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Abstract 

This paper presents an adaptive bi-flight cuckoo search algorithm for continuous dynamic 

optimization problems. Unlike the standard cuckoo search which relies on Levy flight, the 

proposed method uses two types of flight that are chosen adaptively by a learning automaton 

to control the global and local search ability of the method during the run. Furthermore, a 

variable nest scheme and a new cuckoo addition mechanism are introduced. A greedy local 

search method is also integrated to refine the best found solution. An extensive set of 

experiments is conducted on a variety of dynamic environments generated by the moving 

peaks benchmark, to evaluate the performance of the proposed approach. Results are also 

compared with those of other state-of-the-art algorithms from the literature. The 

experimental results indicate the effectiveness of the proposed approach.  

 

Keywords: dynamic optimization problems, moving peaks benchmark, DOPs, MPB, cuckoo 

search, learning automata. 
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1. Introduction 

Optimization in dynamic environments is of great importance because in many real-world 

optimization problems the objective function, the problem instance or other elements may change 

during the course of optimization. Unlike optimization in static environments, where the task of 

optimization is limited to finding the optimum solution(s) in the search space, the goal of 

optimization in dynamic environments is to track the trajectory of the moving optima. This 

characteristic poses additional challenges to optimization algorithms, creating a need for designing 

new strategies and techniques. 

Due to their adaptive characteristics, nature-inspired algorithms have proven to be good optimizers 

for dynamic optimization problems (DOPs). Nguyen et al. [1] identified six major types of  

approach that have been proposed to meet the challenges of solving DOPs: 

i. Increasing the diversity after detecting a change in the environment [2–5]. 

ii. Maintaining diversity during the optimization process [6, 7]. 

iii. Employing memory schemes to retrieve information about previously-found solutions [8, 

9]. 

iv. Predicting the location of the next optimal solution(s) after a change is detected [10, 11]. 

v. Making use of the self-adaptive mechanisms of evolutionary algorithms (EAs), swarm 

intelligence methods and other metaheuristics [12]. 

vi. Using multiple sub-populations to handle separate areas of the search space concurrently 

[13–34]. 

One major challenge when dealing with DOPs is to determine the correct number of individuals 

to maintain the diversity. To address this issue, this paper proposes an adaptive bi-flight cuckoo 

search with variable nests (BfCS-wVN) where the population size is adjusted during the run. To 

further enhance the performance of BfCS-wVN, various other components are also integrated:  

i. A variable nest scheme which helps the algorithm to spend more fitness evaluations (FEs) 

around the most promising areas of the search space by giving the opportunity to the most 

successful cuckoos to lay more eggs. 

ii.  A new cuckoo addition mechanism which generates cuckoos in the areas that have not 

been populated. 

iii.  A greedy Hooke-Jeeves (HJ) local search to allocate more FEs to the best found positions. 
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The rest of this paper is organized as follows: Section 2 gives an overview on some previous 

attempts for dealing with DOPs. Section 3 presents the basic principles of CS. In Section 4 a brief 

description about LA is provided. Section 5 describes the proposed BFMCS. Empirical study of 

the effects of the proposed method on the moving peaks benchmark (MPB) is given in Section 6. 

Finally, Section 7 concludes the paper with some suggestions for future work. 

2. Related Work 

The following sections discuss some of the well-known algorithms developed for DOPs in terms 

of their respective algorithmic types. 

2.1. Swarm Intelligent Algorithms for DOPs 

Swarm intelligent algorithms are a group of methods that have been applied extensively in DOPs. 

In this domain, a large number of studies have been carried out using particle swarm optimization 

(PSO). An example of these methods is the re-randomization PSO proposed by Hu and Eberhart 

[3]. In their approach, when a change in the environment is detected, the entire (or part of the) 

swarm is randomly relocated in the search space. Their results suggest that when the step size of 

the environmental change is small, the re-randomization of a small portion of the swarm can 

improve the tracking ability of the PSO. 

Applying a mutual repulsion between particles, swarms or captured optima is another strategy to 

maintain a suitable level of diversity during the search process. The atomic model [35, 36] used in 

multi-swarm charged PSO is an example of utilizing repulsion for dynamic environments. In this 

approach, each swarm contains a number of charged classical particles. Charged classical particles 

in each swarm repel each other to provide a sustainable diversity among the individuals. 

Another approach is to modify the topology of information-sharing among the individuals of the 

population in order to enhance the performance of the algorithms in dealing with dynamic 

situations. For example, Janson and Middendorf [6] studied a hierarchical PSO (H-PSO) for noisy 

and dynamic environments. H-PSO uses a tree-like structure to establish a hierarchy between 

particles. These authors also proposed a partitioned hierarchical PSO where the tree is temporarily 

partitioned into sub-swarms after an environmental change is detected. Both approaches reported 

a significant improvement over standard PSO on different dynamic and noisy functions.  

Many researchers have attempted to establish a mutual repulsion between a number of populations 

with the aim of positioning each of those populations on different promising areas of the search 
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space. For example, Blackwell and Branke [13] proposed a multi-swarm algorithm based on PSO, 

namely mQSO. In mQSO, each swarm is composed of a number of neutral particles and a number 

of quantum particles. Neutral particles in any swarm update their velocity and position according 

to the principles of pure PSO. On the other hand, quantum particles do not move according to the 

PSO dynamics but change their positions around the center of the best particle of the swarm 

according to a random uniform distribution with radius rcloud. Consequently, they never converge, 

but provide the swarm with the sustainable level of diversity needed for capturing the shifting 

optimum. These authors also introduced exclusion, which prevents populations from settling on 

the same peak by reinitializing the worst-performing swarm in the search space. In another work 

[14], they proposed a second operator referred to as anti-convergence which is triggered whenever 

all swarms converge, and removes the worst swarm from its peak and reinitializes it in the search 

space.  

The critical drawback of the multi-swarm algorithm proposed in [14] is that the number of swarms 

must be defined prior to the optimization process, whereas in real-world problems the information 

about the environment may not be available. The very first attempt to adapt the number of 

populations in dynamic environments was made by Blackwell [37]. He developed an adaptive 

mQSO (AmQSO) which determines the number of swarms either by spawning new swarms into 

the search space, or by destroying redundant swarms. In this algorithm, swarms are categorized 

into two groups: (1) free swarms, whose expansion, i.e., the maximum distance between any two 

particles in the swarm in all dimensions, is larger than a predefined radius rconv and (2) converged 

swarms. Once the expansion of a free swarm becomes smaller than a radius rconv, it is converted to 

a converged swarm. In AmQSO, when the number of free swarms (Mfree) drops to zero, a free 

swarm is initialized in the search space for capturing undetected peaks. On the other hand, free 

swarms are removed from the search space if Mfree is higher than a threshold nexcess.  

Another group of multi-population methods tries to make use of a variable number of populations 

by splitting off sub-populations from a main population. Inspired by the self-organizing scouts 

(SOS) [15], Yang and Li [33] proposed a multi-swarm algorithm for DOPs named FMSO. FMSO 

starts with a large parent swarm exploring the search space with the aim of locating promising 

regions. If the quality of the best particle in the parent swarm improves, this implies that a 

promising search area may have been found. Therefore, a child swarm is split off from the parent 

swarm to exploit its own sub-space. The search territory of each child swarm is determined by a 
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radius r which is relative to the range of the landscape and width of the peaks. If the best particle 

of one child swarm ventures to the area captured by another child swarm, the worse child swarm 

will be removed to prevent child populations residing on the same peak. Furthermore, if a child 

swarm fails to improve its quality in a certain number of iterations, the best particle of the child 

swarm jumps to a new position according to a scaled Gaussian distribution. Another similar idea 

can be found in [23]. An interesting approach is the hibernating multi-swarm optimization 

algorithm proposed by Kamosi et al. [22], where unproductive searches in child swarms are 

stopped by “hibernating” converged child swarms to make more FEs available for productive child 

swarms. 

Yazdani et al. [38] proposed a multi-swarm algorithm called finder-tracker multi-swarm PSO 

(FTMSPO). FTMPSO uses several mechanisms to tackle existing challenges in dynamic 

environments including: a peak finding scheme, a tracking scheme, a wakening and sleeping 

mechanism, a change detection method and a local search procedure.  

Different from the above algorithms, another way to create multiple populations is to divide the 

main population of the algorithm into several clusters, i.e., sub-populations, via clustering 

methods. For example, Parrott and Li [39] proposed a speciation-based PSO (SPSO) for tracking 

multiple optima in dynamic environments, which dynamically distributes particles of the main 

swarm over a variable number of so-called species. Bird and Li [40] improved the performance of 

SPSO by estimating the location of the peaks using a least squares regression method.  

Yang and Li [32] proposed a clustering PSO (CPSO) for locating and tracking multiple optima in 

dynamic environments. CPSO employed a single-linkage hierarchical clustering method to create 

a variable number of sub-swarms, and assign them to different promising sub-regions of the search 

space. Each created sub-swarm then uses the PSO with a modified gbest model to exploit the 

respective region. In order to avoid different clusters crowding one another, they applied a 

redundancy control check. In this regard, when two sub-swarms are located on a single peak, they 

are first merged together to form a single sub-swarm and then the worst-performing individuals of 

the sub-swarm are removed until its size is equal to a predefined threshold. In another work [41], 

the authors extended the fundamental idea of CPSO and introduced a framework for multi-

population methods in undetectable environments. Nickabadi et al. [42] proposed a competitive 

clustering PSO (CCPSO) which employs a multi-stage clustering procedure to split the particles 

of the main swarm over a varying number of sub-swarms based on the particles’ positions as well 



A BI-FLIGHT CUCKOO SEARCH FOR DYNAMIC OPTIMIZATION PROBLEMS             7 

 

as their objective function values. They also used a group of free particles to locate new emerging 

optima or to track the unpopulated optima.  

Another approach for creating multiple sub-populations is to partition the search space and keep 

the number of individuals in each partition below a predefined threshold. Hashemi and Meybodi 

[21] incorporated PSO and cellular automata into an algorithm referred to as cellular PSO. In 

cellular PSO, the search space is partitioned into equally sized cells using cellular automata. Then, 

particles of the swarm are allocated to different cells according to their positions in the search 

space. At any given time, particles residing in each cell use their personal best positions and the 

best solution found in their neighborhood cells for searching for an optimum. Moreover, whenever 

the number of particles within each cell exceeds a predefined threshold, randomly selected 

particles from the saturated cells are transferred to random cells within the search space. In 

addition, each cell has a memory that is used to keep track of the best position found within the 

boundary of the cell and its neighbors. In another work [20], they improved the performance of 

cellular PSO by temporarily converting the particles to quantum particles whenever a change was 

detected. Other examples of cellular methods are a multi-swarm cellular PSO based on clonal 

selection [26], and two phased cellular PSO [31]. 

