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Abstract This paper presents an adaptive bi-flight cuckoo
search algorithm for continuous dynamic optimization prob-
lems. Unlike the standard cuckoo search which relies on
Levy flight, the proposed method uses two types of flight
that are chosen adaptively by a learning automaton to con-
trol the global and local search ability of the method during
the run. Furthermore, a variable nest scheme and a new
cuckoo addition mechanism are introduced. A greedy local
search method is also integrated to refine the best found
solution. An extensive set of experiments is conducted on
a variety of dynamic environments generated by the mov-
ing peaks benchmark, to evaluate the performance of the
proposed approach. Results are also compared with those
of other state-of-the-art algorithms from the literature. The
experimental results indicate the effectiveness of the pro-
posed approach.
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1 Introduction

Optimization in dynamic environments is of great impor-
tance because in many real-world optimization problems
the objective function, the problem instance or other ele-
ments may change during the course of optimization. Unlike
optimization in static environments, where the task of opti-
mization is limited to finding the optimum solution(s) in
the search space, the goal of optimization in dynamic envi-
ronments is to track the trajectory of the moving optima.
This characteristic poses additional challenges to optimiza-
tion algorithms, creating a need for designing new strategies
and techniques.

Due to their adaptive characteristics, nature-inspired
algorithms have proven to be good optimizers for dynamic
optimization problems (DOPs). Nguyen et al. [1] identified
six major types of approach that have been proposed to meet
the challenges of solving DOPs:

i. Increasing the diversity after detecting a change in the
environment [2–5].

ii. Maintaining diversity during the optimization process
[6, 7].

iii. Employing memory schemes to retrieve information
about previously found solutions [8, 9].

iv. Predicting the location of the next optimal solution(s)
after a change is detected [10, 11].

v. Making use of the self-adaptive mechanisms of evolu-
tionary algorithms (EAs), swarm intelligence methods
and other metaheuristics [12].

vi. Using multiple sub-populations to handle separate
areas of the search space concurrently [13–34].

One major challenge when dealing with DOPs is to deter-
mine the correct number of individuals to maintain the
diversity. To address this issue, this paper proposes an
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adaptive bi-flight cuckoo search with variable nests (BfCS-
wVN) where the population size is adjusted during the run.
To further enhance the performance of BfCS-wVN, various
other components are also integrated:

i. A variable nest scheme which helps the algorithm to
spend more fitness evaluations (FEs) around the most
promising areas of the search space by giving the oppor-
tunity to the most successful cuckoos to lay more eggs.

ii. A new cuckoo addition mechanism which generates
cuckoos in the areas that have not been populated.

iii. A greedy Hooke-Jeeves (HJ) local search to allocate
more FEs to the best found positions.

The rest of this paper is organized as follows: Section 2
gives an overview on some previous attempts for deal-
ing with DOPs. Section 3 presents the basic principles of
cuckoo search (CS). In Section 4 a brief description about
learning automata (LA) is provided. Section 5 describes the
proposed BfCS-wVN. Empirical study of the effects of the
proposed method on the moving peaks benchmark (MPB)
is given in Section 6. Finally, Section 7 concludes the paper
with some suggestions for future work.

2 Related work

The following sections discuss some of the well-known
algorithms developed for DOPs in terms of their respective
algorithmic types.

2.1 Swarm intelligent algorithms for DOPs

Swarm intelligent algorithms are a group of methods that
have been applied extensively in DOPs. In this domain, a
large number of studies have been carried out using particle
swarm optimization (PSO). An example of these methods
is the re-randomization PSO proposed by Hu and Eberhart
[3]. In their approach, when a change in the environment is
detected, the entire (or part of the) swarm is randomly relo-
cated in the search space. Their results suggest that when
the step size of the environmental change is small, the re-
randomization of a small portion of the swarm can improve
the tracking ability of the PSO.
Applying a mutual repulsion between particles, swarms
or captured optima is another strategy to maintain a suit-
able level of diversity during the search process. The
atomic model [35, 36] used in multi-swarm charged PSO
is an example of utilizing repulsion for dynamic environ-
ments. In this approach, each swarm contains a number
of charged classical particles. Charged classical particles
in each swarm repel each other to provide a sustainable
diversity among the individuals.

Another approach is to modify the topology of infor-
mation-sharing among the individuals of the population
in order to enhance the performance of the algorithms in
dealing with dynamic situations. For example, Janson and
Middendorf [6] studied a hierarchical PSO (H-PSO) for
noisy and dynamic environments. H-PSO uses a tree-like
structure to establish a hierarchy between particles. These
authors also proposed a partitioned hierarchical PSO where
the tree is temporarily partitioned into sub-swarms after an
environmental change is detected. Both approaches reported
a significant improvement over standard PSO on different
dynamic and noisy functions.

Many researchers have attempted to establish a mutual
repulsion between a number of populations with the aim of
positioning each of those populations on different promis-
ing areas of the search space. For example, Blackwell and
Branke [13] proposed a multi-swarm algorithm based on
PSO, namely mQSO. In mQSO, each swarm is composed of
a number of neutral particles and a number of quantum par-
ticles. Neutral particles in any swarm update their velocity
and position according to the principles of pure PSO. On the
other hand, quantum particles do not move according to the
PSO dynamics but change their positions around the cen-
ter of the best particle of the swarm according to a random
uniform distribution with radius rcloud . Consequently, they
never converge, but provide the swarm with the sustainable
level of diversity needed for capturing the shifting optimum.
These authors also introduced exclusion, which prevents
populations from settling on the same peak by reinitializing
the worst-performing swarm in the search space. In another
work [14], they proposed a second operator referred to as
anti-convergence which is triggered whenever all swarms
converge, and removes the worst swarm from its peak and
reinitializes it in the search space.

The critical drawback of the multi-swarm algorithm pro-
posed in [14] is that the number of swarms must be defined
prior to the optimization process, whereas in real-world
problems the information about the environment may not be
available. The very first attempt to adapt the number of pop-
ulations in dynamic environments was made by Blackwell
[37]. He developed an adaptive mQSO (AmQSO) which
determines the number of swarms either by spawning new
swarms into the search space, or by destroying redundant
swarms. In this algorithm, swarms are categorized into two
groups: (1) free swarms, whose expansion, i.e., the maxi-
mum distance between any two particles in the swarm in all
dimensions, is larger than a predefined radius rconv and (2)
converged swarms. Once the expansion of a free swarm
becomes smaller than a radius rconv , it is converted to a con-
verged swarm. In AmQSO, when the number of free swarms
(Mf ree) drops to zero, a free swarm is initialized in the
search space for capturing undetected peaks. On the other
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hand, free swarms are removed from the search space if
Mf ree is higher than a threshold nexcess .

Another group of multi-population methods tries to make
use of a variable number of populations by splitting off
sub-populations from a main population. Inspired by the
self-organizing scouts (SOS) [15], Yang and Li [33] pro-
posed a multi-swarm algorithm for DOPs named FMSO.
FMSO starts with a large parent swarm exploring the search
space with the aim of locating promising regions. If the
quality of the best particle in the parent swarm improves,
this implies that a promising search area may have been
found. Therefore, a child swarm is split off from the parent
swarm to exploit its own sub-space. The search territory of
each child swarm is determined by a radius r which is rel-
ative to the range of the landscape and width of the peaks.
If the best particle of one child swarm ventures to the area
captured by another child swarm, the worse child swarm
will be removed to prevent child populations residing on the
same peak. Furthermore, if a child swarm fails to improve
its quality in a certain number of iterations, the best parti-
cle of the child swarm jumps to a new position according
to a scaled Gaussian distribution. Another similar idea can
be found in [23]. An interesting approach is the hibernating
multi-swarm optimization algorithm proposed by Kamosi et
al. [22], where unproductive searches in child swarms are
stopped by “hibernating” converged child swarms to make
more FEs available for productive child swarms.

Yazdani et al. [38] proposed a multi-swarm algo-
rithm called finder-tracker multi-swarm PSO (FTMSPO).
FTMPSO uses several mechanisms to tackle existing chal-
lenges in dynamic environments including: a peak find-
ing scheme, a tracking scheme, a wakening and sleeping
mechanism, a change detection method and a local search
procedure.

Different from the above algorithms, another way to cre-
ate multiple populations is to divide the main population of
the algorithm into several clusters, i.e. sub-populations, via
clustering methods. For example, Parrott and Li [39] pro-
posed a speciation-based PSO (SPSO) for tracking multiple
optima in dynamic environments, which dynamically dis-
tributes particles of the main swarm over a variable number
of so-called species. Bird and Li [40] improved the per-
formance of SPSO by estimating the location of the peaks
using a least squares regression method.

