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ABSTRACT and the gqueue length in each class is allowed to
- be infinite. Within each class the service Im cn
A queueing system with two classes inco which 8 first come firsc served basis. The following
jobs arrive at constant Poisson but unknown rates mssumption 1s wery crucial in cur analysis.
and whose service times are exponentially discri- (Al) The parameters }y and wy~, £ = 1,2 are not
buted with unknown mean is considered. A learn- known. With loss of generalicy let
ing approach to the problem of pricricy assign- uI* < ;EI.

rent in such a system is described., It is shown
that by proper choice of the (step length) para-
meter of the learning algorithm, asymptotically,
the class with the smaller average service time

vill be given highar priericy with a probabilicy
25 close to unity as desired.

- In this paper, we propose a learning approach to
this problem of priority assigmment when the pro-
babilistis characteriscics of the jobs in the two
classes are not known in advance.

Varshavskii, Meleshina aod Tseclin [2] firsc com-
siderad this proble= and proposed a solutiom using
the so called fixed structure learning autozaton
algorithm where one autematon is used for each
class. This latter class of algoricthms were ear-
lier developed by Tseltlin [1] in the context of
modelling of collective behaviour. The fixed
structure automaton is essentially an up-down
counter. The current reading of the counter is
called the scate. The state transitions are in-
directly controlled by the service requirements of
jobs in each class. AC any given instance the
class corresponding to the automata with highest
srate is chosen for service. This approach leads
to a Markov chain wich very complex transition
srructure which does not lend itself to formal

: analysis. In view of this difficulry Varshavskil
class. The prioricy assignment =ay %1th|r ?e et al [2] resorced to simulation to REOE TR
prasmptive or soupresspeive. The acw classical - affectiveness of rhis spproach. They showed

ulton- il e
result on priority assignmentc states IhﬂF.if.Fhfn.__Tr: sESextensive siselsziomrhat-if rhe Tounter -

INTRODUCTION

Pricrity assigment is an importantc copic im the
study of queueing systems and has a nusher of
incerescing applicacions. For exaople, in packet
switching computer setworks acknowledgement mes-—
sages are often given higher prioricy compared

to regular daca packers. In a centralised co=-
puter svstem in 2 sultiprogramming enviroament,
programs requiring shorter execution tizme are
given higher pricrity compared to-those requiring
longer execution time. In 2 gueueing system with
priority assignment, jobs with different pricrity
zrrive and wair for service within each prioricy

I T = == =l iz i e =
2;gne:E Pr-o;ity-£: assingd to the :lasshcith = _:;;:ééiiiﬁ?*ti’-fﬁ! nunbEr of-sTave—oi each -
e-shoercesc average service time, than the ower=—""—] . -ron} is chosen-Io- be lacge-to—starc—with— —

::ltnean—uai:ing—tize for any job is less :q:P:;;:;:": € eir sTgoritha would=asym seallv apptoachihe ——

?-tne mein faitin: time tchat uuulddb???higin-_ - apAE yssignment- Ehat weuld DE-Ussd=ltrhs —=
ed 1if the priority schese wers not use == - -PIIEERRT il T weTe T3 WE knowm, S
[12]. Thus, in nfdcr to develop a meaningful probaifElscic qhé;E;EE:IEtFEEEFErETE?-1urgnuﬂmb“"‘
priority echeme, we need to know the probabilicy — 7 - - — e T e ——
characteristics of the jobs in warious classes- i -
such as the arrival and service time discribu-
tions. An Interesting questiom in this coanec-
tien i= that, if the probabilisric (arrival and
service cime} characteristics of jobs in verious
classes are not known in advance, how to go about
developing a weaningful priority assignzent among
the various classes.

In this paper using a class of learning algorichms
very similar to these that are used in Machematical
Psychelogy [3] [4] [5] [9] we formally show that a
randosised choice of classes for service would in-
desd asymptotically converge to the now classical
prioricy assignment tule with a probabllity as
close to unicy as desired. Im section 1 we des-
cribe the algorithm and state our main result. A
proof of this thecrem is presented in seccion 3.

A4 number of interesting variatiens of this alge-
rith are presented in sectien &.

