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Abstract Estimation of distribution algorithms are considered to be a new class of

evolutionary algorithms which are applied as an alternative to genetic algorithms.

Such algorithms sample the new generation from a probabilistic model of promising

solutions. The search space of the optimization problem is improved by such

probabilistic models. In the Bayesian optimization algorithm (BOA), the set of

promising solutions forms a Bayesian network and the new solutions are sampled

from the built Bayesian network. This paper proposes a novel real-coded stochastic

BOA for continuous global optimization by utilizing a stochastic Bayesian network.

In the proposed algorithm, the new Bayesian network takes advantage of using a

stochastic structure (that there is a probability distribution function for each edge in

the network) and the new generation is sampled from the stochastic structure. In

order to generate a new solution, some new structure, and therefore a new Bayesian

network is sampled from the current stochastic structure and the new solution will

be produced from the sampled Bayesian network. Due to the stochastic structure

used in the sampling phase, each sample can be generated based on a different

structure. Therefore the different dependency structures can be preserved. Before

the new generation is generated, the stochastic network’s probability distributions

are updated according to the fitness evaluation of the current generation. The pro-

posed method is able to take advantage of using different dependency structures

through the sampling phase just by using one stochastic structure. The experimental
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results reported in this paper show that the proposed algorithm increases the quality

of the solutions on the general optimization benchmark problems.

Keywords Evolutionary algorithms � Estimation of distribution algorithms �
Bayesian optimization algorithms � Bayesian networks

1 Introduction

Genetic algorithms are natural stochastic optimization algorithms which in each

generation a set of promising solutions will be selected according to some fitness

evaluations and the new generation will be produced using promising solutions, and

recombination (crossover) and mutation operators [1, 2].

Estimation of distribution algorithms (EDAs) are defined as a subset of

evolutionary algorithms which estimate a probability distribution model from the

set of candidate solutions to help a given problem’s search space [3]. Like GAs,

these start with a set of promising solutions and create a probabilistic model

according to the solutions that are selected. The new generation is sampled from the

produced model. EDAs will do these steps over and over until a stopping criterion is

satisfied. The main different between EDAs and GAs is the fact that EDAs use

probabilistic models rather than the crossover and mutation operators in order to

sample new solutions. Mutation and recombination operators in the GAs regularly

result in the absence of using building blocks and lead to a convergence to local

optima [2, 3]. Building blocks are the sub-problems of the optimization problem in

terms of the interrelations among variables. Such algorithms are effectively applied

to many optimization problems. EDAs have many applications in different areas [4–

8]. For further reading on the application of EDAs please refer to [9].

There are two major categories of EDAs: discrete EDAs and real-valued EDAs

[9]. For instance, extended compact genetic algorithm (ECGA) [10], factorized

distribution algorithm (FDA) [11], and Bayesian optimization algorithm (BOA)

[12–18] for discrete-value variables as well as the estimation of Gaussian networks

algorithm (EGNA) [19], mixed Bayesian optimization algorithm (MBOA) [20],

(mixed) iterative density-estimation evolutionary algorithms (mIDEAs) [21], real-

coded Bayesian optimization algorithm (rBOA) [22] and Bayesian networks as well

as Gaussian mixture model (BNGMM) [23] for real-value variables are offered.

The Bayesian optimization algorithm (BOA) is one instance of EDAs which uses

Bayesian networks for modeling the promising solutions [12]. A Bayesian network

is a kind of acyclic directed graph with one node for each variable in the

optimization problem, while the edges indicate the conditional dependencies among

variables. In the BOA, a Bayesian network is built from the set of promising

solutions and the new solutions will be sampled from the built Bayesian network.

The experimental results of the BOA show that it is able to identify correct linkages

among the optimization problems’ variables.

This paper proposes a novel stochastic Bayesian network with the aim to obtain a

novel real-coded stochastic Bayesian optimization algorithm (rsBOA) for contin-

uous global optimization. In the rsBOA, the Bayesian network is characterized by a
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stochastic structure. The stochastic Bayesian network exhibits a probability

distribution function for each possible edge within the network and such stochastic

structure is used for sampling the new generation. After generating new generation,

the fitness of the population will be evaluated and the probability distributions of the

stochastic Bayesian network updated according to the fitness evaluations of the

current generation. So, in the rsBOA, various structures of dependencies are

preserved only inside one stochastic structure. To generate a new solution during the

model sampling phase, a new structure is sampled according to each edge’s

probability distribution function. Following that, a new solution will be sampled

from the generated Bayesian network. The proposed rsBOA is capable of taking

advantage of using different structures during the sampling phase since each new

solution can be sampled according to a different structure. Therefore, the proposed

algorithm is able to search the problem space for a variety of dependency structures

and to realize the building blocks.

The rest of the paper is organized in the following way. Section 2 will explain the

related works on the continuous EDAs. Section 3 will introduce stochastic Bayesian

network. Section 4 will present the proposed real-coded stochastic Bayesian

optimization algorithm (rsBOA) and Sect. 5 reports the experimental results

obtained with the proposed algorithm. Finally, the paper ends with a conclusion in

Sect. 6.

