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Abstract

Hoeffding tree is a method to incrementally build decision trees. A common approach
to handle numerical attributes in Hoeffding trees is to represent their sufficient statistics
as Gaussian distributions. Our contribution in this paper is to prove that by using
Gaussian distribution as sufficient statistics and misclassification error as impurity
measure, there is an analytical method to exactly calculate the best splitting values.
Three different approaches for using this theorem are proposed and all three are tested
on both synthetic and real datasets. The experiments suggest that this approach can
create smaller trees and learn faster and achieve higher accuracy in most problems.

Keywords Hoeffding tree - Gaussian distribution - Misclassification error - Massive
and streaming data

1 Introduction

With the growth of data in recent years and the need for analyzing them, a new field
called “big data analysis” has emerged. The aim of this field is to provide fast and
efficient methods for analyzing massive datasets without losing the accuracy of the
analysis.

These massive datasets usually emerge in the form of data streams. Due to this
massive number of data instances, some new challenges also emerge; for example, it
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is assumed that each data instance is observed only once, and the analysis itself should
be very fast and memory efficient to be able to deal with such datasets.

One of the most common data analysis tasks is classification. The aim of classifica-
tion is to construct a function called the classifier, based on the training data that maps
the set of data instances into the set of classes. Then this function is used to classify
unlabeled data.

There are a wide variety of methods used for data classification. Decision tree (DT)
is one of such methods. DT is basically a hierarchy of nodes. Each node has some
child nodes and performs a test on a given data and based on the result of the test, sorts
the data down into one of its children. Each leaf node is assigned a label; therefore,
each data instance can be classified in this manner.

In the last decades, with the emergence of massive datasets, researchers have tried
to use DT for this purpose. The main characteristics of DT are that it is very fast and
produces an interpretable model, which makes it very suitable for massive datasets [1].
However, the traditional DT algorithms are only applicable to static datasets; in which
all instances are available a priori. Therefore such algorithms are useless in case of
data streams; in which each data instance is observed only once. Thus, Many methods
for incremental training of DTs are proposed so far (e.g. incremental CART [2] and
ITT [3]). One of the most famous incremental DT learning algorithms is Hoeffding
tree [4]. In this method, the decision tree is constructed incrementally; it uses the
Hoeffding bound to find the minimum number of arriving instances needed to reach a
distinct level of confidence in splitting the node. After arriving these instances a node
is splitted and the tree grows gradually.

There are different modifications and enhancements made on Hoeffding tree in
the literature of DT for streaming data. The original authors in the same paper pro-
pose some improvements and refer to the new approach as “Very Fast Decision Tree
(VFDT)”; which is meant to make Hoeffding tree faster. They proposed another
improvement in later years named CVFDT [5] that is able to handle concept drift
(the meaning of data instances changes over time).

Recently, many researchers have been focused on improving DT tree for data
streams and massive datasets. There are several methods which use ensemble learning
to improve the accuracy of the DT over data stream or massive data such as [6-9].
Several other researchers suggested DT methods with different splitting criteria which
lead to more accurate or faster DT such as [10-13].

De Rosa and Cesa-Bianchi [11] introduced a method to determine accurate confi-
dence intervals to estimate the gain of each splitin DT. In their approach, the confidence
intervals depend on more tree parameters (rather than Hoeffding bound) and thus their
Decision trees are more accurate than the Hoeffding trees.

Rutkowski et al. [12] suggested a new approach for constructing DT for stream
data. They derived a new splitting criterion based on the misclassification error. By
considering this criterion, they proved a theorem showing that with a high probability,
the best attribute computed in a considered node based on the available data instances
is the same as the attribute computed from the whole data stream. Then they used this
theorem with the splitting criterion which is combined by Gini index and demonstrated
that this combination leads to more accurate DT classification. They extended this idea
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in another research work and introduced two other hybrid splitting criteria based on
the combination of the misclassification error and Gini index [13].

