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ABSTRACY

In this report we study different classes of Expanding and Contracting nxn SW-banyan Retworks
with respect to three different performance measures: number of arcs, number of switches and
‘blockage in the network. We derive conditions on elements of fanout and spread wectors to
minimize one or more of these quantities.

INTRODUCTION

Switching Networks are important in the area of computer architecture and communication.
Most parallel distributed architectures require some type of Interconnection netwvork to link
the various elements of the computer system. Many interconnection metworks have been pro-
posed in the literature. In this report we study a class of interconnection netwvorks called
Expanding and Contracting SW-banvan Networks,

.The topology and a detailed description of the operation of a switching system using hanyan
network were described by Lipowskii [1] without using the name Banyan. Goke and Lipovekii

[2]. Lipovakii and Tripachi [3], Tripachi and Lipowskii [4] have given more general discus-
sions of banyan networks.

An interesting class of banvan networks is the SW-banyan wihich is being implemented as part
of the TRAC system at the University of Texas at Austin. 5S¥W-banyans 1s a proper subset of
banyans that can be recursively constructed from SW-banyans. A procedure for comstructing on
SW-banvan network will be given later in this report. Expanding and contracting Multistage
SW-banyan were discussed for the first time in [6]. In this report we study different per-
formance measures: number of arcs in the network, number of nodes (switches), and static
bleckage in the network. Conditions on elements of fanout and spread vectors are derived to
minimize one or more of these quentities.

BANYAN HKETWORK

A banvan is a Hasse diagram of a partial erdering inm which there is one and only one path
from any base to any apex. A base is defined as any vertex with no arcs incident into 1%, &n
apex 1s defined as any vertex with mo arcs lncident out of it, and all other vertices are
called intermediates. In a computer system, the set of bases may correspond to processcrs,
the set of apexes to memory and I/0 devices and the Intermediates to switch nodes.

An L-Level banyan 1s a banyan in which every path from any base to any spex 1s of length L.
An L-level banyan is a (L+1) - partite graph in which the partitions may be linearly ordered

from O through L such that arcs exit only from ith partition to (1 + 1]'t partition. By
convention, apexes are at level 0 and bases at level L.

In a Banyan the number of arcs exiting upwards the vertex is called spread of the vertex and
nuzber of edges exiting below the vertex 1s called fanout of the vertex. A banyan is called
uniform if within each level all vertices are alike in that they have the same number of arcs
incident out from it and the same number of srcs incident into it. The ares incident out
from the vertices of a uniform banyan are characterized by an L-component vector F called
fanout wvecter. Similarly, the arcs incident in are characterized by an L-component spread
vector 5. We let fi and 5, denote the fanout and spread of every node at level i, respec-

tively. We define both SD and fL to be 1. We also use n, to denote the number of nodes at
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level 1. The number of apexes is n, and the number of bases is L
A regular banyan 1s a special case of Uniform banyan, in which all vertices throughout the

the network are alike. That is, the spread of every vercex except the base is equzl to some
constant 5 and fanout of every vertex except the apex are equal to a conscant f, Thac, f
f for all 1 e {0, 1, 2va, L=1) and s

levels in the banyan network. When 5=F the banyan has the same number of nodes (switches) in
each level and is called rectangular. Non-rectangular banyans have F ¢ 5. A banyan is

called strongly reccangular when F = 5. Exasples of different types of banyan necwork are
given in figure 1.

i
=8 for all 1 € {1, 2, +.., L} wvhere L is the number of

SW=-BANYAN NETWORK

A banyan is an SkW-banyan if and only if for any two bases b and ¢, or any two apexes d and e.
The set of all nodes in level i that can be teached by directed path from base b and ¢ or
apéx d and e are either disjoint or identical for 0 < 4 < L. SW-banyans are suitable for
partitioning and connection network. The Texas Reconfigurable Array Computer (TRAC) uses a
4-level regular Sk-banyan with spread and fanout of 2 and 3, respectively, as intercoonection
network. This network connects l6 processors on one side to 81 memory and 1/0 sodules on the

other side. From the definiction of Uniform Banvan, in a Uniform SW-Banyan all nodes in a
given level have the same fanout values and some apread values.

