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Irregular  Cellular  learning  automaton  (ICLA),  which  is recently  introduced,  is  a cellular  learning  automaton
(CLA) with  irregular  structure.  ICLA  is  suitable  for  modeling  problems  which  are  not  regular  in  nature,
such  as  problems  in  the area  of  sensor  networks,  web  mining,  and  grid  computing.  In  some  areas  such as
mobile  ad hoc  and sensor  networks,  where  the  structure  of the  environment  changes  over  the  time,  an
ICLA  with a dynamic  structure  is  required.  For  this  reason,  in  this  paper,  we  have  extended  ICLA  in such
a  way  that  the  structure  of  the  extended  model,  called  dynamic  ICLA  (DICLA),  can  change  over  time.  For
eywords:
earning automata
ellular learning automata

rregular cellular learning automata
ynamic irregular cellular learning
utomata

the  newly  introduced  model,  we have  proposed  the  concept  of expediency  and  then,  discussed  sufficient
conditions  under  which  a DICLA  becomes  expedient.

© 2017  Elsevier  B.V.  All  rights  reserved.
xpediency

. Introduction

Cellular learning automaton (CLA) [1,4–7] is a combination of
ellular automaton (CA) [2] and learning automaton (LA) [3]. The
asic idea of CLA is to use LA to adjust the state transition probability
f stochastic CA. This model, which opens a new learning paradigm,
s superior to CA because of its ability to learn and also is superior
o single LA because it consists of a collection of LAs interacting
ith each other [4]. In [4], authors have introduced a mathematical

ramework for studying the behavior of the CLA. They have shown
hat, for a class of rules called commutative rules, different models
f CLA converge to a globally stable state [4–7].

Irregular Cellular learning automaton (ICLA), which is recently
ntroduced, is a cellular learning automaton (CLA) with irregular
tructure [8]. ICLA is suitable for modeling problems which are not
egular in nature, such as problems in the area of sensor networks,
eb mining, and grid computing. ICLA has been used in many dif-

erent applications including: clustering of sensor networks [9],
leep/wake scheduling of sensor nodes [10], graph coloring [11,12],
nding the shortest path in stochastic graphs [13], and channel

ssignment in mobile ad hoc networks [14].

In many research domains, such as web mining, computer net-
orks, social networks, and so on, problems can be modeled by

∗ Corresponding author.
E-mail addresses: esnaashari@kntu.ac.ir (M.  Esnaashari), mmeybodi@aut.ac.ir

M.R. Meybodi).

ttps://doi.org/10.1016/j.jocs.2017.08.012
877-7503/© 2017 Elsevier B.V. All rights reserved.
graphs, and in some of such domains, the structure of the graph
may change in time. For example, in a computer network, espe-
cially mobile networks, new links may  become available between
nodes or some existing links may  be removed. In a social network,
people may  find new friends or lose their ex-friends. To be able to
cope with such changes within the environment of the problem, the
model must be able to change its structure. Therefore, in this paper,
we introduce a new version of ICLA, called dynamic irregular cellu-
lar learning automaton (DICLA), in which, unlike ICLA, the structure
may  change over the course of time. Underlying an ICLA model,
there is a graph which represents the neighborhood relationship
between cells of the ICLA. The structure of this graph is fixed for
the ICLA, but in the proposed DICLA model, the graph may  change
in time, resulting in dynamicity in the neighbors of each cell; that
is, during the passage of time, two cells may  become neighbors or
two neighboring cells may  not be further neighbors. We  have suc-
cessfully applied the DICLA to the deployment problem in mobile
wireless sensor networks [15].

We have also studied the steady-state behavior of the proposed
DICLA. For the first, we introduce the concept of expediency for
DICLA and discuss conditions under which a DICLA becomes expe-
dient. Informally, a DICLA is said to be expedient if, in the long run,
all of its constituting learning automata perform better than pure-
chance automata. A pure-chance automaton is an automaton which

chooses each of its available actions by pure chance. Expediency is
a notion of learning in that any automaton that is said to learn must
then do at least better than a pure-chance automaton [16].

https://doi.org/10.1016/j.jocs.2017.08.012
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jocs.2017.08.012&domain=pdf
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Irregular cellular learning automaton (Fig. 3) is a generalization
of the CLA in which the restriction of regular structure is removed.
Fig. 1. Relationship between learning automata and its environment.

The rest of this paper is organized as follows. Section 2 briefly
ntroduces the ICLA model. In Sections 3 and 4, we present DICLA
nd its steady state behavior, respectively. A set of numerical exam-
les will be given in Section 5 for illustrating the theoretical results.
ection 6 is the conclusion.

. Irregular cellular learning automata: an extension to the
LA model

Before presenting the ICLA model in this section, we  first give a
rief introduction to the CA, LA, and CLA models.

.1. Cellular automata

A d-dimensional CA consists of an infinite d-dimensional lattice
f identical cells. Each cell can assume a state from a finite set of
tates. The cells update their states synchronously on discrete steps
ccording to a local rule. The new state of each cell depends on the
revious states of a set of cells, including the cell itself, and con-
titutes its neighborhood. The states of all cells in the lattice are
escribed by a configuration. A configuration can be described as
he state of the whole lattice. The local rule and the initial con-
guration of the CA specify the evolution of CA, that is, how the
onfiguration of the CA evolves in time.

.2. Learning automata

Learning automata (LA) is an abstract model which randomly
elects one action out of its finite set of actions and performs it on

 random environment. Environment then evaluates the selected
ction and responses to the LA with a reinforcement signal. Based
n the selected action, and the received signal, the LA updates its
nternal state and selects its next action. Fig. 1 depicts the relation-
hip between an LA and its environment.

Environment can be defined by the triple E = {�, ˇ, c}where
 = {�1, �2, ..., �r} represents a finite input set,  ̌ = {ˇ1, ˇ2, ..., ˇr}

epresents the output set, and c = {c1, c2, ..., cr} is a set of penalty
robabilities, where each element ci = E[ˇ  | � = ˛i] of c corresponds
o one input �i. An environment in which  ̌ can take only binary
alues 0 or 1 is referred to as P-model environment. A further gen-
ralization of the environment allows finite output sets with more
han two elements that take values in the interval [0,1]. Such an
nvironment is referred to as Q-model. Finally, when the output of
he environment is a continuous random variable which assumes
alues in the interval [0,1], it is referred to as an S-model. LAs
re classified into fixed-structure stochastic, and variable-structure
tochastic. In the following, we consider only variable-structure
As.

A variable-structure LA is defined by the quadruple {�, ˇ, p, T} in
hich � = {�1, �2, ..., �r} represents the action set of the LA,  ̌ = {ˇ1,
2, ..., ˇr} represents the input set, p = {p1, p2, ..., pr} represents the
ction probability set, and finally p (k  + 1) = T

[
˛ (k) , ˇ (k) , p (k)

]
epresents the learning algorithm. This LA operates as follows.

ased on the action probability set p, LA randomly selects an action
(k),  and performs it on the environment. After receiving the

nvironment’s reinforcement signal (ˇ (k)), LA updates its action
robability set based on Eq. (1) or (2) according to the selected
Fig. 2. Operation of the cellular learning automaton.

action ˛ (k).

pi (k + 1) = pi (k) + ˇ (k)
[
b

r − 1
− b · pi (k)

]
−
[
1 − ˇ (k)

]
·a · pi (k) , when ˛ (k) /=  ˛i. (1)

pi (k + 1) = pi (k) − ˇ (k) · b · pi (k) +
[
1 − ˇ (k)

]
·a · (1 − pi (k)) , when ˛ (k) = ˛i. (2)

In the above equations, a and b are reward and penalty parameters
respectively. For a = b, learning algorithm is called LRP ,1 for b � a, it
is called LRεP ,2 and for b = 0, it is called LRI .3

2.3. Cellular learning automata

A CLA is a CA in which a number of LAs is assigned to every cell.
Each LA residing in a particular cell determines its action (state) on
the basis of its action probability vector. Like CA, there is a local
rule that the CLA operates under. The local rule of the CLA and
the actions selected by the neighboring LAs of any particular LA
determine the reinforcement signal to that LA. The neighboring LAs
(cells) of any particular LA (cell) constitute the local environment of
that LA (cell). The local environment of an LA (cell) is non-stationary
due to the fact that the action probability vectors of the neighbor-
ing LAs vary during the evolution of the CLA. The operation of a
CLA could be described as the following steps (Fig. 2): At the first
step, the internal state of every cell is determined on the basis of
the action probability vectors of the LAs residing in that cell. In the
second step, the local rule of the CLA determines the reinforcement
signal to each LA residing in that cell. Finally, each LA updates its
action probability vector based on the supplied reinforcement sig-
nal and the chosen action. This process continues until the desired
result is obtained. Some dynamic models of the CLA have been
recently introduced in the literature [17,18] and have been utilized
for solving problems in peer-to-peer networks.