Yang and Li [32] proposed a clustering PSO (CPSO)
for locating and tracking multiple optima in dynamic envi-
ronments. CPSO employed a single-linkage hierarchical
clustering method to create a variable number of sub-
swarms, and assign them to different promising sub-regions
of the search space. Each created sub-swarm then uses the
PSO with a modified gbest model to exploit the respec-
tive region. In order to avoid different clusters crowding

one another, they applied a redundancy control check. In
this regard, when two sub-swarms are located on a single
peak, they are first merged together to form a single sub-
swarm and then the worst-performing individuals of the
sub-swarm are removed until its size is equal to a prede-
fined threshold. In another work [41], the authors extended
the fundamental idea of CPSO and introduced a framework
for multi-population methods in undetectable environments.
Nickabadi et al. [42] proposed a competitive clustering PSO
(CCPSO) which employs a multi-stage clustering procedure
to split the particles of the main swarm over a varying num-
ber of sub-swarms based on the particles’ positions as well
as their objective function values. They also used a group of
free particles to locate new emerging optima or to track the
unpopulated optima.

Another approach for creating multiple sub-populations
is to partition the search space and keep the number of
individuals in each partition below a predefined threshold.
Hashemi and Meybodi [21] incorporated PSO and cellular
automata into an algorithm referred to as cellular PSO. In
cellular PSO, the search space is partitioned into equally
sized cells using cellular automata. Then, particles of the
swarm are allocated to different cells according to their
positions in the search space. At any given time, parti-
cles residing in each cell use their personal best positions
and the best solution found in their neighborhood cells for
searching for an optimum. Moreover, whenever the number
of particles within each cell exceeds a predefined thresh-
old, randomly selected particles from the saturated cells
are transferred to random cells within the search space.
In addition, each cell has a memory that is used to keep
track of the best position found within the boundary of the
cell and its neighbors. In another work [20], they improved
the performance of cellular PSO by temporarily converting
the particles to quantum particles whenever a change was
detected. Other examples of cellular methods are a multi-
swarm cellular PSO based on clonal selection [26] and two
phased cellular PSO [31].

Moving away from multi-population approaches, Liu
et al. [43] introduced a new variant of PSO, called PSO
with composite particles (PSO-CP) for DOPs. PSO-CP con-
tains four major components: (1) composite particles which
are formed by iteratively grouping the worst particles with
two of their nearest particles, (2) a scattering operator which
aims at enhancing the local diversity within composite par-
ticles, (3) a velocity-anisotropic reflection scheme that can
improve the ability of particles to track the promising peaks
in a new period and (4) an integral movement strategy
which favors the detection of new peaks in the search space
by promoting the swarm diversity. Inspired by microbial
life, Karimi et al. [44] proposed the dynamic hybrid PSO
(DHPSO) where a new birth and death mechanism was
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incorporated into the PSO to dynamically adjust the swarm
size during the search process. In DHPSO, each three neigh-
boring particles can produce a new infant, based on the
quadratic interpolation distribution, with a certain probabil-
ity. Moreover, an aging scheme was used to remove the old
particles.

2.2 Evolutionary algorithms for DOPs

Initially, most of the approaches proposed for dealing with
DOPs were based on EAs. Early EAs for solving DOPs
endeavored to increase population diversity after detecting
a change in the environment. For example, Cob [2] incor-
porated a hyper-mutation operator into a genetic algorithm
(GA) which temporarily creates a dramatic increase in the
mutation rate after a change occurs. Vavak et al. [4, 5]
also suggested a variable local search for controlling the
mutation size.

Another approach for dealing with DOPs is to maintain a
sustainable level of diversity during the entire optimization
process. For example, Grefenstette [45] proposed the ran-
dom immigrants GA, where at each generation a part of the
population is replaced by randomly generated individuals.
Other examples of mechanisms for maintaining diversity are
fitness sharing [46] and sentinel placement [47].

Apart from the above approaches, many researchers have
equipped EAs with a memory scheme that restores useful
information about previously found positions in the search
space. This technique is especially useful in periodical or
recurrent environments, where the optima may repeatedly
reappear in regions near to their previous positions [1].

A group of studies has distributed the individuals of
EAs among multiple populations where each population is
responsible for handling a separate area of the search space.
SOS [15], shifting balance GA [48] and multinational GA
[49] are three well-known examples of multi-population
GAs for DOPs.

Apart from the above GA-based methods for DOPs many
researchers applied other EAs to DOPs. Inspired by the
concept of exclusion, Mendes and Mohais [27] introduced
a multi-population differential evolution (DE) algorithm
for dynamic environments, called DynDE. In DynDE sev-
eral populations of genomes are initialized into the search
space and explore for multiple peaks in the environment
incorporating exclusion, which prevents populations from
converging to the same optima, and increasing diversity,
which enables a partiallyconverged population to track the
shifting optimum.

Du Plessis and Engelbrecht [50] improved the per-
formance of DynDE by proposing a function evaluation
management scheme. In their approach, FEs between two
successive changes in the environment are divided into three
phases: (1) all populations are evolved according to normal

DynDE for ζ1 generations in order to locate peaks, (2)
the weaker populations are frozen and the stronger popula-
tions are executed for another ζ2 generations and (3) frozen
populations are put back into the search process and all pop-
ulations are evolved for ζ3 generations in a normal DynDE
manner.

Noroozi et al. [28] adopted the concept of cellular PSO
and proposed an algorithm based on differential evolu-
tion, called CellularDE. CellularDE employs a DE/rand-to-
best/1/bin scheme to provide local exploration capability for
genomes residing in each cell. After a change is detected
in the environment, the population performs a random local
search for several subsequent iterations. In another work
[51], the authors equipped CellularDE with a mechanism to
detect the presence of a peak within each cell’s boundary or
in its neighbors.

Recently, Halder et al. [19] proposed a cluster-based dif-
ferential evolution with external archive which uses the
k-means clustering method to create a variable number of
populations.

Du Plessis and Engelbrecht [18] proposed the dynamic
population differential evolution (DynPopDE) algorithm, in
which the populations are adaptively spawned and removed
as required, based on their performance. In this approach,
whenever all the current populations fail to improve their
fitness after spending their last respective FEs, DynPopDE
produces a new population of random individuals in the
search space. On the other hand, when the number of pop-
ulations exceeds the number of peaks in the landscape,
redundant populations can be identified as those which are
frequently reinitialized by the exclusion operator.

2.3 Other metaheuristics for DOPs

Apart from the above major methods, some researchers
applied other metaheuristics for dealing with DOPs.
For example, Rezvanian and Meybodi [52] proposed
an immune-based algorithm for solving DOPs. In their
approach, the learning automata were used for tuning the
mutation rate of antibodies in an artificial immune system to
establish a balance between the global and local search abil-
ity of the algorithm. Other immune-based algorithms can be
found in [53].

Nasiri and Meybodi [54] proposed a speciation-based
firefly algorithm for DOPs. In their approach, an initial pop-
ulation of fireflies is randomly scattered in the search space.
After a while, the fireflies are divided into different species
each of which explores different regions of the search space
using a modified firefly algorithm.

Inspired by AmQSO [37], Yazdani et al. [34] pro-
posed a dynamic modified multi-population artificial fish
swarm algorithm. In this approach, they modified the basic
parameters, behaviors and general procedure of the standard
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artificial fish swarm algorithm to fulfill the requirements for
optimization in dynamic environments.

Recently, Turkey and Abdullah [55] proposed a multi-
population harmony search with an external archive for
DOPs.

Fouladgar and Lotfi [56] adapted the ideas from [37] to
a cuckoo search algorithm for DOPs. Their approach uses
a modified cuckoo search algorithm to increase the conver-
gence rate of populations for finding the peaks, and uses
exclusion to prevent populations from converging to the
same areas of the search space.

2.4 Hybrid approaches

Some researchers have tried to combine desirable features
of different optimization algorithms into a single method
for DOPs. For example, Lung and Dumitrescu [57] intro-
duced a hybrid collaborative approach for dynamic environ-
ments called collaborative evolutionary-swarm optimization
(CESO). CESO has two equal-size populations: a main pop-
ulation to maintain a set of local and global optima during
the search process using crowding-based differential evolu-
tion, and a PSO population acting as a local search operator
around solutions provided by the first population. During
the search process, information is transmitted between both
populations via collaboration mechanisms. In another work
[25], a third population is incorporated with CESO which
acts as a memory to recall some promising information from
past generations of the algorithm. Kordestani et al. [24]
extended the general idea of CESO with different strategies
and a hill-climbing local search to prevent wasting of FEs
and to spend more FEs around the best found positions of
the search space.

Moser and Hendtlass [58] proposed a hybrid algorithm
of extremal optimization (EO) and local search methods.
In their approach, EO is used to select initial solutions for
the local search procedure. EO does not utilize a population
of solutions, but it uses mutation to improve a single solu-
tion. This algorithm uses a “stepwise” sampling method to
take samples at equal distances from every dimension of the
search space. Then, a hill-climbing procedure is performed
on the best sample. Finally, the solution is stored in mem-
ory, and the algorithm is applied again on another randomly
generated solution. An enhanced and more general variant
of this algorithm was proposed by Moser and Chiong [59].