Another challenge in learning DT is handling numerical attributes. This problem
has always been challenging in both static and incremental DTs; since for numerical
attributes, the split value can be any real number and to find the best value, one has to
check all real values (which is not possible).

In static DT, different approaches have been proposed. One approach is to define
some bins and discretized the values based on those bins [14]. Another approach is to
sort all the values and find the best split value by checking all points in the middle of
observed values [15].

None of the above methods are applicable to incremental algorithms. The problem
with discretization is that to define the bins, one has to know the range of values a
priori (which is not the case in data streams) [16]. The problem with sorting is that
it can only be used when all data instances are available at once (also not the case in
data streams). Gama and Pinto [17] used bins to discretize the values and proposed a
method to adjust the bins over time when new data is observed. The problem with this
approach is that it is not very accurate and also it is prone to the problem of outliers.

Kirkby [18] proposes using Gaussian distribution to store sufficient statistics of the
numerical attributes. Moreover, minimum and maximum values arrived so far are also
stored. To check for the split, the range between minimum and maximum values is
divided into some equal width intervals and each point is analyzed and the best point
is chosen. The benefits of Gaussian approximation are that it is easy and efficient to
maintain and also it is robust against noise and outliers. Many other researchers tried
to find heuristic methods for finding appropriate split values for numerical attributes
during the DT classification over massive or streaming data. However, most of these
methods still need several preprocessing computations or require to check different
points to find the best split values. For example, Salperwyck and Lemaire [ 19] proposed
a DT method for streaming data that uses Naive Bayes classifier in the leaves and grow
the tree gradually. Their method discretizes a numerical attribute into several intervals
if that discretization leads to a better solution (in a Bayesian sense) than the model
with no split on that attribute. Thus, it checks different points and uses the Bayes
criteria to choose the splitting values among them. Moreover, Zhang and Cheung [20]
introduced a discretization method based on windowing and hierarchical clustering
for training DT over big data.

The main aim of this paper is to suggest a mathematical (analytical) method to find
the best split values for numerical attributes in learning Hoeffding DT for massive or
streaming data, by considering Gaussian approximation [18] for numerical attributes
and misclassification [12] as the impurity measure. Finding the best split values ana-
Iytically can increase the accuracy and the efficiency of training DT over data streams.
We provide a theorem which shows that the best split point is a point where the Gaus-
sian distributions intersect each other. Thus, by the proposed approach, it is possible to
find the best split values for numerical attributes analytically by a closed formula and
there is no need to try different split point experimentally. The experimental results
show that the proposed method can find smaller and more accurate treas in a more
efficient manner.
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The rest of the paper is organized as follows. Section 2 is devoted to the preliminary
notions which are the prerequisites of the proposed method. In Sect. 3, the proposed
method for finding the split point mathematically is explained in detail. This section
contains a proof that we provide for the correctness of the splitting method. In Sect. 4
the efficiency of the proposed method is investigated experimentally. Finally, Sect. 5
concludes the paper.

2 Preliminaries

In this section, the preliminary notions of DT for streaming data which are related to
our research are explained, formally.

2.1 Decision Tree

A decision tree (DT) is a tree-like graph in which each non-leaf node represents a
decision (hence called a decision node) and each leaf node is assigned a label. Each
node represents a subset of input space. The purpose of a decision node is to divide
this space into some smaller spaces; Therefore, DT s approach toward classification
is a divide and conquer approach.

Let us assume that data instances are described by D attributes. Each attribute can
be either nominal or numerical. If an attribute 7 is nominal, then the number of possible
values it can have is finite. Furthermore, each data instance is assigned to a class. Let
K denote the number of classes.

Even though there are DTs that use multiple attributes in their decision nodes
(multivariate DTs), most DTs only use one attribute for this purpose (univariate DTs).
This makes DT very fast and easier to interpret. Here we consider univariate DTs.
Moreover, different approaches have been proposed so far to divide the space. Here, we
assume a binary decision for numerical attributes (in the form x < g and x > a); and
for nominal attributes with v; possible values, we divide the space into v; sub-spaces
(each sub-space for each attribute value). In this approach, each nominal attribute is
used only once in each path from root to a leaf.