Moving away from multi-population approaches, Liu et al. [43] introduced a new variant of PSO, 

called PSO with Composite Particles (PSO-CP) for DOPs. PSO-CP contains four major 

components: (1) composite particles which are formed by iteratively grouping the worst particles 

with two of their nearest particles, (2) a scattering operator which aims at enhancing the local 

diversity within composite particles, (3) a velocity-anisotropic reflection scheme that can improve 

the ability of particles to track the promising peaks in a new period and (4) an integral movement 

strategy which favors the detection of new peaks in the search space by promoting the swarm 

diversity. Inspired by microbial life, Karimi et al. [44] proposed the dynamic hybrid PSO (DHPSO) 

where a new birth and death mechanism was incorporated into the PSO to dynamically adjust the 

swarm size during the search process. In DHPSO, each three neighboring particles can produce a 

new infant, based on the quadratic interpolation distribution, with a certain probability. Moreover, 

an aging scheme was used to remove the old particles. 

2.2. Evolutionary Algorithms for DOPs 

Initially, most of the approaches proposed for dealing with DOPs were based on EAs. Early EAs 

for solving DOPs endeavored to increase population diversity after detecting a change in the 
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environment. For example, Cob [2] incorporated a hyper-mutation operator into a genetic 

algorithm (GA) which temporarily creates a dramatic increase in the mutation rate after a change 

occurs. Vavak et al. [4, 5] also suggested a variable local search for controlling the mutation size. 

Another approach for dealing with DOPs is to maintain a sustainable level of diversity during the 

entire optimization process. For example, Grefenstette [45] proposed the random immigrants GA, 

where at each generation a part of the population is replaced by randomly generated individuals. 

Other examples of mechanisms for maintaining diversity are fitness sharing [46] and sentinel 

placement [47]. 

Apart from the above approaches, many researchers have equipped EAs with a memory scheme 

that restores useful information about previously found positions in the search space. This 

technique is especially useful in periodical or recurrent environments, where the optima may 

repeatedly reappear in regions near to their previous positions [1]. 

A group of studies has distributed the individuals of EAs among multiple populations where each 

population is responsible for handling a separate area of the search space. Borrowing the concept 

of forking, SOS [15], shifting balance GA [48] and multinational GA [49] are three well-known 

examples of multi-population GAs for DOPs. 

Apart from the above GA-based methods for DOPs, many researchers applied other EAs to DOPs. 

Inspired by the concept of exclusion, Mendes and Mohais [27] introduced a multi-population 

differential evolution (DE) algorithm for dynamic environments, called DynDE. In DynDE several 

populations of genomes are initialized into the search space and explore for multiple peaks in the 

environment incorporating exclusion, which prevents populations from converging to the same 

optima, and increasing diversity, which enables a partially-converged population to track the 

shifting optimum. 

Du Plessis and Engelbrecht [50] improved the performance of DynDE by proposing a function 

evaluation management scheme. In their approach, FEs between two successive changes in the 

environment are divided into three phases: (1) all populations are evolved according to normal 

DynDE for ζ1 generations in order to locate peaks, (2) the weaker populations are frozen and the 

stronger populations are executed for another ζ2 generations and (3) frozen populations are put 

back into the search process and all populations are evolved for ζ3 generations in a normal DynDE 

manner.  
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Inspired by the cellular PSO, Noroozi et al. [28] adopted the concept of cellular PSO and proposed 

an algorithm based on differential evolution, called CellularDE. CellularDE employs a DE/rand-

to-best/1/bin scheme to provide local exploration capability for genomes residing in each cell. 

After a change is detected in the environment, the population performs a random local search for 

several subsequent iterations. In another work [51], the authors equipped CellularDE with a 

mechanism to detect the presence of a peak within each cell’s boundary or in its neighbors. 

Recently, Halder et al. [19] proposed a cluster-based differential evolution with external archive 

which uses the k-means clustering method to create a variable number of populations.  

Du Plessis and Engelbrecht [18] proposed the dynamic population differential evolution 

(DynPopDE) algorithm, in which the populations are adaptively spawned and removed as 

required, based on their performance. In this approach, whenever all the current populations fail 

to improve their fitness after spending their last respective FEs, DynPopDE produces a new 

population of random individuals in the search space. On the other hand, when the number of 

populations exceeds the number of peaks in the landscape, redundant populations can be identified 

as those which are frequently reinitialized by the exclusion operator. 

2.3. Other Metaheuristics for DOPs 

Apart from the above major methods, some researchers applied other metaheuristics for dealing 

with DOPs. For example, Rezvanian and Meybodi [52] proposed an immune-based algorithm for 

solving DOPs. In their approach, the learning automata were used for tuning the mutation rate of 

antibodies in an artificial immune system to establish a balance between the global and local search 

ability of the algorithm. Other immune-based algorithms can be found in [53].  

Nasiri and Meybodi [54] proposed a speciation-based firefly algorithm for DOPs. In their 

approach, an initial population of fireflies is randomly scattered in the search space. After a while, 

the fireflies are divided into different species each of which explores different regions of the search 

space using a modified firefly algorithm. 

Inspired by AmQSO [37], Yazdani et al. [34] proposed a dynamic modified multi-population 

artificial fish swarm algorithm. In this approach, they modified the basic parameters, behaviors 

and general procedure of the standard artificial fish swarm algorithm to fulfill the requirements for 

optimization in dynamic environments. 

Recently, Turkey and Abdullah [55] proposed a multi-population harmony search with an external 

archive for DOPs. 
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Fouladgar and Lotfi [56] adapted the ideas from [37] to a cuckoo search algorithm for DOPs. Their 

approach uses a modified cuckoo search algorithm to increase the convergence rate of populations 

for finding the peaks, and uses exclusion to prevent populations from converging to the same areas 

of the search space. 

2.4. Hybrid Approaches 

Some researchers have tried to combine desirable features of different optimization algorithms 

into a single method for DOPs. For example, Lung and Dumitrescu [57] introduced a hybrid 

collaborative approach for dynamic environments called collaborative evolutionary-swarm 

optimization (CESO). CESO has two equal-size populations: a main population to maintain a set 

of local and global optima during the search process using crowding-based differential evolution, 

and a PSO population acting as a local search operator around solutions provided by the first 

population. During the search process, information is transmitted between both populations via 

collaboration mechanisms. In another work [25], a third population is incorporated with CESO 

which acts as a memory to recall some promising information from past generations of the 

algorithm. Kordestani et al. [24] extended the general idea of CESO with different strategies and 

a hill-climbing local search to prevent wasting of FEs and to spend more FEs around the best found 

positions of the search space. 

Moser and Hendtlass [58] proposed a hybrid algorithm of extremal optimization (EO) and local 

search methods. In their approach, EO is used to select initial solutions for the local search 

procedure. EO does not utilize a population of solutions, but it uses mutation to improve a single 

solution. This algorithm uses a “stepwise” sampling method to take samples at equal distances 

from every dimension of the search space. Then, a hill-climbing procedure is performed on the 

best sample. Finally, the solution is stored in memory, and the algorithm is applied again on 

another randomly generated solution. An enhanced and more general variant of this algorithm was 

proposed by Moser and Chiong [59].  

Recently, Sharifi et al. [60] proposed a hybrid approach based on PSO and local search. In the 

proposed approach, a swarm of particles following the fuzzy social-only model is frequently 

applied to estimate the location of the peaks in the problem landscape. Upon convergence of the 

swarm to a previously-undetected position in the search space, a local search agent is created to 

exploit that region with naive direct search. Moreover, a density control mechanism and three 
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function evaluation management schemes were also introduced to ensure that FEs are spent in an 

efficient way.  

3. Cuckoo Search 

CS is a stochastic population-based algorithm which was recently proposed by Yang and Deb [61], 

motivated by the breeding strategy of some cuckoos. These birds show an extraordinary behavior 

when they want to lay their eggs. Instead of building their own nests, cuckoos lay their eggs in the 

nests of other species making those species responsible for caring for their chicks. This behavior 

is the main inspiration of the CS algorithm. 

For the sake of simplicity of description and implementation, Yang and Deb [61] made three 

idealized assumptions as follows: 

(1) Each cuckoo only lays one egg at a time and dumps it in a randomly-chosen nest. 

(2) The best nests with high-quality eggs are transferred to the next generations. 

(3) The number of nests is fixed and there is a probability that a host can recognize a cuckoo 

egg. If this happens, the host can either throw out the egg or simply leave the nest and 

construct a new one. 

Based on the above assumption, the search process for standard CS can be summarized as shown 

in Algorithm 1. 

 

Algorithm 1. CS via Levy flight 

1. begin 

2.      Objective function 𝑓(𝑥),   𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇; 

3.      Generate initial population of n host nests 𝑥𝑖(𝑖 = 1,2, … , 𝑛); 

4.      while ( e < MaxEvals ) or (Stopping criteria not met) do   

5.           Get a cuckoo randomly by Levy flight; 

6.           Evaluate its quality/fitness 𝐹𝑖; 

7.           Choose a nest among n (say, j) randomly; 

8.           if 𝐹𝑖 > 𝐹𝑗 then 

9.                Replace j by the new solution; 

10.           end-if 
11.           A fraction (pa) of worst nests are abandoned and new ones are built; 

12.           Keep the best solutions (or nests with quality solutions); 

13.           Rank the solutions and find the current best; 

14.      end-while 

15. End 
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CS has been successfully applied to a vast variety of science and engineering problems, including 

phase equilibrium and stability calculations [62], design of power systems for energy self-

sufficient farms [63], selection of optimal machining parameters in milling operations [64], multi-

objective optimization problems [65, 66], tunneling [67] and many others.  

4. Learning Automata 

LA are adaptive decision-making devices operating in an unknown random environment that learn 

to choose the optimal action from a set of available actions through iterative interaction with the 

environment [68, 69]. The learning process of the automaton can be divided into three steps:  

(1) The automaton selects an action from a finite set of actions and applies it to the 

environment.  

(2) The environment evaluates the effectiveness of the selected action and generates a response 

for the learning automaton.  

(3) The automaton uses the response of the environment to update its internal action 

probabilities.  

By repeating this three-step procedure, the learning automaton will be gradually guided toward 

selecting the optimal action.  

LA have a wide variety of applications in parameter control [52, 70–72], wireless sensor networks 

[73, 74], vertex coloring problems [75], traffic signal control [76], information retrieval [77] and 

hard rock tunnel-boring machine penetration rate-prediction problems [67], to name just a few. 

4.1. Variable Structure Learning Automaton 

A variable structure learning automaton (VSLA) is a type of LA which is defined with a quadruple 

〈𝛼, 𝜙, 𝑝, 𝑇〉 where 𝛼 = {𝛼1, … , 𝛼𝑟} is the set of actions, 𝜙 = {𝜙1, … , 𝜙𝑟} is the set of inputs and a 

set of outputs, 𝑝 = [𝑝1, … , 𝑝𝑟] denotes the vector of action probabilities which its elements should 

satisfy under the following conditions: 

∑ 𝑝𝑖

𝑟

𝑖=1
= 1 (1) 

∀𝑖𝜖{1, … , 𝑟}: 0 ≤ 𝑝𝑖 (2) 

Finally, 𝑇 is the learning algorithm that modifies the action probability vector according to the 
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received environmental feedback. 

