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Abstract: Markov games, as the generalization of Markov decision processes to the multi agent case, have long
been used for modeling multi-agent systems. The Markov game view of MAS is considered as a sequence of games
having to be played by multiple players while each game belongs to a different state of the environment. In this paper,
several learning automata based multi-agent system algorithms for finding optimal policies in Markov games are
proposed. In all of the proposed algorithms, each agent residing in every state of the environment is equipped with a
learning automaton. Every joint-action of the set of learning automata in each state corresponds to moving to one of the
adjacent states. Each agent moves from one state to another and tries to reach the goal state. The actions taken by
learning automata along the path traversed by the agent are then rewarded or penalized based on the comparison of the
average reward received by agent per move along the path with a dynamic threshold. In the second group of the
proposed algorithms, the concept of entropy has been imported into learning automata based multi-agent systems to
improve the performance of the algorithms. To evaluate the performance of the proposed algorithms, computer
experiments have been conducted. The results of experiments have shown that the proposed algorithms perform better

than the existing algorithms in terms of speed and accuracy of reaching the optimal policy.

Keywords: Markov games, Multi-Agent Systems, Learning Automata, Optimal Policy

1- INTRODUCTION

There are several models proposed in the literatures for multi-agent systems (MAS) based on Markov models. One of
these models is Markov Game (MG) which is the generalization of the Markov decision process (MDP)to the Multiple
agent[1]. The Markov game view of MAS is considered as a sequence of games having to be played by multiple players
while each game belongs to a different state of the environment [2]. In a MG, actions are the result of joint action
selection of all agents, while rewards and the state transitions depend on these joint actions[3]. As a special case, when
only is one state assumed, the Markov game is known as a repeated normal form game in game theory [1]. In addition,
when only is one agent assumed, the Markov game is known as MDP. In multi-agent system research, two main
perspectives are found in the literature; the cooperative and non-cooperative perspective. In cooperative MASs, the
agents pursue a common goal and the agents can be built expect benevolent intentions from other agents [4]. In contrast,
a non-cooperative MAS setting has non-aligned goals, and individual agents try to obtain only to maximize their own
profits. In multi-agent systems, the need for learning and adaption is essentially caused by the fact that the environment
of agent is dynamic and just empirically observable while the environment (the reward functions and the transition states)
is unknown. Hence, the reinforcement learning methods may be applied in MAS to find an optimal policy in MGs. In
addition, agents in a multi-agent system face the problem of incomplete information with respect to the action choice. If
agents get information about their own choice of action as well as that of the others, then we have joint action learning
[3]. Joint action learners are able to maintain models of the strategy of others, and the explicitly takes into account the
effects of joint actions.

Learning Automata (LA) are adaptive decision making devices suited for operation in unknown environments[5].
Currently, learning automata are among the valuable tools to design Reinforcement Learning algorithms and Multi-agent
systems [6-8]. Due to certain specifications such as structure simplicity, little need for information, and feedback from
the environment, LAs are very useful in multi-agent systems. Many algorithms based on learning automata have been
developed for learning optimal strategies in Markov games. In the past few years, a significant part of the research has
focused on comprehending and solving single-stage multi-agent problems modeled as a normal form game and multi—
stage game modeled as Markov games [9]. There are several methods based on learning automata for finding an optimal
policy in MGs. In [10] it is shown that a team of learning automata involved in a general N-person Markov game
converges to Nash equilibrium if each of team members makes use of a linear learning algorithm called Ly, algorithms.
In [11], LAs are used for playing stochastic games at multiple levels. In [2], a model based on interconnected learning
automata is suggested to solve MMDPs. In [12], the authors showed a network of independent LA which is able to reach



equilibrium strategies in Markov games with some ergodic assumptions. In [13], the authors proposed two new
algorithms based on learning automata that can be effectively used to solve Multi-agent MDPs and to find the optimal
policy. In [14], a new model based on learning automata for finding optimal policies in general-sum stochastic game is
proposed. In [15], the authors extended the model presented in [12] with the intermediate rewards to accelerate learning
convergence.

In the first part of this paper several learning automata based multi-agent system algorithms for finding optimal
policies in Markov games are proposed. These algorithms consist of multiple agents that use learning automata in order
to optimize their own behavior that can be effectively used to find the optimal policy in Markov games. In all the
proposed algorithms, each agent residing in every state of the environment is equipped with a learning automaton. These
learning automata control the agents’ behavior for the state transitions in such a way that the best solution to maximize
the expected reward is found. Each action of the learning automaton corresponds to moving to one of the adjacent states.
Each agent moves from one state to another and tries to reach the goal state. In each state, the agent chooses its next
transition with help of the it’s learning automaton in that state. The actions taken by learning automata along the path
traversed by the agent are then rewarded or penalized using the cost of the traversed path according to a learning
algorithm. This process is performed in parallel by all agents and it iterates several times until the path taken by each
agent converges to the optimal path.

In the second part of the paper the concept of entropy [16] has been used to improve the algorithms proposed in the
first part of the paper. The concept of entropy is imported into these algorithms with the aim of improving the learning
process. To evaluate the performance of the proposed algorithms computer experiments have been conducted. The
proposed algorithms have been applied to two grid games as examples of Markov games. The results of experiments
have shown that the proposed algorithms perform better than the existing algorithms in terms of cost and the speed of
reaching the optimal policy.