The most famous approach to train a DT is the top-down approach. In this approach,
one begins with a leaf node (root) and recursively splits the node and extends the tree.
Let S denote the set of data instances arrived at a node and let | S| be the number of
instances in S and | S| be the number of instances in set S that are assigned to class k.
In this approach, an impurity measure is defined for a set of data (g(S)). This function
indicates how impure the set of data is. Any impurity measure g has to satisfy two
following conditions [12]:

1. If the set S is dominated by instances of one class, i.e., Ixyeq1,.... k1S, = IS,
then g(S) = 0 (the set S is maximally pure).

2. The function g(S) is maximized if each class is represented by the same number
of instances, i.e., Vieq1,..., k} 1Sk = % (the set S is maximally mixed).
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For each attribute i, set S can be divided into Q disjoint subsets: {S, f] }qul. The best
split is the one that decreases impurity the most. Therefore the following function is
defined (called “purity gain”) to represent how good a split is:

G'(S)=g(S 153 s 1
()—g()—;mg([,). ey

Once the best split is identified, the node is split into some child nodes and each
sub-space (Sé) resulted from this split is assigned to the corresponding child. This
process is repeated until all data sets assigned to leaf nodes are pure enough.

Different impurity measures have been proposed so far. Three famous impurity
measures are as follows [12]:

e Information Entropy:

K
g(8) ==Y pr(S)logal pi(S)], )
k=1
e Gini Index:
K
g(S) =1-="> (pe($)). 3)
k=1

e Misclassification Error:

g8 =1- ke{t{{f}fK}{pk(S)}, 4)
where
_ ISk
pr(S) = KB (5)

2.2 Hoeffding Tree

In static datasets, purity gain is calculated by observing the whole dataset; however, in
the case of data streams, each data instance is observed only once. To overcome this
challenge, one has to build the DT incrementally. Hoeffding tree is such a technique
[4]. In Hoeffding tree, instead of storing all data in each node, some statistics about
the data are stored in each leaf node (called “sufficient statistics”). For each new
incoming data, it is sorted down through the tree until it reaches a leaf; then, the
sufficient statistics of the leaf are updated. Periodically, the leaf is checked to see
whether a split is required or not. For this purpose, two attributes that achieve highest
gains are identified. Split is performed only if the difference between these two gains is

@ Springer



Annals of Data Science

larger than a split threshold. Authors proposed the Hoeffding bound (hence the name
Hoeffding tree) as split threshold, which is defined as:

In (3)

Hoeffding bound = R ,
2|S]

(6)

where R is a range of random variable and § specifies the degree of confidence in
splits.

This method has been modified to handle concept drift phenomenon too [8,21].
Using “Naive Bayes” for classification in leaf nodes is also a very common practice
in Hoeffding trees [22].

2.3 Misclassification Error

Rutkowsky et al. [12] proposed some improvements on Hoeffding trees. They first sug-
gested that Hoeffding bound is not mathematically justified [23]. Then they proposed
the use of misclassification error as impurity measure:

g8 =1- ke{rﬁﬁ?fK}{pk(S)}, @)

and showed that it performs better than other methods [12]. They proposed the fol-
lowing split threshold for misclassification-based impurity measure:

1
Split Threshold = z(j_s) 2 (3)

where z(1_g) is the 1 — § quantile of the standard normal distribution N, ).
In this paper, we use this measure as the impurity measure in learning DT.

3 Proposed Method

Our main contribution in this paper is to provide a theorem to show that by using
Gaussian approximation as sufficient statistics for numerical attributes and misclas-
sification error as impurity measure, there exists a closed formula for calculating the
best splitting value. This theorem enables us to calculate split values very quickly and
very accurately. This not only makes the training process much faster in most cases
(which is highly desirable) but also creates much smaller trees (which is also highly
desirable).