4.2. Learning Algorithm 

There are many algorithms for updating the action probabilities of an automaton. In this paper, a 

learning algorithm called linear reward-inaction [78] was applied to update 𝑝 as described below.  

Let 𝛼𝑖(𝑘) ∈ 𝛼𝑖, and 𝑝(𝑘) denote the action selected by the learning automaton and the action 

probability vector at instant 𝑘. The action probability 𝑝(𝑘) is then updated according to the 

following linear learning scheme: 

𝑝𝑖(𝑘 + 1) = 𝑝𝑖(𝑘) + 𝜂𝜙(𝑘). (1 − 𝑝𝑖(𝑘)) (3) 

𝑝𝑗(𝑘 + 1) = 𝑝𝑗(𝑘) + 𝜂𝜙(𝑘)𝑝𝑗(𝑘),     ∀𝑖 ≠ 𝑗 (4) 

 

where the parameters 𝑘 and 𝜙(𝑘) are the index representing the iteration number and the feedback 

received from the environment at iteration 𝑘 respectively. Finally, 𝜂 is a positive learning rate in 

(0,1). 

4.3. Environment 

Different environments can be modeled depending on the nature of the reinforcement signal. In 

the P-model, the reinforcement signal can only take two binary values 0 and 1 [78]. The framework 

for the learning process of a VSLA in a random unknown environment is shown in Algorithm 2. 

 

Algorithm 2. The framework for the learning process of VSLA with linear reward-inaction 

learning scheme in a random unknown environment 

1. begin 

2.      let 𝛼 = {𝛼1, … , 𝛼𝑛} be the set of finite actions, where 𝑛 is the number of actions 

3.      let 𝑝 = [𝑝1, … , 𝑝𝑛] be the action probability vector of the LA 

4.      while (the automaton converges to one of its actions) do 

5.           The learning automaton chooses one of its actions based on the probability distribution 

          𝑝 

6.           The environment evaluates the action and calculates a reinforcement signal 

7.           The environment sends a feedback to the learning automaton 

8.           The automaton updates its probability vector using Eq. (3) and Eq. (4) 

9.      end while 

10. end 
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5. Proposed Algorithms 

5.1. General Procedure 

The structure of BfCS-wVN is given in Algorithm 3. In the rest of this sub-section, the details of 

the proposed algorithm, including initialization, bi-flight cuckoo search, detection and response 

to environmental changes, stagnation and cuckoo addition, local search around the best found 

position, overlapping and nest removal and adjusting the number of nests are described. 

 

Algorithm 3. General Procedure of BfCS-wVN 

Require: a matrix of randomly initialized 𝑁𝑝 cuckoos with 𝑁𝑛 eggs: 

𝐶𝑢𝑐𝑘𝑜𝑜(𝐶𝑢𝑐𝑘𝑜𝑜1, 𝐶𝑢𝑐𝑘𝑜𝑜2, … , 𝐶𝑢𝑐𝑘𝑜𝑜𝑝), searching the space with length 𝑋 and dimension 

𝐷, initial values for probability vectors of learning automata, (𝛽𝑙, 𝛽𝑠) and the parameters for HJ 

1. 𝑏𝑒𝑠𝑡 ← nest with maximum fitness value 

2. while a stopping criterion not met do 

3.      if a change is detected in the environment then 

4.           Re-evaluate all nests in 𝐶𝑢𝑐𝑘𝑜𝑜 

5.           𝑐𝑜𝑢𝑛𝑡 ← 0 

6.      end if 

7.      for 𝑘 = 1, . . . , 𝑁𝑝 do   

8.            UpdateNests(𝐶𝑢𝑐𝑘𝑜𝑜𝑘) 

9.      end for 

10.      if (𝑐𝑜𝑢𝑛𝑡 > 2) and (Stagnation( ) = TRUE) then 

11.           Generate a new cuckoo with minimum Euclidean distance of 𝑟𝑝 from all other 

existing 

          cuckoos in the search space using Algorithm 8 

12.      end if 

13.      Evolve the 𝑏𝑒𝑠𝑡 using modified HJ( ) 

14.      PreventOverlapping ( )  

15.      AdjustCuckooNests ( ) 

16.      𝑐𝑜𝑢𝑛𝑡 ← 𝑐𝑜𝑢𝑛𝑡 + 1 

17. end while 

 

5.1.1. Initialization 

The initial population of nests is simply randomized within the boundary of the search space 

according to a uniform distribution as follows: 
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𝑥𝑖𝑗 = 𝑙𝑏𝑗 +  𝑟𝑎𝑛𝑑[0,1] × (𝑢𝑏𝑗 − 𝑙𝑏𝑗)  (5) 

 

where 𝑖 ∈ {1,2, … , 𝑁𝑛} is the index of ith nest, 𝑗 ∈ {1,2, … , 𝐷} represents the jth dimension of the 

search space, 𝑟𝑎𝑛𝑑[0,1] is a uniformly distributed random number in the range of [0,1]. Finally, 

𝑙𝑏𝑗 and 𝑢𝑏𝑗 are the lower and upper bounds of the search space corresponding to the jth dimension.  

 

5.1.2. Bi-flight Cuckoo Search 

There is a class of probability distributions of an infinite second moment that yields a stable 

process. Such a probability distribution is called a Levy probability distribution and has the 

following form [79]: 

𝑓(𝑥; 𝛽, 𝛾) =
1

𝜋
∫ 𝑒𝑥𝑝(−𝛾𝑠𝛽) cos(𝑠𝑥) 𝑑𝑠,

∞

0

  𝑥 ∈ (−∞, +∞)    (6) 

where the parameter 𝛾 > 0 is the scale factor, 0 < 𝛽 < 2 is the shape parameter, and the 

distribution is symmetrical with respect to 𝑥 = 0. 

Without losing generality, one can set the parameter 𝛾 = 1. Consequently, a special case of the 

Levy distribution will be obtained with a single parameter 𝛽. 

A Levy distribution at extreme values follows a heavy-tailed behavior where its probability density 

function (PDF) and its cumulative density function (CDF) could be approximated with the tail 

functions. The right tail PDF and CDF are shown below: 

𝑓(𝑥; 𝛽, 1) = 𝑥−(𝛽+1), (𝑝𝑑𝑓) (7) 

𝐹(𝑥; 𝛽, 1) = 𝑥−𝛽 , (𝑐𝑑𝑓) (8) 

 

One of the main features of the samples generated by a Levy distribution is that the absolute values 

(magnitudes) are probabilistically governed by the value of 𝛽. As the value of 𝛽 decreases and 

becomes closer to 0 the magnitudes of the samples increase. Conversely, as the value of 𝛽 increases 

and becomes closer to 2 the absolute values of the samples get closer to zero. Figure 1 shows the 

importance of the 𝛽 parameter in the above equation. 
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Figure 1. Levy probability distribution for different values of  𝜷 [67]. 

 

With regard to Figure 1, decreasing the value of 𝛽 results in generating more samples farther away 

from zero (distributions are symmetrical around zero). This phenomenon shows the critical 

importance of 𝛽 in controlling the exploration and exploitation of the CS. High values of 𝛽 result 

in the CS having much more exploitation; conversely, low values of 𝛽 increase the exploration of 

the CS.  

Unlike the standard cuckoo search which relies on the Levy flight, in the proposed method two 

types of Levy distributions were used with two different 𝛽 values; one for long jumps and the other 

for short ones. These two types of Levy distributions represent two different search strategies: (a) 

an explorative search where the algorithm tends to search areas far from the current candidate 

solution and (b) an exploitative search where the algorithm is focused on searching local areas 

around the current candidate solution.  

In the proposed approach, a search strategy is chosen for each egg with a certain probability vector 

𝑝 =  (𝑝𝑙, 𝑝𝑠)  using a learning automaton. In the initial stage of the execution of the algorithm, the 

probability of long jumps is expected to be higher than that of short ones. The root of this 

assumption is that an algorithm should explore wide areas of the search space during the early 

stages of the optimization to locate promising regions. At the final stages of the search process, 

however, the algorithm should exploit relatively small regions of the search space around the 

suspected optima to further refine the results. 
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The implementation of the updating nests procedure is outlined in Algorithm 4. 

 

Algorithm 4. UpdateNests (𝐶𝑢𝑐𝑘𝑜𝑜) 

Require: a 𝐶𝑢𝑐𝑘𝑜𝑜 with 𝑁𝑛 permissible eggs, 𝑃 =  (𝑝𝑙, 𝑝𝑠) representing the learning 

automaton probability vector for each egg in the nest and  𝛽 = (𝛽𝑙, 𝛽𝑠)  

Ensure: updated 𝐶𝑢𝑐𝑘𝑜𝑜 

1. 𝑏𝑒𝑠𝑡 ← nest with maximum fitness value 

2. for 𝑘 = 1, . . . , 𝑁𝑛 do 

3.      select a distribution 𝛽𝑘 by LA with respect to 𝑃 using Algorithm 5 

4.      𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑏𝑒𝑠𝑡 + 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1, 𝐷) × 𝐿𝑒𝑣𝑦(𝛽𝑘) 

5.      𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑓(𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒) 

6.      if 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 > 𝑓𝑏𝑒𝑠𝑡 then 

7.           𝑒𝑔𝑔𝑘 ← 𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  

8.           𝑓𝑘 ← 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  

9.           update the probability vector 𝑝 =  (𝑝𝑙, 𝑝𝑠) for the current egg using Algorithm 6 

10.      end if 

11. end for 

 

At each generation, the LA chooses a flight operator from the set of its actions according to 

Algorithm 5. 

 

Algorithm 5. Pseudo-code for selecting the distribution by LA 

Require: probability vector of a LA: (𝑝𝑙, 𝑝𝑠)𝑇 

Ensure: selected flight for generating a candidate solution (an egg) 

1. 𝑟𝑛𝑑 ← 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1,1) 

2. 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 ← 𝑁𝑢𝑙𝑙 
3. if (𝑟𝑛𝑑 < 𝑝𝑙) then 

4.      𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 ← 𝑙 
5. else 

6.      𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 ← 𝑠 

7. end if 

8. return 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 

 

Afterwards, all existing eggs are evolved according to their selected flight and the best nest. Once 

each egg is evolved with the selected flight, the automata update their probability vector based on 

the reinforcement signal they receive from the environment. Based on the received reinforcement 

signals, the automata can determine whether their actions were right or wrong, and update their 

probability vectors accordingly. In this work, the reinforcement signal is generated as follows: 
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𝑅𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 𝜙 = {
1 𝑖𝑓 𝑡ℎ𝑒 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑑
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   

 (9) 

 

Then, the corresponding probability vector of the LA for each egg is modified based on the 

learning algorithm of the automaton using Algorithm 6.  

