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One of the effective techniques for improving the rate of convergence in the particle
swarm optimisation (PSO) is modifying the inertia weight parameter. This parameter
can specify the search area of the swarm in the environment and establish a good
balance between the global and local search ability of the particles. Several strategies
have been already suggested and well tested for setting the inertia weight in static
environments. However, in dynamic environments, the effect of this parameter on
increasing the ability of PSO in tracking the changing optimum has been barely
considered. In this paper, a time-varying inertia weight, called oscillating triangular
inertia weight, is presented and its performance is measured on the moving peaks
benchmark (MPB). Experimental results on various dynamic scenarios generated by
MPB demonstrate that the proposed strategy has a better capability to adapt with the
environmental changes in comparison with other techniques including constant inertia
weight and linearly decreasing inertia weight.

Keywords: particle swarm optimisation; inertia weight; oscillating triangular inertia
weight; dynamic environments; moving peaks benchmark

1. Introduction

Many real-world optimisation problems are dynamic in which the optimum solution(s) to the
problem may change over time. Examples of such problems which are known as dynamic
optimisation problems (DOPs) include: dynamic function optimisation (Rezvanian & Meybodi,
2010a; 2010b), dynamic multicast problems in mobile ad hoc networks (Cheng & Yang, 2010),
dynamic intrusion detection (Wei, Hou, Tan, & Guo, 2010) and dynamic job shop scheduling
(Zandieh & Adibi, 2010). Several techniques based on evolutionary algorithms (EAs) have been
presented over the years for solving DOPs, among them particle swarm optimisation (PSO) have
attracted a great deal of attention (Conforth & Meng, 2010; Gogna & Tayal, 2013; Nickabadi,
Ebadzadeh, & Safabakhsh, 2012). PSO is a population-based optimisation method which was
first proposed by Kennedy and Eberhart (1995). The PSO, similar to the other algorithms
belonging to the EAs family, is a stochastic algorithm that does not require gradient information
to find an optimum (van den Bergh, 2002). This feature makes PSO suitable for functions where
the gradient is either unavailable or computationally expensive. Moreover, PSO is easy to
implement, has a high efficiency (Shi & Eberhart, 1998), and can be easily applied to a wide
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range of applications (Aghdam, Mirzaee, Pourmahmood, & Aghababa, in press; Conforth &
Meng, 2010; Liu, Yang, & Wang, 2010; Nabizadeh, Faez, Tavassoli, & Rezvanian, 2010;
Nabizadeh, Rezvanian, & Meybodi, 2012; Nickabadi et al., 2012; Norouzzadeh, Ahmadzadeh,
& Palhang, 2012; Rezaee Jordehi & Jasni, 2013; Soleimani-Pouri et al., 2012; Yazdani, Nasiri,
Sepas-Moghaddam, & Meybodi, 2013). There exist various studies that have combined good
characteristics of PSO with other optimisation techniques (Gogna & Tayal, 2013).

PSO contains a population of particles exploring in a D-dimensional search space with the
aim to find promising regions. Each particle i has three features: X; that shows the current
position of the particle i in the search space, ¥; which is the velocity of the particle i and j; which
represents the best position found so far by the particle i. Furthermore, each particle can interact
with its neighbours according to a population topology. There are two different topologies for
communication between the particles of the swarm which are known as gbest (Kennedy &
Eberhart, 1995) and lbest (Ghosh, Das, Kundu, Suresh, & Abraham, 2012). In gbest model,
particles of the swarm update their velocity and position according to the following equations:

Vit + 1) = i) + c1r1 [Bi(t) = Xi(D)] + cara[Pe() — Xi(D)], ey
Xt + 1) = x(n) + Vit + 1), @)

where ¢ and ¢, are acceleration coefficients (learning factors) which are used to determine the
degree of the movement of particles towards their personal best position and global best position
of the swarm, respectively. | and r, are two independent random variables drawn with uniform
probability from [0,1]. Finally, p, is the globally best position found so far by all the particles in
the population.

