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Abstract 
To efficiully implemenl puallel al,orilhml on ~al.lel com""kn, COllcvnlll d" • .mod ...... 

(da .... otnlcl .... which an limllllulOlllly IIpd.tabl'l ace lleeded. III Ihil p.per, Ihru implemRl .. 
liou of. priority queu~ 0" • diltriblltod_memory m .... '. p....u., m"ltiproc:eooor _ilh • hypercube 
I.opoloc ace Pft'e .. lecl. In the finl impleme .. l .. tioll, .. lineu chain of proc:lIMO<a iI m .. pped 0111.0 Ihe 
hypcrc"be, &lid Ihen .. he .. p d .. l .. otrud .... e iI m .. pped onl.o lhe chain, _here each proc:lIMOf .\.ore • 
..... level ill. Ih. hnp. A aimilu .pproach ill lut .. fIN lhe .MCOnd implemnlolioll.r b"l in thio cue, 
.. hanya.n hup d" .. Il.ruchre ill m .. pped 0111.0 the lineu duun of~. A,am, each proe_ 
;. Ihe cbo.ia become. retpolWble foc- one level of Ih. d .. ta Itruet ...... For Ilo. third implemenl .. I"'II, 
Ihe b&ll)'&ll heap d.e. ... Ind .... e iI again 1Ued, hilt the m.ppin, iI nol. onl.o Ii ....... chain of proc: ........ 
wlead, the banyan heap it m .. pped onl.o proct&IOfa cohlmll by coillmll, 80 Ih" lbe al,orilbm can 
mw bellu 11M oflhe COIIC1ImI1I1 proc ... in, u~bililiea of the hipeTCllbt t.opolocJ;' order 1.0 mllCCl 
boUineckin, in lhe finlproc ....... , &II elfed lIoleci in the <1M ofl t lin"" cbaill emploreci by Ih. finl 
IWO implement.tio». The ke,. advantagt of b&ll,. .... hnp .,.,Of the heap iI th" wilh b ..... ,. ......... p il 
iI poIIibl. 1.0 retrieve elemenC4 &I dilfuul percentile levU.. 

Keywonla A1ld Phu_, CoIlCIlI'UII\ Dab Stnlclure, Hypercuhe, Ban,..... H .... p, Pudot! All~ 
Mthm 

1 Introduction 
Priority queue data structure ia a very important data Itructure which haa found ap­

plic .. tim in varietie$ of aituatiol15 such aa: diKrete event simulation Iystema, timed-abared 
computin& system, linding shortest paths in a ,raph [17] , linding the minimum spannins: tree 
of .. graph [11] , and iteration in numericallJCheme$ haaed on the idea of repeated selection 
of an item with smalle$t test criteria [16]' to mention a few. 

Such a data atrueture ie a !l(!t of elementos each of which baa an aasoci..ted number, ita 
priority COt it. For each element z, p(z) , the priority of z i.. a number from IIOme linearly 
ordered set, Standard operationa on a priority queue are INSERT, which inaerta an element 
and its MIJOciated priority into the priority queue, and XMAX, wbich deletes the element 
with the hi,hcst priority from the queue, Lei P denote the let of all element- priority pain, 
Deline 

P(.) = ((z,p(z»!p(z) "'. alld (z,p(z» E Pi; 

The effect of priority queue Ilper .. tiol15 are aa foliowl: 

INSERT(:.:,p(:.:» ; 

p.- PU{(:.:,p{:.:))} . 
Reepon.ae is null. 

XMAX: 

p .- p - P(P_.) where P(p.u) is the pair with the hi,hest priority, 
Reeponae i. p(p ...... ). 
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'" 
Sillu moat of the II.pplicationa of priority queuea are oompuw..Uonaily ioten.ivl!, it it im­

portant t.o have &D efficient implement.a.tioo. Three kinde of implement.&tiou of priority 
queue have been nported in the lil.eratura: Rqllential ailloritlun. [or implementation on 
uniprocessor I parallel a1sorithmie uehitecturea for re&lis&Uoo in hardware, and pvallel &1-
Ilorithms for implement.atioD on parallel wmputen. In thl! next t.hne paracrapb. we revinr 
the literature for these approaches. 