The rest of this paper is organized as follows: Section 2 is a brief review on different types of learning automata.
Definitions for Markov Decision Process and Markov Games as well as the concept of solution in them are discussed in
section 3. Definition of the entropy concept is discussed in section 4. In section 5, the proposed algorithm and its
variations are presented. In Section 6, simulation results and discussion are reported. Section 7 concludes the paper.

2- LEARNING AUTOMATA

Learning Automata are adaptive decision-making devices operating on unknown random environments [17]. The
Learning Automaton has a finite set of actions and each action has a certain probability (unknown for the automaton) of
getting rewarded by the environment of the automaton. The aim is to learn to choose the optimal action (i.e. the action
with the highest probability of being rewarded) through repeated interaction on the system. If the learning algorithm is
chosen properly, then the iterative process of interacting on the environment can be made to select the optimal action.
Figure 1 illustrates how a stochastic automaton works in feedback connection with a random environment. Learning
Automata can be classified into two main families: fixed structure learning automata and variable structure learning
automata (VSLA) [17]. In the following, the variable structure learning automata is described.
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Figure 1. The interaction between learning automata and environment

Variable structure learning automata can be shown by a quadruple { a, g, p, T } where a={a,, a,, ..., a, } which is the
set of actions of the automaton, =/, B>, ..., B} 1S its set of inputs, p={py, ..., p,} is probability vector for selection of
each action, and p(n +1) = Tfa (n),f (n), p(n)] is the learning algorithm. If f={0,1}, then the environment is called P-
Model. If [ belongs to a finite set with more than two values, between 0 and 1, the environment is called O-Model and if
[ is a continuous random variable in the range [0, 1] the environment is called S-Model. Let a VSLA operate in an S-
Model environment. A general linear schema for updating action probabilities when action i is performed is given by:

pn+1) = p,(n)+a(l— B )1~ p,(n) ~ B (n)p,(n)
p,-<n+1)=p,-<n)—a(l—ﬂi(n))pj(n)+bﬂ,-<n)[rl_1—p,-(n)} Wi M



where a and b are reward and penalty parameters. When a=b, the automaton is called S-Lg_p. If 5=0 and 0<b<<a<1I, the
automaton is called S-Lg; and S-Lg_.p, respectively. The overall operation of learning automaton is summarized in Figure
2.

VSLA Algorithm

Initialize p to [1/r, 1/r,...,1/r] where r is the number of actions
while not done
Select an action i based on the probability vector p
Evaluate the action and return a reinforcement signal [
Update the probability vector using the learning algorithm
end while

Figure 2. Pseudo code of variable-structure learning automaton

Learning Automata Games: Automata games were introduced to see if automata could be interconnected in useful
ways so as to exhibit group behavior that is attractive for either modeling or controlling complex system[S] A play a(t) =
(a;(t) ... a,t) of n automata is a set of strategies chosen by the automata at stage ¢, such that a;(?) is an element of the
action set of the j™ automaton. Correspondingly the outcome is now also a vector A(2) = (Bi(t) . . . Bu(1)). At every time-
step, all automata update their probability distributions based on the responses of the env1r0nment. Each automaton
participating in the game operates without information concerning the number of other participants, their strategies,
actions or payoffs. In zero-sum games, the Lr; scheme converges to the equilibrium point if it exists in pure strategies,
while the Lg.p scheme can arbitrarily close approach a mixed equilibrium[18]. In general non zero-sum games it is
shown that when the automata use a Lp; scheme and the game is such that a unique pure equilibrium point exists,
convergence is guaranteed [10]. In cases where the game matrix has more than a pure equilibrium, which equilibrium is
found depends on the initial conditions. Summarized we have the following:

Theorem 1. When the automata game is repeatedly played with each player making use of the Lg; learning
algorithm with a sufficiently small step size, then local convergence is established towards pure Nash equilibrium.

Theorem 2. Players in an n-person non-zero sum game who use independently a reward-inaction update scheme
with an arbitrarily small step size will always converge to a pure equilibrium point. If the game has Nash
equilibrium, the equilibrium point will be one of the Nash equilibriums.

Theorem 1 guarantees convergence to a pure equilibrium point. If the game has a pure Nash Equilibrium, the LA will
converge to one of the Nash equilibrium. Nevertheless, Nash equilibrium is often proposed as an interesting solution of a
game, there might be other solution concepts of interest depending on the type of the game.

3- MARKOV DECISION PROCESS AND MARKOV GAMES
3.1 Markov Decision Process

The problem of controlling a finite Markov Chain, for which transition probabilities and rewards are unknown, is called
a Markov Decision Process and can be stated as follows [19]. Let s= {s; s,... sy} be the state space of finite Markov
chain {x,},x , and Al = {ail, ab, ..., airi} be the finite set of actions available in state s;. Each starting state s;, action choice
d' € A', and ending state s; have an associated transition probability T}i(ai) and reward R} (a)). The goal is to choice the
set of action or policy, a ={a’, &, .., a"}, with &’ € 4 that maximizes the expected average reward J(a) as follows:

. 1 l_l X x(t+
J(a) =11m7E{ZR (¢ D(“)} Q)
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where RV (q) is the reward generated by a transition from x(?) to x(t+1) using policy . The set of policies is limited
in this formulation to stationary and nonrandomized policies. Hence, under the assumption that the Markov chain
corresponding to each policy is ergodic, there exists the best strategy in each state is a pure strategy and is independent of
the time at which the state is occupied [19].