Recently, Sharifi et al. [60] proposed a hybrid approach
based on PSO and local search. In the proposed approach,
a swarm of particles following the fuzzy social-only model
is frequently applied to estimate the location of the peaks
in the problem landscape. Upon convergence of the swarm
to a previously-undetected position in the search space, a
local search agent is created to exploit that region with naive
direct search. Moreover, a density control mechanism and

three function evaluation management schemes were also
introduced to ensure that FEs are spent in an efficient way.

3 Cuckoo search

CS is a stochastic population-based algorithm which was
recently proposed by Yang and Deb [61], motivated by the
breeding strategy of some cuckoos. These birds show an
extraordinary behavior when they want to lay their eggs.
Instead of building their own nests, cuckoos lay their eggs
in the nests of other species making those species respon-
sible for caring for their chicks. This behavior is the main
inspiration of the CS algorithm.

For the sake of simplicity of description and implemen-
tation, Yang and Deb [61] made three idealized assumptions
as follows:

(1) Each cuckoo only lays one egg at a time and dumps it
in a randomly-chosen nest.

(2) The best nests with high-quality eggs are transferred to
the next generations.

(3) The number of nests is fixed and there is a probability
that a host can recognize a cuckoo egg. If this happens,
the host can either throw out the egg or simply leave
the nest and construct a new one.

Based on the above assumptions, the search process for
standard CS can be summarized as shown in Algorithm 1.

Algorithm 1 CS via Levy flight

1. begin
2. Objective function
3. Generate initial population of host nests

4. while ( MaxEvals ) or (Stopping criteria not
met) do

5. Get a cuckoo randomly by Levy flight;
6. Evaluate its quality/fitness ;
7. Choose a nest among (say, j) randomly;
8. if then
9. Replace j by the new solution;
10. end-if
11. A fraction ( of worst nests are abandoned

and new ones are built;
12. Keep the best solutions (or nests with quality

solutions);
13. Rank the solutions and find the current best;
14. end-while
15. end

CS has been successfully applied to a vast variety of
science and engineering problems, including phase equi-
librium and stability calculations [62], design of power



J. K. Kordestani et al.

systems for energy self-sufficient farms [63], selection of
optimal machining parameters in milling operations [64],
multi-objective optimization problems [65, 66], tunneling
[67] and many others.

4 Learning automata

LA are adaptive decision-making devices operating in an
unknown random environment that learn to choose the
optimal action from a set of available actions through iter-
ative interaction with the environment [68, 69]. The learn-
ing process of the automaton can be divided into three
steps:

(1) The automaton selects an action from a finite set of
actions and applies it to the environment.

(2) The environment evaluates the effectiveness of the
selected action and generates a response for the learn-
ing automaton.

(3) The automaton uses the response of the environment
to update its internal action probabilities.

By repeating this three-step procedure, the learning automa-
ton will be gradually guided toward selecting the optimal
action.

LA have a wide variety of applications in parameter con-
trol [52, 70–72], wireless sensor networks [73, 74], vertex
coloring problems [75], traffic signal control [76], infor-
mation retrieval [77] and hard rock tunnel-boring machine
penetration rate-prediction problems [67], to name just a
few.

4.1 Variable structure learning automaton

A variable structure learning automaton (VSLA) is a type
of LA which is defined with a quadruple 〈α, φ, p, T 〉 where
α = {α1, . . . , αr } is the set of actions, φ = {φ1, . . . , φr }
is the set of inputs, p = [p1, . . . , pr ] denotes the vector of
action probabilities which its elements should satisfy under
the following conditions:

∑r

i=1
pi= 1 (1)

∀iε {1, . . . ,r} : 0 ≤pi (2)

Finally, T is the learning algorithm that modifies the
action probability vector according to the received environ-
mental feedback.

4.2 Learning algorithm

There are many algorithms for updating the action proba-
bilities of an automaton. In this paper, a learning algorithm

called linear reward-inaction [78] was applied to update p

as described below.
Let αi (k) ∈ αi , and p (k) denote the action selected

by the learning automaton and the action probability vec-
tor at instant k. The action probability p (k) is then updated
according to the following linear learning scheme:

pi (k + 1) = pi (k) + ηφ (k) .(1 − pi (k)) (3)

pj (k + 1) = pj (k) + ηφ (k) pj (k) , ∀i �= j (4)

where the parameters k and φ (k) are the index represent-
ing the iteration number and the feedback received from
the environment at iteration k respectively. Finally, η is a
positive learning rate in (0,1).

4.3 Environment

Different environments can be modeled depending on the
nature of the reinforcement signal. In the P-model, the rein-
forcement signal can only take two binary values 0 and 1
[78]. The framework for the learning process of a VSLA in
a random unknown environment is shown in Algorithm 2.

Algorithm 2 The framework for the learning process of
VSLA with linear reward-inaction learning scheme in a
random unknown environment

1. begin
2. let be the set of finite actions,

where is the number of actions
3. let be the action probability

vector of the LA
4. while (the automaton converges to one of its

actions) do
5. The learning automaton chooses one of its

actions based on the probability distribution
6. The environment evaluates the action and

calculates a reinforcement signal
7. The environment sends a feedback to the

learning automaton
8. The automaton updates its probability vector

using (3) and (4)
9. end while
10. end

5 Proposed algorithms

5.1 General procedure

The structure of BfCS-wVN is given in Algorithm 3. In
the rest of this sub-section, the details of the proposed
algorithm, including initialization, bi-flight cuckoo search,
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detection and response to environmental changes, stagna-
tion and cuckoo addition, local search around the best found
position, overlapping and nest removal and adjusting the
number of nests are described.

Algorithm 3 General Procedure of BfCS-wVN

Require: a matrix of randomly ini-
tialized cuckoos with eggs:

, searching
the space with length and dimension , initial values
for probability vectors of learning automata, and
the parameters for HJ
1. nest with maximum fitness value
2. while a stopping criterion not met do
3. if a change is detected in the environment then
4. Re-evaluate all nests in
5. 0
6. end if
7. for do
8. UpdateNests
9. end for

10. if and (Stagnation( ) TRUE) then
11. Generate a new cuckoo with minimum

Euclidean distance of from all other existing
cuckoos in the search space using Algorithm 8

12. end if
13. Evolve the using modified HJ( )
14. PreventOverlapping ( )
15. AdjustCuckooNests ( )
16.
17. end while

5.1.1 Initialization

The initial population of nests is simply randomized within
the boundary of the search space according to a uniform
distribution as follows:

xij = lbj + rand [0, 1] × (ubj − lbj ) (5)

where i ∈ {1, 2, . . . , Nn} is the index of ith nest, j ∈
{1, 2, . . . , D} represents the j th dimension of the search
space, rand [0, 1] is a uniformly distributed random num-
ber in the range of [0,1]. Finally, lbj and ubj are the lower
and upper bounds of the search space corresponding to the
j th dimension.

5.1.2 Bi-flight cuckoo search

There is a class of probability distributions of an infinite sec-
ond moment that yields a stable process. Such a probability

distribution is called a Levy probability distribution and has
the following form [79]:

f (x; β, γ ) = 1

π

∫ ∞

0
exp

(−γ sβ
)

cos (sx) ds,x∈ (−∞, +∞)

(6)

where the parameter γ > 0 is the scale factor, 0 < β < 2
is the shape parameter, and the distribution is symmetrical
with respect to x = 0.

Without losing generality, one can set the parameter γ =
1. Consequently, a special case of the Levy distribution will
be obtained with a single parameter β.

A Levy distribution at extreme values follows a heavy-
tailed behavior where its probability density function (PDF)
and its cumulative density function (CDF) could be approx-
imated with the tail functions. The right tail PDF and CDF
are shown below:

f (x; β, 1) = x−(β+1), (pdf ) (7)

F(x; β, 1) = x−β, (cdf ) (8)

One of the main features of the samples generated by a
Levy distribution is that the absolute values (magnitudes)
are probabilistically governed by the value of β. As the
value of β decreases and becomes closer to 0 the magni-
tudes of the samples increase. Conversely, as the value of β

increases and becomes closer to 2 the absolute values of the
samples get closer to zero. Figure 1 shows the importance
of the β parameter in the above equation.

With regard to Fig. 1, decreasing the value of β results
in generating more samples farther away from zero (dis-
tributions are symmetrical around zero). This phenomenon
shows the critical importance of β in controlling the explo-
ration and exploitation of the CS. High values of β result
in the CS having much more exploitation; conversely, low
values of β increase the exploration of the CS.