2.4. Irregular cellular learning automata
1 Linear Reward-Penalty.
2 Linear Reward epsilon Penalty.
3 Linear Reward Inaction.
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Fig. 3. Irregular cellular learning automaton.

A
r
a
a
p
u
b
t

3

t
u
l
o
v
o
s
a
d
t

r
a
f
L
R
c
t

Definition 2. A configuration of DICLA at step k is denoted
Fig. 4. Dynamic irregular cellular learning automaton.

n ICLA is defined as an undirected graph in which, each vertex rep-
esents a cell and is equipped with an LA, and each edge induces an
djacency relation between two cells (two LAs). The LA residing in

 particular cell determines its state (action) according to its action
robability vector. Like CLA, there is a rule that the ICLA operates
nder. The rule of the ICLA and the actions selected by the neigh-
oring LAs of any particular LA determine the reinforcement signal
o that LA.

. Dynamic irregular CLA

Dynamic irregular cellular learning automaton is a generaliza-
ion of ICLA with a dynamic structure. A DICLA is defined as an
ndirected graph in which, each vertex represents a cell and a

earning automaton is assigned to every cell (vertex). A finite set
f interests is defined for DICLA. For each cell of DICLA a tendency
ector is defined whose jth element shows the degree of tendency
f that cell to the jth interest. In DICLA, the state of each cell con-
ists of two parts; the action selected by the learning automaton
nd the tendency vector. Two cells are neighbors in DICLA if the
istance between their tendency vectors is smaller than or equal
o the neighborhood radius.

Like CLA, there is a local rule that DICLA operates under. The
ule of DICLA and the actions selected by the neighboring learning
utomata of any particular learning automaton LAi determine the
ollowings: 1. the reinforcement signal to the learning automaton

Ai, and 2. the restructuring signal to the cell in which LAi resides.
estructuring signal is used to update the tendency vector of the
ell. Dynamicity of DICLA is the result of modifications made to the
endency vectors of its constituting cells. Fig. 4 gives a schematic
putational Science 24 (2018) 358–370

of DICLA. A DICLA is formally defined below. Table 1 provides the
definitions of major symbols.

Definition 1. Dynamic irregular cellular learning automaton is a
structure A =

(
G〈V, E〉, �, A, ˚,  ϕ〈˛,  〉, �, F,  Z

)
, where

- G is an undirected graph, with V as the set of vertices (cells) and
E as the set of edges (adjacency relations).

- � is a finite set of interests. Cardinality of � is denoted by |� |.
- A is the set of learning automata each of which is assigned to one

cell of DICLA.
-   ̊ is a finite set of actions.
- ϕ < ˛,   > is the cell state. State of a cell ci (ϕi) consists of two

parts; 1. �i which is the action selected by the learning automa-

ton of that cell, and 2. A vector  
i
=
(
 i1,  i2, . . .,   i|� |

)T
called

the tendency vector of the cell. Each element  ik ∈ [0, 1] in the
tendency vector of the cell ci shows the degree of tendency of ci
to the interest  k ∈ � .

- � is the neighborhood radius. Two  cells ci and cj of DICLA are
neighbors if ‖ 

i
−  

j
‖ ≤ �. In other words, two cells of DICLA

are neighbors if the distance between their tendency vectors is
smaller than or equal to �.

- Fi : ϕ
i
→ 〈ˇ, [0, 1]|� |〉 is the local rule of DICLA in each cell ci,

where ϕ
i
=
{
ϕj| ‖ 

i
−  

j
‖ ≤ �

}
∪
{
ϕi
}

is the set of states of all

neighbors of ci,  ̌ is the set of values that the reinforcement signal

can take, and [0, 1]|� | is a |� |-dimensional unit hypercube. From
the current states of the neighboring cells of each cell ci, local rule
performs the followings: 1. gives the reinforcement signal to the
learning automaton LAi resides in ci, and 2. produces a restructur-

ing signal (�
i
=
(
�i1, �i2, . . .,  �i|� |

)T
) which is used to change the

tendency vector of ci. Each element �ijof the restructuring signal
is a scalar value within the close interval [−1, 1].

- Z : [0, 1]|� | × [−1, 1]|� | → [0, 1]|� | is the restructuring func-
tion which modifies the tendency vector of the cell ci using the
restructuring signal produced by the local rule of the cell.

In what follows, we consider DICLA with n cells. The learning
automaton LAi which has a finite action set ˛i is associated to the
cell ci (for i = 1, 2, . . .,  N) of DICLA. Let the cardinality of ˛i be mi.

The operation of DICLA takes place as the following iterations.
At iteration k, each learning automaton chooses an action. Let
˛i ∈ ˛i be the action chosen by LAi. Then, each learning automaton
receives a reinforcement signal. Let ˇi ∈  ̌ be the reinforcement
signal received by LAi. This reinforcement signal is produced by the
application of the local rule Fi : ϕ

i
→ 〈ˇ, [0, 1]|� |〉. Higher values

of ˇi mean that the selected action of LAi will receive higher penal-
ties. Each LA updates its action probability vector on the basis of
the supplied reinforcement signal and the action chosen by the cell.
Next, each cell ci updates its tendency vector using the restructuring
function Z (Eq. (3)).

 
i
(k + 1) = Z

(
 
i
(k) , �

i
(k)
)

(3)

Like ICLA, DICLA can be either synchronous or asynchronous and
an asynchronous DICLA can be either time-driven or step-driven.

3.1. Evolution of the DICLA
by 〈p (k) ,  (k)〉 = 〈
(
p

1
, . . .,  p

N

)T
,
(
 

1
, . . .,   

N

)T 〉, where p
i

is the
action probability vector of the learning automaton LAi and  

i
is

the tendency vector of the cell ci.
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Table  1
Table of symbols.

Symbol Definition

K The probability space
Y  The tendency space

DICLA
 ∗

DICLA, whose evolution within the tendency space Y is stopped at the point  ∗

ci Cell indexed by i in the DICLA
ϕ  < ˛,   > Cell state
�i Action selected by learning automaton LAi

 
i
=
(
 i1,  i2, . . .,   i|� |

)T
Tendency Vector

�  Set of interests
�  Neighborhood radius

ϕ
i
=
{
ϕj | ‖ 

i
−  

j
‖ ≤ �

}
∪
{
ϕi
}

Set of states of all neighbors of ci
ˇ (k) Reinforcement signal
ˇ  The set of values that the reinforcement signal can take

�
i
=
(
�i1, �i2, . . ., �i|� |

)T
Restructuring signal

Fi : ϕ
i
→ 〈ˇ, [0, 1]|� |〉 Local rule of the DICLA in each cell ci

Fˇ Reinforcement signal generator part of the local rule
F� Restructuring signal generator part of the local rule
Z : [0, 1]|� | × [−1, 1]|� | → [0, 1]|� | The restructuring function
〈K∗, Y∗〉 The set of all unit configurations

〈p (k) ,  (k)〉 = 〈
(
p

1
, . . ., p

N

)T
, Configuration of the DICLA at step k

N
 

(i) Neighborhood set of any particular LAi in configuration 〈p,  〉
dˇ
ir

(
〈p,  〉

)
The average penalty for action r of the learning automaton LAi for configuration 〈p,  〉 ∈ 〈K , Y〉