  

Algorithm 6. Pseudo-code for updating the action probability vector of the LA 

Require: reinforcement signal 𝜙, probability vector 𝑃 = (𝑝𝑙;  𝑝𝑠)𝑇, the index of the chosen 

flight type 𝑖𝑛𝑑𝑒𝑥 and learning rate of the automaton 𝜂 

1. Ensure: updated probability vector 

2. if (𝑖𝑛𝑑𝑒𝑥 = 𝑙) then 

3.      𝑝𝑙 ← 𝑝𝑙 + 𝜙 × 𝜂 × (1 − 𝑝𝑙) 

4.      𝑝𝑠 ← 𝑝𝑠 − 𝜙 × 𝜂 × 𝑝𝑠 

5. else if (𝑖𝑛𝑑𝑒𝑥 = 𝑠) then 

6.      𝑝𝑠 ← 𝑝𝑠 + 𝜙 × 𝜂 × (1 − 𝑝𝑠) 

7.      𝑝𝑙 ← 𝑝𝑙 − 𝜙 × 𝜂 × 𝑝𝑙 

8. end if 

 

5.1.3. Detection of and Response to Environmental Changes 

Several methods have been suggested for change detection [1]. In this work, three eggs are used 

as “sensors” to detect changes in the environment. In fact, the fitness values of the selected eggs 

are re-evaluated in each iteration. If the fitness of one of the selected eggs differs from its previous 

value, we can conclude that a change has occurred in the environment. 

Once an environmental change is detected, all eggs are re-evaluated.  

 

5.1.4. Stagnation and Cuckoo Addition 

Since the number of optima in real-world DOPs is not known during the optimization process, 

there is no way to define a preset and constant value for the number of cuckoos required. The ideal 

situation would be to have an equal number of cuckoos and optima, so each peak could be covered 

with a separate cuckoo. Otherwise, if the number of cuckoos is greater than the number of optima, 

some fraction of FEs is wasted on non-optimal areas of the search space and/or redundant searches. 

Conversely, if the number of cuckoos is smaller than the number of optima, the algorithm 

inevitably loses some promising areas of the search space. Therefore, different mechanisms for 

addition and removal of new cuckoos are essential. 
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For cuckoo addition, a concept called stagnation is applied which shows that the BfCS-wVN has 

reached a point of no further improvement in the fitness of the current cuckoos. The stagnation is 

defined with a function Φ(𝑡), which indicates if all existing cuckoos in the search space have been 

stagnated, as follows [18]:  

 

Φ(𝑡) = {
𝑡𝑟𝑢𝑒   𝑖𝑓 (Δ𝑓𝑛(𝑡) = 0) ∀𝑛 ∈ 𝑁𝑝                     

𝑓𝑎𝑙𝑠𝑒  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                
  (10) 

  

where 𝑁𝑝 is the set of current cuckoos, and Δ𝑓𝑛(𝑡) is the amount of improvement in the quality of 

the nth cuckoo at time t, calculated as follows: 

 

∆𝑓𝑛(𝑡) = |𝑓𝑛(𝑡) − 𝑓𝑛(𝑡 − 1)|  (11) 

 

Algorithm 7 summarizes the procedure for detecting stagnation of the BfCS-wVN. 

 

Algorithm 7. Stagnation( ) 

Require: a vector of values about improvement of the nests between two consecutive 

generations: 𝐴 = (Δ𝑓1, Δ𝑓2, … , Δ𝑓𝑛) 

Ensure: a Boolean value as a flag for occurrence of stagnation 

1. 𝑛 ← 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐴 
2. 𝑠𝑡𝑎𝑔𝑛𝑎𝑡𝑒𝑑 ← 𝑇𝑅𝑈𝐸 
3. for 𝑘 = 1, . . . , 𝑛 do  
4.      if Δ𝑓𝑘 > 0 then 
5.           𝑠𝑡𝑎𝑔𝑛𝑎𝑡𝑒𝑑 ← 𝐹𝐴𝐿𝑆𝐸 
6.           return 𝑠𝑡𝑎𝑔𝑛𝑎𝑡𝑒𝑑 
7.      end if 
8. end for 
9. return 𝑠𝑡𝑎𝑔𝑛𝑎𝑡𝑒𝑑 

 

Once stagnation occurs, a nest is added to the search space. The main motivation here is to actively 

scatter new eggs in the areas far from the existing nests, to further explore new regions of the 

search space. To achieve this goal, a prohibition distance 𝑟𝑝 is defined as follows: 

 

𝑟𝑝 ←
𝑋

𝑁𝑝

1
𝐷

 (12) 
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where 𝑋 is the range of the search space for each dimension, 𝑁𝑝 is the number of existing cuckoos, 

and 𝐷 is the dimensionality of the problem.  

After detecting stagnation, a nest will be generated in a position which is at least a distance 𝑟𝑝 

away from the current nests. The pseudo-code for generating a new nest is shown in Algorithm 8. 

 

Algorithm 8. Generating a new nest 

Require: (𝑙𝑏, 𝑢𝑏) as the lower and upper bound of search space in different dimensions, a 

matrix 𝑏𝑒𝑠𝑡𝑠 =  (𝑏𝑒𝑠𝑡1, 𝑏𝑒𝑠𝑡2, … , 𝑏𝑒𝑠𝑡𝑛) representing best nest of the cuckoos, searching the 

space with length 𝑋 and dimension 𝐷, (𝑁𝑝, 𝑁𝑛) representing the number of cuckoos and 

maximum number of allowable eggs for a cuckoo. 

Ensure: addition of a cuckoo 

1. 𝑟𝑝 ←
𝑥

𝑁𝑝

1
𝐷

 

2. 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 ← 0 
3. 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 ← 𝐹𝐴𝐿𝑆𝐸 
4. 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠 ← [ ] 
5. while 𝑠𝑢𝑐𝑐𝑒𝑠𝑠 = 𝐹𝐴𝐿𝑆𝐸 and 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 < 100 do 
6.      𝑐𝑢𝑐𝑘𝑜𝑜𝑛𝑒𝑤 ← 𝑙𝑏 + 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1, 𝑁𝑛, 𝐷) × (𝑢𝑏 − 𝑙𝑏) 
7.      for each 𝑏𝑒𝑠𝑡 in 𝑏𝑒𝑠𝑡𝑠 d𝐨 

8.           𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠. 𝑎𝑝𝑝𝑒𝑛𝑑(𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑐𝑢𝑐𝑘𝑜𝑜𝑛𝑒𝑤, 𝑏𝑒𝑠𝑡)) 
9.      end for      
10.      if 𝑚𝑖𝑛𝑖𝑚𝑢𝑚(𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠) > 𝑟𝑝 then 

11.                𝑠𝑢𝑐𝑐𝑒𝑠𝑠 ← 𝑇𝑅𝑈𝐸 
12.                𝐶𝑢𝑐𝑘𝑜𝑜. 𝑎𝑝𝑝𝑒𝑛𝑑(𝑐𝑢𝑐𝑘𝑜𝑜𝑛𝑒𝑤) 
13.                𝑁𝑝 ← 𝑁𝑝 + 1 

14.      end if 
15. 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 ← 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 + 1 
16. end while 

 

The proposed method ensures that the newly generated cuckoo is at least as far as 𝑟𝑝 from all other 

existing cuckoos. This mechanism helps the BfCS-wVN to explore non-visited areas of the search 

space. 

 

5.1.5. Local Search Around the Best Found Positions 

In [60], the authors showed that spending more FEs around the best found positions of the search 

space can be favorable to the performance of the optimization. Therefore, inspired by [60], at the 

end of each generation a modified HJ procedure will be performed on the best found solution. The 
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advantage of this adaptation is that better-performing cuckoos will receive more FEs which 

otherwise would have been spent on exploiting the maxima of the sub-optimal peaks.  

As described by Hooke and Jeeves [80], HJ pattern search is a direct search routine which uses 

two types of move:  

i. An exploratory move in which all decision variables  are changed in turn by a predefined 

step size 𝑠0 to acquire the behavior of the function to be optimized.  

ii. The pattern move which repeats all changes that are found to be successful in the 

exploratory move. 

In the above procedure, there is a step size 𝑠0 > 0 which is equal in all dimensions. If the algorithm 

fails to improve the candidate solution in all dimensions using the given step size, the value of the 

step size is reduced by multiplying it by a real number 𝑏 where 0 < 𝑏 < 1. The process can be 

stopped if no further improvement is possible or if a certain number of FEs have been spent. 

The aforementioned HJ algorithm has two implicit assumptions: (1) all dimensions of the problem 

contribute evenly to the improvement of the candidate solutions and (2) the step size could be 

reduced by the same amount for all dimensions. However, there are problems in which some 

specific dimensions are more prone to improve the candidate solutions, (e.g., the 2D ellipse 

function). Therefore, it is desirable to apply HJ in such a way that each dimension can be searched 

with a different step size. 

Algorithm 9 shows the pseudo-code of the modified HJ algorithm. 

 

Algorithm 9. Modified HJ Algorithm 
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Require: 𝑥0 = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇, objective function 𝑓, 𝑠0 > 0, 𝑏 ∈ (0,1) 

Ensure: 𝑥𝑏𝑒𝑠𝑡 (where 𝑓(𝑥𝑏𝑒𝑠𝑡) is maximum) 

1. 𝛼 ← 𝑜𝑛𝑒𝑠(1, 𝑛) × 𝑠0 

2. 𝛽 ← 𝑏 

3. 𝑥𝑏𝑒𝑠𝑡 ← 𝑥0 

4. 𝑓𝑏𝑒𝑠𝑡 ← 𝑓(𝑥0) 

5. 𝑒𝑥𝑝𝑙𝑜𝑖𝑡 ← 𝑇𝑅𝑈𝐸 

6. while 𝑒𝑥𝑝𝑙𝑜𝑖𝑡 = 𝑇𝑅𝑈𝐸 do 

7.      𝑒𝑥𝑝𝑙𝑜𝑖𝑡 ← 𝐹𝐴𝐿𝑆𝐸 
8.      for j=1, …, n do 

9.           𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑥𝑏𝑒𝑠𝑡 

10.           𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒
𝑗

← 𝑥𝑏𝑒𝑠𝑡
𝑗

+ 𝛼𝑗 

11.           𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑓(𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒) 

12.           if 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 > 𝑓𝑏𝑒𝑠𝑡 then 

13.                𝑒𝑥𝑝𝑙𝑜𝑖𝑡 ← 𝑇𝑅𝑈𝐸 

14.                𝑥𝑏𝑒𝑠𝑡 ← 𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  

15.                𝑓𝑏𝑒𝑠𝑡 ← 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  

16.           else 

17.                𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑥𝑏𝑒𝑠𝑡 

18.                𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒
𝑗

← 𝑥𝑏𝑒𝑠𝑡
𝑗

− 𝛼𝑗 

19.                𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 ← 𝑓(𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒) 

20.                if 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 > 𝑓𝑏𝑒𝑠𝑡 then 

21.                     𝑒𝑥𝑝𝑙𝑜𝑖𝑡 ← 𝑇𝑅𝑈𝐸 

22.                     𝑥𝑏𝑒𝑠𝑡 ← 𝑥𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 

23.                     𝑓𝑏𝑒𝑠𝑡 ← 𝑓𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 

24.               else 

25.                     𝛼𝑗 ← 𝛼𝑗 × 𝛽 

26.               end if 

27.           end if 

28.      end for 

29. end while 
 

5.1.6. Overlapping and Nest Removal 

To prevent populations from settling on a single peak, an exclusion operator with radius 𝑟𝑒𝑥𝑐 is 

applied between every pair of the best nests of all cuckoos. In this regard, when the Euclidean 

distance of the best nests of two cuckoos is smaller than 𝑟𝑒𝑥𝑐, the worst performing nest will be 

deleted. The outline of the mechanism for preventing redundant searches is shown in Algorithm 

10.  