2 Related works

Here we will review the related works about the real-coded EDAs. In EGNA, a

Gaussian network is created in each generation using a scoring metric and the new

generation is sampled from the network that is constructed [19]. The EGNA uses

only one single-peak Gaussian model, therefore not appropriate for complex

optimization problems [19]. The IDEAs make use of the joint normal kernels

distribution, in which each selected solution is surrounded by a single normal

distribution. Each normal distribution’s variance may be either fixed to a relatively

small value, but it must be preferable to adapt variances based on the current search

status. The mixed Bayesian optimization algorithm (mBOA) models continuous

variables vectors and it uses an extension of Bayesian networks with local structures

[20]. A model used in mBOA is composed of a decision tree for each of the

variables. In a decision tree, the leaves will correspond to the sub regions of the

search space and each leaf models a single-variable mixture of normal distributions

as centered on the correspond variable’s values.

The mixed IDEAs are an extension of IDEAs which use some mixture of normal

distributions as a way to model each of the variables. The mIDEAs cluster the

candidate solutions to utilize a mixture of normal distributions [21]. In the sampling

phase then, mIDEAs select a distribution (or cluster) of a mixture of normal

distributions and thereby generate the new individuals. Thus, these algorithms are

not able to realize the building block except that one cluster includes most of the

building blocks.
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In rBOA, the promising solutions will be selected from the current population by

using a parent selection method, and a Bayesian network is then constructed in order

to model the promising solutions’ distribution [22]. The new individuals are then

sampled from the constructed Bayesian network through the following procedure. In

the sampling phase, the sub-trees (building blocks of the problem) of the Bayesian

network will be extracted. Then, the entire solutions of each sub-tree are clustered to

model with a mixture of normal distributions. The new partial solutions of each sub-

tree are then sampled from the related mixture of normal distributions. Finally, the

new individuals will be merged into the main population and replaced some of the

old ones. The mentioned steps are repeated up to the time when some stopping

criterion is satisfied [22]. Unlike mIDEAs, which recognize a mixture of normal

distributions from the population in the model sampling phase, rBOA make use of a

mixture of normal distributions of each building block at that stage. Therefore,

rBOA can do better preserving the building blocks as compared to the mIDEAs in

continuous optimization problems.

Bayesian networks and Gaussian mixture model (BN-GMM) is an evolutionary

algorithm for continuous optimization which uses a Bayesian network for modeling

the dependencies among the variables of the problem. Then, one Gaussian mixture

model will be adopted to model the probability distribution for each sub-problem

and the new generation will be produced from the Gaussian mixture model of each

sub-problem [23].

In [24–26], we have proposed some improved version of real-coded Bayesian

optimization algorithm, called IrBOA. The IrBOA utilizes an adaptive clustering

method to break the problem space into multiple Bayesian networks. Each Bayesian

network has its own structure and parameters. The adaptive clustering method leads

to searching the problem space efficiently in the initial generations of the algorithm.

Also, it improves the quality of the solutions by realizing the building blocks in the

following generations of the algorithm. The utilization of adaptive clustering brings

about the realization of the building blocks; also when the diversity of solutions is

decreased, the number of clusters will be decreased in the same manner. Therefore,

a smaller number of Bayesian networks are generated and more building blocks will

be amassed in one Bayesian network [25, 26].

In our previous work [27], we have offered a new real-coded Bayesian

optimization algorithm which is based on a team of learning Automata (LA-rBOA)

that uses a team of learning automata in order to construct the Bayesian network.

There, there is one learning automaton for each possible edge in the Bayesian

network, and each learning automaton tries to learn the existence or non-existence

of the corresponding edge. In each generation, one Bayesian network will be

constructed according to the actions of the learning automata. The next generation is

then sampled from the built Bayesian network and each learning automaton then

updates its action probability based on the quality of the Bayesian network that has

been built. The experimental results indicate that the algorithm proposed is superior

to other related algorithms in terms of quality and performance measures.

Chen and Chen [28] proposed a quality measure of discretization method for

EDAs and utilizes it to analyze fixed-width histogram (FWH), fixed-height

histogram (FHH), and greedy random split (GRS). Then they integrated rBOA with
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FWG, FHH, and GRS. The experimental results show that using these discretization

methods in the rBOA improves the continuous global optimization using standard

benchmark test suite.

In many EDAs, generating the dependency model of the problem variables is

seen as a bottleneck; for example finding the best structure of a Bayesian network is

an NP-hard problem [29]. Also, in many optimization problems, the dependency

structures of each sub-space can differ from other sub-spaces. Thus, the chance to

use some techniques for generating different structures with an acceptable com-

plexity is a valuable context in EDAs.

3 Stochastic Bayesian networks

As mentioned before, the BOA constructs a Bayesian network by using a set of

promising solutions and samples the next generation from the constructed Bayesian

network [22]. In the following of this section we introduce a new structure for

Bayesian network that is called stochastic Bayesian network: A stochastic Bayesian

network M ¼ f; hð Þ consists of a stochastic structure f and a set of parameters h.

The structure of the network is described by a stochastic graph where each edge has

a probability of existence. Because of stochastic structure, we must sample a new

graph from the stochastic structure to construct a Bayesian network. This stochastic

structure is designed such that if the probability of an edge will be 1, this edge

appears in the sampled graph. On the other hand if the probability of an edge will be

0 then the corresponding edge should not be appeared in the sampled graph. Finally

in the sampled graph there is a set of nodes that are corresponding to the problem

variables and a set of edges that are corresponding to the conditional dependencies

between variables. The parameter h is a set of probability distributions that is

described as a product of probability density functions for the edges that are

appeared in the network. Generally, the procedure of finding a probabilistic model

has two steps: first, a procedure to construct the structure and second, a scoring

metric that evaluates the built structure [28–32]. In this paper we propose a new

rBOA that uses a stochastic Bayesian network to generate the probabilistic model of

promising solutions. In the next section we will describe the scoring metric and the

search procedure that are used to learn the proposed stochastic Bayesian network.