3.2 Markov Games

Markov games are a generalization of MDPs to multiple agents and can be used as a framework for investigating multi-
agent learning[8] . In a Markov game, actions are the joint action which is the result of joint action selection of all
agents, while rewards and the state transitions depend on these joint actions[4]. The action set available for agent & (1<
ksn)in state s; is A}, = {a,"cl, a,"cl, s a;;r}. Transition probabilities T]-l(ai) and rewards Ry () (a) depend on a starting state
s, ending state s;and joint action from state s,. The reward function Ry (j)(a) for each agent k is individual, meaning that
different agents can receive different rewards for the same state transition. The objective for each agent in the game is to
find a policy which maps each state to a strategy in order to maximize its reward.

Markov games are categorized based on the agents' rewards into cooperative and non-cooperative games. Non-
cooperative games may be classified as competitive games and general-sum games. Strictly competitive games, zero-sum
games, are two-player games where one player’s reward is always the negative of the others’. General-sum games are the
ones whose the reward sum is not restricted to zero or any constant and allow the agents’ rewards to be arbitrarily related.



However, in full cooperative games, team games, rewards are always positively related. In a fully cooperative MG (or
team MGQG) called a multi-agent MDP (or MMDP), all agents share the same reward function and optimal policies are
obtained [4]. Nevertheless, in general MG there is no constraint on the sum of the agents’ rewards and the agents should
learn to find and agree on the same optimal policy. Since each agent has its own individual reward function, finding an
optimal policy becomes difficult. Instead, an equilibrium point is sought. In this situation no agent can improve its reward
by changing its policy if all other agents keep their policy fixed. The baseline solution concept for general-sum games is
the Nash equilibrium. Nash equilibrium is a strategy profile from which none of the players has any incentive to deviate.
The strategies that constitute Nash equilibrium can be stationary strategies. In [20] it is shown that every discounted
Markov game possesses at least one Nash equilibrium in stationary strategies.

3.3 Control of Markov Game Using Learning Automata

The problem of controlling Single-Agent MDPs can be modeled as a network of interconnected learning automata in
which the control is transferred from one learning automaton to another [19]. Each state in MDP has a learning
automaton that tries to learn the optimal probability distribution of actions during the process. Agents move on this
network and in each state, they get help from the learning automaton assigned to that state to move to the next state. This
is done by using the probability vector of the corresponding learning automaton. In this model, only one learning
automaton is active at each time and the transition from one state to another will activate the learning automaton of that
state. The activated learning automaton L4; in state i will not be informed about the immediate reward r/"(a[)yielded

from its action ¢ in transition from state 7 to state j. Instead, when state i is visited again, L4i receives two parts of data:
the cumulative reward from the beginning of the process up to the current time step and current global time. Using these
data, LA; calculates the reward received since the last visit of state i and the corresponding elapsed global time. Then, the
input to LA; is calculated using the following equation:

B 1)- LD 3
n (@ +1)
where p'(t;+1) is the cumulative total reward generated for action «; in state i and 77'(¢;+1) is the cumulative total elapsed
time. This process continues until all probability vectors converge or a pre-specified condition is met. When the number
of agents increase and the model extends to multi-agent case, more than one learning automaton should be active
simultaneously because the states depend on the problem and the environment and the agents could be in different states.

In a Markov game, actions are the joint action which is the result of joint action selection of all agents. The network of
learning automata applied to MDP is extended to Markov game by putting a learning automaton for each agent in each
state instead of putting a single learning automaton in each state of the system [12]. At each time step only are the
automata of one state active; a joint action triggers the LA from that state to become active and takes some joint action.
As MDP, the activated LA, LA%, for agent k in state i is not informed of the one-step reward, rii(ay) resulted from
choosing a joint action a; = (@’, ..., al,) with action ajin state i and leading to state j . When state i is visited again, all
learning automata LA® receive two pieces of data: the cumulative reward generated by the process up to the current time
step and the current global time. The environment responses or the input to LAY is exactly the same as in Equation 3.

3.4 Grid Game Environment as a Markov Game

One of the non-competitive Markov games used to test multi-agent learning is Grid Game. This game has different
varieties all of which are two player general sum games. Two types of Grid Game are illustrated in Figure 3. The first
one, Grid Game 1 (GG1), is a version of Chicken game having several states and one goal [21]. The second one, Grid
Game 2 (GG2), a Markov game that is reminiscent of Bach or Stravinsky [3]. In GG2, there is one goal and two barriers:
if an agent attempts to move through one of the barriers, then with probability 1/2 this move fails. Players' actions are
defined as four actions in four different directions namely Up, Down, Left and Right. State space set is defined as S =
{s|s = (13, 1,)}, in which each state s=(1;, [,) indicates the coordinates of agents 1 and 2. In GG1, the state transitions are
deterministic, i.e. the next state is uniquely determined by the current state and the joint action of the agents. In the
second game, Grid Game 2 (GG2), the most state transitions are deterministic except in the following case: if an agent
chooses Up from position (0, 2) or (2, 0), it moves up with probability 0.5 and remains in its previous position with
probability 0.5. In both games, two agents start from two bottom corner of the page and try to reach goal with the least
possible number of moves. Agents cannot take the same coordinates at the same time. That is, if both agents try to move
to the same square, both of their moves will fail. If agents move to two different non-goal positions, both receive zero
rewards and if one reaches the goal position, it receives 100 units of reward. However, if they collide with each other
both receive one unit of punishment and stay in their previous position. In these games, agents are assumed not to know
the goal position and the other agent's reward functions. Agents choose their actions simultaneously and can only know
about the previous moves of the other agents and their current state (the joint position of both agents). They also observe
the immediate rewards after both agents choose their actions. Figure 4 illustrates the optimal solution to games GG1 and
GG2.
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[ 4 f'-!—
L H
() I’y — N
S ls 1
miL L
4) i3 —
GG1 GG2