Di

(
〈p, 〉

)
The average penalty for the learning automaton LAi at configuration 〈p,  〉 ∈ 〈K , Y〉

D

(
〈p, 〉

)
The total average penalty for DICLA at configuration 〈p,  〉 ∈ 〈K , Y〉( )

tructu

D
p
v
H
g

〈
iy ∈

j :  

〈
 piy

 0 ≤

t

L

P
i

a
t
s

D
<
t

〈
〈

dς
ij

〈p, 〉 The average res

efinition 3. A configuration 〈p,  〉 is called unit if the action
robability vector of each learning automaton and the tendency
ector of each cell are unit vectors, otherwise it is called general.
ence, the set of all unit configurations, 〈K∗, Y∗〉, and the set of all
eneral configurations, 〈K , Y〉, in DICLA are

K∗, Y∗〉 =

⎧⎪⎪⎨
⎪⎪⎩〈p,  〉|

p =
(
p

1
, . . .,  p

N

)T
, p
i
=
(
pi1, . . .,  pimi

)T
, ∀i, y : p

  =
(
 

1
, . . .,   

N

)T
,  

i
=
(
 i1, . . .,   i|� |

)T
, ∀i, 

and

K , Y〉 =

⎧⎨
⎩〈p,  〉|

p =
(
p

1
, . . .,  p

N

)T
, p
i
=
(
pi1, . . .,  pimi

)T
, ∀i, y : 0 ≤

  =
(
 

1
, . . .,   

N

)T
,  

i
=
(
 i1, . . .,   i|� |

)T
, ∀i, j :

respectively. We  refer to K as the probability space and to Y as
he tendency space of DICLA hereafter.

emma  1. 〈K , Y〉 is the convex hull of 〈K∗, Y∗〉.
roof. Proof of this lemma  is similar to the proof of Lemma  1 given

n [4].�

The application of the local rule to every cell allows transforming
 configuration to a new one. The local rule of DICLA (F)  consists of
wo parts; reinforcement signal generator (Fˇ) and restructuring
ignal generator (F�).
efinition 4. The global behavior of a DICLA is a mapping G:
K,Y> → <K,Y> that describes the dynamics of DICLA. The evolu-

ion of DICLA from a given initial configuration 〈p (0) ,  (0)〉 ∈
K , Y〉 is a sequence of configurations

{
〈p (k) ,  (k)〉

}
k≥0

, such that

p (k + 1) ,  (k + 1)〉 = G
(
〈p (k) ,  (k)〉

)
.

ring signal for interest j of the cell ci for configuration 〈p,  〉 ∈ 〈K , Y〉

{
0, 1

}
, ∀i :

∑
y

piy = 1

ij ∈
{

0, 1
}
, ∀i :

∑
j

 ij = 1

⎫⎪⎪⎬
⎪⎪⎭ ,(4)

≤ 1, ∀i :
∑
y

piy = 1

  ij ≤ 1

⎫⎬
⎭(5)

Definition 5. Neighborhood set of any particular LAi in configu-
ration 〈p,  〉, denoted by N (i), is defined as the set of all learning
automata residing in the adjacent cells of the cell ci, that is,

N (i) =
{
LAj| ‖ 

i
−  

j
‖ ≤ �

}
. (6)

Let N
 

i
be the cardinality of N (i).

Definition 6. The average penalty for action r of the learning
automaton LAi for configuration 〈p,  〉 ∈ 〈K , Y〉 is defined as

dˇ
ir

(
〈p,  〉

)
= E

[
ˇi|〈p,  〉, ˛i = r

]

=
∑ ⎛

⎜⎝Fi

(
y
 
, . . .,  y

 
, r

) ∏
p  

⎞
⎟⎠ , (7)
y
 

h1
,...,y

 

h

N
 

i

ˇ h1 h
N
 

i LAl ∈ N
 

(i)

ly
hl
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and the average penalty for the learning automaton LAi is
efined as

i

(
〈p,  〉

)
= E

[
ˇi|〈p,  〉

]
=
∑
y

dˇ
iy

(
〈p,  〉

)
piy. (8)

The above definition implies that if the learning automaton LAj is

ot a neighboring learning automaton for LAi, then dˇ
ir

(
〈p,  〉

)
does

ot depend on p
j
. We  assume that dˇ

ir

(
〈p,  〉

)
/= 0 for all i, r and

p,  〉, that is, in any configuration, any action has a non-zero chance
f receiving penalty.

efinition 7. The total average penalty for DICLA at configuration
p,  〉 ∈ 〈K , Y〉 is the sum of the average penalties for all learning
utomata in DICLA, that is,(

〈p,  〉
)

=
∑
i

Di
(
〈p,  〉

)
. (9)

efinition 8. The average restructuring signal for interest j of the
ell ci for configuration 〈p,  〉 ∈ 〈K , Y〉 is defined as

d�
ij

(
〈p,  〉

)
=
∑
r

∑
y
 

h1
,...,y

 

h

N
 

i⎛
⎜⎝Fi�

(
y
 

h1
, y
 

h2
, . . .,  y

 

h
N
 

i

, r,  ∗j

) ∏
LAl ∈ N

 
(i)

p
ly
 

hl

⎞
⎟⎠ , (10)

here  ∗j =
(
 1c,  1j, . . .,   Nj

)T
.

The above definition implies that all interests are independent
f each other, since the restructuring signal generator (F�) for any
nterest of any cell depends only on the tendency values of the
eighboring cells to that interest.

. Dynamics of DICLA

Dynamics of DICLA within its environment is twofold; dynamics
f the tendency vectors of its constituting cells and dynamics of the
ction probability vectors of its constituting learning automata. We
efer to the former as the structural dynamics and to the latter as
he behavioral dynamics of DICLA. In this section, we will first study
he structural dynamics of DICLA and then analyzing its behavioral
ynamics.

.1. Structural dynamics of DICLA

Structural dynamics of DICLA can be described by the process
 (k)

}
k≥0

which evolves according to the following equation:

(k + 1) = Z
(
 (k) , � (k)

)
, (11)

here Z represents the restructuring function. In this paper, we
tudy the structural dynamics of DICLA for two different restruc-
uring functions, namely simple restructuring function (Eq. (12))
nd vanishing restructuring function (Eq. (13)).

(k + 1) =  (k) + b · � (k) . (12)

(k + 1) =  (k) + b · v (k) .� (k) . (13)

n the above equations, b is an n × n diagonal matrix with bii = bi and

i > 0 represents the restructuring rate for the cell ci. v(k) in Eq. (13),
s a vanish at infinity function. A function v is said to vanish at infin-
ty if v(k) → 0 as k → ∝. Note that the above restructuring functions
an be used only if for every i and j we have − ij ≤ bi·�ij ≤ 1 −  ij.
putational Science 24 (2018) 358–370

4.1.1. Structural dynamics of DICLA using simple restructuring
function

Components of Z, using simple restructuring function, can be
obtained as follows:

Zij
(
 ij, �ij

)
=  ij + bi · �ij. (14)

From Eq. (11) it follows that
{
 (k)

}
k≥0

is a discrete-time

Markov process [19] defined on the tendency space Y.
Now consider the following assumptions:
(A-1) There exists a set of fitness evaluation functions (Fi, i = 1,

2, . . .,  N), each is able to evaluate the normalized fitness of the ten-
dency vector of the cell ci within the range [0,1], where 0 is the
fitness of the optimum tendency vector of the cell.

(A-2) The restructuring signal generator (F�) can be described
as the following equation:

Fi�
(
y 
h1
, y 
h2
, . . ., y 

hN 
i

, r,  ∗j

)
= Fi

(
 
i

)
· Gi
(
y 
h1
, y 
h2
, . . .,  y 

hN 
i

, r,  ∗j

)
, (15)

where Gi is a function within the range [−1, 1].

(A-3)
∑
j

[
Gi
(
y 
h1
, y 
h2
, . . ., y 

hN 
i

, r,  ∗j

)]2

/=  0.