 

Algorithm 10. PreventOverlapping ( ) 
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Require: a matrix 𝑏𝑒𝑠𝑡𝑠 =  (𝑏𝑒𝑠𝑡1, 𝑏𝑒𝑠𝑡2, … , 𝑏𝑒𝑠𝑡𝑛) and a vector 𝑓 =  (𝑓1, 𝑓2, … , 𝑓𝑛) 

representing best nest of the cuckoos and their values respectively, 𝑛𝑝𝑒𝑎𝑘𝑠, 𝐷 (dimension of 

search space), 𝑋 (length of search space) 

Ensure: a set of nests with minimum distance between their bests 

1. 𝑟𝑒𝑥𝑐 ←
𝑋

2𝑛𝑝𝑒𝑎𝑘𝑠

1
𝐷

 

2. 𝑛 ← 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑏𝑒𝑠𝑡𝑠 

3. 𝑑𝑒𝑙𝑒𝑡𝑒𝑑 ← [] 
4. for 𝑘 = 1, … , 𝑛 do 

5.      if 𝑘 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛 𝑑𝑒𝑙𝑒𝑡𝑒𝑑 then 

6.           𝑝 ← 𝑏𝑒𝑠𝑡𝑘 

7.           for 𝑙 = 2, … , 𝑛 do 

8.                if 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑏𝑒𝑠𝑡𝑘, 𝑏𝑒𝑠𝑡𝑙) ≤ 𝑟𝑒𝑥𝑐 then 

9.                     if (𝑓𝑘 ≥ 𝑓𝑙) then 

10.                          𝑟𝑒𝑚𝑜𝑣𝑒(𝐶𝑢𝑐𝑘𝑜𝑜 𝑙) 

11.                          𝑑𝑒𝑙𝑒𝑡𝑒𝑑. 𝑎𝑝𝑝𝑒𝑛𝑑(𝑙) 

12.                          𝑁𝑝 ← 𝑁𝑝 − 1 

13.                    else 

14.                          𝑟𝑒𝑚𝑜𝑣𝑒(𝐶𝑢𝑐𝑘𝑜𝑜 𝑘) 

15.                          𝑑𝑒𝑙𝑒𝑡𝑒𝑑. 𝑎𝑝𝑝𝑒𝑛𝑑(𝑘) 

16.                          𝑁𝑝 ← 𝑁𝑝 − 1 

17.                    end if 

18.                end if 

19.           end for 

20.      end if 

21. end for 

 

5.1.7. Adjusting the Number of Nests 

The most expensive part of the optimization process in many real-world problems is usually the 

calculation of FEs. So, it is reasonable to devise a method which allocates the FEs to the 

populations wisely, rather than uniformly. To achieve this, a procedure for adjusting the number 

of nests is performed as follows: 

i. Calculate the pairwise distances between the best nest of each cuckoo and the global best 

solution.  

ii. Find the maximum distance 𝑙𝑚𝑎𝑥 (the greatest distance). 

iii. If the best nest of each cuckoo is in the radius 𝑙𝑚𝑎𝑥 × 𝜎𝑚𝑎𝑥 of the global best solution, and 

if the number of nests is less than 𝑁𝑛, add a nest to the cuckoo. Conversely, if the best nest 

of each cuckoo is outside the radius 𝑙𝑚𝑎𝑥 × 𝜎𝑚𝑎𝑥 of the global best solution, and if the 

number of nests is greater than 𝑁𝑛, remove a nest from the cuckoo. 
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After each iteration, the cuckoos that are closer to the global best nest will have more fitness 

evaluations than the distant ones. Algorithm 11 shows different steps for adjusting the number of 

nests. 

 

Algorithm 11. AdjustCuckooNests ( ) 

Require: a matrix 𝑏𝑒𝑠𝑡𝑠 =  (𝑏𝑒𝑠𝑡1, 𝑏𝑒𝑠𝑡2, … , 𝑏𝑒𝑠𝑡𝑛) representing the best nests of the 

cuckoos, a vector 𝑑𝑖𝑠𝑡𝑠 =  (𝑑𝑖𝑠𝑡1,2, 𝑑𝑖𝑠𝑡1,3, … , 𝑑𝑖𝑠𝑡𝑖,𝑗,𝑖≠𝑗, … , 𝑑𝑖𝑠𝑡𝑛,𝑛−1) of pairwise distances 

of best nests, a vector 𝑁𝑛𝑒𝑠𝑡𝑠 = (𝑁1, 𝑁2, … , 𝑁𝑛)𝑇representing the list of eggs in each cuckoo 

nest, 𝑁𝑛 as the maximum number of allowable eggs that could be laid in a nest, global best 

𝑔𝐵𝑒𝑠𝑡 
Ensure: cuckoos with adjusted number of permissible eggs 

1. 𝑙𝑚𝑎𝑥 ← 𝑚𝑎𝑥𝑖𝑚𝑢𝑚(𝑑𝑖𝑠𝑡𝑠) 

2. 𝑙𝑝 ← 𝑙𝑚𝑎𝑥 × 𝜎𝑚𝑎𝑥 

3. 𝑛 ← 𝑙𝑒𝑛𝑔𝑡ℎ(𝑏𝑒𝑠𝑡𝑠) 

4. for 𝑘 = 1, … , 𝑛 do 

5.      if 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑏𝑒𝑠𝑡𝑘, 𝑔𝐵𝑒𝑠𝑡) ≤ 𝑙𝑝 then 

6.           if (𝑁𝑘 < 𝑁𝑛) then 

7.                𝑁𝐾 ← 𝑁𝐾 + 1 

8.          end if 

9.      else 

10.           if (𝑁𝑘 > 1) then 

11.                𝑁𝐾 ← 𝑁𝐾 − 1 

12.          end if 

13.      end if 

14. end for 

 

6. Experimental Study 

6.1. Experimental Setup 

6.1.1. Dynamic Test Function 

One of the most widely used synthetic dynamic test functions in the literature is the moving peaks 

benchmark (MPB) proposed by Branke [8], which is highly regarded due to its configurability. 

MPB is a real-valued dynamic environment with a D-dimensional landscape consisting of m peaks, 

in which the height, the width and the position of each peak are changed slightly every time a 

change occurs in the environment. Different landscapes can be defined by specifying the shape of 

the peaks. A typical peak shape is conical and is defined as follows: 
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𝑓(𝑥⃗,𝑡) = max
𝑖=1,…,𝑚

𝐻𝑡(𝑖) − 𝑊𝑡(𝑖)√∑ (𝑥𝑡( 𝑗 ) − 𝑋𝑡(𝑖, 𝑗))2𝐷
𝑗=1   (13) 

 

where 𝐻𝑡(𝑖) and 𝑊𝑡(𝑖) are the height and the width of peak 𝑖 at time 𝑡, respectively. The 

coordinates of each dimension 𝑗 ∈ {1,2, … , 𝐷} related to the location of peak 𝑖 at time 𝑡, are 

expressed by 𝑋𝑡(𝑖, 𝑗), and 𝐷 is the problem dimensionality. A typical change of a single peak can 

be modeled as follows: 

 

𝐻𝑡+1(𝑖) =  𝐻𝑡(𝑖) +  ℎ𝑒𝑖𝑔ℎ𝑡𝑠𝑒𝑣𝑒𝑟𝑖𝑡𝑦. 𝜎ℎ  (14) 

 

𝑊𝑡+1(𝑖) =  𝑊𝑡(𝑖) + 𝑤𝑖𝑑𝑡ℎ𝑠𝑒𝑣𝑒𝑟𝑖𝑡𝑦. 𝜎𝑤  (15) 

 

𝑋⃗𝑡+1(𝑖) =  𝑋⃗𝑡(𝑖) +  𝑣⃗𝑡+1(𝑖)  (16) 

 

𝑣⃗𝑡+1(𝑖) =
𝑠

|𝑟+𝑣⃗⃗𝑡(𝑖)|
((1 − 𝜆)𝑟 +  𝜆𝑣⃗𝑡(𝑖))  (17) 

 

where 𝜎ℎ and 𝜎𝑤 are two random Gaussian numbers with mean zero and standard deviation one. 

Moreover, the shift vector 𝑣⃗𝑡+1(𝑖) is a combination of a random vector 𝑟, which is created by 

drawing random numbers in [-0.5, 0.5] for each dimension and the current shift vector 𝑣⃗𝑡(𝑖), and 

is normalized to length s. Parameter 𝜆 ∈ [0.0, 1.0] specifies the correlation of each peak’s change 

to the previous one. This parameter determines the trajectory of changes, where =0 means that 

the peaks are shifted in completely random directions and =1 means that the peaks always follow 

the same direction, until they hit the boundaries where they bounce off. 

Different instances of the MPB can be obtained by changing the environmental parameters. Three 

sets of configurations have been introduced to provide a unified test bed for the researchers to 

investigate the performance of their approaches under the same conditions. Among them, the 

second configuration (Scenario 2) is the most widely used configuration and was also the one used 

as the base configuration for the experiments conducted in this paper. 

 

Table 1. Parameter settings for the moving peaks benchmark (Scenario 2). 

Other tested values Default value Parameter 
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1, 5, 20, 30, 40, 50, 100, 200 10 Number of peaks (m) 

 7.0 Height severity 

 1.0 Width severity 

 cone Peak function 

 5 Number of dimensions (d) 

 [30, 70] Height range (H) 

 [1, 12] Width range (W) 

 50.0 Standard height (I) 

  [0, 100]d Search space range (A) 

500, 1000, 2500, 10000 5000  Frequency of change (f) 

0.0, 2.0, 3.0, 4.0, 5.0 1.0 Shift severity (s) 

 0.0 Correlation coefficient () 

 No Basic function 

 

6.1.2. Performance Measure 

In order to evaluate the efficiency of different algorithms, the offline error suggested by Branke 

and Schmeck [81], being the most well-known metric for dynamic environments, is used as a 

performance measure. This measure is defined as the average of the smallest error found since the 

last change in the environment over the entire run: 

 

𝐸𝑂 =
1

𝑇
∑ 𝑒𝑡

∗𝑇
t=1   (18) 

 

where T is the maximum number of function evaluations so far and 𝑒𝑡
∗ is the minimum error gained 

by the optimization algorithm since the last change at the tth fitness evaluation.  

 

6.1.3. Experimental Settings 

For each run of the algorithm, 500,000 FEs was considered to be the stopping criterion. All the 

experimental results reported in the paper are averaged over 50 independent runs. The parameter 

setting for the BfCS-wVN is as listed in Table 2. 