Thue lU"e OUmMI of implementations [or priority queue on .. uoiproce..or. PriCK;t)' queue 
can be maintained M a IIOlted litt, in ..... hich eNe, de1etina the element with the bipst 
priority takes 0(1) time hut inser tion takes O(N) time, or it can be mainh.i.ned as an 
UlIlJOrled list, in wbic:h ~ illlNlrtion takes COlatut t ime but XMAX tab. O(N) time, when 
N is the number or elemeot.-priority pain in the priority qUO!\Ie. Olller implement.&t.i~ 
which lend themeelvell 1.0 IOlLvithrnie time &rfI height or wei&ht balanced tree, p&rLialiy 
ordered t ree{heap), leftist trees augseeW;! by C . A. Cran<ll [30), pasod .. [37), ,kew Map' 
[38), implicit heapl! (30), and binomial qUe\i<lll:l [39) . The moat widely uaed implementation 
of priority queue ~ with a heap data structure. A hAp ill <I full koauay tue ,ucla that the 
priority of the element at any node in the tree u greater than priority or the element at 
each of its children. Thu. th<ll element with tbe higbeet priorit)' ill a1_,.. at the root or 
the beap. Operation INSERT ill performed b)' acldin& tbe pair ~ tbe l~ I .... el of the bAp 
and t ben converting the reauhing eomple~ tree into a heap b)' puehina tlul pair up tbe 
tree recurNvely. XMAX works b)' replacing tbe pair at root with tbe pair raiding in tbe 
rightllKlllt node oC the IMt level of of beap and tben coo¥etLing tbe teluitin& complete tree 
into a heap by pushing the pair at the root doWD tbe tree recalrN¥<IIly. If Ii: Ie 2 then we bave 
biDat)' heap which is the IDOIIt wildly studied special cue. 

A Dumber of multiproceasor dceign for maintaining priori~ queue have been pro(X*d in 
the literaturee. Th_ deeiglW CaD be e1uawed into two main StOUp'. 1) deeisna with amaJl 
number of proeeaaono each having an Imall amount oC memory, and 2) de.isna with amall 
number of procellllOllI each ha¥ing ala:rse 6mOunt oCmemory. Group 1 detjsna [5,13,22--27,331 
wbich in tum can be eiNllified into !)'.~lic tree deeisna ~d "1~1ic auay d_cna are ,uit­
able for implementation by VLSI baniware wbereu group two deeia;1l8 [2,4,1 1,29,C] can IH 
implemented either in VLSI or any general putpOle tishtly or Jooeely coupled multiprocaeor 
a.rchitecture. 

Existing algoritbms [or muitiproeeuolll are diyided loto two group': thoae Cor shared 
memory multiproceason and thoae Cor distributed memory mutiproceaon. When dllliping 
algorithms for shared memory multiproeeuolll UJe focus is on reducing tbe interCerence b .. 
tween concurrent proc_ ~ng tbe data ,tru(ture whereas in the ca.e of dUtributed 
memory multiproceasor the focu. is on cxploitina the pwa1JelUm in tbc data ,mcture. Con­
cuuent algorit.hma COt manipulating binat)' trce due"" Kuog and Lehma.n 118] , concllfJ'ent 
a1aorithm. for B-tree due ~ Lehman IJId YaI) 119J, algoridlms fOf ccmeurrent &ea.rch and 
inaertion of data in AVL-tree IJId 2-3 trees dUllt to Ellis [20,21[, concurrent algorithm for 
inacrtion and deletion on UJe bup due to Ran and Kuma:r [8], and BiIw .. and Browne [IJ 
&rl uamplee o[ algorithms for aha:red-memory multiproceAOr. Example. or a1gorithma ~ 
distribu~ memory multiproceeaor &re: balanced. cube duc to Dally [9] • .urted chain due to 
Omondi and Broc.k [13J, and binary ""a.rch mesh due to Mcyhodi 141]. 

It should be noted that IDOIt oC tbe macbin .. or algorithms cited in this paper oJi'er 
capabilities wbich go beyood priorit)' queue operationa. Other optlrUio ... IUpported by 
IDOIt o[ thc cited algorithma or machines IllI operationa SEARCH. NEAR, UPDATE, and 
DELETE on ""t of key-record pair •. In tbe context of priorit)' queue a record iI tbc element 
and tbe correeponding key is the priority ueociateci to that element. 

In this paper we preeent three implenM!ntatioJUI oC priorit)' queue on dialotibuted-memory 
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'" 
messagll pUlling multiprocesaor with hypercube topoioC'. Thelirlt implementation is hued 
on heap data Itructure. The heap is mapped into It. linea.r chain of pl'OCCllllOre which ill thell 
embedded into hypercube. The nUlet two implementations au hued on buyan heap data. 
structure, They differ in the W&1 that the banyan is mapped into tbe bypel"(;ube. The by 
advantage of banyan heap over the beap is that with banyan heap it is possible to retrieye 
element. at diffetellt peucntile leveb. A bypercube eomput.er is briaRy described beJow. 