More formally, consider two classes of jobs each
with Polsscn arrival race A, (>0) and gervice cime
exponentially discribucted w%:h mean =1 , (*0)i=
1,2. There is only cne server, no presmpiion
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A LEARNING ALGORITEM AND STATEMENT OF PROBLEM

The priority assigncent gueueing system considered
in this paper is represented schematically in
figure 1.  Jobs arrive into two queues indepen=-
dently at constant Polsson rates Ay(>0) 4 = 1, 2.
The service time requiresent for jebs in class 1
and j (#) ere independent. Further, withim each
class the service times are independent and are
identically dis:ribrted with ¢xpanen:t§§ discribu-
tion having mean “E i=1,2, Let ?(‘ be the
randec service time of a typical j{ob from class
i=1,2. Consider a stage vhen kg jobs from class
i have been served. Then, k = ky + kz is the
total nmumber of jobs served by the system. Define
a dvramic threshold

1) = 4 [T (k) + 7D (k)]
vhere

k
i (1)
ey = 41— 1 (3. 10 -0
1 3=1
e

and 4 {3} is the random service time for the
357 sab in the 1FP claes,

A Dichotomy of Service Cheracterisactiom

It is assumed that class 1 has a service time dis-
tribution with expeonential densicty function
-u,t
fi{:} -y, e
Given that k jobs have been given service, k = 1,
2,3..., define

(1)

d, (k) = Probly = ug T(k)

(k1) = T(k)] = l=e
end

e (k) = Prub[Yfi}{k+1} > T(k)] = L #iT(K)

Singe T{k) is & random wariable, so is 4, (k)
i=1,2, Clearly, di{k} [cq(k)] is the pr%bahility
that the kth job will have irs service time less
{more) than T(k) if thar job is from class 4. Da-

ine d(k) = (dy(k), da(k)}. Norice O<d_(k)<l with
probablilicy nnE for i=1, 2 and all k. Furchur,
since uyl < w3’ (essumption A1) it is easily seen
that dy8k) > d0k) (1)
with prebebility one for all k.

A Learning Algorithm

Let p,{k) be probability with which the DD in
figuré 1 decides to pick the (k+1)ER job for ser-
vice from class j. Define p(k) = (p;(k}, pa(k))
where pyj(k) + pa(k) = 1 and k*0. Inicially,
p1{0} = p3(0) = % with probabiliry one.

Step 1: Let i be the class from which the (k+1)%P
iob is chesen for service as & sample realisartion
from p(k) feor ¥»0. At this instant, if the queus
cf thiz chosen class is non—empty, then select the
job in the fromt of the queve for service. Other-
wise, choose the job in the front of the other
queus. Complete, the service end note w1 ety
At the

Step 2: The update timing algerithm:
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ingrant when the class 1 is chosen for 5€rvi;g {1z
step 1 a5 a sample realisation from p(k}) if the
queues corresponding to both the clase 1 as well
as that of class j(#i)are both non-empty then up-
dace pilk) ueing step 3. Otherwise p(k+l) = p(k)
and go to step 4.

Update Algorithms for p(k): 1f the class
service then

Step 3:
i is chosen for

pi{k+l)-p1(k}+5{1*Pifk}J

Sif v et
i

P1{k+1)'?1[k}-5pj{k}, EL {?\
and X
pUAL)=p(k)  1f v'8 (k+1)>T(R)

where Q<f<]l is called step length parsmeter.
Step 4: Update T(k) using v (1 (pa1y.

Step 5: Go to step 1 until one of the components
of p{k) is unity. The following rescrictive
assumption is needed te simplify the analvsis.

A2, Except for the actual service needed bv
the jobs in step 1, all the osther cver-
head opersrions such as che decision ro
pick a class from p(k), checking whether
the two queues are nonempty, the wpdating
ef p(k)_and T(k) are all instantangous.

In other words, there iz no time delay involved in
these overhead operations. Obviously this is &
restrictive assumption. However, by employing fastc
micro processors, the overall overhead cperation
can be made very swmall, if not zero. We now state
our main result.