4 The proposed real-coded stochastic bayesian optimization algorithm

This section of the paper proposes a new real-coded stochastic Bayesian

optimization algorithm (rsBOA) for continuous global optimization. The design

of this algorithm is based on a stochastic Bayesian network. This stochastic

Bayesian network has a probability distribution function for each possible edge in

the network. The algorithm proposed here starts with some random population. The

probability of each edge at the start-up of the algorithm is set to l/d, pi ¼ l=d where l

is the assumed maximum number of possible links for each variable, and d is the

number of variables. In the model building phase, in each generation of the rsBOA a
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set of promising solutions is selected with regard to fitness evaluations, and after

that a tree Bayesian network (a Bayesian network with tree structure) that

maximizes the data likelihood is calculated for the set of promising solutions. In

order to find a tree Bayesian network, the rsBOA makes use of the Chow-Liu

algorithm that generate a tree that maximizes the data likelihood [33]. After that, the

probability distribution function of each edge in the stochastic structure will be

updated in accordance with the existence of the corresponding edge in the tree

Bayesian network by utilizing an updating rule. In the model sampling phase of

rsBOA, to sample a new solution, a new Bayesian network will be sampled from the

current probabilistic model. This Bayesian network exhibits its own structure and

parameters. Thus, each new solution within the new population can be sampled

from a different structure. After generating the new population, the fitness

evaluation will be applied on the new population and the new population will merge

into the old one. Finally, the new generation is selected through a replacement

Fig. 1 The pseudo code of the proposed algorithm (rsBOA)
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method. These procedures are repeated until some stopping criterion is satisfied.

The overall process of the rsBOA can be seen in Fig. 1. The proposed rsBOA can

take advantage of different structures in the sampling phase such that, each new

solution can be sampled from a unique structure. So, the proposed algorithm is

capable of searching the problem space for a variety of dependency structures as

well as realizing the building blocks only by using one stochastic structure. You can

see the pseudo-code of the rsBOA in Algorithm 1. In the following sections the

model building and the model sampling phases will be described in detail.

Algorithm 1: Pseudo code of the proposed algorithm (rsBOA)
1:  Let  be the dimension of the optimization problem, Np be the population size and l be the assumed maximum number 

of possible links for each variable; 

2:  Let t be the generation counter and initially set to 0 and be the total number of generations.

3:  Create a random population P of Np individual.

4:  Set the initial probability distribution function of each possible edge j to be . 

5:  While t< do 

 6: Select τ % individuals S from population P based on the fitness evaluations.

 7:   Generate the tree Bayesian network using Chow-Liu algorithm. 

8:            Update the probability distribution function of each based on the network that is generated in the previous step.

9:            Sample new Bayesian networks using the probability distribution functions. 

10:  Remove the cycles in the Bayesian networks using DFS algorithm. 

11:          For n=1 to m do

12:   Extract all trees (sub-problems) in the Bayesian network indexed by . 

13:   For j=1 to r do

14:  Generate the partial solutions for individuals based on the conditional normal distribution of promising

solutions 

 15: End for
16: Merge all partial solutions together to create a new individual.

17:           End for
18:    Merge the new generation and the old generation. 

19:  Evaluate population based on the fitness function and choose the best Np individuals as the new generation. 

20:            Set t=t + 1

21: End while

4.1 Model building

Throughout the following sub-sections we will describe the scoring metric and the

search procedure that are used in the proposed algorithm.

4.1.1 Scoring metric

There are a variety of metrics proposed for the evaluation of Bayesian networks. For

instance, Bayesian metrics measure the quality of the Bayesian network through

computing a marginal likelihood of the Bayesian network with respect to the given

data and the inherent uncertainties [29–31]. Minimum description length metrics

operate on the assumption that the number of regularities in the data that are
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encoded by a model is somewhat proportional to the amount of data compression

that the model allows [32]. The Bayesian information criterion (BIC) is some

criterion for model selection within a limited set of models. It works based on the

likelihood function [30]. This paper uses the Chow-Liu algorithm which tries to

estimate the optimal dependence tree for the given problem. In the Chow Liu

algorithm, there is a complete undirected graph G of d nodes where d is number of

variables in the optimization problem that is concerned [33]. If xi and xj are taken to

be the variables of the optimization problem, the weight of edge(i, j) is then

calculated following the equation below:

edge i; jð Þ ¼
X

xi;xj i;jð Þ2D

P i; jð Þ log
P i; jð Þ

P ið ÞP jð Þ ð1Þ

here P(i, j) is the joint probability distribution of xi and xj. Also, P(i) and P(j) are the

probability distributions of xi and xj, respectively. After calculating the weight of

each edge(i, j), the maximum spanning tree of graph G is calculated as the prob-

lem’s dependence tree [19].