Below we state some theorems and corollaries that describe topological features of Sk-banyan

l&].

Theorem 1: For any level i in an SW-banyan, 0 = 1 = L-1, "i+151+1-n£f1'

g € Oy if and only if f1 > S441" Furcher=-
mare, B, * Ry if and only if fi < 8y And n, = n if and only if fi = 5

i i+l
Theorem 3: In a rectangular SW-banyan, n1 is constant and equal to B, the nuzber of bases

Theorem 2: For any uniform L-level SW-banyan, n

1+’

in cthe banvan, for 0 < 1 < L.
Corollary 3.1: .If By =Py for all 4, 0 <1 % L-1, then F = 3,
Theorem 4: Each base of an SW-banyan reaches 84415542705 nodes ac level 1, 0 < ‘.L.: L=1.
Corellary 4.1: The number of apexes in a uniform SW-banyan is L
Corollary 4.%: Each node ac level 1, 0 < 1 < L, reaches 555 5p+ ~+ %y 2pexes,
Theorem 5: Every apex in a uniform SH-banyan reaches fufl"‘fi-l nodes ac level 1, 1 < 1 < L

Corollary 5.1: The number of bases in a uniform SW-banyan if fﬂflfz"'fL‘
Corollary 5.2: Each node at level 1. 0 < i < L reaches £ £ .. ‘fL bases.

i1+l
Theorem 6: Ipn a uniform SW-banyan, the number of apexes egquals the number of bases if and

only 1if fuf1"'fL-1 =8 8,5,

EXPANDING AND CONTRACTING NXN SW-BANYAN KETWORK

In a rectangular nxn SW-banyan there are n switches (nodes) in every stage of the metwork.
Expanding and contracting nxn SW-banyan are nxn SW-banyan networks for which the number of
switches at different stages may be different. These networks are certain type of non-
rectangular nxn network. OGiven a rectangular nxn L-level SW-banyan with particular fanout
and spread vectors F and 5§, it is possible to construct another nxn SW-baayan by percuting
the components of F or § (or both). From Theorem 1 1t 1s evident chat derived nxn SW-banvans
are not reccangular unless fi Py for 0 < 1 < L-1. It is shown 1s [&] that Expanding and
Contracting SW-banyan possess significantly less inmherent blockage than the corresponding
rectangular SW-banyans. Although they need more switches and may result in more necwork

scages than scme strongly rectangulsr SW-banyans. They retain the advantages of a cost func-
tion of only o(nlogn).

The following recursive procedure can be used to construct SW-banyan network with given fan-
out and spread vectors.

Procedure to construct nxn L-level SW-banyan mecwork with F-{fl. fz. iV ftl*l'.l] and S=(

513 Sg0 tees BLJ.
e ——— )+ o
TE-lnd q= ;E. We assuce n

Step 1+ Letp=yg : TR i CIRRRLI T Sl L SRS
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Step 2: Construct fu p x q (L-1)-level SW-banyan networks with F = (Il, fz, sein fl—lj
and § = (52, 53. siay ‘L}
Scep 3: For i=1 to HD do

"o
If (1 mod (s—} = 0) then
1

connéct ith apex of the L-level banyan to the last apex of all the pxg
(L=1)-level banyan constructed in Scep 2.

Else

n
Connect ith apex of the L-level banyan to the (i mod (EE})th apex of
all the pxq (L-1)=-level banyan constructed in Step 2.
The above procedure can be used to construct regular, irregular, rectangular, scrongly
rectangular, weakly rectangular nxn SK-banyans, as well as Expanding and Contracting nxn SW=
banyans which is the topic of cthis reporc.