Unlike the standard cuckoo search which relies on the
Levy flight, in the proposed method two types of Levy dis-
tributions were used with two different β values; one for
long jumps and the other for short ones. These two types
of Levy distributions represent two different search strate-
gies: (a) an explorative search where the algorithm tends
to search areas far from the current candidate solution and
(b) an exploitative search where the algorithm is focused on
searching local areas around the current candidate solution.

In the proposed approach, a search strategy is chosen for
each egg with a certain probability vector p = (pl, ps)

using a learning automaton. In the initial stage of the exe-
cution of the algorithm, the probability of long jumps is
expected to be higher than that of short ones. The root of this
assumption is that an algorithm should explore wide areas
of the search space during the early stages of the optimiza-
tion to locate promising regions. At the final stages of the
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search process, however, the algorithm should exploit rela-
tively small regions of the search space around the suspected
optima to further refine the results.

The implementation of the updating nests procedure is
outlined in Algorithm 4.

Algorithm 4 UpdateNests (Cuckoo)

Require: a with permissible eggs,
representing the learning automaton

probability vector for each egg in the nest and

Ensure: updated

1. nest with maximum fitness value
2. for do
3. select a distribution by LA with respect to

using Algorithm 5
4.

5.
6. if then
7.
8.
9. update the probability vector for

the current egg using Algorithm 6
10. end if
11. end for

At each generation, the LA chooses a flight operator from
the set of its actions according to Algorithm 5.

Algorithm 5 Pseudo-code for selecting the distribution by
LA

Require: probability vector of a LA:
Ensure: selected flight for generating a candidate solu-
tion (an egg)
1.
2.
3. if then
4.
5. else
6.
7. end if
8. return

Afterwards, all existing eggs are evolved according to
their selected flight and the best nest. Once each egg is
evolved with the selected flight, the automata update their
probability vector based on the reinforcement signal they
receive from the environment. Based on the received rein-
forcement signals, the automata can determine whether their
actions were right or wrong, and update their probability

vectors accordingly. In this work, the reinforcement signal
is generated as follows:

Reinf orcement signal φ=
{

1 if the candidate solution improved

0 otherwise

(9)

Then, the corresponding probability vector of the LA for
each egg is modified based on the learning algorithm of the
automaton using Algorithm 6.

Algorithm 6 Pseudo-code for updating the action probabil-
ity vector of the LA

Require: reinforcement signal , probability vector
, the index of the chosen flight type and

learning rate of the automaton
1. Ensure: updated probability vector
2. if then
3.
4.
5. else if then
6.
7.
8. end if

5.1.3 Detection of and response to environmental changes

Several methods have been suggested for change detection
[1]. In this work, three eggs are used as “sensors” to detect
changes in the environment. In fact, the fitness values of
the selected eggs are re-evaluated in each iteration. If the
fitness of one of the selected eggs differs from its previous
value, we can conclude that a change has occurred in the
environment.

Once an environmental change is detected, all eggs are
re-evaluated.

5.1.4 Stagnation and cuckoo addition

Since the number of optima in real-world DOPs is not
known during the optimization process, there is no way to
define a preset and constant value for the number of cuck-
oos required. The ideal situation would be to have an equal
number of cuckoos and optima, so each peak could be cov-
ered with a separate cuckoo. Otherwise, if the number of
cuckoos is greater than the number of optima, some fraction
of FEs is wasted on non-optimal areas of the search space
and/or redundant searches. Conversely, if the number of
cuckoos is smaller than the number of optima, the algorithm
inevitably loses some promising areas of the search space.
Therefore, different mechanisms for addition and removal
of new cuckoos are essential.
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For cuckoo addition, a concept called stagnation is
applied which shows that the BfCS-wVN has reached a
point of no further improvement in the fitness of the current
cuckoos. The stagnation is defined with a function 
 (t),
which indicates if all existing cuckoos in the search space
have been stagnated, as follows [18]:


(t) =
{

true if (�fn (t) = 0)∀n ∈ Np

f alse otherwise
(10)

where Np is the set of current cuckoos, and �fn (t) is the
amount of improvement in the quality of the nth cuckoo at
time t , calculated as follows:

�fn (t) = |fn (t) − fn (t − 1)| (11)

Algorithm 7 summarizes the procedure for detecting
stagnation of the BfCS-wVN.

Algorithm 7 Stagnation( )

Require: a vector of values about improvement of
the nests between two consecutive generations:

Ensure: a Boolean value as a flag for occurrence of
stagnation
1.
2.
3. for 1 do
4. if then
5.
6. return
7. end if
8. end for
9. return

Once stagnation occurs, a nest is added to the search
space. The main motivation here is to actively scatter new
eggs in the areas far from the existing nests, to further
explore new regions of the search space. To achieve this
goal, a prohibition distance rp is defined as follows:

rp ← X

N
1
D
p

(12)

where X is the range of the search space for each dimen-
sion, Np is the number of existing cuckoos, and D is the
dimensionality of the problem.

After detecting stagnation, a nest will be generated in a
position which is at least a distance rp away from the current
nests. The pseudo-code for generating a new nest is shown
in Algorithm 8.

Algorithm 8 Generating a new nest

Require: as the lower and upper bound of
search space in different dimensions, a matrix

representing best nest of the
cuckoos, searching the space with length and dimen-
sion representing the number of cuckoos and
maximum number of allowable eggs for a cuckoo.
Ensure: addition of a cuckoo
1.

2.
3.
4.
5. while and 100 do
6.

7. for each in do
8.

9. end for
10. if then
11.
12.
13.
14. end if
15.
16. end while

The proposed method ensures that the newly generated
cuckoo is at least as far as rp from all other existing
cuckoos. This mechanism helps the BfCS-wVN to explore
non-visited areas of the search space.

5.1.5 Local Search Around the Best Found Positions

In [60], the authors showed that spending more FEs around
the best found positions of the search space can be favorable
to the performance of the optimization. Therefore, inspired
by [60], at the end of each generation a modified HJ pro-
cedure will be performed on the best found solution. The
advantage of this adaptation is that better-performing cuck-
oos will receive more FEs which otherwise would have
been spent on exploiting the maxima of the sub-optimal
peaks.

As described by Hooke and Jeeves [80], HJ pattern
search is a direct search routine which uses two types of
move:

i. An exploratory move in which all decision variables are
changed in turn by a predefined step size s0 to acquire
the behavior of the function to be optimized.

ii. The pattern move which repeats all changes that are
found to be successful in the exploratory move.
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In the above procedure, there is a step size s0 > 0 which
is equal in all dimensions. If the algorithm fails to improve
the candidate solution in all dimensions using the given step
size, the value of the step size is reduced by multiplying it
by a real number b where 0 < b < 1. The process can be
stopped if no further improvement is possible or if a certain
number of FEs have been spent.

The aforementioned HJ algorithm has two implicit
assumptions: (1) all dimensions of the problem contribute
evenly to the improvement of the candidate solutions and
(2) the step size could be reduced by the same amount for
all dimensions. However, there are problems in which some
specific dimensions are more prone to improve the candi-
date solutions, (e.g., the 2D ellipse function). Therefore, it
is desirable to apply HJ in such a way that each dimension
can be searched with a different step size.

Algorithm 9 shows the pseudo-code of the modified HJ
algorithm.

Algorithm 9 Modified HJ Algorithm

Require: , objective function ,

Ensure: (where is maximum)
1.
2.
3.
4.
5.
6. while do
7.
8. for j 1, . . . , n do
9.

10.
11.
12. if then
13.
14.
15.
16. else
17.
18.
19.
20. if then
21.
22.
23.
24. else
25.
26. end if
27. end if
28. end for
29. end while

5.1.6 Overlapping and nest removal

To prevent populations from settling on a single peak, an
exclusion operator with radius rexc is applied between every
pair of the best nests of all cuckoos. In this regard, when
the Euclidean distance of the best nests of two cuckoos is
smaller than rexc, the worst performing nest will be deleted.
The outline of the mechanism for preventing redundant
searches is shown in Algorithm 10.

Algorithm 10 PreventOverlapping ( )

Require: a matrix
and a vector representing best
nest of the cuckoos and their values respectively, ,
(dimension of search space), (length of search space)

Ensure: a set of nests with minimum distance between
their bests
1.

2.
3.
4. for do
5. if then
6.
7. for do
8. if

then
9. if then

10.
11.
12.
13. else
14.
15.
16.
17. end if
18. end if
19. end for
20. end if
21. end for

5.1.7 Adjusting the number of nests

The most expensive part of the optimization process in
many real-world problems is usually the calculation of FEs.
So, it is reasonable to devise a method which allocates the
FEs to the populations wisely, rather than uniformly. To
achieve this, a procedure for adjusting the number of nests
is performed as follows:

i. Calculate the pairwise distances between the best nest
of each cuckoo and the global best solution.
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ii. Find the maximum distance lmax (the greatest dis-
tance).

iii. If the best nest of each cuckoo is in the radius lmax ×
σmax of the global best solution, and if the number of
nests is less than Nn, add a nest to the cuckoo. Con-
versely, if the best nest of each cuckoo is outside the
radius lmax × σmax of the global best solution, and if
the number of nests is greater than Nn, remove a nest
from the cuckoo.