Thus, in this section, first a detailed description is provided to show how Gaussian
approximation can be used as sufficient statistics. Next, a theorem is provided to show
that the best split point is a point where Gaussian distributions intersect each other.
Finally, three different approaches to practically use this theorem are proposed.
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3.1 Gaussian Distribution as Sufficient Statistics

To store sufficient statistics in a node for nominal attributes, one stores a K X v;
table for each attribute i, where K is the number of classes, and v; is the number of
possible values that attribute i can take. With each incoming new data instance, the
corresponding elements of these tables are incremented. To check whether a split is
required, each column of the table is considered as a sub-space and its impurity is
measured. Then according to Eq. (1), the gain obtained by splitting on this attribute is
calculated.

A similar approach can be adopted for numerical attributes. For each attribute,
K Gaussian distributions are defined. With each incoming new data instance, the
distributions can be updated as Algorithm 1 [18]:

Algorithm 1 Updating Gaussian distribution with each incoming data instance

1: weightSum < 0

2: valueSum <« 0

3: valueSqSum <« 0

4: for all incoming data instances (value, weight) do

5:  weightSum < weightSum + weight

6 valueSum < valueSum + value x weight

7 valueSqSum < valueSqSum + value x value x weight
8: end for

9: anytime output:

. valueSum
10: return mean <« WeighiSum
valueSqSum—mean x valueSum

11: return variance < weightSum—I

To calculate split gain for a given split point x, one should calculate how many data
instances would go into each branch (as mentioned earlier, for numerical attributes
only binary splits are considered here). Let Sli (x) and S’ (x) respectively denote set of
data that would go into left and right branches respectively by splitting on attribute i
at value x. Then, CDF of Gaussian distribution can be used for this purpose:

1SE) |k = ISIkFy (x), )
ISk = [SIe(1 — Ff(x)), (10)

where F,é (x) is cumulative distribution function of kth Gaussian distribution of
attribute i at point x. Since there are only two branches, we have

|57 O]+ 180 = 18" (). (11
3.2 Analytical Split Value Calculation
Figure 1 shows the gains obtained by three different impurity measures at each point
[Egs. (2), (3) and (7)]. In this figure, one can observe that by using misclassification

error as impurity measure, highest gain occurs exactly at a point where two Gaussian
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1.0 -

— ISk % fro(2)
osl — 1Slk X fi,(2) |

— I8k, X fr,(2)
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(a) Gaussian distributions of a three class problem (multiplied by the number
of instances that belong to each class). Vertical lines indicate intersection points.

0.16 . . . . i
— Information Entropy
0.14H — Gini Index
Misclassification Error
maximum

0.12

0.10

0.08

0.06

0.04

0.02

! 1 L i !

6 -4 -2 0 2 4 6

0.00

(b) Gains calculated for every split point for the above distributions based on three
different impurity measures.Vertical lines indicate maximum gain obtained by each
impuritymeasure.

Fig. 1 The behavior of three different impurity measures are illustrated. As can be observed, maximum
gain obtained by misclassification error occurs at an intersection point

distributions intersect with each other. We express this observation as a theorem and
will provide a proof.

Theorem 1 In Hoeffding trees where sufficient statistics of numerical attributes are
represented by Gaussian distributions, and purity gain is defined as Eq. (1) and mis-
classification error specified in Eq. (7) is used as impurity measure, the highest gain
always occurs where two Gaussian distributions intersect each other.

Proof For simplicity, attribute index is removed from equations.
Simplifying Eq. (1):

1
G(S.x) =g(S) - m[|Sl(x)|g(Sl(x)) + 18, (0 1g (S, (x))]- 12)
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Substituting Eq. (7):

1
G(S,x) =g(S) — s [ISz(x)I (1 - ke{lﬁﬁfK}{Pk(Sz(X))}>

+15r(x)] (1 - ke{r{laxK}{Pk(Sr(x))})} : (13)

.....