Remark 1. Assumption (A-1) enables us to define a local optimum
for the tendency vector of each cell of DICLA. The study of the struc-
tural dynamics of DICLA is then reduced to investigating whether
the tendency vector of each cell converges to its local optimum or
not. We  refer to a point  ∗ within the tendency space of DICLA
as the maximal tendency point, if for every cell ci,  ∗

i
is the local

optimum of the tendency vector of that cell.

Remark 2. Assumption (A-2) indicates that Fi� is a multiplication

of Fi and Gi. Considering this assumption, Gi specifies the orien-
tation and direction of the restructuring signal and Fi specifies its
magnitude. When the tendency vector of a cell ci is far from its opti-
mal  vector, Fiis large and as a result, the restructuring signal will
be large. On the other hand, when the tendency vector of a cell ci
is near its optimal vector, Fi is small and hence, the restructuring
signal will be small.

Remark 3. Assumption (A-3) indicates that the value of Gi must be
non-zero for at least one of the interests. To explain the reason for
this assumption, we  have to note that Gi specifies the orientation
and direction of the restructuring signal, and thus its value cannot
be zero for all interests; otherwise it cannot specify any direction
or orientation.

Using the above assumptions, the average restructuring signal
for the interest j of the cell ci for configuration 〈p,  〉 ∈ 〈K , Y〉,
defined previously through Eq. (10), can be rewritten as given
below:

d�
ij

(
〈p,  〉

)
= Fi

(
 
i

)
·
∑
r

∑
y
 

h1
,...,y

 

h

N
 

i⎛
⎝Gi

(
y
 

h1
, y
 

h2
, . . ., y

 

h
N
 

i

, r,  ∗j

) ∏
LAl ∈ N

 
(i)

p
ly
 

hl

⎞
⎠ = Fi

(
 
i

)
· Gij
(

〈p,  〉
)
. (16)

Now define

� (k) = E
[
 (k + 1) | (k)

]
−  (k) . (17)

Since
{
 (k)

}
k≥0

is Markovian and � (k) depends only on
〈p (k) ,  (k)〉 and not on k explicitly, then � (k) can be expressed
as a function of 〈p (k) ,  (k)〉. Hence we  can write

�  = b f �
(
〈p,  〉

)
. (18)
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The components of � (k) can be obtained as follows:

� ij = bi · f �
ij

(
〈p,  〉

)
= bi · d�

ij

(
〈p,  〉

)
= bi · Fi

(
 
i

)
· Gij

(
〈p,  〉

)
.

(19)

emma  2. Function f �
(
〈p,  〉

)
whose components are given by

q. (19) is Lipschitz continuous over the compact space 〈K , Y〉.
roof. Function f �

(
〈p,  〉

)
has compact support (it is defined

ver 〈K , Y〉), is bounded because ∀p,  , i, j : −1 ≤ f �
ij

(
〈p,  〉

)
≤ 1,

nd is also continuously differentiable with respect to   over 〈K , Y〉.
herefore, its first derivative with respect to   is also bounded.
hus, using the Cauchy’s mean value theorem, it can be concluded
hat f �

(
〈p,  〉

)
is Lipschitz continuous over the compact space

K , Y〉 with Lipschitz constant K = sup
 

‖∇ f �
(
〈p,  〉

)
‖.�

For different values of b, Eq. (12) generates a different process
nd we shall use  b (k) to denote this process whenever the value
f b is to be specified explicitly. To find the approximating ordinary
ifferential equation (ODE) for the restructuring function given by
12), we define a sequence of continuous-time interpolation of (12),

enoted by  ̃
b

(t) and called an interpolated process, whose compo-
ents are defined by:

˜
i

b
(t) =  

i
(k) , t ∈ [kbi, (k  + 1)bi) , (20)

here bi is the restructuring rate of the simple restructuring

unction for the cell ci. The interpolated process
{
 ̃
b

(t)
}
t≥0

is a

equence of random variables that takes values from [0, 1]N×|� |,
here [0, 1]N×|� | is the space of all functions that, at each point, are

ontinuous on the right and have a limit on the left over [0, ∞)and
ake values in Y. Consider the following ODE:

˙
 = f �

(
〈p,  〉

)
, (21)

here  ̇ is composed of the following components:

d ij
dt

= Fi
(
 
i

)
· Gij

(
〈p,  〉

)
(22)

In the following theorem, we will show that Eq. (12) is the
pproximation to the ODE (21). This means that if we  have the solu-
ion to (21), then we can obtain information regarding the behavior
f  (k).

heorem 1. Using the simple restructuring function (12) and con-
idering max

{
b
}

→ 0,  (k) is well approximated by the solution
f the ODE (21).

roof. Following conditions are satisfied by the restructuring
unction given by Eq. (12):{
 (k)

}
k≥0

is a Markovian process.

 Given  (k), � (k) is independent of � (k − 1).

 f �
(
〈p (k) ,  (k)〉

)
is independent of k.

 f �
(
〈p (k) ,  (k)〉

)
is Lipshitz continuous over the compact space

〈K , Y〉 (Lemma  2).

 E‖� (.) − f �
(
〈p,  〉

)
‖2

is bounded since � (.) ∈ [−1, 1]N×|� |.
 Restructuring rates bi, i = 1, . . .,  N are sufficiently small since{ }

max b → 0.

Therefore, using theorem (A.1) in [20], we  can conclude the
heorem. �
putational Science 24 (2018) 358–370 363

Eq. (12) is the so called Euler approximation to the ODE  (21).
Specifically, if  (k) is a solution to (12) and  ̃ (t) is a solution to
(21), then for any T > 0, we have

limbi→0sup
0≤k≤T ⁄bi

‖ 
ij

(k) −  ̃ (kbi) ‖ = 0. (23)

What Theorem 1 says is that  (k), given by Eq. (12), will closely
follow the solution of the ODE (21), that is  (k) can be made to
closely approximate the solution of its approximating ODE by tak-
ing max

{
b
}

sufficiently small. Thus, if the ODE (21) has a locally
asymptotically stable equilibrium point, then we can conclude that
(by taking max

{
b
}

sufficiently small),  (k), for large k, would
be close to this equilibrium point if  (0) is within the region of
attraction of that point.

To find the equilibrium points of the ODE (19), we have to solve
equations of the following from:

d ∗ij (t)
dt

= 0 for all i, j. (24)

Using Eq. (22), (24) can be rewritten as

Fi
(
 ∗
i

)
· Gij

(
〈p,  ∗〉

)
= 0, for all i, j. (25)

Considering the assumption (A-3), the only solutions to the
above equations are the set of tendency vectors  ∗ which satisfy
the following equations:

Fi
(
 ∗
i

)
= 0, for every i. (26)

In other words, the equilibrium points of the ODE (19) coincide
with the maximal tendency points of DICLA.

Since  ∗ is an absorbing state of the Markovian process{
 (k)

}
k≥0

, if  (0) =  ∗, then DICLA, from the structural point of

view, absorbed to  ∗. But if  (0) /=  ∗, then we cannot guaran-
tee the convergence to a maximal tendency point. However, we
give a sufficient condition under which convergence to a maximal
tendency point can be assured.

Theorem 2. Suppose there is a bounded differentiable function H :
Rm1+···+mN × RN×|� | → R such that for some constants c

ij
> 0, we

have
∂H
(

〈p, 〉
)

∂piy
= 0 and

∂H
(

〈p, 〉
)

∂ ij
= −c

ij
· Gij

(
〈p,  〉

)
. Then DICLA

using the simple restructuring function and with sufficiently small
value of the restructuring rate (max

{
b
}

→ 0), converges, from the
structural points of view, to a maximal tendency point, for any
initial configuration in 〈K , Y〉.

Proof. We  have

dH
dt

=
∑
i

∑
y

∂H
∂piy

· dpiy
dt

+
∑
i

∑
j

∂H
∂ ij

· d ij
dt

= −
∑
i

∑
j

cij · Fi
(
 
i

)
·
(
Gij
(
〈p,  〉

))2
≤ 0.