Theorem 1: Under the gssumptions Al and A2, if
pl(k) evolves according to the sbove learning elgs-
rithm, then for every e*0, there exists a.t% such
that 0<8*<] and for all O<G<g*

lim
e P
Stated in words the above thecrem asserts that the
above learning algorithm would evolve to the now
classical assignmant rule with a probabilicy as
close to unicy as desired.

Prob [ (k) = 21 3 1 - ¢.

Obviously, there are other pessible choices for
both the update time and update algorithms. We
shall indicete some of the other interesting vari-
etions in a later section. The &bove update algo-
rithm has been extensively studied in the context
of Mathemacical Psychology [3][4] and in the con=
text of learning auctomara [5][%). Very recently
gimilar learning algorithms have been applied to
the two-person zere sum games [13], two person de-
centralised team [14] and decentralised routing

in telephone networks [15].

FROOF OF THE MAIN RESULT

The preef ef theorem 1 1s presented in various
steps. Let pi{k) be the probability that the
queue ¢f the class 1 is nonespty at the time when
the (k+1)ED jeb is chosen for service. Clearly
py(k) depends on 33, vy i=1,2 and on p(s), Ossck
and from Al it follows that D<py(k}<l with

Lv-'ﬁ i
AT R ety S L A e g BT s e



srobabilicy ooe for all k*0 and 4 = 1,2, Let =3{k)
e the probabilicy with which p(k) is updated.
Then

ap(k) = py(klopdk) [pylkid1 (k) + pplklda(k)] =0
Define
Fig = a(p(0),p(0),d(1);p(1),0(1),d(2);...p(k}.p(k)]
be the smallest Borel-field [11] generated by the
indicaced random variables. That {s Fy contains
all che informacion regarding the choices of
c¢lasses 1o step 1 states of the queue in step 2
and the results of the comparison of the service
time with the dynamic threshold up to the inmstanc
when the (k+1)®} job has been given service. Let

ap1(k) = E{pglk+l) {Fg] = py(k).
The fellowing lemma is of immediate consequence,
Lecma 1: ap(k)z0 for all k»0 with equalicy hold-
ing only when py(k) = 0 or 1,
Froet: By routine computacion we obrain

apylk)=dpy (klez(klpy (k) pa (k) [d1(k)=d, (k) ]
The lemma follows from the properties of dy(k)
given in (1)
Collary 1:

p1 exiscs and e{0,1} with pro=-

iim
-
bability coe.
Froof: Lemma 1 implies that {py(k)} is a submar-
tingale [11]. By the martingale theorem since
{p1{k)} is prn-negative and uniformly bounded

kii p1l(k}=py exiscs with probability one. Furthur,

if p1(k)£'0,1} then p1{k+l)#py (k) with non zero
probabiliey for all k. Hence pfe{0,1} which con-
sticutes the absorbing set for che process {p1(k)}.

£
Define %5
g
¥lp,x,8] = & where x iz teal
and u_y
Viu] === LE u#D
- 1 if u=0

It can be seen that V[u] iz non negative increasing
and 2 convex functilom [3][5]).
Lec=a 21: There exists a positive, real number ¥
suzh that

E[¥[plk+l),y,3] [F I€ ¥lp(k),y,8].
Procf: By direct computation we obtain
E[¥ Ep{k""l}rxlﬂll F.]1 = ¥[p(k}),x,8]
=-xp1(k}py (ke (k)e, k) ¥[p (k) ,x,8]F[p (k) ,x]
whare A
Flp i) ,x]=V{-x(1-py (k)) ]d; (k)=V[x pq (k) ]d2(k)
Ler—a 2 follows if we can show thac

. Flp(k) ,x]>0
that 1s, 1if
V[-x[l-pl(kjl dy (k)
et NG5 ] .

Defining H[ul = &n V{u] (where in stands for natu-
ral logarithe) and from the convexicy propercies of
H[{u] it can be shown chat [3][5][13]

Vi-x{1-p1(K}] e (&)
Vixpy (k)] “ V=]

Comiining these we see that (3) is true if

e . __sup di(k)

Tix] = n where -—dh—j—-—": l. (3)

From the properties the functiom V[u] it follews
that there exists a real number y:*0 such thac for
all xe{Q,¥), imequalicy (5) will be true, By setc-

ting x=y, the lemma follows.