After each iteration, the cuckoos that are closer to the global
best nest will have more fitness evaluations than the distant
ones. Algorithm 11 shows different steps for adjusting the
number of nests.

Algorithm 11 AdjustCuckooNests ( )

Require: a matrix
representing the

best nests of the cuckoos, a vector

of pairwise distances of best nests, a vector

representing the list of
eggs in each cuckoo nest, as the maximum number
of allowable eggs that could be laid in a nest, global best

Ensure: cuckoos with adjusted number of permissible
eggs
1.
2.
3.
4. for do
5. if then
6. if then
7.
8. end if
9. else
10. if then
11.
12. end if
13. end if
14. end for

6 Experimental study

6.1 Experimental setup

6.1.1 Dynamic test function

One of the most widely used synthetic dynamic test func-
tions in the literature is the moving peaks benchmark (MPB)
proposed by Branke [8], which is highly regarded due to its

configurability. MPB is a real-valued dynamic environment
with a D-dimensional landscape consisting of m peaks, in
which the height, the width and the position of each peak
are changed slightly every time a change occurs in the envi-
ronment. Different landscapes can be defined by specifying
the shape of the peaks. A typical peak shape is conical and
is defined as follows:

f (
x, t) = maxi=1,...,mHt (i)−Wt(i)

√∑D

j=1
(xt (j) − Xt(i, j))2

(13)

where Ht(i) and Wt(i) are the height and the width of peak
i at time t , respectively. The coordinates of each dimension
j ∈ {1, 2, . . . , D} related to the location of peak i at time t ,
are expressed by Xt(i, j), and D is the problem dimension-
ality. A typical change of a single peak can be modeled as
follows:

Ht+1(i) = Ht(i) + heightseverity·σh (14)

Wt+1(i) = Wt(i) + widthseverity·σw (15)

Xt+1(i) = 
Xt(i) + 
vt+1(i) (16)


vt+1(i) = s

|
r + 
vt (i)| ((1 − λ) 
r + λ
vt (i)) (17)

where σh and σw are two random Gaussian numbers with
mean zero and standard deviation one. Moreover, the shift
vector 
vt+1(i) is a combination of a random vector 
r , which
is created by drawing random numbers in [−0.5, 0.5] for
each dimension and the current shift vector 
vt (i), and is
normalized to length s. Parameter λ ∈ [0.0, 1.0] specifies
the correlation of each peak’s change to the previous one.
This parameter determines the trajectory of changes, where
λ = 0 means that the peaks are shifted in completely random
directions and λ = 1 means that the peaks always follow
the same direction, until they hit the boundaries where they
bounce off.

Different instances of the MPB can be obtained by
changing the environmental parameters. Three sets of con-
figurations have been introduced to provide a unified test
bed for the researchers to investigate the performance of
their approaches under the same conditions. Among them,
the second configuration (Scenario 2) is the most widely
used configuration and was also the one used as the base
configuration for the experiments conducted in this paper
(Table 1).

6.1.2 Performance measure

In order to evaluate the efficiency of different algorithms,
the offline error suggested by Branke and Schmeck [81],
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Fig. 1 Levy probability
distribution for different values
of β [67]
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being the most well-known metric for dynamic environ-
ments, is used as a performance measure. This measure is
defined as the average of the smallest error found since the
last change in the environment over the entire run:

EO = 1

T

∑T

t=1
e∗
t (18)

where T is the maximum number of function evaluations so
far and e∗

t is the minimum error gained by the optimization
algorithm since the last change at the tth fitness evaluation.

6.1.3 Experimental settings

For each run of the algorithm, 500000 FEs was considered
to be the stopping criterion. All the experimental results
reported in the paper are averaged over 50 independent runs.
The parameter setting for the BfCS-wVN is as listed in
Table 2.

Table 1 Parameter settings for the moving peaks benchmark (Sce-
nario 2)

Parameter Default value Other tested values

Number of peaks (m) 10 1, 5, 20, 30, 40, 50, 100,
200

Height severity 7.0

Width severity 1.0

Peak function cone

Number of dimensions (d) 5

Height range (H ) [30, 70]

Width range (W ) [1, 12]

Standard height (I ) 50.0

Search space range (A) [0,100]d

Frequency of change (f ) 5000 500, 1000, 2500, 10000

Shift severity (s) 1.0 0.0, 2.0, 3.0, 4.0, 5.0

Correlation coefficient (λ) 0.0

Basic function No

6.2 Experimental results

6.2.1 Parameter sensitivity analysis for BfCS-wVN
in dynamic environments

In this sub-section, the effects of key parameters and com-
ponents on the performance of BfCS-wVN were analyzed
on different DOPs. Moreover, the proposed BfCS-wVN was
compared to the basic CS.

A. Effect of the learning rate η In this set of experiments,
we examine the effect of the learning rate η on the perfor-
mance of BfCS-wVN in different dynamic environments.
Figure 2 shows the average offline error of BfCS-wVN
with varying learning rate parameters on DOPs generated by
MPB with m = {1, 5, 10, 20, 30, 50}. It can be concluded
from Fig. 2 that a learning rate of 0.01 produces the best
results. It can also be seen that the performance of BfCS-
wVN is degraded as the learning rate increases. The reason
lies mainly in the fact that the learning rate η is respon-
sible for updating the action probability of the automaton
LAf light . The bigger the learning rate η, the faster the

Table 2 Default parameter settings for the proposed BfCS-wVN

Parameter Default value

η 0.01

Pl 0.85

Ps 0.15

βl 1.90

βs 0.75

Np 20

Nn 2

σmax 0.05

S0 0.50

b 0.25
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Fig. 2 Average offline error of
BfCS-wVN with different
learning rates η on dynamic
environments with various
numbers of peaks

m=1 m=5 m=10 m=20 m=30 m=50

convergence of LAf light to one of its actions which may be
a non-optimal action.

Our experiments revealed that the BfCS-wVN without
the learning algorithm (η = 0) fails to achieve a good per-
formance due to the fixed amounts of exploration and
exploitation governed by pl and ps . However, the LR−I

learning algorithm used in this work can establish a bal-
ance between exploration and exploitation of the cuckoos by
adaptively changing the probability vector of the automaton.

B. Effect of βl and βs The parameters βl and βs are impor-
tant in the proposed method as they can strongly affect the
performance of BfCS-wVN. This experiment aims at exam-
ining the effect of βl and βs on the search behavior of
BfCS-wVN. Figure 3 illustrates the average offline error
of BfCS-wVN with varying values of βl and βs on a DOP
generated by MPB in scenario 2.
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Fig. 3 Natural logarithm (average offline error) of BfCS-wVN for
varying βl and βs in Scenario 2 of MPB

As can be seen in Fig. 3, the combination (βl, βs) can
clearly affect the behavior of BfCS-wVN. Several conclu-
sions can be drawn from Fig. 3:

i. The worst results are obtained when both βl and βs are
small (< 0.5).

ii. If βl = 0 or βs = 0, the BfCS-wVN fails to produce
acceptable results.

iii. The best results are obtained when βl = 1.9 and βs =
0.75.

C. Effect of the initial probabilities pl and ps The main
goal of this experiment is to investigate the effect of the ini-
tial probabilities of pl and ps on the performance of BfCS-
wVN. As we mentioned in Section 4, pl and ps determine
the initial probabilities of selecting long or short flights.
Therefore, it is expected that these parameters will have
a significant influence on the performance of BfCS-wVN.
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Fig. 4 Average offline error of BfCS-wVN for varying pl and ps in
Scenario 2 of MPB
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Fig. 5 Average offline error of
BfCS-wVN with different σmax

in dynamic environments with
various numbers of peaks

m=1 m=5 m=10 m=20 m=30 m=50

Figure 4 shows the performance of BfCS-wVN with vari-
ous combinations of (pl, ps) on a DOP generated by MPB
in scenario 2.

It can be observed that the best result is obtained when
pl = 0.85 and ps = 0.15. The reason for this is that at
the early stages of the optimization process, longer jumps
increase the exploration ability of the algorithm which is
needed for locating the optima. On the other hand, as the
individuals come closer to the optima, smaller jumps help
BfCS-wVN to refine the candidate solutions.

D. Effect of the threshold σmax The aim of this experi-
ment is to investigate the effect of σmax on the performance
of BfCS-wVN. Figure 5 shows the average offline error of
BfCS-wVN with different σmax across different dynamic
environments. With regard to Fig. 5, the value of 0.05 is a
suitable value for σmax .