Several modifications have been proposed for improving the performance of PSO
(Hasanzadeh, Meybodi, & Ebadzadeh, 2013; Hasanzadeh, Meybodi, & Ghidary, 2011;
Soleimani-Pouri, Rezvanian, & Meybodi, 2014). One of the most widely used improvements is
the introduction of the inertia weight parameter by Shi and Eberhart (Shi & Eberhart, 1998). The
inertia weight is used to regulate a balance between the exploration and exploitation capabilities
of PSO. Regarding the inertia weight, the velocity update equation is as follows:

Vit + 1) = wii(t) + c1r1[pi(1) — Xi(1)] + cora[pg(t) — Xi(0)]. 3

In which the original velocity update equation is obtained by setting w = 1. While larger
values of inertia weight allows PSO to explore a wide area of the search space, smaller values of
inertia weight compels particles to exploit around a confined region.

Numerous strategies have been introduced for adjusting the inertia weight parameter in static
environments. For example, Hashemi and Meybodi (2011) introduced two classes of learning
automata based algorithms for adaptive selection of value for inertia weight and acceleration
coefficients in PSO. In both classes, they used a learning automaton per w, c¢; and ¢, in order to
choose an optimal value for corresponding parameter at each stage of the algorithm. Nickabadi,
Ebadzadeh, and Safabakhsh (2011) proposed a novel adaptive inertia weight which uses the
success rate of the swarm as its feedback parameter to determine the situation of the particles in
the search space. A comprehensive review on the topic of inertia weight strategies can be found
in Nickabadi et al. (2011). Although inertia weight has been widely applied to static
environments, the role of this parameter in dynamic environments has been barely studied.
In this paper we present a new time-varying inertia weight, called oscillating triangular inertia
weight, for dynamic environments. Experimental results show that the proposed inertia weight
can improve the performance of the PSO in dynamic environments. The rest of this paper is
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organised as follows: Section 2 provides a brief review of different inertia weight strategies in
dynamic environments. Proposed strategy is then introduced in Section 3. Experimental setup is
presented in Section 4. Section 5 is devoted to the experimental results and analysis. Finally,
Section 6 concludes the paper with discussions and future works.

2. Inertia weight in dynamic environments

Since the inclusion of inertia weight parameter to the PSO by Shi and Eberhart (1998), several
strategies have been proposed to adjust the value of this parameter. Nickabadi et al. (2011)
classified different inertia weight adjustment strategies into three classes:

(1) Constant or random inertia weight in which the value of the inertia weight is either
constant during the search process or is determined randomly (Shi & Eberhart, 1998).

(2) Time-varying inertia weight where the inertia weight is defined as a function of time or
iteration number (Shi & Eberhart, 1998).

(3) Adaptive inertia weight that includes those strategies which use a feedback parameter to
monitor the state of the algorithm, and adjust the value of the inertia weight accordingly
(Feng, Cong, & Feng, 2007).

In the rest of this section, we will briefly review different PSO algorithms for dynamic
environments in terms of their inertia weight adjustment strategies.

2.1 Constant inertia weight

The majority of the PSO-based methods for DOPs have utilised a constant inertia weight in
their velocity update equation. For instance, Kamosi, Hashemi, and Meybodi (2010a, 2010b)
introduced a multi-swarm algorithm for dynamic environments, referred to as mPSO, which
consists of a parent swarm to explore the search space and a varying number of child swarms to
exploit the promising areas found by the parent swarm. In another work, inspired by hibernation
phenomenon in animals, they extended mPSO and proposed a hibernating multi-swarm
algorithm (Kamosi, Hashemi, & Meybodi, 2010a, 2010b), named HmSO. In HmSO,
unproductive search in child swarms is stopped by ‘sleeping’ converged child swarms. Hashemi
and Meybodi (2009a, 2009b) incorporated PSO and cellular automata into an algorithm referred
to as cellular PSO. In cellular PSO, the search space is partitioned into some equally sized cells
using cellular automata. Then, particles of the swarm are allocated to different cells according to
their positions in the search space. At any time, particles residing in each cell use their best
personal experience and the best solution found in the neighbourhood of the cell for searching an
optimum. In Hashemi and Meybodi (2009a, 2009b), they changed the role of some particles in
each cell, from standard particles to quantum particles for a few iterations upon the detection of a
change in the environment.

