaller number of samples taken from the edges of
he graph. As a conclusion, all the above-mentioned algorithms
ave the same order of computational complexity. Hence, the
lgorithm that requires a smaller number of samples taken from
he edges of the graph, needs a smaller running time.

To compare the exact running times of algorithms, we imple-
ented all algorithms in Python language and compared their

unning using 10 different generated random graphs. For each
raph, we run all algorithms 100 times and then average the
unning times of all different algorithms on these 1000 different
13
Table A.9
Length distribution of graph 3.
Edge Pairs of (lengths, probabilities)

(1, 2) (16, 0.6) (25, 0.3) (36, 0.1)
(1, 3) (21, 0.5) (24, 0.2) (25, 0.2) (39, 0.1)
(1, 4) (11, 0.4) (13, 0.4) (26, 0.2)
(2, 11) (24, 0.5) (28, 0.3) (31, 0.2)
(2, 5) (11, 0.7) (30, 0.3)
(2, 6) (13, 0.6) (37, 0.2) (39, 0.2)
(3, 2) (11, 0.6) (20, 0.3) (24, 0.1)
(3, 7) (23, 0.4) (30, 0.3) (34, 0.3)
(3, 8) (14, 0.5) (23, 0.4) (34, 0.1)
(4, 3) (22, 0.7) (30, 0.3)
(4, 9) (35, 0.6) (40, 0.4)
(4, 12) (16, 0.5) (25, 0.4) (37, 0.1)
(5, 13) (28, 0.4) (35, 0.3) (37, 0.2) (40, 0.1)
(5, 15) (25, 0.7) (32, 0.3)
(5, 10) (27, 0.4) (33, 0.3) (40, 0.1)
(5, 7) (15, 0.3) (17, 0.3) (19, 0.3) (26, 0.1)
(6, 5) (18, 0.5) (25, 0.3) (29, 0.2)
(6, 13) (21, 0.5) (23, 0.5)
(6, 7) (11, 0.5) (31, 0.4) (37, 0.1)
(6, 3) (18, 0.7) (24, 0.3)
(7, 10) (19, 0.6) (23, 0.2) (37, 0.2)
(7, 8) (12, 0.3) (15, 0.3) (22, 0.3) (24, 0.2)
(7, 6) (12, 0.5) (23, 0.3) (31, 0.2)
(8, 7) (14, 0.6) (34, 0.2) (39, 0.2)
(8, 14) (14, 0.3) (15, 0.3) (27, 0.2) (32, 0.2)
(8, 9) (13, 0.8) (31, 0.1) (32, 0.1)
(8, 4) (13, 0.4) (23, 0.3) (34, 0.3)
(9, 7) (10, 0.6) (17, 0.3) (20, 0.1)
(9, 10) (16, 0.3) (18, 0.3) (36, 0.2) (39, 0.2)
(9, 15) (12, 0.4) (13, 0.3) (25, 0.2) (32, 0.1)
(9, 14) (19, 0.4) (24, 0.3) (29, 0.3)
(10, 13) (14, 0.3) (20, 0.3) (25, 0.2) (32, 0.2)
(10, 15) (15, 0.4) (19, 0.3) (25, 0.3)
(10, 14) (23, 0.9) (34, 0.1)
(11, 13) (13, 0.6) (31, 0.3) (25, 0.1)
(11, 5) (18, 0.3) (19, 0.3) (20, 0.3) (23, 0.1)
(11, 6) (10, 0.5) (19, 0.4) (39, 0.1)
(12, 8) (15, 0.5) (36, 0.3) (39, 0.2)
(12, 9) (16, 0.7) (22, 0.3)
(12, 14) (10, 0.3) (13, 0.3) (18, 0.3) (34, 0.1)
(13, 15) (12, 0.9) (31, 0.1)
(14, 15) (14, 0.5) (19, 0.3) (32, 0.2)

and independent runs. The running time for different algorithms
are given in Table 7, which shows that the running times of all
the mentioned algorithms are in the same order. For each edge
sample, the algorithm needs to select an action and update an ac-
tion probability vector. The algorithm proposed in this paper and
the algorithms given in [5,6] need almost the same running time
per action selection and updating the action probability vector
for a given node. Since the number of times actions selected and
the number of time action probability vector updated equal to the
total number of samples taken from the edges of the given graphs,
hence the algorithm that needs the smaller number of samples
taken from the edges also needs the smaller running times. In
these random graphs, the algorithm proposed in this paper needs
the smaller number of samples taken from the edges and then the
algorithms given in [6] and [5] have the next ranks, respectively.
The algorithm given in [7] needs the largest computation for
selecting actions and updating action probability vectors, but it
needs a smaller number of samples taken from the edges than
the algorithm given in [5]. But the overall running time of this
algorithm is higher than the other three algorithms due to the
higher computation time per sample.

7. Conclusions

In this paper, we studied a DLA-based algorithm for finding the
shortest path in stochastic graphs. The method given in this paper
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rovides a way that can be used to choose a path from the source
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ppendix. Probability density functions for graphs

The probability density function for the second graph is given
n Table A.8. This graph is borrowed from [15]. The length distri-
ution is shown by a list of pairs (x, y), where y is the probability

that the length of the given edge equals to x.
The probability density function for the second graph is given

in Table A.9. This graph is borrowed from [15]. The length distri-
bution is shown by a list of pairs (x, y), where y is the probability
that the length of the given edge equals to x.
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