An d dimenaional hypercube machine eooeieLtl of 2" procell$Of node. iot.ereonoeet.ed t.o one 
anothu to fotm II d dimenaiollal cube. In IIIl d dimensional cube two nodn &nI colloeded if 
and only if thll binary repreaent.ation of their numbers differ by 008 and only olle bit. Each 
proceuor node in the bypereube has II processor and II- local memory (or that processor. The 
proo::MfIOts wad: independllntly and aaynchronowlly and communicat.e by passing meuages 

[3J. 
The rest of this paper is organized &II follows. Section 2 give8 a heap baaed implcmen~&tion 

of priority queue on a distributed-memory message-passin,. Section 3 defines banyan srepha 
and banyan heaps. In INICtion " WI! di!IC1lM an implementation of priority queue bued on 
banya.n beap data strueture. Section 5 deriv88 analytical formula for the percentile level of 
.. retrieved element. In eedion 6, the second banyan heap bued implementation of priority 
queue is pr_n~. The Jut aec:tion ill the conclusion. 

2 First Implementation 
Tim implementation is bued on heap data structure. The heap is lillit mapped into a 

linear chain of n processors. This chain il tben embedded into the hypercube in such a 
way.., \.0 praerve the proximity property, i.e., 110 that any two adjacent prO«llll<)I1I in the 
chain are mapped into neishbor nodes in the hpercube [3J. The U5e of Gray code! is one 
known t.echnique \.0 obtain a mapping which preserve the proximity property. This~­
nique can be explained M follows: If the binary represen~~ion of the node number in tbe 
chain is 6~_ 16~_1.,,60, tben it is mapped into the node witb number , C~_JC~_' '''~' wbele 
0:; = II; +"HI> if (i < d - 1), and C; = b; , if j = d - 1. For example, node number 26 (011010) 
in the chain is mapped into node 23(010111) in the hypercube. H 2~ < loa; n then more than 
one level of the heap msy be assigned to a sina;le processor in the chain. This ex~nBion wiU 
not be discussed here. 
ProceMOr pi, (0 :s; j:S; n - I) , of the chain stores the jl" le~el of the heap. Ea.ch node 
h8$ 6 fields: DATA, PRIORITY, LCHlLD, RCHlLD, LEMPTYNODES, and REMPTYN­
ODES. For a node, the DATA field bolda an element and the PRIORITY field holda the 
priority aaociated with that element, LCHILD and RCHILD holda rapectively pointer. to 
tbe leRchild and ria;htchild of that node, and LEMPTYNOOES and REMPTYNODES hold 
the number of null nodes (nodes with no information) in the len. and ria;ht lubtrees of thd 
node. Initially, the DATA field of all tbe nodes are set to null and the PRIORITY field of 
aU the nodes are set to - I. The LEMPTYNODES and REMPTYNODES fielda of all the 
nodes at level i are initialised to 2"-; - I. These two fields &l'e updated u dat.a element.a 
are inserted into or deleted from tbe beap. Information about the number of empty nodes 
is used by INSERT operation to decide which path in the heap should be followed durina; 
the iD3ertion procesa. Lack of such information may lead to an overDow situation in the I."t 
proceuor. This happens if the INSERT operation moves along a path in which all the nodea 
are Don-empty. 

The proceu running on each processor in the hypercube consist.a of two distinct parb. 
The fil'1lt P&l't belona;8 to the application that runs on all the procetl&Ol'1I of the hypercube. 
The IItCOnd P&l't, called e:l:teuC;vr, is responsible [or the execution of the priority queue oper­
ations. An executive can receive and process many meuaa;es simultaneously. Priority queue 
operatiolUi are initisted by tbe application P&l't of the proces&Cll runnina; on the proceaol'1l 
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4 Second Implementation 

The effective implementation of banyan heap on hypereube reQuire8 efficient mappiD, 
of the banyan .tructUA amoDI! tbe proeeeaon of the hypercube. We uNDine two 8IIeh 
mappiDp. The IirIIt mappina: ill obtained by fiIllt mappinr; tbe banyan jotoo .. lineN ehaUt 
and tben embeddiua: tbe chain into the hypercube (See Iisllr1= 3). The MCond mapping ill 
obWIied by coUapsmS columns of the b&nyan into sinlle proeu.ors 134J. That ill each b-.. 
apex path in tbe han1"ll with ideol.kalJy Ia.beled "ertiOllfJ ill mapped int.o one p~r in 
the hypercube with tbe .&me I.bel Accordins too thit mapping. if two nodN are adjacent 
ill the banyan tbeJl they &1'8 mapped into two adjacent procelllOrB in thl! hypercube, thOlM! 
hum, labela tbat differ exactly in the ,". digit. See figure 6 Cor an exa.mple. In thi. IleCtion 
we eonaider the first mapping. 