2.2 Time-varying inertia weight

An example of time-varying inertia weight strategy in dynamic environments is the clustering
particle swarm optimiser (CPSO) by Yang and Li (2010). In CPSO, a hierarchical clustering
method is employed to create an adaptive number of sub-swarms and assign each of them to
different promising areas of the search space. Each created sub-swarm is then responsible for
exploring its respective sub-region. In order to speed up the convergence of the sub-swarms,
they applied a linearly decreasing strategy in the range of [W i, Wmax ] = [0.3,0.6].
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2.3 Adaptive inertia weight

In this class of strategies a feedback parameter, which is received from the environment (or the
algorithm), is used to adjust the value of the inertia weight at each stage of the optimisation
process. For example, Nickabadi et al. (2012) proposed a competitive clustering particle swarm
optimiser (CCPSO) for DOPs. They employed a multi-stage clustering procedure to split the
particles of the main swarm over a varying number of sub-swarms based on the particles
positions as well as their objective function values. Moreover, each sub-swarm adjusts its inertia
weight according to the success rate of the sub-swarm (Nickabadi et al., 2011).

3. Proposed strategy

Oscillating inertia weight first proposed and studied in static environments by Kentzoglanakis
and Poole (2009). The main idea of this strategy is to trigger a wave of global search (explore)
followed by a wave of local search (exploit), forming a cycle which is repeated during the
optimisation process. In this paper, the fundamental idea of oscillating inertia weight is applied
to dynamic environments. A very basic symmetric triangular wave function is used to determine
the value of inertia weight at each time step. This function hybridises the linearly decreasing
inertia weight and the linearly increasing inertia weight into a single inertia weight called
oscillating triangular inertia weight. The oscillating triangular inertia weight is expressed by the
following equation:

Wit = Wmax — [round(at) — at,| 4)

where w;, is the value of inertia weight at rth iteration after ith change; ¢ is the iteration counter
which starts from zero and increases by one at the end of each iteration, until the environment
changes where ¢ is set to zero again. wp,y is the maximum value of the inertia weight.
a € [0.0,0.5] is used to generate different shaped waveforms for oscillating triangular inertia
weight. This parameter can control the values of oscillating triangular inertia weight in the
range of [0.4,0.9]. Finally, round(x) is the function that rounds off real number x to its nearest
integer. Figure 1 shows the values of oscillating inertia weight over time for a = 0.1 and
a=0.3.
The outline of the PSO with oscillating triangular inertia weight is shown in Figure 2.

Inertia weight

10 20 30 40 50 60 70 80 90 100

Iteration #

Figure 1. Inertia weight values in oscillating triangular inertia weight PSO during 100 iterations for a = 0.1
and o = 0.3.
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Algorithm 1. Oscillating triangular inertia weight PSO for dynamic environment

1. Setting parameters
2. for each particle i in the swarm do
3 Randomly initialize ¥;, X; = p;

4. end-for

5. evaluate the population

6. set ﬁg to the best position in the search space found by the particles so far
7. While final condition not met do

8. Update inertia weight according to Eq. (4)

9. if a change is detected in the environment then

10. re-evaluate memory of all particles

11. set ﬁg to the best position in the search space found by the particles so far
12. t=0;

13. end-if

14. for each particle 7 in the population do

15. Update position of i according to Eq. (3) and Eq. (2), respectively.
16. if(fitness(p;)<fitness(X;)) then

17. D= %

18. if(fitness(py )<fitness(¥;)) then

18. ﬁg = 3?1‘

19. end-if

20. end-if

21. end-for

22, |t=t+1;

23. end while

Figure 2. Pseudo code of oscillating triangular inertia weight PSO.