(27)

Thus, H is non-increasing along the trajectories of the ODE  (21)
and eventually converges to its minimum, where dH

dt = 0. From (27),

the derivative of H is zero if and only if Fi
(
 
i

)
= 0 for all i. This is

an equilibrium point of the ODE (21). Thus, the ODE has to converge

to some equilibrium point. Since an equilibrium point of the ODE
(21) is also a maximal tendency point, the theorem follows. �

To see some samples of the H function with the properties spec-
ified in Theorem 2, please refer to Table 2.
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Table 2
Some samples of the Hfunction with the properties specified in Theorem 2.

Gij
(

〈p,  〉
)

H
(

〈p,  〉
) ∂H

(
〈p,  〉

)
∂ ij

kij(for some constants kij > 0) −
∑
i

∑
j

kij ·  ij −kij

∑ N
 

i∑∑

4
f

(

Z

M
c

�

t

�

k{
m

R
b
s
I
f
c
e
w
fi
t
t
b
t
e
i
n

4

d
w
a
c
s
D
t
i
 

Y

i
[

kij · N 
i

(for some constants kij > 0) −
i l=1 j

kij ·  ij −kij · N 
i

.1.2. Structural dynamics of DICLA using vanishing restructuring
unction

Components of Z, using vanishing restructuring function (Eq.
13)), can be obtained as given below:

ij

(
 ij, �ij

)
=  ij + bi · v · �ij. (28)

As it was mentioned earlier,
{
 (k)

}
k≥0

is a discrete-time

arkov process [20] defined on the tendency space Y. Once again,
onsider the following difference equation:

 (k) = E
[
 (k + 1) | (k)

]
−  (k) . (29)

The components of � (k) using vanishing restructuring func-
ion can be obtained as follows:

 ij = bi · v · d�
ij

(
〈p,  〉

)
. (30)

Since v (k) → 0 as k → ∞,  we can conclude that, for large
, � ij (k) → 0. This means that in the long run, the process
 (k)

}
k≥0

will eventually converges to a state  ∗, but no state-

ent can be made about the properties of this state.

emark 4. Note that the vanishing restructuring function must
e used only if no fitness evaluation function with the properties
pecified in assumption (A-1) of the previous section can be found.
n other words, when it is possible to find some fitness evaluation
unctions for evaluating the fitness of the tendency vectors of the
ells of DICLA, it is rational to use such functions for guiding the
xploration of DICLA through its tendency space until it reaches a
ell-fitted state. But, when it is hard or impossible to find such
tness evaluation functions, one can use the vanishing restruc-
uring function to force DICLA to stop its exploration through its
endency space after a specific number of iterations. The rationale
ehind using a vanishing restructuring function is that explorations
hrough tendency space, when thinking of the applications mod-
led by DICLA (such as mobile ad hoc and sensor networks), usually
mpose some costs (such as energy used for movements of mobile
odes), and such costs cannot be paid forever.

.2. Behavioral dynamics of DICLA

The behavioral dynamics of DICLA is affected by the structural
ynamics of DICLA. This is due to the fact that the local rule of DICLA,
hich rules its behavioral and structural dynamics, in each cell is

 function of the state of that cell and the states of its neighboring
ells. But the neighboring cells of each cell change according to the
tructural dynamics of DICLA and thus, the behavioral dynamics of
ICLA is affected accordingly. Considering this affection, we  study

he behavioral dynamics of DICLA from the time instant at which
ts evolution within the tendency space Y is stopped at the point

∗. We  refer to DICLA, whose evolution within the tendency space
∗  ∗
 is stopped at the point  , as DICLA .

In this section, we will study the asymptotic behavior of DICLA 
∗
,

n which all the learning automata use the LRP learning algorithm
3], when operating within an S-model environment. We  refer to
putational Science 24 (2018) 358–370

such a DICLA 
∗

as DICLA 
∗

with SLRP learning automata hereafter.
The process

{
p (k)

}
k≥0

which evolves according to the LRP learning

algorithm can be described by the following difference equation:

p (k + 1) = p (k) + a · g
(
p (k) , ˇ (k)

)
, (31)

where ˇ (k) is composed of the components ˇiy(k) (for 1 ≤ i ≤ N,
1 ≤ y ≤ mi, and ˇiy1 (k) = ˇiy2 (k) for every 1 ≤ y1, y2 ≤ mi), which are
dependent on p (k). a is an N × N diagonal matrix with aii = ai and
ai represents the learning parameter for the learning automaton
LAi. g represents the learning algorithm, whose components can be
obtained using LRP learning algorithm in S-model environment as
follows:

g
ir

(
pir, ˇir

)
=

⎧⎪⎪⎨
⎪⎪⎩

(
1 − pir − ˇir

)
; ˛i = r

(
ˇir

mi − 1
− pir

)
; ˛i /= r

. (32)

From Eq. (31) it follows that
{
p (k)

}
k≥0

is a discrete-time Markov

process [12] defined on the probability space K (given by Eq. (5)).
Let (K, d) be a metric space, where d is the metric defined according
to the Eq. (33) as given below:

d
(
p, q

)
=
∑
i

‖p
i
− q

i
‖, (33)

where ‖X‖ stands for the size of the vector X .
Lemma  3 and Lemma  4, given below, state some properties of

the Markovian process given by Eq. (31).

Lemma  3. The Markovian process given by Eq. (31) is strictly
distance diminishing.

Proof. To prove this lemma, we  will show that the Markovian pro-
cess given by Eq. (31) follows the definition of the strictly distance
diminishing processes given in [21] by Norman. The complete proof
is given in Appendix A. �

Corollary 1. Let p(h) denotes p (k + h) when p (k) = p and q(h)

denotes p (k + h) when p (k) = q. Then p(h) → q(h)as h→ ∞ irrespec-
tive of the initial configurations p and q.

Proof. The proof is given in Appendix A. �

Lemma  4. The Markovian process given by Eq. (31) is ergodic.

Proof. To prove the lemma  we can see that the Markovian process
given by Eq. (31) has the following two  properties:

- There are no absorbing states for
{
p (k)

}
. This is because there is

no p that satisfies p (k + 1) = p (k).
- The proposed process is strictly distance diminishing (Lemma  3).

From the above two  properties and considering the results
given in Corollary 1, we  can conclude that the Markovian process{
p (k)

}
k≥0

is ergodic. �

Now define

�p (k) = E
[
p (k + 1) |p (k)

]
− p (k) . (34)

Since
{
p (k)

}
k≥0

is Markovian and ˇ (k) depends only on p (k)
∗
and  and not on k explicitly, then �p (k) can be expressed as a

function of p (k) and  ∗. Hence we can write

�p (k) = af ˇ
(
〈p,  ∗〉

)
. (35)
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The components of �p (k)can be obtained as follows:

�pir = aipir ·
[

1 − pir − E
[
ˇir
]]

− ai

∑
y /=  r

piy ·
[

1
mi − 1

E
[
ˇiy
]

− pir

]

= ai ·

[
1

mi − 1

∑
y /=  r

piyE
[
ˇiy
]

− pirE
[
ˇir
]]

= ai ·

[
1

mi − 1

∑
y /=  r

piyd
ˇ
iy

(
〈p,  ∗〉

)
− pird

ˇ
ir

(
〈p,  ∗〉

)]

= aif
ˇ
ir

(
〈p,  ∗〉

)
,

(36)

here

f ˇ
ir

(
〈p,  ∗〉

)
= 1
mi − 1

∑
y /=  r

piyd
ˇ
iy

(
〈p,  ∗〉

)
− pird

ˇ
ir

(
〈p,  ∗〉

)
= 1
mi − 1

∑
y

piyd
ˇ
iy

(
〈p,  ∗〉

)
−
(

1 + 1
mi − 1

)
·
[
pird

ˇ
ir

(
〈p,  ∗〉

)]
= 1
mi − 1

·
[
Di
(

〈p,  ∗〉
)

− mipird
ˇ
ir

(
〈p,  ∗〉

)]
.