Before we give 8. deh.iled description of the operatioilt XMAX aud INSERT we tho;., bow 
to compute the addreuell of the children of a liven node. Thll nodllS at a ,inlllllYIII ulI.Wred 
sequentially ill an uray of ain M ill the local memory of the correapondin, proceuor. Let 
rlfi to dllllot.e the ;I~ node on the I'~ level of the banyan whe«l 0::; ; ::; M,O::; (109M + 1). 
Then "Ii it connected to two node. · "V+I)o" and "(HI) .... where m it the integer found by 
invertin, thlll"1· mOllt aipificant bit in thll billuy repreaelltatioll of i. We call nods " (1+1)0' 
and " V1"I)'" the ri,ht &lid lefl. childrell of lIode "II, rapectively. Therefore, the lefl. child ud 
ri,ht child of node i at lenl k are . tored respectively in the i'· 10000tion ud m'· location of 
the array residin, in thll local memory of proeesaor k + 1. 

All the XMAX and INSERT operationa initiated at different proeesaoR ue KIlt to lhe 
head of the embedded chain and ue uecuted in a pipeJined mannet. Wben operation 
INSERT ia received by proceaor Po, it filllt find. the lefl.mo.t partitiOll wbkh baa at I_t 
one empty node. Tbia CIUI be dOlle Ullin, information atored in lhe REMPTYNODES IUId 
LEMPTYNODES field. of tbe apexllS in OeM) time. It then pUllh~ the element requested 
to be inaert.ed dowli the banyan heap Ullin, operatiOll in.ut-Aclju t. The operatiOIl i~trt­
Adjut pUlhllS the eillment down (Ilion, the patha from thll root of thll partitioo to the bUM) 
until it finda its correct poeition. This requires O(log M} timll. ThUll INSERT it an OeM) 
operation. 

hi the codllS ginn below WII UIII the foUawin, Iyntax and semantic (or KIId and ,. 
ceive instructiolUl. The instruction Send( <proceAOr>,' <inatruction > ') seoda ilUltruction 
<inatruetioll> to proeeaor < processor> for execution. The execution of receive( <p~r>, 
(information» c.aUIIIIS the information apecified by the second ar,ument be obt&ined from 
proeeaor <proeeuor> and forwarded to thll requlISting processor (thll proc:e.or exeeutin, 
the receive illJtrudion). A receive imtruction executed by processor p; it not complet.e until 
a IIHIIII&,e is received from processor P;+I' 

Upon reeeivin, INSERT(p,(item,priority» by processor Po, it uoc:ut.ee the follawin, cod",. 
The letter p is the addrllSe of the leftmost apex, and (item, priority) is the pair teqUlISted to 
be inserted. 

found .... false 
While (not found) do 

if DATA(p) 'i- nuU then 
if priority> PRIORITY(p) 

begin 
if LEMPTYNODES(p)'i- 0 or REMPTYNODES(p)'i- 0 then 

begin 
if LEMPTYNODES(p) > REMPTYNODES{p) tben 

begin 
p' .... RCHILD(p); 
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if LEMPTYNODES(p) > REMPTYNODES(p) then 
be,in 

p' ..... LCHILD(P) ; 
LEMPTYNODES(p) _LEMPTYNODES(p) _ 1 .. , 

oJ.. 
be,in 

p' ..... RCHILD(p); 
REMPTYNODES{p) __ LEMPTYNODES(p) -1 .. , ,., 

send(p;H, 'inserlo adjUllt{p' ,(DATA{p ),PRIORITY (p)))'); 
DATA(p) _item; PRIORITY{p) ..... priority ,., 

"K 
be,io 

... 
be,in 

if LEMPTYNODES(p) "" 0 or REMPTYNODES(p) "" 0 then 
be,ln 

if LEMPTYNODES(p) > REMPTYNODES(p) then 
begin 

p' _ RCHILD(p): 
REMPTYNODES(p) __ REMPTYNODES(p) - I w, ... 

b~,in 
p' ..... LCHILD(p); 

LEMPTYNODES{p) t- LEMPTYNODES(p) -1 ,., 
aend(P;H, 'lMert.-adjUllt{p' ,(it.em,priority)) '); .. , 

, .. 
be,in 

DATA(p) __ item: PRlORITY(p) ..... priority .. , 
DATA(p) _ item: 
PRIORITY(p) ..... priority 

end: 