4.1.2 Search procedure

As was mentioned before, the problem of learning a Bayesian network’s structure

according to some scoring metric is an NP-complete problem. Therefore, there is no

known polynomial-time algorithm for finding the best network structure that

corresponds to most scoring metrics [29]. To overcome this problem two simple

methods are often used:

1. A simple, greedy algorithm is used in order to build the network structure [30,

31]: The greedy algorithm will add an edge with the greatest improvement in

the current network quality in each step until no more improvement is possible.

Since Bayesian networks are acyclic graphs, the graph structure has to be

validated following each operation [22, 34, 35]. The initial network structure

can be some graph with no edges. It can also take advantage of the prior

information such as the best tree computed by the polynomial-time maximum

branching algorithm [9, 30].

2. The structure of the Bayesian network is limited to a simpler one (such as tree

or chain) that can be constructed optimally or near optimally in a polynomial

time. For more information about these limited models please refer to [9, 12].

In the algorithm proposed here, the structure of the Bayesian network is defined

as the following: Let d be the dimension of the real-valued optimization problem.

Thus, the corresponding Bayesian network has d nodes. Because the Bayesian

network is a directed graph, the maximum number of edges in the network with d

nodes will be D = d 9 (d - 1). For each edge j at time t, there will be a probability

distribution pj tð Þ which determines the existence probability of the corresponding

edge in the Bayesian network. Probability pj tð Þ ¼ 0 means that the corresponding

edge does not appear in the Bayesian network, while value pj tð Þ ¼ 1 indicates that
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the corresponding edge occurs in the network. Since there is no prior information

about the dependencies of problem variables at the first iteration, we will use the

uniform probability distribution for each edge, pj 0ð Þ ¼ l=d for j ¼ 1; 2; . . .; dð Þ. The

initial probability vector of each edge j can also be configured according to the prior

information on the variables dependency of the problem.

The main goal by using the stochastic structure in the rsBOA is that the stochastic

structure is able to model multiple structures in one model. So, different structures

are able to be sampled from the main structure. This characteristic enables us to

model different dependency structures at a time and further to sample new solutions

through the different structures. The main problem about such a structure is how the

probability distribution function of each edge is updated in the structure. In order to

solve this challenge we will use the following procedure: in each iteration of the

rsBOA, the s% of the population is selected according to the truncation selection as

the candidate solutions. Then a dependence tree is built for this set of promising

solutions by using the Chow-Liu algorithm which was described earlier in this

section. In order to calculate the probabilities of Eq. (1) in the form of a continuous

domain, we model the optimization problem’s probability distribution by a Gaussian

mixture of normal distributions. When the dependence tree of the candidate

solutions is found, the probability distribution function for each edge j will be

updated according to the existence or lack of edge j in the generated dependence

tree according to the following equation:

pj t þ 1ð Þ ¼ Max pj tð Þ þ kpj tð Þ; 1
� �

edge jð Þ 2 Dependence Tree

pj t þ 1ð Þ ¼ Min pj tð Þ � kpj tð Þ; 0
� �

edge jð Þ 62 Dependence Tree

�
ð2Þ

in which pj(t) is denoted as the probability distribution function for edge j at time t and

k is a constant factor. pj(t ? 1) is updated in a way that it remains a probability

distribution function. Therefore, if edge j exists in the dependence tree, the probability

distribution function of edge j, pj;must be increased; by contrast, in the case that edge j

does not exist in the generated dependence tree, the probability distribution function of

edge j, pj must be decreased. After updating the probability distribution function for

each edge in the network, we can sample a new Bayesian network structure by using

this information. To determine whether an edge occurs in the Bayesian network, the

search procedure will use the probability distribution function of the corresponding

edge. By this time the constructed Bayesian network structure may have some cycles.

In order to remove the cycles, the search procedure will use a depth first search

algorithm (DFS) with a random start node in order to navigate the current structure and

mark the entire back edges which point from one node to one of its ancestors. After it

has detected the back edges, the search procedure will remove all cycles. Finally, this

network is used for sampling a new solution at the sampling phase.

4.2 Model sampling

The proposed algorithm should generate Np new solutions in the model sampling

phase. With the aim to generate N new solutions through different structures with

some acceptable complexity, we will sample m Bayesian networks from the
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stochastic model that is described in the previous sections. Following that, for each

Bayesian network Np
m

solutions must be generated. This sub-set of solutions are then

merged together to produce a set of Np solutions. In order to generate a new solution

from a Bayesian network, all maximal connected sub-graphs are first extracted from

the constructed Bayesian network. These sub-graphs will determine the sub-

problems whose variables has interactions. With the aim to simplify the

presentation, the promising solutions related to a sub-problem are called partial

solutions of that sub-problem. In order to generate a partial solution that

corresponds to sub-problem r, the rsBOA will employ a mixture of Gaussian

normal distributions to the selected partial solutions of the set of promising solutions

and it then generates the new partial solutions from the distribution [22, 26, 27]:

f ðY0jY1; Y2; . . .; YnÞ ¼
1ffiffiffiffiffiffi
2p

p e
� Y0�li0ð Þ2

2r2
i0 ð3Þ

where Y0 is the partial solution which must be produced, Y1, Y2, …, Yn are parents

to Y0, and i represents the selected normal distribution of the Gaussian mixture

model; and

ri0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R�1
� �

0;0

q ; ð4Þ

li ¼ li0 �
RYn
j¼1 Yj � lj

� �
ðR�1Þj;0

R�1
� �

0;0

; ð5Þ

where li0 is the mean of Yj and R-1 represents the inverse of covariance matrix for

ðY0jY1;Y2; . . .;YnÞ of the selected solutions.