There are two max operations in this equation. Let assume x € (x1, x2) in which, class
k1 wins the first max operation and class k; wins the second one and outside of this
range, the winners change. Then

G(S, ) = ¢(8) — — [|Sl(x>| (1 - —'Sl(x)"“) 18, ()] (1 - 'Sr(x)'@)] .

S| 1S (x0)] 1S 0l
(14)
Using Eq. (11):
G(S.2) = g(8) — 1.4 150k |:||Sr<x>|k2' as)
Substituting Egs. (9) and (10):
G(S.2) — g(8) — 1 4 1SI P F 18l (1 = Fiy (). (16)

||

To find the maximum gain, derivative of G with respect to x should be set to zero:

G (S, 0
E()x X) — £[|S|k1Fk1(X) + |S|k2(1 — sz(x))] (17)
= |S|k1 fkl(-x) - |S|k2fk2(x)
=0 (1)

where fi(x) represents the PDF of Gaussian distribution of kth class at point x. This
concludes to

[S1ky iy (X) =[Sk fro (X)), 19)

which indicates the intersection of two Gaussian distributions (multiplied by the num-
ber of instances belong to each one).

It was assumed that x € (x1, x»); therefore, the boundaries of this interval should
also be tested. For a point xo to maximize G, it is required that

aG(S,x)
el >0

ax x=xy (20)
3G (S,x) <0 :

ax x:xg'
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where

+ _
{xo =Xot+e , € > 0 and approaches zero. 2D

Xy = X0 —€

Since x is a boundary point, the winner of one of the max operations changes in its
neighborhood:

e Let k; and k> be the winners of first and second max operations at xa' and k3 and
k2 be the winners of first and second max operations at x,, . Using Eq. (18) in Eq.
(20):

[S1k3 Ji3 (x0) — |S1ky S (x0) > 0 22)
[S1ky Siy (X0) — |S1ky Sfiey (x0) < O
Therefore
[S1ky Jiy (X0) < |Slks Sies (x0)- (23)
Since k; wins the first max operation at xar and k3 wins at x,, , therefore
Py (S1(xg)) < pis (Si(xg))
+ + 24)
Dy (S1(x ) > prs (S1(x))
1St ey — 181G ey > 181G ks = 157 (e ) ks (25)
(IS |k, Fr, (x)) - (]S ks Frs (x)) 26)
dx X=xq 0x xX=xq
[S1k; fi, (x0) > |Slks Sz (x0), (27)

which clearly contradicts Eq. (23).

e Let k; and k> be the winners of first and second max operations at xa' and k; and
k3 be the winners of first and second max operations at x,, . Using Eq. (18) in Eq.
(20):

[S1k; Ji, (x0) — |S1ks Sz (x0) > 0 (28)
[S1ky Jiy (x0) — |S1ky Siey (x0) < O
Therefore
[S1ks Jis (X0) < |Slky Siey (x0)- (29)
Since k> wins the second max operation at xar and k3 wins at x,, , therefore
Pl (S (%)) < pry (Sr(x())
+ + (30)
Pl (S (%)) > piy (Sr(x(y))
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1S (e ) ko = 1S (g ) ky > 18- () ks — 187 () ks 31)

(IS, (1 = Fry (x))) _ 308l (1 = Fig()) 32)
0x xX=xq ox xX=xq

[S1ky Sl (X0) < |S|k3 fiz (X0), (33)

which contradicts Eq. (29).

Therefore, maximum gain occurs exactly at an intersection of Gaussian
distributions. o

Theorem 1 implies that for a numerical attribute with Gaussian approximation, only
intersection points are needed to be checked for split. This enables one to accurately
and efficiently calculate the best attribute values for splitting.

Moreover, this theorem implies that intersection points in which the two distribu-
tions are not both winners of the max operations, can be rejected. This decreases the
number of candidate points (although the checking of this phenomenon itself can be
costly).