Figure 4. Optimal solutions to two Grid Games

4- THE ENTROPY CONCEPT

Entropy is a significant concept in the thermodynamics, representing the degree of disorder in a thermodynamic
system[22]. Shannon has introduced this concept into the information theory, by the name of "information entropy".
Entropy, in its basic, indicates a measure of uncertainty rather than a measure of information. More specifically, the
information entropy is a case of the entropy of random variables defined as follows[23]:

H(X)==>Y P(X)log(P(X)) (4)

Xey

where X represents a random variable with set of values y and probability mass function P(X). Entropy is always a
positive value and can change bases freely as H,(X) = log, (a).H,(X). For the random variable x and with /log(x) tending
to zero as x tends to zero. Entropy measures the uncertainty inherent in the distribution of a random variable. The entropy
of random variables has problem-dependent meanings in different applications. In this paper, entropy is introduced as a
measure of learning process in discrete state space in which each state s; is assigned a set of decision probability values.
For each state s; there is a corresponding random variable D; representing the probability distribution of decision
probability values in the state. In the learning process, the entropy of D; represents the uncertainty of the decision under
state s;. The larger D;’s entropy causes the more uncertain the decision maker. In any particular state s; a local entropy
which represents the uncertainty of the decision in that state is defined as follows [16]:

H,.(s)=-2.p (s)log(p (5)) 5

where N is the number of the elements in the action set and Py(s; ) is the probability to select the j-th action under state s;.
The local entropy can only represent the uncertainty of the decision for a single state. According to all states' local
entropy and to overall evaluate the uncertainty of the whole system, the global entropy concept is introduced as the
average of all the entropies[16]:

1 M 1 MN
Hglobal(si) = _ﬁngocal(si) = _ﬁg};pj(&)log(p/(&)) ©

where M is the number of the elements in the state set. In reinforcement learning, the process of optimization increases
the probability values of selecting optimal actions, i.e. the initial random strategy will converge to a specific optimal
strategy. Hence, the uncertainty of both the strategy and the global entropy will decrease. Therefore, the entropy can
represent the degree of convergence in the learning process[16].

5- THE PROPOSED ALGORITHMS

In this section, several learning automata based multi-agent system algorithms for finding optimal policies in Markov
games are proposed. The multi-agent system considered in this paper consists of a set of n agents, an environment that
consists of a finite set of states S={s;, s,, ..., s, /, and a finite set of actions 4i for every agent i. The action selected by
agent i is denoted by a; €4iso that the joint actiona €4 = A4; X -+ X A4,is the vector of all individual actions. There is a
state transition function 7 Sx4xS—/0, 1] which gives the transition probability p(s' |a, s) when the joint action a is
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performed in state s, the system moves to state s' while the reward function R; : S X4—R provides agent i with a reward
ri €Ri(s, a) based on the joint action a taken in the state s.

In the proposed multi-agent system algorithms, in each state i of the environment of the game and for each agent £, &:
1..n, a learning automaton LA} is placed. LA}, in state i tries to learn the optimal action probability of agent k. The
number of adjacent states (neighbors) determines the number of actions of each learning automaton in each state and
every joint action corresponds to a transition to an adjacent state. The state with the highest payoff value is the goal state.
At first, all learning automata in all states choose their actions with equal probabilities. The agents start from “start state”
and move toward “goal state”. The selected actions of learning automata in each state determine the next state of the
agents. This joint action activates the learning automata in the next state. The process of choosing joint action, moving to
the next state and activating automata in this state is repeated until the goal state is reached. If the joint action taken by
learning automata in state s causes agents to move to the goal state, the cumulative reward of reaching the goal state from
the start state for agent k, (RS ), is computed. A, the average reward received by agent k per move along the path taken
by agent k is then computed by dividing R by the length of traversed path 7z taken by agent k, (Lz). Then Az is
compared with a quantity called dynamic threshold of agent k, T;. Depending on the result of the comparison, all the
learning automata along the path update their action probabilities. Updating is carried out in direction from starting state
to goal state or vice versa. If the A7 is greater than or equal to the T}, then the actions chosen by all learning automata
along that path receive reward otherwise they receive penalty. This process stops if the path probability is greater than a
certain threshold or a pre-specified numbers of paths (episodes) traversed. The path probability is defined as the product
of the probability of choosing actions of learning automata in the states of the traversed path. Dynamic threshold T} is
updated every time that agent k reaches the goal state. In the m™ entrance to the goal state (stage m) Ty(m) is updated
according to equation (7) where Am(m) is the average reward of agent & in its m™ entrance to the goal state. Dynamic
threshold for every agent is in fact the average of the average reward per move for agent & in traversed paths from start
state to goal state by that agent.

T (w)=Ty (n-1)+ (A () - Tyn-1)) /m @

The proposed algorithm, called Algorithm 1, is given in more detail in Figure 5. Algorithm 1 can be improved in
several ways some of which are described below.