“ow consider the functiom
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hiz,x,8] = =1

an[xinmfg

e =1
where h[4,x,2] = j where § = 0,1 and
O<hfz,x,B]<1l for all O<=z<l.
Lemma 3: .
E[h[pa(k+l},y.8] | Fyl < hipglkl),¥.8] (&)
where ¥ is defined in lermma 2.

Proocf: It can be see that v
;E ik - g .
= e S
b[I-rztkd-J.}.y,E.] - _% . _ (N
1 - &

Taking cooditional expeccations on both sides of
(7}, from the properties of conditional expectation
and from lemma 2 the inequalicy (&) follows. Since
h{z.x.8] is continuous inm r it follows that
#*

T2 hlpy(k+1),.y.8]=h[1-py.y.8]
with probability cne. Since pIziD.ll with proba-
bilicy one we obtain h{l-pf.y,3]1=1-p] (8
with preobabilicy one.
Proof with Theorem 1:
Taking expectations of both sides of (&), we obtain
hipy(0).y.8] 2 E(R[p2(1).¥.512E[n[p2(2),¥.8]2. ...,
Thus 14m
hlp(0),y,28] 2 [ Elhlpz(k),v.8]]

E (122 hlpy(K),¥.8]]
(E[a[1-p],7.2]]

= £[1-p]]
= Prob [p] = 0] (9)
From the definition, it follows that O<z<l,y=0
7
seg BIz.y.81=0 (10)

How given e>0, from (10) it follows thact there
exists a &% (<f*<] such that for all D<Bcg=x
e*hlpg(0),¥.8] (11}
Combining (2} and (11)
cr?rnb[pI-U]-1~Prah[pI-1]
and the theorem is proved.

DISCUSSION

1. OQur method of proof of the theorem 1 is very
gimilar to the one given in [10] in the context
of the analysis of learning automata operating
in a non-stacionary environment as well as the
one used in Chapter 5 im [5] for the analysis
of the two person zero sum games with Lncom-
plete informarion.

2. When 9 is smzll, the algorithm (3) is called
the small step learning algorichm. This lacter
class of algorithms have been extensively
studied by Norman [3] in che context of Mache-
matical Psychelogy. & major difference, how-
ever, is that in cur analysis as in [I0], we
do not Tequire p(k) to be a Harkev process.

3 Consider a variation of the update timing algoe-
rithm for plk}.




Step 3% 1f che class chosen for service (as a [14] 5. Lakshe=ivarahen. "Two Ferson Decentraliz. l
sample realisation from p(k) in step 1 is non- ed Teazm with Incomplecte Information.” f
ecpty, then update p(k) using step 4. Otherwise, Applied Machematics and Computation. Volums ¥
plk+l) = p(k). The probabilicy d, (k) with vhich 8, 1981, pp. 51-T7H, i
plk) is uvpdated according to chis sodified update [15] P.R. Srikanta Kumar and K.5. Karendra. ¢
Tule is "Learning Algorithm Model for Routing in
o, (k)=p, (k)p, (k}d, (K)+p, (k)p, (k)4 (k). Since Telephone Xetworks.™ Becton Center 5515 Re-
I:If fk il 1 1 2 2 2 port 7903 Yale University, May 1%79.
pylk)<l 1=1,2, 4t follows that g, (k)<a, (k). [16) M.R. Meybodi and S. Lakshmivarshan. “A
That is, according to this modified rule p(k) is Learning Approach to Prioricy Assignment in
vpdated more frequently compared to original rule a Two Class ¥M/M/1 Queveing System with Un-
in step 3. Admictedly this step 3 could result in known Faramters." School of EECS Technical
a faster convergence. However, it is not withour Feport, University of Oklahoma, January l
furthur problems. We need an excra conditien such 1983.
BS nlfk)bpztk} for the lemza 1 and 2 and hence %
theorez 1 to be true.’ i
4. The algorithm (2) used in step & known as the
linear revard-inaction algorithm=(5], [9] is a i
special case of a more general absorbing |
barrier algorithms. One could easily general- Cuif 1 ']
ire our results to these more general algo-— H
riths, o ,\,j:.,\ |
SN . T |
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