 

Table 2. Default parameter settings for the proposed BfCS-wVN. 

Default value Parameter 

0.01 𝜂 

0.85 𝑃𝑙 

0.15 𝑃𝑠 

1.90 𝛽𝑙  

0.75 𝛽𝑠  

20 𝑁𝑝  

2 𝑁𝑛  
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0.05 𝜎𝑚𝑎𝑥  

0.50 𝑆0  

0.25 b 

 

6.2. Experimental Results 

6.2.1. Parameter Sensitivity Analysis for BfCS-wVN in Dynamic Environments 

In this sub-section, the effects of key parameters and components on the performance of BfCS-

wVN were analyzed on different DOPs. Moreover, the proposed BfCS-wVN was compared to the 

basic CS. 

 

A. Effect of the learning rate 𝜂 

In this set of experiments, we examine the effect of the learning rate 𝜂 on the performance of BfCS-

wVN in different dynamic environments. Figure 2 shows the average offline error of BfCS-wVN 

with varying learning rate parameters on DOPs, generated by MPB with 𝑚 = {1,5,10,20,30,50}. 

It can be concluded from Figure 2 that a learning rate of 0.01 produces the best results. It can also 

be seen that the performance of BfCS-wVN is degraded as the learning rate increases. The reason 

lies mainly in the fact that the learning rate 𝜂 is responsible for updating the action probability of 

the automaton LAflight. The bigger the learning rate 𝜂, the faster the convergence of LAflight to one 

of its actions, which may be a non-optimal action.  
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Figure 2. Average offline error of BfCS-wVN with different learning rates  

𝜂 on dynamic environments with various numbers of peaks. 

 

Our experiments revealed that the BfCS-wVN without the learning algorithm (𝜂 = 0) fails to 

achieve a good performance due to the fixed amounts of exploration and exploitation governed by 

𝑝𝑙 and 𝑝𝑠. However, the LR-I learning algorithm used in this work can establish a balance between 

exploration and exploitation of the cuckoos by adaptively changing the probability vector of the 

automaton.   

 

B. Effect of 𝛽𝑙 and 𝛽𝑠 

The parameters 𝛽𝑙  and 𝛽𝑠 are important in the proposed method as they can strongly affect the 

performance of BfCS-wVN. This experiment aims at examining the effect of 𝛽𝑙  and 𝛽𝑠 on the 

search behavior of BfCS-wVN. Figure 3 illustrates the average offline error of BfCS-wVN with 

varying values of  𝛽𝑙  and 𝛽𝑠 on a DOP generated by MPB in scenario 2. 

 

Figure 3. Natural logarithm (average offline error) of BfCS-wVN for varying 𝜷𝒍 and 𝜷𝒔 in 

Scenario 2 of MPB. 

 

As can be seen in Figure 3, the combination  (𝛽𝑙, 𝛽𝑠) can clearly affect the behavior of BfCS-wVN. 

Several conclusions can be drawn from Figure 3: 

i. The worst results are obtained when both 𝛽𝑙 and 𝛽𝑠 are small (< 0.5). 

ii. If 𝛽𝑙 = 0 or 𝛽𝑠 = 0, the BfCS-wVN fails to produce acceptable results. 
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iii. The best results are obtained when 𝛽𝑙 = 1.9 and 𝛽𝑠 = 0.75. 

 

C. Effect of the initial probabilities 𝑝𝑙 and 𝑝𝑠 

The main goal of this experiment is to investigate the effect of the initial probabilities of 𝑝𝑙 and 𝑝𝑠  

on the performance of BfCS-wVN. As we mentioned in Section 4, 𝑝𝑙 and 𝑝𝑠  determine the initial 

probabilities of selecting long or short flights. Therefore, it is expected that these parameters will 

have a significant influence on the performance of BfCS-wVN. Figure 4 shows the performance 

of BfCS-wVN with various combinations of (𝑝𝑙, 𝑝𝑠) on a DOP generated by MPB in scenario 2.  

 

Figure 4. Average offline error of BfCS-wVN for varying 𝒑𝒍 and 𝒑𝒔 in 

Scenario 2 of MPB. 

 

It can be observed that the best result is obtained when 𝑝𝑙 = 0.85 and 𝑝𝑠 = 0.15. The reason for 

this is that at the early stages of the optimization process, longer jumps increase the exploration 

ability of the algorithm which is needed for locating the optima. On the other hand, as the 

individuals come closer to the optima, smaller jumps help BfCS-wVN to refine the candidate 

solutions. 
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The aim of this experiment is to investigate the effect of 𝜎𝑚𝑎𝑥  on the performance of BfCS-wVN. 

Figure 5 shows the average offline error of BfCS-wVN with different 𝜎𝑚𝑎𝑥 across different 

dynamic environments. With regard to Figure 5, the value of 0.05 is a suitable value for 𝜎𝑚𝑎𝑥. 

  

Figure 5. Average offline error of BfCS-wVN with different 𝝈𝒎𝒂𝒙 in dynamic 

 environments with various numbers of peaks 

 

E. Effect of 𝑁𝑝 and 𝑁𝑛 

This experiment has been designed to examine the effect of 𝑁𝑝 and 𝑁𝑛 on the performance of 

BfCS-wVN on a DOP generated by MPB using scenario 2. The values of the parameters are 

different combinations of 𝑁𝑝 ∈ {1, 5, 10, 20, 30, 50, 100} and 𝑁𝑛 ∈ {1, 3, 5, 10, 20}. The results 

are given in Table 3. 

 

Table 3. Effect of parameters 𝑵𝒑 and 𝑵𝒏 on the offline error of BfCS-wVN in Scenario 2 of MPB.  

Parameters  
𝑁𝑛 

1 2 3 5 10 

𝑁𝑝 

1 0.72 ± 0.15 0.63 ± 0.13 0.68 ± 0.21 0.66 ± 0.19 0.71 ± 0.19 

5 0.64 ± 0.18 0.56 ± 0.12 0.55 ± 0.16 0.57 ± 0.17 0.72 ± 0.18 

10 0.59 ± 0.09 0.55 ± 0.12 0.56 ± 0.18 0.55 ± 0.14 0.65 ± 0.12 

20 0.62 ± 0.14 0.51 ± 0.11 0.52 ± 0.11 0.58 ± 0.15 0.71 ± 0.22 

30 0.57 ± 0.13 0.60 ± 0.14 0.56 ± 0.16 0.56 ± 0.15 0.72 ± 0.24 

100 0.55 ± 0.10 0.54 ± 0.12 0.55 ± 0.14 0.64 ± 0.16 2.31 ± 1.12 
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From Table 3, it can be observed that the combination of 𝑁𝑝 = 20 and 𝑁𝑛 = 2 produces the best 

result.  

 

F. Effect of adaptive flight selection via learning automata 

To show the effectiveness of the automata approach, an experiment was carried out in which the 

learning automata were replaced with pure-chance automata. Therefore, the pure chance approach 

differs from BfCS-wVN in that the flight for generating a new candidate solution is selected 

randomly at each stage. Table 4 presents the comparison of BfCS-wVN with the pure chance 

approach. From Table 4, it can be observed that the results of the BfCS-wVN are better than those 

of the pure chance approach in most of the tested DOPs. 

 

Table 4. The effect of adaptive flight selection via learning automata on the performance of the proposed algorithm. 

Method 
m  s  f 

1 10 100  0 3 5  500 2500 10000 

Pure chance 
approach 

0.28 ± 0.09 0.69 ± 0.15 1.18 ± 0.12  0.54 ± 0.13 1.47 ± 0.22 2.30 ± 0.18  6.43 ± 1.20 1.38 ± 0.28 0.40 ± 0.10 

BfCS-wVN 0.30 ± 0.06 0.51 ± 0.11 1.11 ± 0.06  0.40 ± 0.08 1.26 ± 0.13 2.39 ± 0.20  4.28 ± 0.42 0.99 ± 0.24 0.30 ± 0.06 

 

To verify whether significant differences exist between the two algorithms, we applied the 

Wilcoxon Signed-Rank Test. The obtained p-value (0.02734 < 0.05) is lower than the significance 

level, which confirms that the distributions of the corresponding results are not identical. 

 

G. Comparison with basic cuckoo search 

This experiment has been specifically designed to verify the effectiveness of hybridizing CS with 

the proposed strategies. Therefore, in this experiment, the performance of the proposed BfCS-

wVN is compared with the basic CS.  

For the basic CS, a population size of 20 cuckoos was used. Furthermore, the parameters 𝑝𝑎 and 

𝛽 were set to 0.25 and 1.5 respectively. Moreover, when a change in the environment is detected, 

all cuckoos are re-evaluated. 

Table 5 shows the results of CS and the proposed method on nine different DOPs generated by 

MPB. As can be observed, the results of our proposed algorithm are significantly better than those 

provided by pure CS. 
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Table 5. Numerical comparison between CS and the proposed algorithm on DOPs generated by MPB. 

Method 
m  s  f 

1 10 100  0 3 5  500 2500 10000 

CS 73.03±0.34 75.73±19.02 37.48±15.86  11.63±2.34 107.55±38.60 76.22±1.72  75.75±24.32 84.38±27.37 65.01±30.94 

BfCS-wVN 0.30±0.06 0.51±0.11 1.11±0.06  0.40±0.08 1.26±0.13 2.39±0.20  4.28±0.42 0.99±0.24 0.30±0.06 

  

6.2.2. Varying the Number of Peaks and Change Frequencies 

The aim of this experiment is to investigate the performance comparison between BfCS-wVN and 

other algorithms on DOPs with different numbers of peaks m 𝜖 {1, 5, 10, 20, 30, 40, 50, 100, 200} 

and change frequencies f 𝜖 {500, 2500, 10000}. The other environmental parameters were set 

according to the MPB settings shown in Table 1. The competing algorithms are mQSO [14], 

AmQSO [37], CellularPSO [21], HmSO [22], SFA [54], Adaptive-SFA [82], TP-CPSO [31], 

FTMPSO [38] and the proposed BfCS-wVN. The various combinations of (f, m) resulted in 27 

different DOPs being modeled by the MPB. The numerical results of the different algorithms are 

reported in Table 6.  