E. Effect of Np and Nn This experiment has been
designed to examine the effect of Np and Nn on the per-
formance of BfCS-wVN on a DOP generated by MPB
using scenario 2. The values of the parameters are different
combinations of Np ∈ {1, 5, 10, 20, 30, 50, 100} and Nn ∈
{1, 3, 5, 10, 20}. The results are given in Table 3.

From Table 3 it can be observed that the combination of
Np = 20 and Nn = 2 produces the best result.

F. Effect of adaptive flight selection via learning
automata To show the effectiveness of the automata
approach, an experiment was carried out in which the learn-
ing automata were replaced with pure-chance automata.
Therefore, the pure chance approach differs from BfCS-
wVN in that the flight for generating a new candidate solu-
tion is selected randomly at each stage. Table 4 presents the
comparison of BfCS-wVN with the pure chance approach.
From Table 4, it can be observed that the results of
the BfCS-wVN are better than those of the pure chance
approach in most of the tested DOPs.

To verify whether significant differences exist between
the two algorithms, we applied the Wilcoxon Signed-Rank
Test. The obtained p-value (0.02734 < 0.05) is lower than
the significance level, which confirms that the distributions
of the corresponding results are not identical.

G. Comparison with basic cuckoo search This
experiment has been specifically designed to verify
the effectiveness of hybridizing CS with the proposed
strategies. Therefore, in this experiment, the performance
of the proposed BfCS-wVN is compared with the basic CS.

For the basic CS, a population size of 20 cuckoos was
used. Furthermore, the parameters pa and β were set to
0.25 and 1.5 respectively. Moreover, when a change in the
environment is detected, all cuckoos are re-evaluated.

Table 3 Effect of parameters
Np and Nn on the offline error
of BfCS-wVN in Scenario 2 of
MPB

Parameters Nn

1 2 3 5 10

Np 1 0.72 ± 0.15 0.63 ± 0.13 0.68 ± 0.21 0.66 ± 0.19 0.71 ± 0.19

5 0.64 ± 0.18 0.56 ± 0.12 0.55 ± 0.16 0.57 ± 0.17 0.72 ± 0.18

10 0.59 ± 0.09 0.55 ± 0.12 0.56 ± 0.18 0.55 ± 0.14 0.65 ± 0.12

20 0.62 ± 0.14 0.51 ± 0.11 0.52 ± 0.11 0.58 ± 0.15 0.71 ± 0.22

30 0.57 ± 0.13 0.60 ± 0.14 0.56 ± 0.16 0.56 ± 0.15 0.72 ± 0.24

100 0.55 ± 0.10 0.54 ± 0.12 0.55 ± 0.14 0.64 ± 0.16 2.31 ± 1.12
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Table 4 The effect of adaptive flight selection via learning automata on the performance of the proposed algorithm

Method m s f

1 10 100 0 3 5 500 2500 10000

Pure chance
approach

0.28 ± 0.09 0.69 ± 0.15 1.18 ± 0.12 0.54 ± 0.13 1.47 ± 0.22 2.30 ± 0.18 6.43 ± 1.20 1.38 ± 0.28 0.40 ± 0.10

BfCS-wVN 0.30 ± 0.06 0.51 ± 0.11 1.11 ± 0.06 0.40 ± 0.08 1.26 ± 0.13 2.39 ± 0.20 4.28 ± 0.42 0.99 ± 0.24 0.30 ± 0.06

Table 5 shows the results of CS and the proposed method
on nine different DOPs generated by MPB. As can be
observed, the results of our proposed algorithm are signifi-
cantly better than those provided by pure CS.

6.2.2 Varying the number of peaks and change frequencies

The aim of this experiment is to investigate the per-
formance comparison between BfCS-wVN and other
algorithms on DOPs with different numbers of peaks
mε {1, 5, 10, 20, 30, 40, 50, 100, 200} and change frequen-
cies f ε{500, 2500, 10000}. The other environmental param-
eters were set according to the MPB settings shown
in Table 1. The competing algorithms are mQSO [14],
AmQSO [37], CellularPSO [21] HmSO [22] SFA [54]
Adaptive-SFA [82] TP-CPSO [31], FTMPSO [38] and
the proposed BfCS-wVN. The various combinations of
(f, m) resulted in 27 different DOPs being modeled by the
MPB. The numerical results of the different algorithms are
reported in Table 6.

From Table 6 it can be observed that the proposed BfCS-
wVN can outperform the other contestant algorithms on
most of the tested DOPs (20 out of 27). The results con-
firmed that the proposed approach can successfully estab-
lish a good balance between the explorative and exploitative
ability of the CS needed for locating and tracking the
shifting optima.

6.2.3 Effect of varying the shift length severity

In this experiment, the effect of changing the shift sever-
ity on the performance of different algorithms is examined.
The numerical results of mQSO [14], AmQSO [37], Cel-
lularPSO [21] SPSO [39], rSPSO [40], mPSO [23], HmSO

[22] TP-CPSO [31] FTMPSO [38] and the proposed BfCS-
wVN are reported in Table 7.

As shown in Table 7, BfCS-wVN outperforms the other
methods in five out of six DOPs. In a DOP with s =5,
the offline error achieved by FTMPSO is lower than that
achieved by BfCS-wVN. The reason lies in the fact that
FTMPSO utilizes the information about the shift severity,
i.e. s, to respond to environmental changes, whereas this
information may not be available in real-world situations.

6.3 Comparison with other dynamic optimization
methods

In this sub-section, we study the performance of the pro-
posed method in comparison with several well-known
and recently-proposed algorithms taken from the liter-
ature. The algorithms considered include: mQSO [14],
AmQSO [37], CellularPSO [21], mPSO [23], HmSO
[22], MDUMDA [83], APSO [84], CellularDE [28], SFA
[54], CCPSO [42], DMAFSA [34], TP-CPSO [31], Dyn-
PopDE [18], CDEPSO [24], FTMPSO [38], mNAFSA
[85], AMP/DE [86], AMP/PSO [86] and the proposed
BfCS-wVN. Table 8 shows the numerical results of differ-
ent algorithms on DOPs with different numbers of peaks
mε{1, 5, 10, 20, 30, 40, 50, 100, 200}. The other environ-
mental parameters were set according to scenario 2 of
MPB.

In order to compare the algorithms across all tested
DOPs, a normalized score is calculated for each algorithm
according to [1] as follows:

Score(i) = 1

m

∑m

j=1

|emax(j) − e(i, j)|
|emax(j) − emin(j)| , ∀i = 1 : n

(19)

Table 5 Numerical comparison between CS and the proposed algorithm on DOPs generated by MPB

Method m s f

1 10 100 0 3 5 500 2500 10000

CS 73.03 ± 0.34 75.73 ± 19.02 37.48 ± 15.86 11.63 ± 2.34 107.55 ± 38.60 76.22 ± 1.72 75.75 ± 24.32 84.38 ± 27.37 65.01 ± 30.94

BfCS-
wVN

0.30 ± 0.06 0.51 ± 0.11 1.11 ± 0.06 0.40 ± 0.08 1.26 ± 0.13 2.39 ± 0.20 4.28 ± 0.42 0.99 ± 0.24 0.30 ± 0.06
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Table 6 Comparison of offline error of nine different algorithms on DOPs with d = 5, s = 1 and varying number of peaks and change intervals

f m Method

mQSO AmQSO CellularPSO HmSO SFA Adaptive-SFA TP-CPSO FTMPSO BfCS-wVN

500 1 40.30 ± 1.30 10.41 ± 0.34 22.37 ± 3.87 9.40 ± 0.31 4.72 ± 0.12 4.80 ± 0.08 5.96 ± 0.22 1.76 ± 0.09 6.53 ± 1.45

5 11.50 ± 0.21 6.95 ± 0.12 14.20 ± 0.65 7.83 ± 0.17 4.88 ± 0.12 4.98 ± 0.11 5.12 ± 0.11 2.93 ± 0.18 4.84 ± 1.72

10 8.96 ± 0.19 6.97 ± 0.13 13.55 ± 0.52 8.04 ± 0.14 5.11 ± 0.14 5.09 ± 0.10 5.56 ± 0.11 3.91 ± 0.19 4.28 ± 0.42

20 8.29 ± 0.11 7.61 ± 0.10 12.77 ± 0.38 8.25 ± 0.12 5.72 ± 0.13 5.67 ± 0.14 5.67 ± 0.10 4.83 ± 0.19 5.44 ± 0.74

30 8.32 ± 0.09 8.99 ± 0.14 12.55 ± 0.42 8.62 ± 0.12 5.97 ± 0.12 5.84 ± 0.11 5.59 ± 0.08 5.05 ± 0.21 4.97 ± 0.54

40 8.18 ± 0.08 10.26 ± 0.15 12.33 ± 0.38 8.67 ± 0.12 – – 5.53 ± 0.07 – 5.02 ± 0.38