The intersection points of two Gaussian distributions can be calculated as follows:

1 _ (—pp)? 1 _ (—pp)?

202 2(722 (34)
V2moy

ni

e 1 =ny e s
N 2mop

where n1 and n; represent the number of instances belong to the first and second
distributions respectively, and i and o represent mean and standard deviation. The
solutions of this equation are the solutions of the following quadratic equation:

1 1 2 2
- |22 (BB ) e (BB ) 20 35)
of o0 of o5 of o5 nooy

3.3 Practical Usage of the Proposed Method

In Hoeffding tree, each node first finds the best split for each attribute and then checks
whether a split is required by comparing two best attributes. In VFDT (which is an
improved version of Hoeffding tree), this process of checking is performed every n
steps. This technique greatly increases the speed.

In [18], as explained earlier, to check whether a split is required, the range between
minimum and maximum values arrived is divided into some bins; then, the gain for
each bin is calculated. Authors suggested that best performance is achieved by using
10 bins. Therefore, in this paper, 10 bins are used similarly. We refer to this approach
as “mDT-bin” (misclassification-based decision tree with bins).

Theorem 1 can be used in this scheme with three different approaches:

e mDT-intersect In this approach, to check for split, only intersections of Gaussian
distributions are calculated and evaluated. If no intersection occurs, no check would
be performed.
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e mDT-delayed The problem with mDT-intersect is that computing intersection
points can be costly. For a K class problem, each attribute has K distributions
and therefore at most (12( ) intersections can occur. This means the computational
complexity is O (K?).

A workaround is to find intersections only when a split is going to happen. In this
approach, first the bin method is used to find the best value and calculate gain. Then
the difference between the best two gains is compared with split threshold [Eq.
(8)]. If the conditions are satisfied (a split is going to happen), intersections are
calculated and gains are evaluated for these new points. Finally split is performed
on the best point.

e mDT-combined In this approach, both bin and intersection points are considered
all the time. The calculation cost will be much higher, but perhaps the performance
would increase.

4 Experimental Results

In this section, some experiments are performed on the proposed methods. First, the
methods are tested on synthetic datasets. The use of synthetic datasets is that the
number of attributes and classes can be changed and this enables one to perform
better comparisons. Next, some real datasets are used. Real datasets better show the
performance of models on real world applications.

4.1 Experiment on Synthetic Data
4.1.1 Gaussian Dataset

To generate this dataset, the algorithm “make_classification” in scipy library was used
[24]. This algorithm initially creates clusters of points normally distributed (standard
deviation=1) about vertices of an n-dimensional hypercube; then assigns an equal
number of clusters to each class.

The experiments are performed on different number of attributes and classes. For
each specific number of attributes and classes, 10 datasets with different random seeds
where generated, and a tenfold cross validation is performed on each dataset; finally,
the 100 results are averaged. Results are presented in Table 1.

4.1.2 Decision Tree Dataset

Decision trees can also be used to generate data [4]. For this purpose, first a random
DT is constructed. To construct a random DT, one begins with a leaf (root). If the
depth of the tree is less than dpiy, the leaf is turned into a binary decision node and
a random decision value and a numerical attribute are assigned to it. Otherwise, the
node remains as a leaf with probability w. If the node is remained a leaf, a random
class is assigned to it. All the nodes that are at depth dpax remain as leaf. When the
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DT is constructed, one can generate random instances and by sorting them down the
tree, the label of the instance would be obtained.

Similar to Gaussian datasets, the experiments are performed on different number
of attributes and classes. For each specific number of attributes and classes, 3 random
datasets for each value of w = {0.1, 0.15, 0.2, 0.25} is generated (12 in total); and a
tenfold cross validation is performed on each dataset. Finally all the 120 results are
averaged. Results are presented in Table 2.