Continuous valued feedback for learning Automata: In Algorithm 1, all learning automata are operating in P-model!
environment in which the output of the environment is defined to be binary. An improvement of algorithm 1 which we
call it Algorithm 2 can be obtained by allowing the output of the environment to take a continuous range of values
measuring the closeness of the traversed path to the optimal path. In Algorithm 2, if the average reward for agent k (A4x; )
is greater than or equal to 7; then the selected actions of all learning automata along path 7 will be updated according to
Equation (8).

p(n+1) p(n)+a[1 A= p(n))
p(n+1) p(n) afl- (L”*)]p (m) Nj Jj#i

Variable learning rate: In Algorithm 1, all the learning automata use the same fixed learning rate. This gives equal
degree of importance to all states along the path being traversed, which may not be appropriate. States which are closer to
the starting state should be given higher degree of participation in the optimal path (higher probability of being part of the
optimal path) than those which are far from the starting node. Therefore, the amount of the reward given to an action
taken at a particular time must increase as we approach the goal state. To achieve this, we halve the learning rate while
traversing back toward the starting state. Algorithm 1 in which this modification is made will be called Algorithm 3.

®)

Modified Dynamic Threshold: In Algorithm 1, the dynamic threshold for each agent is the average reward received by
the agent along the path leading to the goal state (equation (7)). Algorithm 4 is obtalned from Algorithm 1 by changlng
the definition of dynamic threshold, T} (m), which is the threshold for agent k in its m™ entrance to the goal state. T k(m), is
updated according to equatlon (9) where L is the length of the traversed path taken by the agent during the m™ episode
at the end which the m™ entrance to the goal state occurs.

Ty (m)=Ty (m-1)+( Amy (m) - Ty(m-1)) / L, )

Using Entropy to Improve Learning: Another improvement can be obtained by importing the concept of entropy into
each of the above mentioned algorithms that is Algorithms 1 through 4. We call these new algorithms, Algorithms 5
through 8. For instance, Algorithm 5, is obtained from Algorithm 1 by importing the concept of entropy into Algorithm
1. In Algorithm 5 if the set of selected actions (joint action) of learning automata in state s; leads to state s; (except the
goal state), then the selected action of the learning automaton for agent & in state s; (LA}'), is updated based on the

entropy of the probability vector of the learning automaton of agent & in state s; (LA})),. Otherwise, it is updated as
specified in algorithm 1. Entropy of the action probability vector measures the degree of uncertainty that the learning
automaton encounters. A high value of entropy indicates that the learning automaton does not have useful information
about where the goal state is and chooses its action randomly. On the contrary, a low value for entropy indicates that the
learning automaton has useful information about the goal state. If P; = {pi(1),pi(2),...,pa(r)} is the action
probability vector of a learning automaton in state s for agent k with r actions, then the entropy of this probability
vector, Hj, is computed according to equation (10) as given below. P;; denotes the action probability vector for LA3,.



H =3 pl (Dog pi (1) (10)

Entropy has its maximum value when all the actions have equal probabilities of selection and has value zero (its
minimum) when the action probability vector is a unit vector. In order to be able to use entropy as a reinforcement
signal for S-Model variable structure learning automata, the entropy needs to be rescaled in the range of [0,1]. Suppose
that agent k is in the state s and its learning automaton, that is LA} , leads the agent to the state s’. In this case,
reinforcement signal (8;) as given in equation (11) is then used in equation (1) to update the probability vector of A}, .

Algorithm 1

Initialize: In each state, a Learning Automaton of type P for each agent is placed. The set of actions of this LA is the
set of permissible movements to other states.
for all states s, agents kdo
P(s, k) =1/number of permissible actions for agent k
end for
for every agent k do
Set dynamic threshold T), to zero

end for
m=1 //m counts the number of paths traversed by agents from starting state to goal state//
Repeat

OldState = start state //
While OldState is not the goal state or a certain number of moves are made by the agent Do
Joint Action =&
for every agent k do
Action = Select Action (P(Old State, k))
LastAction (Old State, k)=Action
JointAction = Joint Action U Action
end for
NewState= GetNextState (Old State, JointAction)
if NewSate = Goal State then
for every agent k do
Compute the average reward received by agent k during traversal of path m, (Am, = RE/L.)

/7 Rf is the cumulative reward of reaching the goal state for agent k, L7 is the length of the traversed path 7
taken by agent along path 7 until it reaches the goal state /
if Am, >= T, then give reward to all the actions taken by learning automata along path 7

else Penalize all the actions taken by learning automata along path 7,
end if
Ty(m) «Ty(m-1) + (Am (m) — Ti(m-1))/ m
end for
m=m +1
end if

OldState = NewState

end while
Until the path probability is greater than a certain threshold or a pre-specified numbers of paths (episodes)are

traversed

Figure 5. The Proposed Algorithm 1
. H;
" Max (H}) (11)

where Max(H}') is maximum entropy in state s’ for agent k defined as:

2] .
Max(H?;)= > Llog(i) = log/®
J=1 ¥k (k) (12)



Table 1 gives a summary of the proposed algorithms.

Table 1: A summary of the proposed algorithms

The Property Used in Algorithm Without Entropy With Entropy
Binary feedback for LA Algorithm1 Algorithm5
Continuous Valued Feedback Algorithm2 Algorithm6
Variable Learning Rate Algorithm3 Algorithm?7
Modified Dynamic Threshold Algorithm4 Algorithm8

5.1 Analysis of Algorithm behavior

The following example is given to make it easier to understand the behavior of Algorithm 1.