(37)

emma  5. Function f ˇ
(
〈p,  ∗〉

)
whose components are given by

q. (37) is Lipschitz continuous over the compact space 〈K , Y〉.
roof. The proof is similar to the proof of Lemma  2. �

For different values of a, Eq. (31) generates a different process
nd we shall use pa (k) to denote this process whenever the value of

 is to be specified explicitly. Define a sequence of continuous-time
nterpolation of (31), denoted by p̃a (t) and called an interpolated
rocess, whose components are defined by:

˜
i
a (t) = p

i
(k) , t ∈ [kai, (k  + 1) ai) , (38)

here ai is the learning parameter of the LRP algorithm for learning
utomaton LAi. The interpolated process

{
p̃a (t)

}
t≥0

is a sequence

f random variables that takes values from Rm1×. . .×mN , where
m1×. . .×mN is the space of all functions that, at each point, are con-
inuous on the right and have a limit on the left over [0, ∞)and take
alues in K, which is a bounded subset of Rm1×. . .×mN . The objective
s to study the limit of the sequence

{
p̃a (t)

}
t≥0

as max
{
a
}

→ 0,

hich will be a good approximation to the asymptotic behavior of
38). Consider the following ordinary differential equation (ODE):

˙ = f ˇ
(
〈p,  ∗〉

)
, (39)

here ṗ is composed of the following components:

dpir
dt

= 1
mi − 1

·
[
Di
(
〈p,  ∗〉

)
− mipird

ˇ
ir

(
〈p,  ∗〉

)]
. (40)

heorem 3. Under the learning algorithm (32) and considering
ax
{
a
}

→ 0, p (k) is well approximated by the solution of the ODE
39).

roof. Following conditions are satisfied by the learning algo-
ithm given by equation (32):{
p (k)

}
k≥0

is a Markovian process.

 Given p (k), ˛ (k) and ˇ (k) are independent of ˛ (k − 1) and
ˇ (k − 1).

 f ˇ
(
〈p (k) ,  ∗〉

)
is independent of k.

 f ˇ
(
〈p (k) ,  ∗〉

)
is Lipshitz continuous over the compact space K

(Lemma  5).( )
ˇ
( ∗ ) 2 ( )
 E‖g p − f 〈p,  〉 ‖ is bounded since g p ∈
[−1, 1]m1×...×mN .

 Learning parameters ai, i = 1, . . .,  N are sufficiently small since
max

{
a
}

→ 0.
putational Science 24 (2018) 358–370 365

Therefore, using theorem (A.1) in [20], we can conclude the
theorem. �

What Theorem 3 says is that p (k), given by Eq. (31), will closely
follow the solution of the ODE (39), that is p (k) can be made to
closely approximate the solution of its approximating ODE by tak-
ing max

{
a
}

sufficiently small. Thus, if the ODE  (39) has a globally
asymptotically stable equilibrium point, then we can conclude that
(by taking max

{
a
}

sufficiently small), p (k), for large k, would be
close to this equilibrium point irrespective of its initial configura-
tion p (0).

In the following subsections, we first find the equilibrium points
of the ODE (39), then study the stability property of these equilib-
rium points, and finally state a theorem about the convergence of
DICLA.

4.2.1. Equilibrium points
To find the equilibrium points of the ODE (39), we  first show

that this ODE has at least one equilibrium point and then specify a
set of conditions which must be satisfied by a configuration p to be
an equilibrium point of the ODE (39).

Lemma  6. The ODE (39) has at least one equilibrium point.

Proof. To prove this lemma, we first propose a continuous map-
ping ς

(
〈p,  ∗〉

)
from 〈K , Y〉 to 〈K , Y〉. Then, using the Brouwer’s

fixed point theorem, we  will show that any continuous mapping
from 〈K , Y〉 to 〈K , Y〉 has at least one fixed point. Finally, we  will
show that the fixed point of ς

(
〈p,  ∗〉

)
is the equilibrium point

of the ODE (39). This indicates that the ODE (39) has at least one
equilibrium point. The complete proof is given in Appendix B. �

Theorem 4. The equilibrium points of the ODE (39) are
the set of p∗ which satisfy the set of conditions p∗ir (t) =∏

y /= r

d
ˇ
iy

(
〈p∗(t), ∗〉

)
∑
y1

( ∏
y2 /=  y1

d
ˇ
iy2

(
〈p∗(t), ∗〉

)) for all i, r.

Proof. To find the equilibrium points of the ODE (39), we  have to
solve equations of the from

dp∗ir (t)
dt

= 0 for all i, r. (41)

Using Eqs. (40), (41) can be rewritten as

1
mi − 1

·
[
Di
(
〈p∗ (t) ,  ∗〉

)
− mip

∗ir (t)dˇir
(
〈p∗ (t) ,  ∗〉

)]
= 0,

for all i, r. (42)

These equations have solutions of the form:

p∗ir (t) =
Di
(
〈p∗ (t) ,  ∗〉

)
mid

ˇ
ir

(
〈p∗ (t) ,  ∗〉

) , for all i, r, (43)

which after some algebraic manipulations, can be rewritten as:

p∗ir (t) =

∏
y /=  r

dˇ
iy

(
〈p∗ (t) ,  ∗〉

)
∑( ∏ ( )) , for all i, r, (44)
y1 y2 /= y1

dˇ
iy2

〈p∗ (t) ,  ∗〉

and hence the theorem. �
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It follows from Theorem 4 that the difference equation given
y (35) has equilibrium points p∗ that satisfy the set of conditions

∗ir (k) =

∏
y /=  r

d
ˇ
iy

(
〈p∗(k), ∗〉

)
∑
y1

( ∏
y2 /=  y1

d
ˇ
iy2

(
〈p∗(k), ∗〉

)) for all i, r.

.2.2. The stability property
In this subsection, we characterize the stability of the equilib-

ium configurations of DICLA, that is, the equilibrium points of the
DE (39). To do this, the origin is first transferred to an equilibrium
oint p∗, and then a Lyapunov-candidate function is introduced
or studying the stability of this equilibrium point. Consider the
ollowing transformation:

ˆ ir = pir −
Di
(
〈p∗,  ∗〉

)
mid

ˇ
ir

(
〈p∗,  ∗〉

) for all i, r. (45)

Using this transformation, the origin is transferred to p∗.

emma  7. Derivative of p̂with respect to time has components of
he following form:

dp̂ir
dt

= −dˇ
ir

(
〈p,  ∗〉

)
p̂ir for all i, r. (46)

roof. The proof is given in Appendix C. �

orollary 2. p̂
ir

and its time derivative dp̂ir
dt has different signs.

roof. Considering the fact that dˇ
ir

(
〈p,  ∗〉

)
≥ 0 for all points p

nd for all i and r, the proof is an immediate result of Eq. (46). �

heorem 5. A point p∗ whose components satisfy the set of

quations p∗ir (k) =

∏
y /=  r

d
ˇ
iy

(
〈p∗(k), ∗〉

)
∑
y1

( ∏
y2 /=  y1

d
ˇ
iy2

(
〈p∗(k), ∗〉

)) for all i, r, is an

symptotically stable equilibrium point of the ODE (39) over K.

roof. To prove this theorem, we first apply the transformation
45) to transfer the origin to p∗. Then we propose a positive definite

unction V
(
p
)

and show that the time derivative of V
(
p
)

is globally
egative definite over K. This indicates that p∗ is an asymptotically
table equilibrium point of the ODE (39) over K. The complete proof
s given in Appendix D. �

orollary 3. The equilibrium point of the ODE (39) is unique over
.

roof. Let p∗, q∗ be two equilibrium points of the ODE (39). Theo-
em 5 proves that any equilibrium point of the ODE (39), including
∗, is asymptotically stable over K. This means that all initial con-
gurations within the probability space K converge to p∗. Using a
imilar approach for q∗, one can conclude that all initial configu-
ations within the probability space K converge to q∗. This implies
hat p∗ = q∗, and thus, the equilibrium point of the ODE (39) is unique
ver K. �

.2.3. Convergence results
In this section, we summarize the main results specified in the

bove lemmas and theorems in a main theorem (Theorem 6).

heorem 6. A DICLA 
∗

with SLRP learning automata, regardless

f its initial configuration, converges in distribution to a random
onfiguration, in which the mean value of the action probability of
ny action of any LA is inversely proportional to the average penalty
eceived by that action.
putational Science 24 (2018) 358–370

Proof. The evolution of a DICLA 
∗

with SLRP learning automata
is described by the Eq. (31). From this equation, it follows that{
p (k)

}
k≥0

is a discrete-time Markov process. Lemma  4 states that

this Markovian process is ergodic, and hence, it converges in dis-
tribution to a random configuration p∗, irrespective of its initial
configuration. Lemma  6 shows that such a configuration exists for
DICLA 

∗
, Corollary 3 states that it is unique, and Theorem 5 proves

that it is asymptotically stable. Theorem 4 specifies the properties
of the configuration p∗. It shows that p∗ satisfies the set of condi-
tions given by (43). According to Eq. (43), in configuration p∗, the
action probability of any action of any LA is inversely proportional
to the average penalty received by that action. �

4.3. Expediency of DICLA

In this subsection, we introduce the concept of expediency
for DICLA and specify the set of conditions under which a DICLA
becomes expedient.

Definition 9. A pure-chance automaton is an automaton that
chooses each of its actions with equal probability i.e., by pure
chance, that is, an m-action automaton is pure-chance if pi = 1

m, i =
1, 2, . . .,  m.

Definition 10. A DICLA is said to be expedient with respect to
the cell ci if lim

k→∞
〈p (k) ,  (k)〉 = 〈p∗,  ∗〉 exists and the following

inequality holds:

lim
k→∞

E
[
Di
(
〈p (k) ,  (k)〉

)]
<

1
mi

∑
y

dˇ
iy

(
〈p∗,  ∗〉

)
. (47)

In other words, a DICLA is expedient with respect to the cell
ci if, in the long run, the ith learning automaton performs better
(receives less penalty) than a pure-chance automaton.

Definition 11. A DICLA is said to be expedient if it is expedient
with respect to every cell in DICLA.

Theorem 7. A DICLA 
∗

with SLRP learning automata, regardless of
the local rule being used, is expedient.

Proof. To prove this theorem, we show that a DICLA 
∗

with SLRP
learning automata is expedient with respect to every cell in DICLA.
The proof is given in Appendix E. �

5. Numerical examples

To confirm the theoretical analysis given in Section 3, in this
section we conduct a number of computer simulations. The first
simulation is conducted to confirm the analytical results given in
Theorem 2. The next two  sets of simulations are used to confirm the
analytical results given in Theorem 6. The last simulation is used to
study the behavior of DICLA in terms of expediency.

5.1. Numerical example 1

This simulation is conducted to confirm that if a function H :
Rm1+···+mN × RN×|� | → R with the properties specified in Theorem
2 exists and the assumptions (A-1), (A-2), and (A-3) given in Section
4.1.1 hold, then DICLA using the simple restructuring function and
with sufficiently small value of the restructuring rate (max

{
b
}

→
0), converges, from the structural point of view, to a maximal ten-
dency point. For this simulation, we use a DICLA with three cells and

three interests. This DICLA uses the simple restructuring function
with the restructuring rate b = 10−4. Tendency vector of each cell is
specified randomly at the startup of the simulation. We assume
that DICLA has a maximal tendency point (specified in Table 3)
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Fig. 5. Comparison of the randomly selected tendencies of every cell of DICLA with

Table 3
Tendencies of each cell to each of the interests of DICLA at the maximal tendency
point  ∗ .

� 1 � 2 � 3

c1  ∗
11 = .26  ∗

12 = .43  ∗
13 = .6

c2  ∗
21 = .91  ∗

22 = .59  ∗
23 = .09

c3  ∗
31 = .44  ∗

32 = .73  ∗
33 = .54

Table 4
Tendencies of each cell to each of the interests of DICLA at the end of the simulation
time (k > 3 × 106) of the numerical example 1.

� 1 � 2 � 3

(
e

t

r
r
t
i
i
c
t
d
f
v
t
u
T
d
d
fi

c1  11 = 0.27  12 = 0.41  13 = 0.58
c2  21 = 0.88  22 = 0.6  23 = 0.07
c3  31 = 0.44  32 = 0.72  33 = 0.53

Assumption (A-1)) and the restructuring signal generator (F�) of
very cell can be described as a multiplication of Fi and Gi (Assump-

ions (A-2) and (A-3)). At each step k, Gij
(
〈p (k) ,  (k)〉

)
is selected

andomly from the range
[
− ij (k) , 1 −  ij (k)

]
. Table 4 gives the

esults of this numerical study. By comparing the results given in
his table and the desired values of tendencies given in Table 3,
t can be concluded that the tendency of each cell to each of the
nterests approaches its desired value. This confirms the theoreti-
al analysis given in Theorem 2. Fig. 5 also shows the approach of
he tendency to its desired value over the simulation time for ran-
omly selected tendencies of every cell of DICLA. As it can be seen
rom this figure, the approach of tendencies towards their desired
alues is regardless of their initial values, as it was stated in the
heorem. Another observation in this figure is that tendency val-
es have very few deviations and seamlessly approach towards  ∗.

he reason behind this observation is that the number of iterations,
epicted in the figure, is very high (about 5 × 105) and thus, small
eviations between subsequent iterations cannot be seen in the
gure.
 their desired values at the maximal tendency point  ∗specified in Table 3.

5.2. Numerical example 2

This set of simulations are conducted to confirm that the action
probability of any action of any learning automaton in a DICLA 

∗

with SLRP learning automata converges in distribution to a ran-
dom variable, whose mean is inversely proportional to the average
penalty received by that action. We  consider 6 different DICLAs
with different number of cells and different number of actions
for the learning automata. Table 5 gives the specifications used
for this set of simulations. In this table, DICLA(N, m) refers to a

DICLA 
∗

with N cells, each has a learning automaton with m actions.
Table 6 compares the action probabilities of the actions of the learn-
ing automata in each DICLA 

∗
at the end of the simulation time

(k > 3 × 106) with their theoretical values obtained from the equa-
tion (43). As it can be seen from these tables, the action probability
of all actions and their theoretical values approach each other. This
is in coincidence with the results of the theoretical analysis given
in Theorem 6, that is, a DICLA 

∗
with SLRP learning automata con-

verges in distribution to a random configuration, in which the mean
value of the action probability of any action of any LA is inversely
proportional to the average penalty received by that action. Fig. 6
also shows the approach of these two  values to each other over the
simulation time for randomly selected actions of three randomly
selected learning automata from DICLA2,3, DICLA5,5. Note the dif-
ference between the time scale of Fig. 6, about 3 × 106 iterations,
with that of Fig. 5, about 5 × 105 iterations. This difference is due
to the fact at first, structural dynamicity of the model enters its
steady state (after about 5 × 105 iterations), and then, its behavioral
dynamicity starts to diminish.

5.3. Numerical example 3
The goal of conducting this set of simulations is to study the
behavioral dynamics of DICLA 

∗
when it starts to evolve within the

environment from different initial configurations. For this study, we
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Table 5
Specifications used for numerical example 2.

DICLA
 ∗

DICLA2,3 DICLA3,2 DICLA5,5

Neighborhood All cells are neighbors
Learning Parameter a = 5 × 10−5

Initial Configuration pi1 = 1, pir = 0, ∀i,r, r /= 1
Environment Response Fi (�1, . . .,  �N) is selected uniformly at random from the range [0,1] at the beginning of the simulation

Table 6
Results of the numerical example 2 for DICLA2,3, DICLA3,2, DICLA5,5 (pij is the action probability of the jth action of the ith learning automaton obtained from the simulation
study  and p∗

ij
is the corresponding theoretical value).