5 Experimental results

In this section, the performance of the proposed algorithm has been evaluated

through some computer experiments conducted. The performance of the proposed

algorithm will be compared with some related algorithms on the standard

benchmark test functions. In each of the experiments we consider the quality of

solutions, computation time, and convergence rate as criteria for performance. In the

initial experiment the performance of the proposed algorithm will be compared with

some related rBOA algorithms. In the second one the performance of the proposed

algorithm will be compared with some related evolutionary algorithms.

5.1 Experiment 1: Comparison of the rsBOA with some related rBOA
algorithms

In this section, we will compare the outcome of the proposed rsBOA with some

related rBOA. In the first subsection, the used benchmark functions will be
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Table 1 The CEC2005 benchmark functions

Function Function name Range Optimal value Property

F1 Shifted Sphere Function [-100 100] -450 Uni-modal

Shifted

Separable

F2 Shifted Schwefel’s Problem [-100 100] -450 Uni-modal

Shifted

Non Separable

F3 Shifted Rotated High

Conditioned Elliptic Function

[-100 100] -450 Uni-modal

Shifted

Non Separable

Rotated

F4 Shifted Schwefel’s Problem 1.2

with Noise in Fitness

[-100 100] -450 Uni-modal

Shifted

Non Separable

F5 Schwefel’s Problem 2.6 with

Global Optimum on Bounds

[-100 100] -310 Uni-modal

Non Separable

F6 Shifted Rosenbrock’s Function [-100 100] 390 Multi-modal

Shifted

Non Separable

F7 Shifted Rotated Griewanks

Function without Bounds

[0 600] -180 Multi-modal

Shifted

Non Separable

Rotated

F8 Shifted Rotated Ackleys

Function with Global Optimum

on Bounds

[-32 32] -140 Multi-modal

Shifted

Non Separable

Rotated

F9 Shifted Rastrigins Function [-5 5] -330 Multi-modal

Shifted

Separable

Rotated

F10 Shifted Rotated Rastrigins

Function

[-5 5] -330 Multi-modal

Shifted

Non Separable

Rotated

F11 Shifted Rotated Weierstrass

Function

[-0.5 0.5] 90 Multi-modal

Shifted

Non Separable

Rotated

F12 Schwefel’s Problem 2.13 [-p p] -460 Multi-modal

Shifted

Non Separable
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introduced and in the second subsection, the results of comparison between the

proposed rsBOA and other related algorithms will be presented. In the third and

fourth experiments the convergence rate and computation time of the proposed

algorithm are compared with those of other related algorithms. In the fifth

experiment then the parameter sensitivity of the proposed algorithm will be

analyzed.

5.1.1 CEC2005 test functions

This set of test functions is chosen from the benchmark functions that are used in

CEC2005 [36] as presented in Table 1. This set includes five uni-modal (F1–F5)

plus nine multi-modal (F6–F14) functions and the quality of the solution is used as

the measure for performance. Each function in this test suite stands for a real-value

function which must be minimized. Information related to this test suite is presented

in Table 1. For additional information on this benchmark please see the Ref. [36].

The experiment in this section is conducted based on the assumption that dimension

d = 10 and the parameter m (The number of Bayesian networks that is sampled

from the stochastic model) is set to 10.

5.1.2 The comparison of optimization results

In this part, rsBOA is compared with the original rBOA [22], the learning automata

based rBOA (LA-rBOA) [27] and the improved real-coded rBOA (IrBOA) [26] and

BOA integrated with GRS discretization (GRS-BOA) [28] on the test functions

which was introduced in earlier section. Based on No Free Lunch theorem: ‘‘for any

algorithm any elevated performance over one class of problems is offset by

performance over another class’’ [37]. Thus, the rsBOA tries to solve a class of

benchmark functions in terms of accuracy and efficiency. For the entire conducted

experiments the parameters of the rsBOA are chosen empirically according to the

sensitivity analysis which is given in the last sub-section. Also, two points have to

be reminded: (1) the initial population in all algorithms is created according to the

uniform distribution on the boundary values for each function, and (2) in order to

make a comparison, the maximum number of function calls, MaxNFC, will be set to

100,000.

Table 1 continued

Function Function name Range Optimal value Property

F13 Expanded Extended Griewank’s

plus Rosenbrock’s Function

[-3 1] -130 Multi-modal

Shifted

Non Separable

F14 Shifted Rotated Expanded

Scaffer’s F6

[-100 100] -300 Multi-modal

Shifted

Non Separable
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In this experiment, the parameter settings for Original rBOA, LA-rBOA and

IrBOA are borrowed from [26, 27]. Also the result of GRS-BOA are borrowed from

[28]. The results for the rsBOA, Original rBOA, LA-rBOA, GRS-BOA, and IrBOA

on the used test functions are summarized in Table 2. For each function the mean

error values as well as the standard deviations of the obtained fitness values on the

50 independent runs are presented. It must be mentioned that for the tables given

down in this section, the best results are highlighted. Also, to have a better

comparison, a set of two-tailed t tests were given; because the t test clarifies the

difference between the means of two independent samples. The t value to check if

the two algorithm means are different can be calculated by the following equation:

t test A1;A2ð Þ ¼ X̂1 � X̂2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

1

n1
þ s2

2

n2

q ; ð6Þ

in which X̂1, si
2 and ni represent the means, standard deviation, and the number of

runs for algorithm i; respectively. In this experiment we consider the rsBOA as

algorithm A2. The result of t value and p value (with a = 0.05 and degress of

freedom = 98) among the experiments obtained with the rsBOA, Original rBOA,

LA-rBOA, GRS-BOA, and IrBOA for the test functions are shown in the Table 3.