50 8.12 ± 0.08 11.45 ± 0.17 12.19 ± 0.31 8.81 ± 0.12 5.94 ± 0.15 5.86 ± 0.10 5.57 ± 0.08 4.98 ± 0.15 4.85 ± 0.34

100 7.81 ± 0.08 12.35 ± 0.15 11.38 ± 0.29 8.88 ± 0.11 6.15 ± 0.08 6.04 ± 0.11 5.36 ± 0.06 5.31 ± 0.11 4.28 ± 0.42

200 7.59 ± 0.07 12.82 ± 0.13 11.34 ± 0.27 9.06 ± 0.11 6.18 ± 0.11 6.08 ± 0.17 5.33 ± 0.05 5.52 ± 0.21 5.27 ± 0.28

2500 1 9.48 ± 0.31 2.44 ± 0.07 4.57 ± 0.31 2.02 ± 0.07 0.85 ± 0.06 1.12 ± 0.08 0.92 ± 0.03 0.39 ± 0.02 0.50 ± 0.13

5 3.33 ± 0.08 2.44 ± 0.08 3.15 ± 0.21 2.12 ± 0.09 1.49 ± 0.07 1.32 ± 0.08 1.17 ± 0.05 0.91 ± 0.08 0.64 ± 040

10 2.85 ± 0.07 2.65 ± 0.05 3.09 ± 0.16 2.43 ± 0.07 1.95 ± 0.04 1.77 ± 0.07 1.59 ± 0.06 1.21 ± 0.06 0.99 ± 0.24

20 3.41 ± 0.06 2.99 ± 0.05 3.60 ± 0.13 2.63 ± 0.05 2.28 ± 0.05 2.09 ± 0.06 1.82 ± 0.04 1.66 ± 0.05 1.28 ± 0.18

30 3.45 ± 0.05 3.01 ± 0.03 3.88 ± 0.12 2.73 ± 0.04 2.46 ± 0.05 2.28 ± 0.07 1.99 ± 0.04 1.87 ± 0.05 1.44 ± 0.17

40 3.45 ± 0.04 3.04 ± 0.03 4.17 ± 0.12 2.77 ± 0.04 – – 1.96 ± 0.03 – 1.56 ± 0.10

50 3.38 ± 0.04 3.03 ± 0.03 4.25 ± 0.12 2.76 ± 0.04 2.57 ± 0.05 2.42 ± 0.06 2.01 ± 0.03 2.09 ± 0.07 1.40 ± 0.11

100 3.07 ± 0.03 2.96 ± 0.02 4.25 ± 0.13 2.83 ± 0.03 2.74 ± 0.04 2.64 ± 0.05 2.09 ± 0.03 2.22 ± 0.06 1.59 ± 0.10

200 2.92 ± 0.02 2.93 ± 0.02 4.20 ± 0.09 2.94 ± 0.02 2.76 ± 0.04 2.65 ± 0.06 2.06 ± 0.02 2.22 ± 0.07 1.81 ± 0.12

10000 1 2.34 ± 0.07 0.60 ± 0.01 1.63 ± 0.12 0.52 ± 0.02 0.26 ± 0.03 0.35 ± 0.03 0.20 ± 0.01 0.09 ± 0.00 0.18 ± 0.04

5 0.97 ± 0.04 0.75 ± 0.05 1.20 ± 0.15 0.76 ± 0.07 0.53 ± 0.04 0.49 ± 0.03 0.37 ± 0.03 0.31 ± 0.04 0.20 ± 0.02

10 1.10 ± 0.03 1.01 ± 0.04 1.19 ± 0.09 0.90 ± 0.04 0.72 ± 0.02 0.63 ± 0.03 0.54 ± 0.03 0.43 ± 0.03 0.30 ± 0.06

20 1.89 ± 0.05 1.35 ± 0.03 2.13 ± 0.10 1.09 ± 0.03 0.91 ± 0.03 0.77 ± 0.03 0.74 ± 0.02 0.56 ± 0.01 0.84 ± 0.05

30 1.98 ± 0.03 1.44 ± 0.02 2.59 ± 0.12 1.14 ± 0.03 0.99 ± 0.04 0.84 ± 0.03 0.82 ± 0.01 0.69 ± 0.09 0.66 ± 0.08

40 2.01 ± 0.03 1.53 ± 0.02 2.72 ± 0.09 1.19 ± 0.03 – – 0.93 ± 0.02 – 0.80 ± 0.05

50 1.95 ± 0.03 1.55 ± 0.02 2.91 ± 0.11 1.17 ± 0.01 1.19 ± 0.04 0.97 ± 0.03 0.99 ± 0.01 0.86 ± 0.02 0.54 ± 0.70

100 1.75 ± 0.02 1.52 ± 0.01 3.02 ± 0.11 1.15 ± 0.01 1.44 ± 0.04 1.27 ± 0.05 1.19 ± 0.01 1.08 ± 0.03 0.85 ± 0.05

200 1.60 ± 0.01 1.52 ± 0.01 2.94 ± 0.10 1.15 ± 0.01 1.52 ± 0.03 1.31 ± 0.03 1.29 ± 0.01 1.13 ± 0.04 0.85 ± 0.05

where e(i, j) is the offline error of the ith algorithm on the
j th tested DOP, and emax(j) and emin(j) are the largest and
smallest offline errors obtained by the algorithms on the j th

tested DOP. The normalized score is in the range [0,1] so
that the best-performing algorithm on all m tested DOPs
gets an overall score of 1. Similarly, the worst performing

Table 7 Comparison of offline error of different algorithms on DOPs with m = 10, d = 5 and different shift lengths

Method Shift length (s)

0.0 1.0 2.0 3.0 4.0 5.0

mQSO 1.37 ± 0.06 1.77 ± 0.05 2.35 ± 0.04 2.90 ± 0.05 3.47 ± 0.06 3.95 ± 0.06

AmQSO 1.01 ± 0.05 1.64 ± 0.05 2.26 ± 0.05 2.86 ± 0.06 3.35 ± 0.06 3.80 ± 0.07

CellularPSO 0.93 ± 0.09 1.93 ± 0.08 2.72 ± 0.10 3.70 ± 0.11 4.71 ± 0.14 5.68 ± 0.18

SPSO 0.60 ± 0.04 3.02 ± 0.07 4.49 ± 0.09 5.65 ± 0.09 7.02 ± 8.32 8.32 ± 0.14

rSPSO 0.49 ± 0.06 1.41 ± 0.04 2.10 ± 0.06 2.79 ± 0.07 3.33 ± 0.07 3.85 ± 0.08

mPSO 1.05 ± 0.09 1.66 ± 0.08 2.54 ± 0.11 3.46 ± 0.11 4.51 ± 0.15 5.32 ± 0.09

HmSO 1.03 ± 0.11 1.47 ± 0.04 2.54 ± 0.13 3.79 ± 0.16 5.03 ± 0.19 6.04 ± 0.22

TP-CPSO 0.48 ± 0.03 0.96 ± 0.05 1.25 ± 0.04 1.69 ± 0.04 2.12 ± 0.05 2.46 ± 0.05

FTMPSO – 0.67 ± 0.04 1.20 ± 0.06 1.40 ± 0.09 – 1.69 ± 0.07

BfCS-wVN 0.40 ± 0.08 0.51 ± 0.11 0.89 ± 0.16 1.26 ± 0.13 1.89 ± 0.18 2.39 ± 0.20
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algorithm on all m tested DOPs will get an overall score of
0.

As can be observed in Table 8, the results of the BfCS-
wVN are considerably better than those of other peer algo-
rithms in most of the tested DOPs. Considering Table 8,
when the number of peaks (m) is 1 or 5, the reported results
by CCPSO are slightly better than those of BfCS-wVN.
However, as the number of the peaks in the landscape is
increased, BfCS-wVN becomes the best performing algo-
rithm. From the results of Table 8, we can conclude that the
BfCS-wVN algorithm is an effective method for handling
DOPs.

7 Conclusion

A new adaptive method based on the cuckoo search has been
proposed for dealing with continuous dynamic optimization
problems. The key novelty of the proposed method is that
instead of using the Levy flight with a single β value, the
proposed method utilizes two values (one for short muta-
tions and the other for long ones) for β. The proposed
mechanism helps the cuckoo search to have more control
over the exploration and exploitation of the algorithm dur-
ing the search process. Some other novelties presented in
this paper can be summarized as follows:

(1) Introducing an adaptive mechanism for controlling the
number of allowable eggs that can be laid by a cuckoo,
in such a way that more fitness evaluations are allo-
cated to fitter cuckoos and more promising nests.

(2) Using a reinforcement learning method called learning
automaton to select the right flight type for each egg
laid by a cuckoo. This mechanism makes the choice of
β used in generating the flights more flexible. Further-
more, the mechanism uses the prior knowledge that a
higher exploration in the early stages of the optimiza-
tion and a higher exploitation in the final stages of the
optimization is required.