In this algorithm after initialising the swarm, particles start to explore the search space.
At the beginning of each iteration, the inertia weight parameter is updated according to Equation
(4). Then a test is made to see if there was a change in the environment. In the proposed
algorithm, we use the best particle of the swarm for monitoring the environment in order to
detect changes. At each iteration, before we update the swarm, the fitness of the best particle of
the swarm is re-evaluated. If an alteration in the fitness of the best particle is observed,
it indicates that the environment has changed during the last iteration. Once a change is detected
in the environment, all particles are re-evaluated and ¢ is set to zero. Afterwards, particles of the
swarm update their velocity and position according to Equation (3) and (2), respectively.

4. Experimental setup
4.1 Dynamic test function

One of the most widely used synthetic dynamic optimisation test suites in the literature is the
moving peaks benchmark (MPB) problem proposed by Branke (2002), which is highly regarded
due to its configurability. MPB is a real-valued dynamic environment with a D-dimensional
landscape consisting of N peaks, where the height, the width and the position of each peak is
changed slightly every the time a change occurs in the environment (Branke, 2002). Different
landscapes can be defined by specifying the shape of the peaks. A common conical peak is
defined as follows:

F@ 1) = max iy, wHi(D) ~ w,(i)\/ > ) — xR, 5)
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where H(i)and W, (i)are the height and the width of peak i at time #, respectively. The
coordinates of each dimension j € [1, D] related to the location of peak i at time 7, are expressed
by X,(i,j) and D is the problem dimensionality.

Every time a change occurs in the environment the height, the width and the position of each
peak deviate from their current values according to the following equations:

Hyy1(i) = H,(i) + heighteeyeriiy * 7, ©)
W1 (i) = W) + idthgeveriy - 0, %
Xo13) = Xi(0) + Vi1 (D), ®)
Fra1(i) = m((l — MF + AT, ©)

where the shift vector v,y (i) is a linear combination of a random vector 7, which is created by
drawing random numbers in [— 0.5, 0.5] for each dimension, and the current shift vector v,(i),
and normalised to the length s. Parameter A € [0.0, 1.0] specifies the correlation of each peak’s
changes to the previous one. This parameter determines the trajectory of changes, where A = 0
means that the peaks are shifted in completely random directions and A = 1 means that the peaks
always follow the same direction, until they hit the boundaries where they bounce off.

The environmental parameters used in the experiments of this article are set according to the
values listed in Table 1.

In order to test different environmental dynamics, we set the speed of changes o € {100,
200, 500} and the severity of changes s € {1.0, 2.0, 3.0, 4.0, 5.0}. This gives 15 different
dynamic scenarios (i.e. 15 pairs of (o, 5)) which we use to validate the efficiency of our proposed
method. Table 2 shows different scenarios modelled by MPB on which the performance of PSO
with three different inertia weight strategies will be tested.

4.2 Performance measure

The ability of PSO with different inertia weight strategies in tracking extrema on a specific
scenario is measured by the distance between the best particle of the swarm and the highest peak
in the search space, right before the change occurs in the environment (Li & Dam, 2003). The

Table 1. Parameter settings for the MPB.

Parameter Setting Other tested values
Number of peaks (m) 1 5, 10, 50, 100, 200
Height severity 7.0

Width severity 1.0

Peak shape Cone

Number of dimensions (D) 5 10, 50, 100
Height range (H) € [30.0 70.0]

Width range (W) € [1.0 12.0]

Standard height (1) 50.0

Search space range (A) [0.0 100.0]D

Frequency of change (o) 500 100, 200
Shift severity (s) 1.0 2.0,3.0,4.0,5.0

Correlation coefficient (\) [0.0,1.0]
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Table 2. Different dynamic scenarios generated by MPB.

ol Scenarios

100 1 2 3 4 5

200 6 7 8 9 10
500 11 12 13 14 15
s— 1.0 2.0 3.0 4.0 5.0

mean error of an algorithm is calculated as follows (Alizadeh, Meybodi, & Rezvanian, 2013;
Kordestani, Rezvanian, & Meybodi, 2014; Ranginkaman, Kazemi Kordestani, Rezvanian, &
Meybodi, 2014):

1 G (1 N
Emen =X, (ﬁ X Zj_le,y) , (10)

where G = 100 is the total number of environmental changes, N = 30 is the number of runs and
e;j is the distance between the best found position by the swarm and the highest peak in the last
iteration at ith change and jth run. The smaller values of Ey,.,, indicate the better ability of the
optimization algorithm in tracking the optimum.