Tables 2 and 3 indicate that in the most used test functions, rsBOA clearly out-

performs Original rBOA, LA-rBOA and IrBOA. Also the result show that rs-rBOA

outperforms GRS-BOA in most of used test function.

In what following the analysis between the rsBOA and the two older rBOA

(IrBOA and LA-rBOA) is described: Function F1 is shifted Sphere function,

function F2 is shifted Schwefel’s problem 1.2, and function F3 is a shifted rotated

high conditioned elliptic one. These three functions have different conditions which

make F3 to be harder than F2 and F2 to be harder than F1. Based on the results we

can conclude that rsBOA outperforms the three other algorithms for functions F1,

F2 and F3. Function F4 is shifted Schwefel’s problem 1.2 with noise in fitness.

Noise in the fitness disturbs the search process. From the results, we observe that the

proposed rsBOA is superior to the Original rBOA, IrBOA and LA-rBOA. Function

F5 is Schwefels problem 2.6 with global optimum on bounds. For this function, the

proposed algorithm is superior to the Original rBOA, IrBOA and LA-rBOA.

Function F7 is a shifted rotated Griewanks function without bounds, just the

initialization range is given. Griewanks function is more difficult with low

dimension and it is also difficult to achieve the global optimum. The rsBOA gains

better result in comparison to the Original rBOA, IrBOA and LA-rBOA. Function

F8 is shifted rotated Ackleys function with global optimum on bounds which has a

very narrow global basin half of the dimensions of which are on the bounds. Thus,

the search looks almost like seeking a needle in a haystack. For this function, the

results of the rsBOA are clearly better than IrBOA but the result of rsBOA is a little

better than Original rBOA and LA-rBOA. Functions F9 and F10 are shifted

Rastrigins function and shifted rotated Rastrigins function respectively. The two

have a huge number of local optima. The results indicate equal performance for

rsBOA in comparison to the Original rBOA, IrBOA and LA-rBOA on function F9
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and better performance on function F10. Function F11 is a shifted rotated

Weierstrass function and Function F12 is Schwefels problem. For these function the

rsBOA gets better solution compared to other algorithms. Finally for function F13

through F15 the rsBOA gains better result in comparison to Original rBOA, IrBOA

and LA-rBOA.

The major different between IrBOA and the proposed algorithm is that IrBOA

clusters the population using an adaptive clustering method and generates a

Bayesian network for each cluster; but based on the nature of evolutionary

algorithms, the diversity of population is decreased over time, so the number of

Bayesian networks is also decreased over time. While in the proposed algorithm, we

use only a stochastic Bayesian network and there is a possibility of generating

different Bayesian networks until all edges probability converge to some value. In

other words the proposed algorithm can preserve multi Bayesian networks in one

structure a longer time than IrBOA without using any clustering method that results

in a lower computational complexity and running time. On the other hand the major

different between LA-rBOA and the proposed algorithm is that LA-rBOA uses a

learning automaton for each possible edge in the network without any idea to

preserve multi Bayesian networks in one generation. The LA-rBOA only uses a fast

method to learn the Bayesian network. So, the proposed algorithm is superior to the

LA-rBOA in most of used benchmark functions. Generally, according to the

obtained results it is reasonable to say that the rsBOA presents evidences of better

performance than similar algorithms such as Original rBOA, LA-rBOA and IrBOA.

5.1.3 The comparison of convergence speed for rsBOA

The comparison of convergence speed for eight test functions for 5 typical runs

(1000 iteration) among the rsBOA, Original rBOA, LA-rBOA and IrBOA is

presented in Fig. 2. Each sub-figure shows the obtained fitness value from four

algorithms throughout the optimization process. It can be seen from the Fig. 2 that

rsBOA has a lower convergence rate than the three other algorithms in all of used

test suits.

5.1.4 The comparison of computation time for rsBOA

The rsBOA is also compared in terms of computation time with the Original rBOA,

LA-rBOA and IrBOA. These algorithms are implemented in MATLAB R2009a in a

PC, with a single CPU of Intel(R) Core(TM)2 Duo 3.33 GHz and a 4 GB memory.

Table 4 shows the computation time for four algorithms for the used test functions.

It can be seen that the rsBOA requires a smaller computation time than the three

other algorithms.