For the sake of simplicity, figure 5 is used for discussing the behavior of Algorithm 1. It is assumed that two agents
are in each state and state sq is the goal state. In the m™ entrance, learning automata of agent I, LAY, has two actions
{0,1} and LAS has two actions {0,1). Let LA§'chooses its action 0 and learning automaton of agent 2, LAS! chooses its
action 0 in state s/. This joint action (0, 1) activates the state s, and the learning automata corresponding to agents in
this state. The joint action (0,0) in state s, activates state s and so on. The process of selection of joint action and
activating learning automata in states is repeated until state 8 is reached or for some reasons certain number of moves
are made by the agents. Assume that in Figure 6, the path with tick lines is traversed for agent /, that is,
T;1=(51,535557Sg). After the destination (goal) state is reached, Ax;, the average reward received by agent / per move
along the path taken by agent computed and then compared with the dynamic threshold of agent I, T;. Depending on
the result of the comparison, all the learning automata (except in state 8) along the path update their action probabilities.
If the Ax; is greater than or equal to the 77, then the actions chosen by all learning automata along that path receive
reward otherwise they receive penalty.

Figure 6. An Example State Diagram

Assume that up to the stage m (the m™ entrance to the goal state), path z; taken by agent k& is selected. Let A, the
average reward received by agent £ per move along the path taken by agent k and T} is the dynamic threshold of agent k,
which is average of the average reward per move for agent & in traversed paths from start state to goal state by that
agent. We can show the optimal path is converged with a probability as close to unity. Let g,(m) be the probability of
traveling along path 7, by the agent & in stage m and If Pg = {p;(0),pi(2), ..., pi(r — 1)} is the action probability
vector of a learning automaton in state s for agent & with r actions then ¢;(m) which is the probability of traveling along
path ;=(s},5,,55,57,5g) in stage m is computed as

q:(m)=p3*(0). p52(0).ps>(1). p§7 (1)

and for a new path for agent 1, 7;=(s5,,53,575s) q';(m) is is computed as

q'1(m)=p3*(0).p3(0).p;” (1)

Through simulation we have shown that the algorithm converges to the optimal path with a probability as close to unity.

6- SIMULATION RESULTS AND DISCUSSIONS

To evaluate the performance of the proposed methods, several experiments have been conducted whose results are
reported below. The Markov games considered in the experiments are borrowed from [3] and [21]. For all experiments,
each reported value is obtained by averaging over 100 runs. It is assumed that at the beginning of an episode, the agents
start from the position (0 2). POP curve gives the plot of the values of probability of the optimal path (POP) during the
process of learning the optimal path. Probability of the optimal path is computed at the end of every episode and is the



product of probabilities of selection of actions of learning automata along the optimal path at the time when the episode
ends. A point with coordinate (x, y) on POP curve provides us with the average number of required number of iterations
for obtaining the optimal path with a specific probability. Each algorithm terminates when probability of optimal path
reaches 0.93 or predetermined number of episodes are ran. This predetermined number of episodes for GG1 is 2000 and
for GG2 is 4000.

Experiment 1: This experiment is conducted to study the impact of learning parameter a of Lg_; learning algorithm on
the convergence behavior of Algorithm 1 when applied to both GG1 and GG2. For this experiment, learning rate takes
values 0.01, 0.05, 0.1 and 0.4. POP curves for agent 1 in GG1 and GG2 are given in Figure 7. Each point in this plot is
an average taken over the converged runs. A run converges when the value of POP reaches a predefined threshold
within in a predetermined number of episodes. For example, it can be seen that in terms of accuracy the best result is
obtained when a= 0.01. The figures also show that when we increase the learning parameter we gain higher speed but
instead we lose accuracy.
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Figure 7. The impact of learning rate on POP curve for agent 1 in GG1 and GG2

Experiment 2: This experiment is performed in order to study the impact of learning parameter a on the amount of
reward received by agent 1 during an episode when Algorithm 1 is used. For this purpose, we plot the reward received
by agent 1 per episode for different values of learning parameter a: 0.01, 0.05, 0.1, and 0.4. Figure 8 illustrates the
result of this experiment for both GG1 and GG2. From the result, it is evident that the value of parameter a has a large
impact on the performance of algorithm 1. In this experiment, the best result is obtained for both GG1 and GG2 when a
is set to 0.1.

GG2
porasetetoqoseas st aasoa i -
A * 95 _J\\"’/\/V A A
¥ Voo a0 WY W
e 85 P
E ! Bao| ! Ta e //
= 575 H Fatrd N
o ] i - S
(V' ' "4 /.
@ L) | =
o &
Jd e
g g 55
<
S0
—— — LRI a=0.01 —— — LRI a=0.01
LRI a=0.05 457 LRI a=0.05
LRI a=0.1 40 LRI a=0.1
—————————— LRI a=0.4 5 ~----—-—--LRla=04
1,000 1,500 1] 500 1,000 1,500 2,000
Episode Episode

Figure 8. The impact of learning rate on the reward received by agent 1 in GG1 and GG2

Experiment 3: This experiment is designed to compare algorithms 1through 4 with respect to speed and accuracy of
convergence. To do this, we evaluate these algorithms in terms of: a) the probability of optimal path (POP) when the
algorithm terminates b) the number of movements made by agent 1 to reach the optimal path (MOV) c) the total
number of collisions occurred during the learning process (COL). Learning parameter « for all algorithms is set to 0.01.
Tables 2 and 3 summarize the results of this experiment. Every value in both tables is the average over 100 runs.
From the results following points can be made.

1. Algorithm 4 has the highest accuracy for both games. The algorithms in increasing order of their accuracy are
4,2,1,and 3 for GG1 and 4, 1, 3, and 2 for GG2.