OPTIMAL EXPANDING AND CONTRACTING HXN SH-BANYAN

"In this section we study different classes of Expanding and Contracting nxn SW-banyan with

respect to three different performance measures: number of arcs in the network, ousber of
nodes (switches) and blockage 1n the network. We cry to find conditions on elements of
vectors F and 5 such that one or more of these quantities are minimized. We use function
BP(i) = [ai-l}(bl-lj suggested in [6] to measure the amount of blockage in the network. This

function counts the nuzber of blocked paths that pass through & busy node at level 1. The
suz of all 31 for 1 < 1 < L-1 which is denoted by DP can be used to measure the blockage in

the network. Both BF(0) and BF(L) are defined to be zero. In this equation hi is the number
of bases reachable by a node at lewvel i and a is the number of apexes reachable by a node

ar level 1. In the above sum, many blocked pachs would be counted more chan once ans so they
would not give cthe total number of blocked paths generated by a single active path. Funccion
BL(1) = {ai - al_ljtbi-lj avolds mulciple counting. This function counts the number of

additional blocked paths that afe encountered as a commynication pacth is followed froz an

apex down to a base. The sum 150 BL(1) gives the total blockage creacted by a single
connectlon.

Theorem 7: Total number of switches in a SW=-banyan network with F = (f

W S
5= (S;2 Sp0 +ves §) 1s o 1t L-1
I
1-1 L

TS=n_ (I )
o TS}
i=0 T *
IO

Theorem B8: Total nu=ber of arcs in a SW-banyan network with F = (f

v By weey £ 0) BDd
5 = ':sl: le CEE ’L} is . 1 L~1

1+

L-1 () [J
L = Inuffn + L )
i=0 i+l

g -
Fy 5, n, 'l.l.I

We use HF to denote the set of all axn L-level SW-banyan which can be derived by
s B, n; L

permuting the components of F or 5 (or both). The third subscript of H indicates

F, §, n, L

L L
thae T fi - IT-ii = n and the fourth subscript indicates that both F and § have L com=-
i=] i=]

ponents. Fipure 2 1llustraces sec H vhen F = (2,2,4) and 5 = (2,2,4). Consider Figure 2b,
this SW-banyan is obtained by exchanging the first and the last component of vector F. We
let hFil &Y lfhere Fy = ([1ﬂ. £ir o Il{L—l}} and S, = (8,5 8,90 +ony 84, ) to denate

the 1°" sember of set Hy g L gp+ "e state tre following theorems for class H.
P 25 ey 0O
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Theorem 9: Banyan network h c H
Theoren 9 ¥ Fi' 51' " £, B n, L has minlmun nusber of switches if and A simflar procedurs .

1y 1f f f see i :
only 10 ¢ Fyy S Egg Seee S gy B 0y F 8 P 8yg B ower 2 ay, ; Class 3: (b, .
b —_— -1
Theorem 10: Banyan network h inim f ! P
¥ ri‘ Si' n, L £ HF. £ a i has mininun nuober of arcs if and ; Let H? _— s
g i i} ] 1]
enly 1f fiD < fil < E12 € 4 ee € fi{L—l) and 49 * ) * Siq % see > 8, ! F or 5 (or both) and

i the elézents of veet

Thecrem 11: Banyan metwork h.r 3 has minimum BP if and only if
i.