XMA.X operation lint i~.ta the apex whleb contaiWl tha eiemant with the hi,he.t priority, 
repOfte that element t.o the OUl.8lde w«ld, and then fills up that apo. with the a18mellt in 
one of its cliildren. xmQ"o.djut i.e tapoWllble for tfllltrueturin, the banyan &II it move. down 
the heap. When XMA.X(p) i.e received by processor PI> it exeeut.ee the follO'Nin, code., whua 
P is the addreu of the ieftmoet apex. This addrlllll is known t.o the oul.8ide world (front end 
computer). 
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p' .... p 
while NEXT(p) '" nil I.nd DATA(NEXT(p»"I- null do 

hlAin 
if PRIORITY(p) > PRIORITY(NEXT(p» then p' .... p 
po- NEXT(p) 

,.d 
Knd( 'our..ide wwld' , DATA{p')); 
receive (1':1, «PRIORITY(RCHlLD(p'» ,DATA(RCHILD(p'))), 

(PRJORITY(LCHlLD(p')),DATA(LCHlLD(p')))) ) 
if DATA{RCHILD(p'» ", null or DATA{LCHlLD(p')) .... null then 

if DATA{RCHILD{p'» > DATA(LCHILD{p')) then 
beAm 

DAU(p') ..... DATA(RCHILD(p')): 
PRIORITY(p') 0-- PRIORITY(RCHlLD(p'»: 
REMPTYNODES(p') ..... REMPTYNODES(p') + I: 
send(l':l, 'xmu-l.djult(RCHILD(p'))') 

nd , .. 

, .. 
begin 

DATA(p') t- DATA(LCHILD{p'»: 
PRIORITY(p') ...... PRIORITY{LCHlLD(p'»: 
LEMPTYNODES(p') t- LEMPTYNODES{p') + 1; 
Mnd (1':1, 'xma.x-adju.t{LCHILD(p'»') 

.. d 

begin 
DATA(p') ..... null; 
PRIORITY(p') +---1 

,.d 

Proceseor Pi, (1 :$ j ::; L), upon reet:iving :tmu-adjul(p» executes the following codes_ 

reeeive(p;-t I, «PlUORITY(RCHILD(p) ),DATA(RCHILD{p»), 
(PRIORITY(LCHILD(p)),DATA(LCHILD(p)))) ); 

if DATA(RCHlLD(P» "I- null or DATA(LCHILD(p» .... null then 
if DATA(RCHILD(p» > DATA(LCHILD(p» then 

begin 
DATA(p) _ DATA(RCHILD(p»: 
PRIORITY(p) 0- PRIORITY{RCHILD{p»: 
REMPTYNODES(p) 0- REMPTYNODES{p) + 1; 
Knd{pl-tl, 'xmu-adju,t(RCHILD(p» 'J 

,.d 
,'" 

begin 
DATA(p) ..... DATA(LCHlLD(p»: 
PRIORITY(p) t- PRIORlTY(LCHILD(p»: 
LEMPTYNODES(p) __ PRIORITY{p) + I : 
send(P;-t I, 'xmax-l.djult(LCHILD{p»') 
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.... 
basin 

DATA(p) __ null; 
PRIORITY(p) 0--- - 1 

wd 

Remark 3 The elemenLIIIk>red in the apex nodee alB not ranked in any part.ieular order. 
Thia Bpeeds up the inKrtion procea, but leads to O(M) time for deletion. It ill posaible \.0 
insert the elementa in such a way that the element with the hiSbest priority is aJ_ra ava.ilable 
at \he ief\;lfi()IJt apex in whieb cue locatio! the correct apex to initi.1.e the ill8erlion taka 
O(M) time. This method seems \.0 be mote efficient due t.o the rad a portion of the time 
Bpent to find the correct position an be overlapped with the t.ime spent to locate an apex 
wit.h IetD REMP'l'YNODES or Ino LEMPTYNODES. In the alsorithtnl preotented above 
we haTe ueed the finlt approach. The aecond approach will be reported in another paper. 

From the properties of SW -b.nyan srapln! and the above al,orithma, we can Ital.e \he 
£ollowinl reI!IulLII. 

Theorem 1 OperAtion XMAX rcqlliru OeM) time to complde. 

Theorem 2 Operation INSERT nqlin, D(Af> lime /0 complete. 

Theorem 3 TAe .etond imp/emcntlltion o/fer~ O(M/los M) thro.gllpd. 

Lemma 1 II) The inurt-IIdj." epetlltion neller encellnter~ II node which .. non_n.tl and h ... 
:Jere> LEMPTYNODES lind :Jere REMPTYNODES_ i) The in.crt.lldjut ope,atiofl .u"II~' 
fin4 II n..ll node to inurt it. dement. 