2. Maximum POP value is 0.93 which is obtained for Algorithm 4 when a = 0.01. For this case the number of
movements is 7700 while the number of collisions is 512.



9.

To reach the same accuracy for GG2 the algorithms need to make more moves. It can be contributed to the fact
that in GG2, due to the existence of barriers in the environment, agents may need to make extra moves in order
to bypass the barriers.

For all Algorithms, when learning parameter a increases, the number of collisions (COL) decreases and the
number of movement (MOYV) increases.

For GG2 all algorithms have almost the same rate of convergence whereas for GG1 Algorithms 1, 2, and 4
have almost the same rate of convergence and algorithm 3 perform worse.

The highest POP value for Algorithms 1, 2 and 4 decreases as the learning parameter a increases. For both GG1
and GG2, all algorithms except algorithm 3 attain their highest POP values when a is set to 0.01. The highest POP
value for algorithm 3 is obtained when « is set to 0.05.

Total number of collisions for algorithm 3 is higher than those for Algorithms 1, 2, and 4.
Algorithm 2 outperforms Algorithm 1 in terms of convergence to the optimal path (POP) but it has higher
number of collisions and movements

Algorithm 3 when applied to GG2 improves the probability of the optimal path but increases the number of
collisions.

10. Algorithm 4 has higher rate of convergence as compared to algorithms 1 and 2.

Table 2: The simulation results of proposed algorithms for GG1 in 2000 steps

Algorithm1 Algorithm 2 Algorithm 3 Algorithm 4
a POP Mov coL POP Mov coL POP MoV coL POP MoV coL

001 093 7700 512 094 7761 540 0.75 7580 890 0.98 7740 560
005 084 7960 112 086 7970 120 0.78 7934 197 094 7956 120
0.1 0.82 7988 60 082 7988 61 0.75 7970 100 0.81 7977 68
0.2 068 8000 31 0.68 7998 29 0.7 7985 52 0.77 7993 39
0.4 0.5 8100 18 048 8100 20 0.56 8000 30 0.67 8037 25

Table 3: The simulation results of proposed algorithms for GG2 in 4000 steps

Algorithm1 Algorithm 2 Algorithm 3 Algorithm 4
a POP Mov coL POP MoV coL POP Mov coL POP MoV coL

0.01 082 15519 627 0.85 15420 700 0.85 14961 995 0.85 15519 630
0.05 081 15430 123 0.79 15438 125 095 15688 210 082 15620 125
0.1 0.78 15440 57 0.76 15497 60 093 15715 100 0.79 15660 58
0.2 0.56 15570 22 0.52 16190 22 0.9 15734 55 0.63 15676 24
0.4 0.5 15800 13 0.45 17295 10 0.7 15739 30 0.52 15849 14

Experiment 4: In this experiment we compare algorithms 1through 4 with algorithms 5 through 8 with respect to three
parameters: a) the probability of optimal path (POP) when the algorithm terminates b) the number of movements made
by agent 1 to reach the optimal path (MOV) c) the total number of agent collisions during the learning process (COL).
Learning parameter a for all algorithms is set to 0.01. This experiment is conducted for two games GG1 and GG2.
Table 4 presents the results for GG1 when the learning process continues for 2000 episodes and table 4 presents the
results for GG2 when the learning process continues for 4000 episodes. Every value in these tables is averaged over 100
runs. From the result of this experimentation, the following points can be made.

1.

Algorithms 5 through 8 which use entropy concept outperform their counterparts in terms of highest value
obtained for POP (the value of POP when the algorithm terminates). This is because utilization of entropy
improves the process of selection of policy at each transition.

For algorithm 5 through 8 we obtain fewer number collisions and higher number of moves as they are compared
with algorithms 1 through 4 (table 5 and 6).

Simulation results show that in algorithms 5-8, the POP and MOV values decreases as the learning parameter a
increases. Note that when learning rate is greater than 0.1 algorithms 5 through 8 no longer perform better.

The value of COL for algorithm 7 is much greater than the value of COL for algorithms 5, 6, and 8.
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Table 4: The simulation results for experiment 5 for GG1

a Algorithm1 Algorithm 5 Algorithm 2 Algorithm 6
POP MOV  COL pPOP MOV  COL POP MOV COL POP MOV  COL
0.01 | 0.93 7700 512 0.96 7776 483 0.94 7761 540 0.957 7785 490
0.05 | 0.84 7960 112 0.86 7992 98 0.86 7970 120 0.87 7974 100
0.1 0.82 7988 60 0.84 7986 48 0.82 7988 61 0845 7977 51
0.2 0.68 8000 31 0.72 7689 25 0.68 7998 29 0.73 7418 29
0.4 0.5 8100 18 0.55 7334 14 0.48 8100 20 0.56 7089 16
a Algorithm3 Algorithm 7 Algorithm4 Algorithm 8
POP MoV coL POP MOV  COL POP MOV COL POP MoV coL
0.01 | 0.75 7580 890 0.92 7654 700 0.98 7740 560 0.999 7779 520
0.05 | 0.78 7934 197 0.80 7941 149 0.94 7956 120 0.96 7952 115
0.1 0.75 7970 100 0.77 7984 74 0.81 7977 68 0.83 7977 65
0.2 0.7 7985 52 0.73 7992 37 0.77 7993 39 0.79 7690 37
0.4 0.56 8000 30 0.61 7693 25 0.67 8037 25 0.7 7142 24
Table 5: The simulation results for experiment 5 for GG2
a Algorithm1 Algorithm 5 Algorithm 2 Algorithm 6
POP MOV ~ coL  POP MOV  COL POP MOV COL POP MOV  COL
0.01 | 0.82 15519 627 0.95 16490 780 0.85 15420 700 0.98 16340 840
0.05 | 0.81 15430 123 0.88 14370 158 0.79 15438 125 0.85 14490 156
0.1 0.78 15440 57 0.73 12880 71 0.76 15497 60 0.77 12300 77
0.2 0.56 15570 22 0.53 10165 29 0.52 16190 22 0.51 10640 33
0.4 0.5 15800 13 0.45 9870 17 0.45 17295 10 0.25 10120 14
a Algorithm3 Algorithm 7 Algorithm4 Algorithm 8
POP MoV  coL  POP MOV  COL pPOP MOV COL POP MOV  COL
0.01 | 0.85 14961 995 0.99 16300 930 0.85 15519 630 0.98 16400 830
0.05 | 0.95 15688 210 0.96 15780 160 0.82 15620 125 0.84 14060 175
0.1 0.93 15715 100 0.86 15150 77 0.79 15660 58 0.74 11400 70
0.2 0.9 15734 55 0.76 12164 38 0.63 15676 24 0.53 10177 45
0.4 0.7 15739 30 0.32 9540 23 0.52 15849 14  0.38 7020 28