4.3 Experimental setting

Oscillating triangular inertia weight (Osc Tri), constant inertia weight (Const) and linearly
decreasing inertia weight (Lin Dec) are applied to PSO with gbest model. For all three PSO
variants, the number of particles in the swarm is set to 10 and the acceleration coefficients
(learning factors) ¢; = ¢, = 1.4962 as suggested in (Clerc & Kennedy, 2002). Moreover, the
velocity of particles is restrained by v .x = 5.0. For constant inertia weight w = 0.7298 and for
the other two strategies the range of [Win, Wmax | 1S [0.4,0.9]. Regarding linearly decreasing
strategy, for each environment, the value of the inertia weight is decreased from wx t0 W pip -
For oscillating triangular inertia weight, the value of a is empirically selected from [0.0,0.5]
and kept constant over all iterations. For each experiment, the results are averaged over 30
independent runs.

5. Experimental results
5.1 Effect of varying inertia weight

The experiment examines the effect of inertia weight on the performance of PSO in tracking
the extrema on various dynamic scenarios. In this set of experiments, a peak is randomly
initialised within the search domain and the population of particles is responsible for locating
and tracking the peak changes in the landscape. The experimental results of PSO with different
inertia weight strategies for several environmental conditions are reported in Tables 3-5.

As presented in the Tables 3-5, the performance of triangular inertia weight strategy is
superior to other alternative methods. Figure 3 visualises the experimental results for different
scenarios.

It is obvious from Figure 3 that PSO with triangular inertia weight outperforms the other
approaches in all fifteen scenarios. From the results, it can also be seen that the performance of
oscillating triangular inertia weight is less affected by the severity of changes. The reason lies in
that the proposed inertia weight produces the waves of exploration and exploitation during the
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Table 3. Performance of PSO with three different inertia weight strategy on MPB for o = 100.

K Const Lin Dec Osc Tri
1.0 3.1512 2.7068 2.1893
2.0 5.1164 4.7131 3.1480
3.0 48117 4.3060 3.5191
4.0 5.1835 4.7005 4.0113
5.0 5.8803 6.1615 4.6390

Note: The best result is highlighted in boldface.

Table 4. Performance of PSO with three different inertia weight strategy on MPB for o = 200.

K Const Lin Dec Osc Tri
1.0 2.3928 1.8238 1.5545
2.0 3.6754 2.8093 2.2751
3.0 3.2884 3.2832 2.1582
4.0 3.7624 3.6715 2.6842
5.0 3.9187 3.6200 2.8474

Note: The best result is highlighted in boldface.

Table 5. Performance of PSO with three different inertia weight strategy on MPB for o = 500.

s Const Lin Dec Osc Tri
1.0 2.2604 1.6881 1.3880
2.0 2.4667 2.2755 1.5990
3.0 2.6043 2.0823 1.4640
4.0 2.3298 1.9433 1.7391
5.0 2.5480 2.6160 1.8037

Note: The best result is highlighted in boldface.

Const E Lin Dec Osc Tri

Average Error Value

V2222722222222

NN Z=I\

N Z=\ 2=\

=N

Z %

9

Scenario #

Figure 3. Average error value of three different inertia weight adjustment methods for 30 independent runs
on 15 dynamic scenarios generated by MPB.
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Figure 4. The effect of correlation shift on performance of PSO with different inertia weight strategies.

entire search process, which helps PSO to capture the new position of the peak in a less amount
of time.

5.2 Effect of varying correlation of shifts

The effect of varying correlation of shifts on the performance of the PSO with different inertia
weight methods is depicted in Figure 4. It can be understood from the Figure 4 that the
performance of PSO is sensitive to the correlation of shifts. From Figure 4, it can be seen that
oscillating triangular inertia weight outperforms the other two alternative strategies. Although
PSO with linearly decreasing inertia weight is less affected by the correlation of shifts, it is
beaten by the proposed oscillating triangular inertia weight significantly.