Proof a) If operation mlaz-gdj." encoUD~red a non· null node with LEMPTYNODES and 
REMPTYNODES fields equal to cero then it must have been initiated from an llpeX with 
both REMPTYNODES and LEMPTYNODES equal to cero. This is impouible accordiq: to 
the &l.SCN'ithm (or INSERT. b) Proof is immedia~!rom the proof of part a and the ddinitioll8 
of LEMPTVNODES and REMPTYNODES. 

Remark" Deletion of an element from pactition i may cause one of the elementa in· other 
partit.iona whoee noda are reachable Cram apeX ; to beeomo null This happena if a delet.e 
operation ca~ the an"-adjul, on ita _y down the heap, to lllOYe up the cont.ent of one 
of t.be lear noda or partitioo .. to fill up ita parent which h .. been emptied by anQ-lIdjut 
operatinn at the pre'l'ious at.ep_ Th .. emptin_ of thilo Dod .. now wiU be reBecl.od in the 
REMPTYNODES or LEMPTYNODES of apex i_ This nocle is now reachable by parlition 
from apex i aod will be filled by an iDIIUtion initiat.ed at apeX i. The maximum number of 
node. that may become reac;hable by parlitioa from apeX i .. a rault of a deletion is equal 
to (L+ 1) - D, where Dis th .. depth of partition;. 

Lemma 1 Zero REMPTYNODES and fer" LEMPTYNODES /0' a .. llpe% dtn~ .. ot impl, 
that all the .. "dn ; .. lAe corn'po .. d;ng pllrt;I;" .. au .. I)R . .. ..I'. 

Proof From remark {. 
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Prool. We proye thill lemma by induction on d. 

Basi.: For d= I, NPI = o for alIl:sj:S 10SN + 1. 

lnductioD: Aasume that 

NPk = ld -Ei;:NPij. 
2 

Contider cHI . Either d ill eyen or it ill odd. If d ill eyen then apelt d+1 ill the root of a 
partition with depth 1. rherefore, 

d+ 1- E!:~ NPI - (NP. + 1) 
NPi"" l 2 J, 

that is, 

I
d-E;;INPi 

NPk = 2 J. 
For the cue thlLt d ill odd we consider two aubcues: Apex d + 1 ill either the root of a 
paniuoo of depth Ie or it is the root of a partitioo with depth h, (h < Ie) . If d + 1 is the root 
of a pvtition of depth d then we will haye 

Since dill eyen theD we haye 

d-"~-·NP· 
Nl\= l "-" ,, I lJ. 

2 
If apex d + 1 ill the root or a partil.ioD with depth h where 1 :s h < loS N + I and h #- Ie then 
we have 

N P, = I d + I - E . <I<i-1JJtl> N Pi - (N l\. + I) J 
• 2 ' 

l4mma 10 TII~ lolllllltlmk, O/IIOI,"vlllodn'II a/till Mdl ,artit.iCllld ,~dall,tIla' SW. 
6all,all tip 10 apu d, writ.tCII nu(M,dj, .. ,iuell 6,: 

.v~.v 4 

'in(M,tf)= L 2'+LNPI2i 
"'0 1",1 

Proof From lemma 9. 

Lemma 11 If all MUi , celall,wa' SW_kn,all pa.,it.ioncJ IIcap .. /tdl .p 10 apcl: d tAoCII 
the dement .toud al apel: 1 .. at perccntilc Icwl 

(2M- I)_1oo 
'in(M,tf) 
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Proof "u(M, cI) i. the t.otal number of node. in aD MxM rectl.D,Wu SW.b&nyl.D heap 
wbich is full up t.o apex d and 2M - 1 is ~he t.ot.a.\ nwnber of noo. in pariiUon.l . 

IA>mma 12 In. "' MzJ,J Itlttilion.td rcd4ngultlt SW.kn,lI. ACII, lllAicl ~ ifill., 14 ~ 4, 
i/ <llet'lll'''n. XMItX 'nvul., .. Iu i,(k"), 1l"n..Il.u 'Iutl tA, .. tAt l'C,until. 0/ tAe rep4,'e4 
clement u 

Proof From lemma 10. 

"i"e(M,i) _100 
ftzc(M,d) 

Lemma 13 1/ oper .. tion XMAX tZllminCi .pesCi 1 tA,4_,h Ii i ••• MsM ,cd4n,.!.,. 
6 .... 'a .. IItap th ... tAe percenlile 0/ tAe """rtu clement u "malIc, tAli .. (If' 119-' 10 

, ia-e(M,d) _100 

("izc(M,M) NU LLNODES(M, M»· 

Proof IT a banyl.D heap is full up t.o apex Ii thea by lemma 12 the perceo.l.ile ol \he element 
reported by operation XMItX ia 

By il!11Ull.& 7, thb e&II be written M 

" &"e(M,d) _100 
,;,e(M,d) 

,"It(M,d) _100 
(,,'u(M,M) NULLNODES(M, M» ' 

But the banyan is not lull up t.o apex d and theretore.ame of 'be node. which are reacbabJe 
from apexea 1 t.o 4 &rfl null Let F be the t.ot.a1 nwnber of ... c.h nod... Therefore \he 
percentile of the eiemeDt reported hy XMItX operation will be 

("jofe(M, d) - F) _ 100 

(,;u(M,M) - NULLNODES(M,M))' 

This proves the lemma. 