i'lnILEkLFIslan

L]
. Theorez l4: |H
fiD > fil » f12 R | fi{L-l] and 54, < 545 < 54 LR 80 E F,S,L
Theorem 12: | | = {L!jz II
: HF, W G 1 A : gi is the nuzber of
=1 L ;:l;_ i ! Theorem 15: Sec HIF
g; is che number of times that f, is repeated in F and 1, 1s the nuzber of times that s, is :
1s repeated in S, _[H| denotes the cardinalicy of set H. Theorem 16: A nerwe
Problem of finding h for which BL is minimum can be reduced to minimizing
i d Fi! .six L n fu < fi
L g
: - = Theorem 17: A netwc
1£d {Buiiiz...iil ’u’l"'si-lj{f(i+1}f{1+21"'fL1} subject to the following
- §
H . F. wna 0 4
constraines: 1. Fe { 1 Fz Fx] here x = LI s i} L!
A CONCLUS1ON
2. Sc¢ i85, 5,...5 1} (g, J! (1,31
1'%ttty LL Wy ?]E 1
Different classes of
Hon linear progras=ing method may be used to solve the above minimization problem. to & nusber of arcs,
. clent conditions ar:
Class 2: (H L}
T e REFERERCES
Lat P = {Fl. Pz. sssy P} ba a ser whose elements represent different ways of factoring n
¢ o i [1] Lipovoski, G. J
into L integers, ch set Pi has L elements Pil" Pi2" . Pil and the product of chese Conf., May 197C
elements is equal to n. Set P will be singleton if n 1s either a prime number or can be
facrered into L primes uniquely. We assume Pu =lforalll<i<randl < <L. Wealso [2] Goke, L. R. anc
assume that no member of set P can be derived by permuting the mesbers of other members of i s
ser P. A L-level nxn SW-banyan can be obtained by choosing & pair of elements from sec P [3] Lipoveski, C. J
and wsing them a5 fanout and spread vectors. If H; L denotes the set of all nxn L-level SW- Proc. of iﬁ?? 1

banyan networks for which no node has a unit fanout and spread value then we have
* x r ; [4] Tripachi, A. R.
=il U ' the 16th Ann. €

H L] £l L]
n,L =1 4= E'Pi SP n" L
i [5] Lawrie, D. H.
F? and SP are fanout and spread vectors that correspond to Pi and Pj. respectively. ; IEEE, ¥al. C=2&°
i ]
r r
* 2 1 [6] DeCroot, D. E:
Theorem 13: |H o LI =t t L Barilidl Proces
] sl alc (8!
7 =1 i [7] DeCroot, D. Pba
51: i5 the number of times that Pij is repeated in sec P1 and T = IP!. . Conf. on Parall
8] B 11 G, ;
Based on Theorem 9 we propose the following procedure for finding a L-level nxn SW-banyan (8] Ci:::ft Sui::Ei
network that has minimum TC and is alsc a member of H: L !
]
Step 1: Compute set P for imteger mn. [9] FE“SiITi5 A Sury
Step 2: For all the possible pairs of elements from set P do 2 &
1. Sort the elements of the first set in the pair into increasing order

2. Sort the elements of the second set in the pair inte decreasing order.
(Call the set of all sorted pairs X)

Scep 3: Choose a pair from set X that minimizes TC.

Step 4: Use the first element of the pair found in step 3 as fanout vector and second
element as spread vector,
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A similar procedure can be written to find a network with minimum TS or EP,
i

Class 3: [HF. 5 g L}

L]
Lat HF 5 n L denote the set of all networks that can be obtained by permuting elesents of
@ = My
F or § (or both) and F = Perm (5) {F-P,rm{ﬂ}]mnans that vector F can be obtained by permuting
the elements of vector (5). For set HF 5. p.L e can state the following theorems.
p=aldy

LI 2
()

(gt
FANNG
gi is the number of times that f1 is repeaced in set Flor 5)

L]
Theocrem 15: Set H contains e S rectangular nxn SW-banyan networks.
e ——— F;S;Lll'l er (g }l

i

'
Theorez l4: IHF,S,L,nl:

i=1
i
Theorem 16: A network belonging to set HF S.L.a has minimum TS and TC 1if and only 1if
e e -1 o

fnfflcizi,”cfl_l and 51952}53}".}51
¥

Theorem 17: A network belonging to the sec HF S Lo has sinimuz BP if and only if
¥ et

f. > f

o 1 > [2 E . fL- and 8§, <8, %8, %

1 1
CORCLUSION

Different classes of Expanding and Contracting mxn 5W-banyan have been studied with respect
to a nucber of arcs, number of switches and blockage in che network. MNecessary and suffi-
clent condicions are given co minimize one or more of these quantities.
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