DICLA2,3 LA1 �1 p11=0.352 LA2 �1 p21=0.289
p∗

11 = 0.361 p∗
21 = 0.288

�2 p12 = 0.454 �2 p22 = 0.268
p∗

12 = 0.441 p∗
22 = 0.268

�3 p13 = 0.194 �3 p23 = 0.443
p∗

13 = 0.198 p∗
23 = 0.444

DICLA3,2 LA1 �1 p11 = 0.746 LA2 �1 p21 = 0.797 LA3 �1 p31 = 0.663
p∗

11 = 0.75 p∗
21 = 0.8 p∗

31 = 0.659
�2 p12 = 0.254 �2 p22 = 0.203 �2 p32 = 0.337

p∗
12 = 0.25 p∗

22 = 0.2 p∗
32 = 0.341

DICLA5,5 LA1 �1 p11 = 0.21 LA2 �1 p21 = 0.208 LA3 �1 p31 = 0.189 LA4 �1 p41 = 0.176 LA5 �1 p51 = 0.214
p∗

11 = 0.211 p∗
21 = 0.211 p∗

31 = 0.192 p∗
41 = 0.173 p∗

51 = 0.212
�2 p12 = 0.212 �2 p22 = 0.215 �2 p32 = 0.222 �2 p42 = 0.208 �2 p52 = 0.183

p∗
12 = 0.213 p∗

22 = 0.212 p∗
32 = .215 p∗

42 = 0.207 p∗
52 = 0.188

�3 p13 = 0.2 �3 p23 = 0.201 �3 p33 = 0.174 �3 p43 = 0.189 �3 p53 = 0.212
p∗

13 = 0.199 p∗
23 = 0.2 p∗

33 = 0.177 p∗
43 = 0.192 p∗

53 = 0.214
�4 p14 = 0.213 �4 p24 = 0.178 �4 p34 = 0.182 �4 p44 = .197 �4 p54 = 0.174

p∗
14 = 0.212 p∗

24 = 0.179 p∗
34 = 0.181 p∗

44 = 0.196 p∗
54 = 0.175

�5 p15 = 0.165 �5 p25 = 0.198 �5 p35 = 0.233 �5 p45 = 0.23 �5 p55 = 0.217
p∗

15 = 0.165 p∗
25 = 0.198 p∗

35 = 0.235 p∗
45 = 0.232 p∗

55 = 0.211

Fig. 6. Results of the numerical example 2 for randomly selected actions of three randomly selected learning automata from DICLA2,3, DICLA5,5.

Table 7
Initial configurations for DICLA5,5 used in numerical example 3.

Configuration 1 Configuration 2 Configuration 3 Configuration 4

LA1 LA2 LA3 LA4 LA5 LA1 LA2 LA3 LA4 LA5 LA1 LA2 LA3 LA4 LA5 LA1 LA2 LA3 LA4 LA5

0 0 0 0 0 1 0 0 0 0 0.2 0.4 0.3 0.5 0.6 0.1 0.8 0.9 0.2 0.4
0  0 0 0 0 0 1 0 0 0 0.2 0 0.1 0.1 0.3 0.2 0.05 0.05 0.6 0.1
0  0 0 0 0 0 0 1 0 0 0.2 0.4 0.3 0.1 0 0.3 0 0 0.1 0.3
0  0 0 0 0 0 0 0 1 0 0.2 0 0.1 0.2 0 0.4 0.05 0 0.1 0
1  1 1 1 1 0 0 0 0 1 0.2 0.2 0.2 0.1 0.1 0 0.1 0.05 0 0.2

Fig. 7. Results of the numerical example 3 for randomly selected actions of two randomly selected learning automata.
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Table  8
Results of the numerical example 4.

E
[
Di
(

〈p (k) ,  ∗〉
)] 1

mi

∑
y

dˇ
iy

(
〈p (k) ,  ∗〉

)
E
[
Di
(

〈p (k) ,  ∗〉
)] 1

mi

∑
y

dˇ
iy

(
〈p (k) ,  ∗〉

)
DICLA2,3 LA1 3.61 × 10−2 5.05 × 10−2 DICLA5,5 LA1 1.368 × 10−1 1.372 × 10−1

LA2 3.61 × 10−2 4.48 × 10−2 LA2 1.368 × 10−1 1.371 × 10−1

−1 −1 −1 −1
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s
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l

[

[

[

[

[

DICLA3,2 LA1 1.02 × 10 1.04 × 10
LA2 1.016 × 10−1 1.018 × 10−1

LA3 1.02 × 10−1 1.03 × 10−1

se a DICLA5,5 with SLRP learning automata. Table 7 gives the initial
onfigurations of DICLA5,5 used in this study. In this table, the ini-
ial action probability vector for each learning automaton in each
onfiguration is given beneath that learning automaton. For exam-
le, in configuration 3, the initial action probability vector of the

earning automaton LA4 is [0.5, 0.1, 0.1, 0.2, 0.1]T . Fig. 7 plots evolu-
ion of the action probabilities of two sample actions of two of the
A in the DICLA for different initial configurations. As it can be seen
rom this figure, no matter what the initial configuration of DICLA is,
ICLA converges to its equilibrium configuration. Thus, the results
f this set of examples coincide with the results given in Theorem

 in Section 3, that is, the convergence of DICLA to its equilibrium
onfiguration is independent of its initial configuration.

.4. Numerical example 4

This set of simulations is conducted to study the behavior of
ICLA 

∗
in terms of the expediency. For this study, we use the spec-

fications of the second numerical example, given in Table 5. Table 8

ompares E
[
Di
(
〈p (k) ,  ∗〉

)]
and 1

mi

∑
y

dˇ
iy

(
〈p (k) ,  ∗〉

)
at the end

f the simulation time (k > 2.85 × 106) for all learning automata of
ll DICLAs given in Table 5. As it can be seen from this table, the aver-
ge penalty received by any learning automaton LAi is less than that
f a pure chance automaton. This is in coincidence with the theoret-
cal results given in Theorem 7, that is, a DICLA 

∗
with SLRP learning

utomata, regardless of the local rule being used, is expedient.

. Conclusion, discussion, and future work

In this paper, we proposed dynamic irregular cellular learning
utomaton (DICLA) as an extension to the ICLA model. In contrast
o the ICLA model, DICLA has a dynamic structure which is more
uitable for modeling problems in certain domains such as mobile
d hoc and sensor networks. We  introduced the concept of expe-
iency for the proposed learning model and analytically identify
ufficient conditions under which a DICLA becomes expedient. We
lso gave some numerical examples for illustrating the analytical
esults.

There are some limitations for the proposed DICLA model. One
s the speed of convergence of the model. Numerical analysis
ndicated that the model enters its steady state after millions of
terations. This is far too slow for practical applications. There exists
olutions to this limitation like the multiple model given in [22]. As

 possible future work, one may  consider applying this model in
he DICLA.

Another limitation of the proposed model is the complex-
ty of the analysis of its behavior when the structure as well as
ction probability vectors change together. In this paper, we con-
ider restructuring signals which eventually reach stable structure,

rom that point on, it is easier to study the behavior of learning
utomata. More complex restructuring signals, such as random,
haotic, repetitive, pattern-based, etc., can be considered and ana-
yzed as another possible future work to this study.

[

[

LA3 1.368 × 10 1.374 × 10
LA4 1.368 × 10−1 1.373 × 10−1

LA5 1.368 × 10−1 1.374 × 10−1

The local environment of learning automata in the DICLA, as
defined in this paper, are stationary; that is, for a fixed combi-
nation of selected actions by neighboring learning automata, the
reinforcement signal would be a random variable with a predefined
expected value. But in many real world applications, environments
are non-stationary and thus, it is required to study the model under
such environments. This could be another suggestion for interested
researchers to continue this research.

Finally, in this study, we have carried out the steady-state behav-
ior of the DICLA only for SLRP learning algorithm. SLRP learning
algorithm results in an expedient model which performs only bet-
ter than an equivalent pure-chance model. The study could be
repeated with SLR�P learning algorithm which is expected to result
in �-optimal models.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.jocs.2017.08.012.
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