5.1.5 Sensitive analysis

In this section we study the effects of each parameter on the performance of the

rsBOA. The proposed algorithm has six parameters: (1) Selection strategy method,

(2) Parameter s in the selection strategy, (3) Population size Npð Þ, (4) The number
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Fig. 2 The convergence speed for the rsBOA, LA-rBOA and the IrBOA. a Function F1, b function F2,
c function F3, d function F7, e function F8, f function F9, g function F10, h function F11
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of Mixture components Kð Þ; (5) the constant Factor in the updating rule (k) and (6)

the maximum number of possible links of each variable of the optimization problem

(l). In order to study the impacts of one parameter, the values of other parameters

are fixed. For the first parameter there are two common strategies: tournament

selection versus truncation selection. In tournament selection, s individuals are

randomly picked from the population and the best one is then chosen as a candidate

solution [1, 2]. In truncation selection the best s% individuals of the population are

selected as candidate solutions [1, 2]. Since the updating rule of stochastic structure

depends on the promising solutions’ dependence tree, it is evident that in the

truncation selection a larger number of better solutions are selected and it will give

better results in comparison to the tournament selection. Therefore, the experiments

of the proposed algorithm are performed based on the truncation selection. The

default values of the parameters are listed in the following setting: (1) the parent

selection method is truncation selection (2) parameter s ¼ 20, (3) population size

Npð Þ ¼ 500, (4) the number of Mixture components in the model building and

model sampling phase Kð Þ ¼ 10, (5) the constant factor in updating rule k ¼ 0:4,

and (6) the number of links for each variable l ¼ 5.

The impact of parameter s in the truncation selection This experiment will

compare the effect of parameter s in truncation selection on the performance of the

rsBOA. In order to do that, parameter s is varied from the set

10%; 30%; 50%; 70%f g and the performance of the proposed algorithm in 100

iterations is calculated following for some of the test functions of Table 1. Table 5

exhibits the results of this experiment. Table 5 indicates that the best value of

parameter s is in range 10%30%½ �.
The effect of the population size (Np) This experiment compares the impact of

parameter Np on the performance of the rsBOA. To do that, the value of Np is

chosen from the set 100; 300; 500; 700; 900f g and the results of the proposed

algorithm in 100 iterations for some of the test functions of Table 1 are given in

Table 6. Table 6 shows the best value of the parameter Np in term of the

improvement in the quality solutions is about 500.

The impact of the number of mixture components (K) This experiment shows the

influence of the number of mixture components on the performance of the rsBOA.

To do that, the value of K is chosen from the set 5; 10; 20; 30f g and the result of the

proposed algorithm in 100 iterations for some of the test functions of Table 1 is

represented in Table 7. This Table shows that the best value of parameter K is about

10.

The impact of constant factor in the updating rule (k) In this experiment, the

impact of parameter k on the performance of the rsBOA on some of the used test

functions is exhibited in Table 8 where it is shown that the best value of parameter k
is between 0.2 and 0.4.

The maximum number of possible links for each variable (l) Finally, the impact

of parameter l on the performance of the rsBOA on some of the used test functions

is exhibited in Table 9 where it is shown that the best value of parameter l is 5.
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5.2 Experiment 2: Comparison of the rsBOA with some general EDA
algorithms

In this section we compare the results for the proposed rsBOA with some general

EDA algorithms and one of the well-known method s for continuous global

optimization (CMA-ES). To do this the proposed rsBOA is applied on the

optimization functions in Table 1 in order to see how the proposed algorithm effects

the optimization of the used test functions. The optimization outcomes of the

proposed rsBOA are compared to five other algorithms. The five algorithms are:

• Continuous univariate marginal distribution algorithm (UMDA) [19].

• Estimation of Gaussian (Bayesian) network algorithm (EGNA) [19].

• Estimation of multivariate normal (distribution) algorithm (EMNA) [38].

• Extended compact genetic algorithm for real-parameter optimization by using

adaptive discretization [38].

• A restart covariance matrix adaptation evolution strategy with increasing

population size [39].

The results for the rsBOA and the other five algorithms are given in Table 10.

For each function the best function values on the 50 independent runs are given.

Table 10 shows that in the most used optimization functions, the rsBOA obviously

Table 4 Computation time (minutes) comparison

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14

rsBOA 5.1 5.6 5.0 5.3 5.3 5.6 6.3 6.7 6.8 7.4 6.9 7.2 8.3 9.2

LA-rBOA 5.3 5.9 5.9 6.3 6.5 6.5 6.8 6.6 7.3 5.4 7.9 7.5 8.5 9.5

IrBOA 8.5 8.2 10.3 10.0 9.8 9.2 10.2 9.5 11.5 12.2 12.8 8.1 12.6 12.6

Original

rBOA

6.5 6.9 6.6 6.0 6.1 6.2 6.5 6.5 7.0 7.2 7.1 7.5 8.5 9.3

Table 5 Sensitive analysis results for parameter s

Function s = 0.1 s = 0.3 s = 0.5 s = 0.7

F1 11.12E102 50.88E?02 88.59E?02 12.47E?03

F2 95.88E101 16.91E?03 24.88E?03 70.92E?03

F3 15.68E106 33.93E?06 42.38E?03 57.14E?03

F7 16.53E102 16.69E?02 19.62E?02 20.86E?02

F8 213.91E101 -13.87E?01 -13.86E?01 -13.82E?01

F9 -29.37E?01 229.45E101 -29.23E?01 -29.09E?01

F10 -29.74E?01 230.00E101 -29.25E?01 -28.88E?01

F11 99.63E100 99.86E?00 99.85E?00 10.05E?01
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outperforms the other algorithms. Also it should be noted that CMA-ES is not really

an EDA algorithm; it is an evolution strategy adapting the full covariance matrix of

the normal mutation search distribution. We have considered this algorithm in the

comparison because CMA-ES is a well-known method for continuous global

optimization.