(3) Eliminating the need for hand-tuning the exact num-
ber of cuckoos by devising a method for adapting the
appropriate number of cuckoos during the run.

(4) Applying a greedy Hooke-Jeeves method as a local
search mechanism for refining the global best egg.

In order to validate the effectiveness of the proposed meth-
ods, various experiments were carried out to compare the
proposed approach with various state-of-the-art algorithms
on different configurations of the moving peaks benchmark.
The experimental results confirmed the effectiveness of the
proposed approach.

Several future research directions could be pursued
based on this paper. First, the values of the parameters
of BfCS-wVN were adjusted based on some preliminary
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experiments. Therefore, a comprehensive sensitivity anal-
ysis on the effect of the parameters could be a direction
for future research. Second, instead of restricting the val-
ues of β to just two values, a continuous action-set learning
automata can be used to regulate the β parameter. Third,
it might be beneficial to consider other learning algo-
rithms, e.g., the pursuit algorithm, for the learning automata
and fourth, hybridizing other heuristics into the proposed
method may also prove an interesting approach.
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World congress on nature & biologically inspired computing,
pp 210–214

62. Bhargava V, Fateen S-EK, Bonilla-Petriciolet A (2013)
Cuckoo search: a new nature-inspired optimization method
for phase equilibrium calculations. Fluid Phase Equilib 337:
191–200

63. Piechocki J, Ambroziak D, Palkowski A, Redlarski G (2014) Use
of Modified Cuckoo Search algorithm in the design process of
integrated power systems for modern and energy self-sufficient
farms. Appl Energy 114:901–908. doi:10.1016/j.apenergy.2013.
07.057

64. Yildiz A (2013) Cuckoo search algorithm for the selection of opti-
mal machining parameters in milling operations. Int J Adv Manuf
Technol 64:55–61. doi:10.1007/s00170-012-4013-7

65. Chandrasekaran K, Simon SP (2012) Multi-objective
scheduling problem: Hybrid approach using fuzzy assisted
cuckoo search algorithm. Swarm Evol Comput 5:1–16.
doi:10.1016/j.swevo.2012.01.001

66. Yang XS, Deb S (2013) Multiobjective cuckoo search for design
optimization. Comput Oper Res 40:1616–1624

67. Abedi Firouzjaee H, Kordestani JK, Meybodi MR (2016) Cuckoo
search with composite flight operator for numerical optimization
problems and its application in tunnelling. Eng Optim, pp 1–
20

68. Thathachar MAL, Sastry PS (2002) Varieties of learning
automata: an overview. IEEE Trans Syst Man Cybern Part B:
Cybern 32:711–722. doi:10.1109/TSMCB.2002.1049606

69. Narendra KS, Thathachar MAL (1974) Learning automata
- A survey. IEEE Trans Syst Man Cybern 4:323–334.
doi:10.1109/TSMC.1974.5408453

70. Hashemi AB, Meybodi MR (2011) A note on the learning
automata based algorithms for adaptive parameter selection in
PSO. Appl Soft Comput 11:689–705. doi:10.1016/j.asoc.2009.
12.030

71. Kordestani JK, Ahmadi A, Meybodi MR (2014) An improved
differential evolution algorithm using learning automata and pop-
ulation topologies. Appl Intell 41:1150–1169

72. Mahdaviani M, Kordestani JK, Rezvanian A, Meybodi MR (2015)
LADE: Learning Automata based differential evolution. Intern J
Art Intell Tools 24:1550023

http://dx.doi.org/10.1016/j.asoc.2012.12.020
http://dx.doi.org/10.1109/TEVC.2005.859468
http://dx.doi.org/10.1109/TEVC.2011.2169966
http://dx.doi.org/10.1109/TEVC.2011.2169966
http://dx.doi.org/10.1109/TSMCB.2010.2043527
http://dx.doi.org/10.1016/j.asoc.2011.11.005
http://dx.doi.org/10.1016/j.apenergy.2013.07.057
http://dx.doi.org/10.1016/j.apenergy.2013.07.057
http://dx.doi.org/10.1007/s00170-012-4013-7
http://dx.doi.org/10.1016/j.swevo.2012.01.001
http://dx.doi.org/10.1109/TSMCB.2002.1049606
http://dx.doi.org/10.1109/TSMC.1974.5408453
http://dx.doi.org/10.1016/j.asoc.2009.12.030
http://dx.doi.org/10.1016/j.asoc.2009.12.030


Adaptive bi-flight cuckoo search for dynamic optimization problems

73. Moghiss V, Meybodi MR, Esnaashari M (2010) An intelligent
protocol to channel assignment in wireless sensor networks:
Learning automata approach. In: Proceedings of the international
conference on information, networking and automation. IEEE,
pp 338–343

74. Esnaashari M, Meybodi MR (2011) A cellular learning automata-
based deployment strategy for mobile wireless sensor networks. J
Parall Distrib Comput 71:988–1001

75. Akbari Torkestani J, Meybodi MR (2011) A cellular learning
automata-based algorithm for solving the vertex coloring problem.
Expert Syst Appl 38:9237–9247. doi:10.1016/j.eswa.2011.01.098

76. Barzegar S, Davoudpour M, Meybodi MR et al. (2011) Formal-
ized learning automata with adaptive fuzzy coloured Petri net; an
application specific to managing traffic signals. Scientia Iranica
18:554–565. doi:10.1016/j.scient.2011.04.007

77. Akbari Torkestani J (2012) An adaptive learning automata-based
ranking function discovery algorithm. J Intell Inform Syst 39:441–
459

78. Thathachar MA, Sastry PS (2003) Networks of learning automata.
Techniques for online stochastic optimization. Springer

79. Wang F, He XS, Wang Y, Yang SM (2012) Markov model and
convergence analysis based on cuckoo search algorithm. Comput
Eng 11:55

80. Hooke R, Jeeves TA (1961) Direct search solution of numerical
and statistical problems. Journal of the ACM (JACM) 8:212–229

81. Branke J, Schmeck H (2003) Advances in evolutionary com-
puting: Theory and applications Designing evolutionary algo-
rithms for dynamic optimization problems. Springer, Heidelberg,
pp 239–262

82. Nasiri B, Meybodi MR (2016) Improved Speciation-Based firefly
algorithm in dynamic and uncertain environments. J Inf Sci Eng
32:661–676

83. Wu V, Wang Y, Liu X, Ye J (2010) Multi-population and diffusion
UMDA for dynamic multimodal problems. J Syst Eng Electron
21:777–783. doi:10.3969/j.issn.1004-4132.2010.05.010

84. Rezazadeh I, Meybodi M, Naebi A (2011) Advances in swarm
intelligence. In: Tan Y, Shi Y, Chai Y, Wang G (eds) Adaptive
particle swarm optimization algorithm for dynamic environments.
Springer, Heidelberg, pp 120–129

85. Yazdani D, Nasiri B, Sepas-Moghaddam A et al (2014) mNAFSA:
a novel approach for optimization in dynamic environments with
global changes. Swarm Evol Comput 18:38–53

86. Li C, Nguyen TT, Yang M et al (2016) An adaptive
multipopulation framework for locating and tracking mul-
tiple optima. IEEE Trans Evol Comput 20:590–605.
doi:10.1109/TEVC.2015.2504383

http://dx.doi.org/10.1016/j.eswa.2011.01.098
http://dx.doi.org/10.1016/j.scient.2011.04.007
http://dx.doi.org/10.3969/j.issn.1004-4132.2010.05.010
http://dx.doi.org/10.1109/TEVC.2015.2504383

	Adaptive bi-flight cuckoo search for dynamic optimization problems
	Abstract
	Introduction
	Related work
	Swarm intelligent algorithms for DOPs
	Evolutionary algorithms for DOPs
	Other metaheuristics for DOPs
	Hybrid approaches

	Cuckoo search
	Learning automata
	Variable structure learning automaton
	Learning algorithm
	Environment

	Proposed algorithms
	General procedure
	Initialization
	Bi-flight cuckoo search
	Detection of and response to environmental changes
	Stagnation and cuckoo addition
	Local Search Around the Best Found Positions
	Overlapping and nest removal
	Adjusting the number of nests


	Experimental study
	Experimental setup
	Dynamic test function
	Performance measure
	Experimental settings

	Experimental results
	Parameter sensitivity analysis for BfCS-wVN in dynamic environments
	A. Effect of the learning rate 
	B. Effect of l and s
	C. Effect of the initial probabilities pl and ps
	D. Effect of the threshold max
	E. Effect of Np and Nn
	F. Effect of adaptive flight selection via learning automata
	G. Comparison with basic cuckoo search

	Varying the number of peaks and change frequencies
	Effect of varying the shift length severity

	Comparison with other dynamic optimization methods

	Conclusion
	Acknowledgments
	References