 

Table 6. Comparison of offline error of nine different algorithms on DOPs with d=5, s=1 and varying number of peaks and 

change intervals. 

f m 
Method 

mQSO AmQSO CellularPSO HmSO SFA Adaptive-SFA TP-CPSO FTMPSO BfCS-wVN 

500 1 40.30 ± 1.30 10.41 ± 0.34 22.37 ± 3.87 9.40 ± 0.31 4.72 ± 0.12 4.80 ± 0.08 5.96 ± 0.22 1.76 ± 0.09 6.53 ± 1.45 

 5 11.50 ± 0.21 6.95 ± 0.12 14.20 ± 0.65 7.83 ± 0.17 4.88 ± 0.12 4.98 ± 0.11 5.12 ± 0.11 2.93 ± 0.18 4.84 ± 1.72 

 10 8.96 ± 0.19 6.97 ± 0.13 13.55 ± 0.52 8.04 ± 0.14 5.11 ± 0.14 5.09 ± 0.10 5.56 ± 0.11 3.91 ± 0.19 4.28 ± 0.42 

 20 8.29 ± 0.11 7.61 ± 0.10 12.77 ± 0.38 8.25 ± 0.12 5.72 ± 0.13 5.67 ± 0.14 5.67 ± 0.10 4.83 ± 0.19 5.44 ± 0.74 

 30 8.32 ± 0.09 8.99 ± 0.14 12.55 ± 0.42 8.62 ± 0.12 5.97 ± 0.12 5.84 ± 0.11 5.59 ± 0.08 5.05 ± 0.21 4.97 ± 0.54 

 40 8.18 ± 0.08 10.26 ± 0.15 12.33 ± 0.38 8.67 ± 0.12 - - 5.53 ± 0.07 - 5.02 ± 0.38 

 50 8.12 ± 0.08 11.45 ± 0.17 12.19 ± 0.31 8.81 ± 0.12 5.94 ± 0.15 5.86 ± 0.10 5.57 ± 0.08 4.98 ± 0.15 4.85 ± 0.34 

 100 7.81 ± 0.08 12.35 ± 0.15 11.38 ± 0.29 8.88 ± 0.11 6.15 ± 0.08 6.04 ± 0.11 5.36 ± 0.06 5.31 ± 0.11 4.28 ± 0.42 

 200 7.59 ± 0.07 12.82 ± 0.13 11.34 ± 0.27 9.06 ± 0.11 6.18 ± 0.11 6.08 ± 0.17 5.33 ± 0.05 5.52 ± 0.21 5.27 ± 0.28 

2500 1 9.48 ± 0.31 2.44 ± 0.07 4.57 ± 0.31 2.02 ± 0.07 0.85 ± 0.06 1.12 ± 0.08 0.92 ± 0.03 0.39 ± 0.02 0.50 ± 0.13 

 5 3.33 ± 0.08 2.44 ± 0.08 3.15 ± 0.21 2.12 ± 0.09 1.49 ± 0.07 1.32 ± 0.08 1.17 ± 0.05 0.91 ± 0.08 0.64 ± 040 

 10 2.85 ± 0.07 2.65 ± 0.05 3.09 ± 0.16 2.43 ± 0.07 1.95 ± 0.04 1.77 ± 0.07 1.59 ± 0.06 1.21 ± 0.06 0.99 ± 0.24 

 20 3.41 ± 0.06 2.99 ± 0.05 3.60 ± 0.13 2.63 ± 0.05 2.28 ± 0.05 2.09 ± 0.06 1.82 ± 0.04 1.66 ± 0.05 1.28 ± 0.18 

 30 3.45 ± 0.05 3.01 ± 0.03 3.88 ± 0.12 2.73 ± 0.04 2.46 ± 0.05 2.28 ± 0.07 1.99 ± 0.04 1.87 ± 0.05 1.44 ± 0.17 

 40 3.45 ± 0.04 3.04 ± 0.03 4.17 ± 0.12 2.77 ± 0.04 - - 1.96 ± 0.03 - 1.56 ± 0.10 

 50 3.38 ± 0.04 3.03 ± 0.03 4.25 ± 0.12 2.76 ± 0.04 2.57 ± 0.05 2.42 ± 0.06 2.01 ± 0.03 2.09 ± 0.07 1.40 ± 0.11 

 100 3.07 ± 0.03 2.96 ± 0.02 4.25 ± 0.13 2.83 ± 0.03 2.74 ± 0.04 2.64 ± 0.05 2.09 ± 0.03 2.22 ± 0.06 1.59 ± 0.10 

 200 2.92 ± 0.02 2.93 ± 0.02 4.20 ± 0.09 2.94 ± 0.02 2.76 ± 0.04 2.65 ± 0.06 2.06 ± 0.02 2.22 ± 0.07 1.81 ± 0.12 

10000 1 2.34 ± 0.07 0.60 ± 0.01 1.63 ± 0.12 0.52 ± 0.02 0.26 ± 0.03 0.35 ± 0.03 0.20 ± 0.01 0.09 ± 0.00 0.18 ± 0.04 

 5 0.97 ± 0.04 0.75 ± 0.05 1.20 ± 0.15 0.76 ± 0.07 0.53 ± 0.04 0.49 ± 0.03  0.37 ± 0.03 0.31 ± 0.04 0.20 ± 0.02 

 10 1.10 ± 0.03 1.01 ± 0.04 1.19 ± 0.09 0.90 ± 0.04 0.72 ± 0.02 0.63 ± 0.03 0.54 ± 0.03 0.43 ± 0.03 0.30 ± 0.06 

 20 1.89 ± 0.05 1.35 ± 0.03 2.13 ± 0.10 1.09 ± 0.03 0.91 ± 0.03 0.77 ± 0.03 0.74 ± 0.02 0.56 ± 0.01 0.84 ± 0.05 

 30 1.98 ± 0.03 1.44 ± 0.02 2.59 ± 0.12 1.14 ± 0.03 0.99 ± 0.04 0.84 ± 0.03 0.82 ± 0.01 0.69 ± 0.09 0.66 ± 0.08 
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 40 2.01 ± 0.03 1.53 ± 0.02 2.72 ± 0.09 1.19 ± 0.03 - - 0.93 ± 0.02 - 0.80 ± 0.05 

 50 1.95 ± 0.03 1.55 ± 0.02 2.91 ± 0.11 1.17 ± 0.01 1.19 ± 0.04 0.97 ± 0.03 0.99 ± 0.01 0.86 ± 0.02 0.54 ± 0.70 

 100 1.75 ± 0.02 1.52 ± 0.01 3.02 ± 0.11 1.15 ± 0.01 1.44 ± 0.04 1.27 ± 0.05 1.19 ± 0.01 1.08 ± 0.03 0.85 ± 0.05 

 200 1.60 ± 0.01 1.52 ± 0.01 2.94 ± 0.10 1.15 ± 0.01 1.52 ± 0.03 1.31 ± 0.03 1.29 ± 0.01 1.13 ± 0.04 0.85 ± 0.05 

 

From Table 6 it can be observed that the proposed BfCS-wVN can outperform the other contestant 

algorithms on most of the tested DOPs (20 out of 27). The results confirmed that the proposed 

approach can successfully establish a good balance between the explorative and exploitative ability 

of the CS needed for locating and tracking the shifting optima.  

 

6.2.3. Effect of Varying the Shift Length Severity 

In this experiment, the effect of changing the shift severity on the performance of different 

algorithms is examined. The numerical results of mQSO [14], AmQSO [37], CellularPSO [21], 

SPSO [39], rSPSO [40], mPSO [23], HmSO [22], TP-CPSO [31], FTMPSO [38] and the proposed 

BfCS-wVN are reported in Table 7.  

 

Table 7. Comparison of offline error of different algorithms on DOPs with m=10, d=5 and different shift lengths. 

Method 
Shift length (s) 

0.0 1.0 2.0 3.0 4.0 5.0 

mQSO 1.37 ± 0.06 1.77 ± 0.05 2.35 ± 0.04 2.90 ± 0.05 3.47 ± 0.06 3.95 ± 0.06 

AmQSO 1.01 ± 0.05 1.64 ± 0.05 2.26 ± 0.05 2.86 ± 0.06 3.35 ± 0.06 3.80 ± 0.07 

CellularPSO 0.93 ± 0.09 1.93 ± 0.08 2.72 ± 0.10 3.70 ± 0.11 4.71 ± 0.14 5.68 ± 0.18 

SPSO 0.60 ± 0.04 3.02 ± 0.07 4.49 ± 0.09 5.65 ± 0.09 7.02 ± 8.32 8.32 ± 0.14 

rSPSO 0.49 ± 0.06 1.41 ± 0.04 2.10 ± 0.06 2.79 ± 0.07 3.33 ± 0.07 3.85 ± 0.08 

mPSO 1.05 ± 0.09 1.66 ± 0.08 2.54 ± 0.11 3.46 ± 0.11 4.51 ± 0.15 5.32 ± 0.09 

HmSO 1.03 ± 0.11 1.47 ± 0.04 2.54 ± 0.13 3.79 ± 0.16 5.03 ± 0.19 6.04 ± 0.22 

TP-CPSO 0.48 ± 0.03 0.96 ± 0.05 1.25 ± 0.04 1.69 ± 0.04 2.12 ± 0.05 2.46 ± 0.05 

FTMPSO - 0.67 ± 0.04 1.20 ± 0.06 1.40 ± 0.09 - 1.69 ± 0.07 

BfCS-wVN 0.40 ± 0.08 0.51 ± 0.11 0.89 ± 0.16 1.26 ± 0.13 1.89 ± 0.18 2.39 ± 0.20 

 

As shown in Table 7, BfCS-wVN outperforms the other methods in five out of six DOPs. In a 

DOP with s=5, the offline error achieved by FTMPSO is lower than that achieved by BfCS-wVN. 

The reason lies in the fact that FTMPSO utilizes the information about the shift severity, i.e., s, to 

respond to environmental changes, whereas this information may not be available in real-world 

situations.  

6.3. Comparison with Other Dynamic Optimization Methods 

In this sub-section, we study the performance of the proposed method in comparison with several 

well-known and recently-proposed algorithms taken from the literature. The algorithms considered 
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include: mQSO [14], AmQSO [37], CellularPSO [21], mPSO [23], HmSO [22], MDUMDA [83], 

APSO [84], CellularDE [28], SFA [54], CCPSO [42], DMAFSA [34], TP-CPSO [31], DynPopDE 

[18], CDEPSO [24], FTMPSO [38], mNAFSA [85], AMP/DE [86], AMP/PSO [86] and the 

proposed BfCS-wVN. Table 8 shows the numerical results of different algorithms on DOPs with 

different numbers of peaks m 𝜖 {1, 5, 10, 20, 30, 40, 50, 100, 200}. The other environmental 

parameters were set according to scenario 2 of MPB. 

In order to compare the algorithms across all tested DOPs, a normalized score is calculated for 

each algorithm according to [1] as follows: 

 

𝑆𝑐𝑜𝑟𝑒(𝑖) =
1

𝑚
∑

|𝑒𝑚𝑎𝑥(𝑗)−𝑒(𝑖,𝑗)|

|𝑒𝑚𝑎𝑥(𝑗)−𝑒𝑚𝑖𝑛(𝑗)|
 ,   ∀𝑖 = 1: 𝑛𝑚

j=1   (19) 

 

where 𝑒(𝑖, 𝑗) is the offline error of the 𝑖th algorithm on the 𝑗th tested DOP, and 𝑒𝑚𝑎𝑥(𝑗) and 

𝑒𝑚𝑖𝑛(𝑗) are the largest and smallest offline errors obtained by the algorithms on the 𝑗th tested 

DOP. The normalized score is in the range [0, 1] so that the best-performing algorithm on all 𝑚 

tested DOPs gets an overall score of 1. Similarly, the worst performing algorithm on all 𝑚 tested 

DOPs will get an overall score of 0. 