4.1.3 Discussion About the Results

By observing the results achieved on synthetic datasets, the following conclusions can
be made:

e mDT-intersect

— The first observation is that mDT-intersect always produces smaller tree. The
reason is that the split values are very precise and therefore fewer splits are
required.

— In mDT-intersect, at most (12< ) candidate points are checked every time. There-
fore in problems with K < 5, mDT-intersect always examines fewer points
than mDT-bin with 10 bins. However in reality, some Gaussian distributions
do not intersect each other. Therefore this method can be faster even if K > 5.
In these two experiments, mDT-intersect is faster on datasets with K < 10 and
K < 8 respectively.

— This method outperforms mDT-bin on most cases where K > 2. The rea-
son that mDT-intersect achieves lower accuracy on two class problems is
that mostly, no intersections occur. Therefore, the resulting tree is very small.
Although, the performance achieved with such small trees seems remarkable.
This problem can also occur in cases where K > 2, since in these cases, by
splitting the nodes, the number of classes that a child sees is fewer; therefore,
in deeper nodes, two class problems would emerge. This is the reason that
mDT-intersect sometimes performs worse than other methods.

e mDT-delayed

— From size and time perspective, mDT-delayed behaves very similar to mDT-
bin. However the size is usually smaller (due to the finer splits achieved by
intersections).

— In most cases, this method achieves higher accuracy than mDT-bin. In cases
where it performs worse than mDT-bin, the training accuracy is higher; which
suggests that mDT-delayed is overfitted in these cases.

— This method’s accuracy is higher than that of mDT-intersect in some cases and
lower in others. In Hoeffding trees, split threshold is the criterion to determine
whether split is required or not; however, in mDT-intersect, there is another
criterion: whether intersection happens or not. In other words, it is possible that
splitting on some bin points might result in a gain higher than threshold, yet
no intersection happens between distributions. In such cases, mDT-intersect
does not perform a split and waits for more data, however mDT-delayed does
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perform a split. Having more data before splitting can sometimes be beneficial
since a better judgment can be made; however, sometimes it is better to make
a not very good split now and perform good splits later on.

e mDT-combined

— This method performs very slowly (as expected).

— In most cases, mDT-combine achieves higher train accuracy than other
methods; yet in these cases achieves lower test accuracy. This means that
mDT-combine is more prone to overfitting. Generally, increasing the number
of candidate points might not be desirable since it results in more overfitting
(in [18] authors compare VFDTs with 10, 100 and 1000 bins and conclude that
the one with 10 bins performs better).

4.2 Experiment on Real Data

In this section, proposed methods are tested on some real datasets (datasets are available
at [25]). Both small and large datasets are chosen to also examine overfitting. The
results are presented in Table 3.

Conclusions that can be made about these results are similar to those of syn-
thetic datasets. mDT-intersect produces smaller trees and is usually faster and in most
cases outperforms mDT-bin. mDT-delayed has a similar performance to mDT-intersect
except in cases with higher number of classes, is faster. mDT-combined is more prone
to overfitting since in most cases it has lower test accuracy despite having higher
training accuracy.

5 Conclusions

In this paper, a new approach to analytically calculate the best split values in DT for
streaming data is proposed. It was showed with a theorem that by using Gaussian
distribution as sufficient statistics and misclassification error as impurity measure, the
best split value is where two Gaussian distributions intersect each other. Then, three
different approaches were proposed to use this theorem.

Experiments were performed on these methods on both synthetic and real datasets.
It was observed that the proposed methods can create smaller trees and learn faster.
Also these methods outperformed previous approach in most cases.

This research can be continued in two directions: first, it is interesting to know
whether similar theorems exist for other impurity measures with other distributions.
Second, it would be better to represent sufficient statistics with more complex models.
A Gaussian distribution is not a good representation in most cases (this can cause
inconsistencies in the results). Gaussian mixture model is a much better representation.
It would be interesting to see how such methods can be used in incremental decision
trees and whether similar theorems can be found for these methods.
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