5.3 Effect of varying dimensions

In this set of experiments, we examine the influence of the higher dimension on the performance
of different inertia weight strategies. It is obvious that increasing the number of dimensions of
the environment causes the search space to be more complex. Therefore, the average error of the
optimisation is expected to be higher as well. The results for different methods in dynamic
environments with varying number of dimensions are given in Table 6. From Table 6, it can be
seen that oscillating triangular inertia weight performs much better than the other two alternative
methods in all test environments. In addition, it is worth noticing that the effect of the increasing
dimensions upon oscillating triangular inertia weight is much lower than the influence upon
other strategies.

Table 6. Performance of PSO with three different inertia weights for different number of dimensions.

D Const Lin Dec Osc Tri
5 2.26040 1.68810 1.38800
10 3.57180 3.29530 2.62160
50 33.6235 37.4703 19.7013
100 55.3552 81.6784 31.7218

Note: The best result is highlighted in boldface.
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Table 7. Effect of varying number of peaks on PSO with different inertia weight algorithm.

m Const Lin Dec Osc Tri
1 2.26040 1.68810 1.38800
5 69.2526 70.0039 65.3607
10 77.1313 76.5533 74.8300
50 83.8064 80.0190 77.9184
100 79.6744 79.1321 74.8903
200 82.7668 78.0997 77.7706

Note: The best result is highlighted in boldface.

Table 8. Comparison of inertia weight algorithm and other adaptive PSO for varying number of peaks.

m APSO mQSO Cellular PSO Osc Tri
1 4.81 33.67 13.4 11.42
5 4.95 11.91 9.63 25.74
10 5.16 9.62 9.42 30.48
50 5.95 8.72 8.62 37.79
100 6.08 8.54 8.54 55.96
200 6.20 8.19 8.28 57.27

Note: The best result is highlighted in boldface.

5.4 Effect of varying number of peaks

In the last set of experiments, we compare the performance of oscillating triangular inertia
weight with other two peer methods on the MPB with different number of peaks. Although we
do not expect that simple PSO with inertia weight strategy produces promising results on multi-
modal dynamic environments, we want to investigate the performance of our proposed method
as the modality of the problem landscape increases. Table 7 shows the performance of PSO with
three different inertia weight strategies in various dynamic environments where the number
of peaks vary. As can be seen in Table 7, the performance of all three methods degrades
significantly when the environment is multi-modal. However, the results achieved by the
proposed method are slightly better than those achieved by the other strategies.

5.5 Comparison with other algorithms

In the last experiment, the offline error (Alizadeh et al., 2013; Kordestani et al., 2014;
Ranginkaman et al., 2014) of the proposed method is compared with several well-known PSO
variants including adaptive PSO as APSO (Rezazadeh, Meybodi & Naebi, 2011), multi-
quantum swarm optimisation as mQSO (Blackwell & Branke, 2006) and cellular PSO (Hashemi
& Meybodi, 2009b) for dynamic environment in Table 8. From Table 8, it is clear that the
oscillating triangular inertia weight has a best result for single peaks, while for multi modal
peaks, the performances of other algorithm is better than the inertia weight algorithm.

6. Conclusion and future works

Inertia weight parameter has a great influence on the behaviour of PSO. This parameter can be
used to establish a balance between the global and local search ability of PSO. In this paper a
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time-varying inertia weight, named oscillating triangular inertia weight, is proposed and its
performance in terms of extrema tracking is compared with constant inertia weight and linearly
decreasing inertia weight on moving peaks benchmark. Experimental results indicate that the
proposed inertia weight improves the performance of PSO in tracking the changing optimum.
Some future works include the adaptive selection of values for parameter «. It is also possible to
research on other forms of oscillating functions like sinusoidal, cosine or asymmetric triangular
function. Furthermore, different inertia weight functions can be applied to different particles at
the same time. Finally, several mechanisms can be employed in PSO with the proposed inertia
weight, e.g. multi-population approach, to conquer the existing challenges of dynamic
environments.
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