Table 6 Sensitive analysis results for parameter Np

Function Np = 100 Np = 300 Np = 500 Np = 700 Np = 900

F1 10.71E?03 35.24E?02 26.68E?02 23.78E?02 19.92E?02

F2 18.60E?02 10.90E?02 96.48E?01 83.50E?01 76.28E?01

F3 56.38E?06 36.73E?06 15.70E?06 10.21E?06 10.70E?06

F7 18.09E?02 17.84E?02 16.85E?02 16.48E?02 16.42E?02

F8 -12.99E?01 -13.88E?01 -13.88E?01 -13.87E?01 -13.87E?01

F9 -25.65E?01 -30.05E?01 -29.43E?01 -29.38E?01 -30.37E?01

F10 -27.56E?01 -28.04E?01 -29.02E?01 -29.45E?01 -29.80E?01

F11 100.70E?00 100.10E?00 99.60E?00 99.59E?00 99.29E?00

Table 7 Sensitive analysis results for parameter K

Function K = 5 K = 10 K = 20 K = 30

F1 95.2E?02 26.68E102 38.15E?02 37.72E?02

F2 42.20E?02 96.48E101 15.79E?02 17.94E?02

F3 86.56E?06 15.70E?06 15.24E106 57.31E?06

F7 18.88E?02 16.85E?02 16.80E102 18.80E?02

F8 -12.74E?01 213.88E101 -13.82E?01 -13.84E?01

F9 -25.35E?01 -29.43E?01 229.78E101 -29.12E?01

F10 -27.51E?01 229.02E101 -27.14E?01 -26.28E?01

F11 100.22E?00 99.60E100 100.65E?00 99.94E?00

Table 8 Sensitive analysis results for parameter k

Function k = 0.2 k = 0.4 k = 0.6 k = 0.8

F1 24.33E?02 26.68E102 26.78. E?02 26.93E?02

F2 93.89E101 96.48E?01 94.72E?01 98.19E?01

F3 13.96E106 15.70E?06 20.09E?06 21.75E?06

F7 18.25E?02 16.85E102 16.85E102 16.87E?02

F8 -13.80E?01 213.88E101 -13.86E?01 13.87E?01

F9 -29.13E?01 229.43E101 -28.14E?01 -29.17E?01

F10 -29.01E?01 -29.02E?01 -29.21E?01 229.35E101

F11 10.12E?01 99.60E100 10.11E?01 10.14E?01
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6 Conclusion

This paper offers a new real-coded stochastic Bayesian optimization algorithm that

uses a stochastic Bayesian network. For each potential edge in the Bayesian network

there is a probability distribution function which determines the existence or lack of

the corresponding edge. In order to generate each new solution, one Bayesian

network is sampled according to the stochastic structure. Before the next generation

is generated, each probability distribution function will be updated according to the

dependence tree of the promising solutions. This dependence tree is built by the

Chow-Liu algorithm. The experimental results which are reported here indicate that

the proposed algorithm is superior to other related algorithms in terms of quality and

performance measures.

Table 9 Sensitive analysis

results for parameter l
Function l = 2 l = 5 l = 8

F1 23.63E?02 26.68E102 28.43. E?02

F2 99.74E?01 96.48E101 98.38E?01

F3 16.62E?06 15.70E106 22.74E?06

F7 31.35E?02 16.85E102 18.42E?02

F8 214.72E101 -13.88E?01 -13.86E?01

F9 -29.27E?01 229.43E101 -28.04E?01

F10 -29.52E?01 -29.02E?01 229.86E101

F11 10.97E?01 99.60E100 10.23E?01

Table 10 Numerical results for the rsBOA and other algorithms

Function UMDA EGNA EMNA SoD ECGA CMA-ES rsBOA

F1 -4.40E?02 -4.43E?02 24.50E102 24.50E102 24.50E102 24.50E102

F2 -4.05E?02 -4.10E?02 -4.21E?02 24.50E102 24.50E102 24.50E102

F3 -4.04E?02 -4.15E?02 -4.21E?02 24.50E102 24.50E102 24.50E102

F4 -4.01E?02 -4.11E?02 -4.25E?02 24.50E102 24.50E102 24.50E102

F5 -2.90E?02 -2.93E?02 -3.05E?02 23.10E102 23.10E102 -3.07E?02

F6 3.50E?02 3.61E?02 3.70E?02 3.84E?02 3.90E102 3.89E?02

F7 -1.65E?02 -1.70E?02 -1.72E?02 -1.80E?02 -1.80E?02 21.82E102

F8 -1.25E?02 -1.30E?02 21.40E102 -1.20E?02 -1.20E?02 21.40E102

F9 -2.90E?02 -2.95E?02 -2.97E?02 23.30E102 23.30E102 23.30E102

F10 -2.85E?02 -2.92E?02 -3.00E?02 -3.22E?02 23.30E102 -3.09E?02

F11 9.01E?01 9.45E?01 9.90E?01 8.77E101 8.91E?01 9.80E?01

F12 -4.11E?02 -4.37E?02 -4.42E?02 -3.96E?02 -4.31E?02 24.56E102

F13 -1.00E?02 -1.13E?02 -1.29E?02 21.30E102 -1.29E?02 21.30E102

F14 -2.57E?02 -2.69E?02 -2.91E?02 -2.97E?02 -2.97E?02 22.99E102
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5. J.A. Lozano, P. Larrañaga, I. Inza, E. Bengoetxea (eds.), Towards a new evolutionary computation:

advances on estimation of distribution algorithms (Springer, Berlin, 2006)
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