 

Table 8. Comparison of offline error of the recent or well-known algorithms for dynamic environments modeled with MPB. 

The normalized score for each algorithm on a DOP is given in parentheses.  

Method 
m overall 

score 
1 5 10 20 30 40 50 100 200 

mQSO 
4.49 ± 0.14 

(0) 
1.72 ± 0.05 

(0.1302) 
1.77 ± 0.05 

(0.1127) 
2.49 ± 0.05 

(0.2222) 
2.58 ± 0.04 

(0.4698) 
2.58 ± 0.04 

(0.4773) 
2.50 ± 0.03 

(0.5654) 
2.27 ± 0.02 

(0.5105) 
2.12 ± 0.02 

(0.5708) 
0.3399 

AmQSO 
1.27 ± 0.04 

(0.7318) 
1.30 ± 0.06 

(0.3787) 
1.64 ± 0.05 

(0.2042) 
2.03 ± 0.04 

(0.4267) 
2.11 ± 0.03 

(0.6275) 
2.18 ± 0.02 

(0.6071) 
2.18 ± 0.02 

(0.6492) 
2.14 ± 0.01 

(0.5654) 
2.12 ± 0.01 

(0.5708) 
0.5290 

CellularPSO 
2.79 ± 0.19 

(0.3864) 

1.94 ± 0.18 

(0) 

1.93 ± 0.08 

(0) 

2.73 ± 0.12 

(0.1156) 

3.08 ± 0.11 

(0.3020) 

3.28 ± 0.11 

(0.2500) 

3.34 ± 0.07 

(0.3455) 

3.48 ± 0.11 

(0) 

3.37 ± 0.08 

(0) 
0.1555 

mPSO 
0.90 ± 0.05 

(0.8159) 

1.21 ± 0.12 

(0.4320) 

1.66 ± 0.08 

(0.1901) 

2.05 ± 0.08 

(0.4178) 

2.18 ± 0.06 

(0.6040) 

2.24 ± 0.06 

(0.5877) 

2.30 ± 0.04 

(0.6178) 

2.32 ± 0.04 

(0.4895) 

2.34 ± 0.03 

(0.4703) 
0.5139 

HmSO 
1.01 ± 0.03 

(0.7909) 

1.23 ± 0.05 

(0.4201) 

1.47 ± 0.04 

(0.3239) 

1.67 ± 0.04 

(0.5867) 

1.72 ± 0.03 

(0.7584) 

1.78 ± 0.03 

(0.7370) 

1.75 ± 0.02 

(0.7618) 

1.78 ± 0.02 

(0.7173) 

1.82 ± 0.01 

(0.7078) 
0.6449 

MDUMDA 
4.45 ± 0.69 

(0.0091) 
1.53 ± 0.47 

(0.2426) 
1.14 ± 0.39 

(0.5563) 
2.99 ± 0.50 

(0) 
3.98 ± 0.74 

(0) 
4.05 ± 0.46 

(0) 
4.66 ± 0.54 

(0) 
N/A 

 
N/A 

 
0.1154 

APSO 
0.53 ± 0.01 

(0.9000) 
1.05 ± 0.06 

(0.5266) 
1.31 ± 0.03 

(0.4366) 
1.69 ± 0.05 

(0.5778) 
1.78 ± 0.02 

(0.7383) 
1.86 ± 0.02 

(0.7110) 
1.95 ± 0.02 

(0.7094) 
1.95 ± 0.01 

(0.6456) 
1.90 ± 0.01 

(0.6712) 
0.6574 

CellularDE  
1.53 ± 0.07 

(0.6727) 

1.50 ± 0.04 

(0.2604) 

1.64 ± 0.03 

(0.2042) 

2.46 ± 0.05 

(0.2356) 

2.62 ± 0.05 

(0.4564) 

2.76 ± 0.05 

(0.4188) 

2.75 ± 0.05 

(0.5000) 

2.73 ± 0.03 

(0.3165) 

2.61 ± 0.02 

(0.3470) 
0.3791 

SFA 0.42 ± 0.07 0.89 ± 0.09 1.05 ± 0.04 1.48 ± 0.05 1.56 ± 0.06 N/A 1.87 ± 0.05 2.01 ± 0.04 1.99 ± 0.06 0.7037 
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(0.9250) (0.6213) (0.6197) (0.6711) (0.8121)  (0.7304) (0.6203) (0.6301) 

CCPSO 
0.09 ± 0.00 

(1) 

0.25 ± 0.01 

(1) 

0.75 ± 0.06 

(0.8310) 

1.21 ± 0.08 

(0.7911) 

1.40 ± 0.07 

(0.8658) 

1.47 ± 0.08 

(0.8377) 

1.50 ± 0.09 

(0.8272) 

1.76 ± 0.09 

(0.7257) 

N/A 

 
0.8598 

DMAFSA 
0.55 ± 0.06 

(0.8955) 
0.78±0.06 
(0.6864) 

1.01 ± 0.05 
(0.6479) 

1.42 ± 0.06 
(0.6978) 

1.63 ± 0.06 
(0.7886) 

N/A 
 

1.84 ± 0.07 
(0.7382) 

1.95 ± 0.05 
(0.6456) 

1.99 ± 0.04 
(0.6301) 

0.7163 

TP-CPSO 
0.40 ± 0.01 

(0.9295) 
0.75 ± 0.07 

(0.7041) 
0.96 ± 0.05 

(0.6831) 
1.18 ± 0.03 

(0.8044) 
1.32 ± 0.03 

(0.8926) 
1.36 ± 0.03 

(0.8734) 
1.40 ± 0.03 

(0.8534) 
1.50 ± 0.02 

(0.8354) 
1.56 ± 0.02 

(0.8265) 
0.8225 

DynPopDE 
N/A 

 

1.03 ± 0.13 

(0.5385) 

1.39 ± 0.07 

(0.3803) 

N/A 

 

N/A 

 

N/A 

 

2.10 ± 0.06 

(0.6702) 

2.34 ± 0.05 

(0.4810) 

2.44 ± 0.05 

(0.4247) 
0.4989 

FTMPSO 
0.18 ± 0.01 

(0.9795) 

0.47 ± 0.05 

(0.8698) 

0.67 ± 0.04 

(0.8873) 

0.93 ± 0.04 

(0.9156) 

1.14 ± 0.04 

(0.9530) 

N/A 

 

1.32 ± 0.04 

(0.8743) 

1.61 ± 0.03 

(0.7890) 

1.67 ± 0.03 

(0.7763) 
0.8806 

CDEPSO 
0.41 ± 0.00 

(0.9273) 

0.97 ± 0.01 

(0.5740) 

1.22 ± 0.01 

(0.5000) 

1.54 ± 0.01 

(0.6444) 

2.62 ± 0.01 

(0.4564) 

N/A 

 

2.20 ± 0.01 

(0.6440) 

1.54 ± 0.01 

(0.8186) 

2.11 ± 0.01 

(0.5753) 
0.6425 

mNAFSA 
0.38 ± 0.06 

(0.9341) 

0.55 ± 0.04 

(0.8225) 

0.90 ± 0.03 

(0.7254) 

1.25 ± 0.06 

(0.7733) 

1.47 ± 0.05 

(0.8423) 

N/A 

 

1.65 ± 0.05 

(0.7880) 

1.83 ± 0.05 

(0.6962) 

1.84 ± 0.05 

(0.6986) 
0.7851 

AMP/DE 
N/A 

 
N/A 

 
0.90 ± 0.10 

(0.7254) 
1.40 ± 0.10 

(0.7067) 
N/A 

 
N/A 

 
N/A 

 
1.70 ± 0.08 

(0.7511) 
2.00 ± 0.04 

(0.6256) 
0.7022 

AMP/PSO 
N/A 

 

N/A 

 

0.69 ± 0.03 

(0.8732) 

1.10 ± 0.09 

(0.8400) 

N/A 

 

N/A 

 

N/A 

 

1.40 ± 0.00 

(0.8776) 

1.80 ± 0.00 

(0.7169) 
0.8269 

BfCS-wVN 
0.30 ± 0.06 

(0.9523) 

0.38 ± 0.21 

(0.9231) 

0.51 ± 0.11 

(1) 

0.74 ± 0.12 

 (1) 

1.00 ± 0.11 

(1) 

0.97 ± 0.07 

(1) 

0.84 ± 0.06 

(1) 

1.11 ± 0.06 

(1) 

1.18 ± 0.08 

(1) 
0.9862 

 

As can be observed in Table 8, the results of the BfCS-wVN are considerably better than those of 

other peer algorithms in most of the tested DOPs. Considering Table 8, when the number of peaks 

(m) is 1 or 5, the reported results by CCPSO are slightly better than those of BfCS-wVN. However, 

as the number of the peaks in the landscape is increased, BfCS-wVN becomes the best performing 

algorithm. From the results of Table 8, we can conclude that the BfCS-wVN algorithm is an 

effective method for handling DOPs. 

7. Conclusion 

A new adaptive method based on the cuckoo search has been proposed for dealing with continuous 

dynamic optimization problems. The key novelty of the proposed method is that instead of using 

the Levy flight with a single 𝛽 value, the proposed method utilizes two values (one for short 

mutations and the other for long ones) for 𝛽. The proposed mechanism helps the cuckoo search to 
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have more control over the exploration and exploitation of the algorithm during the search process. 

Some other novelties presented in this paper can be summarized as follows: 

(1) Introducing an adaptive mechanism for controlling the number of allowable eggs that can 

be laid by a cuckoo, in such a way that more fitness evaluations are allocated to fitter 

cuckoos and more promising nests. 

(2) Using a reinforcement learning method called learning automaton to select the right flight 

type for each egg laid by a cuckoo. This mechanism makes the choice of 𝛽 used in 

generating the flights more flexible. Furthermore, the mechanism uses the prior knowledge 

that a higher exploration in the early stages of the optimization and a higher exploitation in 

the final stages of the optimization is required. 

(3) Eliminating the need for hand-tuning the exact number of cuckoos by devising a method 

for adapting the appropriate number of cuckoos during the run.  

(4) Applying a greedy Hooke-Jeeves method as a local search mechanism for refining the 

global best egg.  

In order to validate the effectiveness of the proposed methods, various experiments were carried 

out to compare the proposed approach with various state-of-the-art algorithms on different 

configurations of the moving peaks benchmark. The experimental results confirmed the 

effectiveness of the proposed approach. 

Several future research directions could be pursued based on this paper. First, the values of the 

parameters of BfCS-wVN were adjusted based on some preliminary experiments. Therefore, a 

comprehensive sensitivity analysis on the effect of the parameters could be a direction for future 

research. Second, instead of restricting the values of 𝛽 to just two values, a continuous action-set 

learning automata can be used to regulate the 𝛽 parameter. Third, it might be beneficial to consider 

other learning algorithms, e.g., the pursuit algorithm, for the learning automata and fourth, 

hybridizing other heuristics into the proposed method may also prove an interesting approach.  
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