Remark 5 A priority queue can alao be implemented ... banyl.D heap. A panitioned b&nY&D 
heap can be converted into a banyl.D be .. p by IUl operation called "liut. M loa M - 2 .(;ul 
operatiollS are bro..dcut by the XMJ.X operation when it u..en.1Ul alemeu\ int.o an empty 
partition. These _dJ· ... t operatiollS C6l1H.ame ofth' element. in the nod .. ortJu.e partitioD8 
whic.b are Rlac.hr.ble from apex i t.o move up IUld 6.U up th, nod .. of partilioll i . A. a reault, all 
the nodes wbose content. (empty or nOfHImpty) have been mond h7 lb • • ~· .. t oper..t.ion 
become reachable by p&ftition from apex i . U Mould be noted tll&t. MIme of thIS Ujut 
operations initi .. ted .. t prDCalOr 1'0 by XMJ.X operation may not ha ... &Dy ded on the 
structure of the heap. 

The ..dvantase of b&nyan heap oYer partitioned banyan heap ia t.h&t. it aII~ .. mon: 
uniform distribution ol d .. ta element. amolll \he partitiou in the heap I.Dd I.ada t.o a mote 
uniform increase in the percentile level of tbe report.ed ISlement &I the number of examined 
.. pun inCHUCII. 

Algorithms for XMItX, ofmu·,ulj .... 1 and iM'n .•• j .... ' are tbe aame for lbe b&nY&D beap. 
The operation INSERT and the nlSW operation 4dj .... 1 ~ deaaibed in 14J. 
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tree requeBtin, the computa.tion of the minimum. 

Operationa XMAX &lid INSERT for tbis impl8ment..tion·are described belaw. 

INSERT: An INSERT operation initia.\.ed at node z: fint computell the addr_ or the 
Idtmollt apex y whose pal'tition baa at leut one empty node (uain, GloHl Mill opera~). 
The element-pdority pair i. tben Hnt from node :t to the node whieh con~ apex 1/. The 
pair will he inaert.ed. into the pwtition roo\.ed at apex 1/ acc01'din, to the prooec:ilae deeeribed 
[or the second implementation. 

The problem with the INSERT operation aa ,iven abo"e i. that. aD in.erlion operation 
may find a partition (repor\.ed to haft: empty positional full when it me. to iMen a pair 
into that pal'tition, and therefore blocked and unahle to proceed. Tbis i. eaueed by allow­
in, Hveral INSERT operations to H&reb the list of apexe. cooeuneDlly for their point of 
inaertions, whieh, aa a result more than one INSERT operatiOll, may recei.,e the 8&IIle apeX 
whOlifl correspondin, pal'tiLion haa only one empty ~tion u the point of iuenion. In this 
shuatioo It. new INSERT operation may he rei .... ed at the node which bloeked the inaertion. 

XMAX: An XMAX op«ation initiaLed at node :t: lint determinee the apu: which cont.aina 
the element with the hi,hellt priority (uain, Global Min operation) and then Mnda .. 0p­

eration, called odjrut. to the node conteinin, that apex. Operation .dj .. t firat repon. the 
element to node :t, &lid then adjust the banY&ll heap"" deKribed in the prllYioU8 MCtion. 

The problem with XMAX operation .. deKribed aOOn ill that due to eoneurrmt KCa. 

to the Uat of apexeB by !!ental procealOtI, the nme apex may be reponed to leYerai XAIAX 
operations all the holder or tbe element with the hi,hest priority. Tbi.e w.y lead to the aitu­
ation in which elements returned and aubtequently deleted byllOIlle or the XNAX operation 
do not have the hi,hest priority in the banyan heap at the t.ime of remon!. One .mution to 
thia problem ia to Hnd all tbe XMAX operationa (i .. ued at different nod_) to node pO and 
let node Po execute them Iftlquentially. Tbia limits tbe amollOt of COnCUf1'e!1cy obtainable in 
the system. The amount of obtainable concurrency starts to decrUlle due to thi. Itrate" 
when the number of elemente in the banyan heap exceeda 210cMH - 1 for the fint time. 