Experiment 5: In this experiment ,we compare algorithms 1through 4 with algorithms 5 through 8 in order to study the
impact of entropy on the amount of reward received by agent 1 during an episode for both games GGland GG2. Again
like experiment 3 learning parameter a is chosen in such a way that the best result can be obtained. Figure 9 shows the
result of this experiment. As it is seen, again entropy based version of an algorithm performs better than its counterpart
which does not use the concept of entropy. In table 6 we have also shown that how much more performance will be

gained if the concept of entropy is used.

Table 6: The percentage of improvement in performance when entropy is used

GGl GG2
The algorithms Percentage of improvement in | Percentage of improvement in
performance performance
Algorithm5 to Algorithm1l 3% 15.8%
Algorithm6 to Algorithm?2 1% 15.2%
Algorithm?7 to Algorithm3 22.5% 16.4%
Algorithm8 to Algorithm4 1% 15.2%
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Figure 9. Comparison of Algorithms 1-4 with 5-8 in terms of average reward received by agent 1

Experiment 6: In this experiment the best three of the proposed algorithms are compared with two existing learning
automata based algorithms, ILA [2] and Vrancx et al [12]. Each algorithm terminates when probability of optimal path
reaches 0.93. Learning rate parameter for all algorithms is set to 0.01. Figure 10 and 11 show the POP curves of all
algorithms for GG1 and GG2, respectively. The results show that for GG1 Algorithm 8 and for GG2 Algorithm 7
outperform the other algorithms in terms of the speed of reaching the optimal policy. Table 7 gives the values of POP,
MOV, COL for GG1 and GG2. The maximum number of episodes for GG1 and GG2 are set to 2000 and 4000 steps,
respectively. As it shown the highest value of POP for GGI is obtained by Algorithm 8 and for GG2 is obtained by
Algorithm 7. Note that ILA and Vrancx algorithms have lower numbers of moves and higher number of collusion
comparing with algorithms 6, 7, and 8.
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Table 7: Comparison of the proposed algorithms with Vrancx and ILA algorithms

Parameter GGl GG2
Algorithm POP MOV COL| POP MOV COL
Algorithm 6 0.957 7785 490 0.98 8500 840
Algorithm 7 0.92 7654 700 0.99 8200 900
Algorithm 8 0.999 7779 520 0.98 8400 830
Vrancx et al. 0.88 4978 1300 | 0.70 6750 1400
ILA 0.8 3950 750 0.60 5060 870

Experiment 7: In this experiment we compare the proposed algorithms with the existing learning automata based
algorithms in terms of execution time. Each algorithm terminates when probability of optimal path reaches 0.93.
Learning rate parameter for all algorithms is set to 0.01. Each reported value is obtained by averaging over 100 runs.
We have measured the execution time using a laptop computer with processor Intel Core 2 Duo with a clock frequency
of 1.66Hz which supports Microsoft Windows XP Media Center Edition 2005 on 1 GB RAM. Table 8 shows the results
of this experiment. As it is shown algorithms 5 through 8 which use entropy require more execution time than their
counterparts. All the proposed algorithms run faster than ILA and Vrancx algorithms.
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Table 8: Comparison of the proposed algorithms with Vrancx and ILA algorithms in term of execution time

Parameter GGI GG2
Algorithm Execution time (ms) Execution time (ms)

Algorithm 1 547 8.7
Algorithm 2 5.47 8.4
Algorithm 3 6.41 12
Algorithm 4 5.46 7.8
Algorithm 5 9.5 13
Algorithm 6 9.5 14
Algorithm 7 10.7 163
Algorithm 8 9.6 15
Vrancx et al. 15 16.2
ILA 12 15.3

7- CONCLUSION

In this paper, several multi-agent system algorithms based on learning automata for finding optimal policy in markov
games were proposed. The proposed methods use a network of interconnected learning automata for optimizing their
behavior in order to effectively find the optimal policy. Then the concept of entropy has been used in these algorithms to
further improve their performance. Several experiments were conducted to investigate the learning performance of the
proposed algorithms. The experimental results showed that the proposed algorithms have better learning performance in
terms of the cost, speed and accuracy of reaching the optimal policy than the existing learning automata based
algorithms.
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