Theorem 5 OJNrAt;on XMAX rcq,,;rn 0(10' M) timt to complett. 

Ptoof; Operation XMAXcoDai.st of 3 pwts: 

1. findin, the apex contain in, the element with the hi&h_t element. 
2. reportin, the element to the node initia~ the operation. 
3. adjustin, the banyan heap 

Each of theae lteps requires 0(10' M) time and hence the total time of 0(10' M) for XMAX. 

'I'heorem 6 OptrCltiOli INSERT rtf.irta O(/II9M) lime 10 complete. 

Proof: Simil&r to thlllOrem S. 

Theorem 8 Third implcmen/ClI;on oJfers O(Mjlo, M) I.\.o",.\p"'. 
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Proof; The third implementat.ion can perform M operatioM at. a time and each operaticm 
requires O{lot; M) time, and bence O{M/log M) throut;bput . 

In .... bat follO'NS we firat define a few !.erma I.lld tben introduce tbe concept of consi.tency 
for concurrent date structure. 

Definition 12 Tht timul<lmp <1/ <In t)peralion .. the lime a.t tuM,' the t)ptr.stit)n .. i"itillttd 
a.t <I ntnle IlRd the timullimp t)/ II commllllicatil)lI it tht I;mulamp t)1 the t)ptr.slit)n 1II11i,h 
,enera.ted thlll comm."'ca.t;t)". 

Defln1tlon 13 Optra.t;t)II" 01,0
"

0,, ... , IIl1d 0, wilh limnump. 11,1,,11, ... , /I"d t" are 
'lI;dll) k a " 9",11,( t)/ t)pcr.slion. i/Il < II < .... < t" and t)pel'Cllit)", 0" 1 < i :s; 9 art the 
t)1Il, t)pcr.slit)n. "",eG bel1llee" h a"d If . 

DefI.n1tioD 14. A ct)nc"Hcnl dal' " r"'hre .. • aid It) lit ct)n.tUtent i/thc CIInc.,rcnl ,:z:telll­
lit)n t)/ lin, .tqlllen" 1)/ t)pe rat;t)II' t)1I tAe datil ,Irlldllre ,;vn the IIIme rentt 1141 "te.t;n, 
the I)per.stit)", 1C9"enliGlI,. 

Theorem 9 The third implementation U "ot ct)lI,utent 

Proof: Consider a lIIIquenCII of XMAX operatioll.ll .... aiting in node Po for uecution. Due to 
Uae fact tbat tb_ XMAX operatioos an executed lIIIquentially in incree.si.ng order of tbeir 
Limeetampol, it ill quite vo-ible Cor an INSERTopen.tion wbicb have .Ivger timeetamp than 
any of the XMAX operations to be execuled before all tbe XMAX operatioll.ll &ni completed. 

Theorem 10 The third impleme"t,t,t)n " 't)n,"telll if 1111 11'"" made It) 1I1l IIpU ., lin 
IOpt,..tit)n " nt)t , tarted 1II"lell .11 liIe t)pcflltit)n, with 14e It)tullr limnlllmp' 111111e 't)mplded 
all 14ti, M+l II"'"'' tt) liIe IIJ1nn. 

Below we deac.ribe a procedure for making the tbird implementation consi.t.ent. 

An operation it fifllt recorded by all tbe procellllOra in the hypercube. The proce.or 
which initiated the operation broadcuta that operation tolether with ita timeetamp t.o all 
the processors using ita fan out tree. The operatioo and ita timeAamp it added t.o the 
list of incomplete operations maintained hy reeident executive oC each proceaor. Aftsr ths 
operation is added t.o the list of incomplete operations by a processor, that pl'OCNllOr aemb 
a notification signal to the proceNOr that initiated tbe operation. Ths notification .ignals 
iasued by the proceuofll are combined a.ceordins to the fanout tree rooted at the proeaaor 
wbieh initiatoo the operation; no proceaor Hnds a notification sianal to ita pat'flnt in the CM 
out tree unl_ aJl its children bave noled that operation. After the root proceuor received 
all the notification signals, the execution of the operation starta. DUfing tbe uecution of 
the operatio.n no a.ccea ill made to an apex unleu all the operatiolUl with lower timelltampe 
have completed tbeir &ccesII t.o that apex. When an operation completes ita lut a.cceea to 
the apexes, it uill all the elt8Cutivu to remove that operation from their list of incomplete 
operat.iona. The removal operation it perCormed in the same ruhion u the operation of 
reccm:ling aa operation. Af\.er an operation it reOlOYed from the lillt of incomplete operatioQ.l 
oC an executive, tbe nut pending operation will be allowed to perform ita ...eeae to the 
corresponding apex. 
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