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Abstract— Recommendation systems aim at directing users 

toward the resources that best meet their needs and interests. In 

this paper, we propose a new recommendation algorithm based 

on a hybrid method of distributed learning automata and graph 

partitioning. The proposed method utilizes usage data and 

hyperlink graph of the web site. The idea of the proposed method 

is that an appropriate recommendation for a user can be pages 

similar to the pages the user has already visited. To calculate 

similarities between pages, it is assumed that if different users 

request a couple of pages together, these pages are likely to 

correspond to the same information need therefore can be 

considered similar. Experiments on synthetic and real data show 

that the proposed algorithm provides better recommendations 

than the only learning automata based recommendation method 

reported in the literature. 

Keywords-web usage mining, distributed learning automata, 

web recommendation 

I. INTRODUCTION

Determining similarities between web pages is one of the 

goals of web mining methods. A simple approach, yet 

expensive and manual, to address this problem is using the 

knowledge of some highly trained experts to classify the web 

pages into many subjects. Another approach is assigning 

keywords to each web page, which creates new problems like 

tackling with homonymous and synonyms and finding new 

keywords for new documents. Although keyword can be 

extracted automatically form a text document, this task is 

more difficult for the multimedia documents. An old approach 

to find some similarities between documents is mining on 

citations in scientific papers, which eliminate most of the 

mentioned problems. 

Heylighen and Bollen [1] introduced a new approach to 

this problem using usage data. This approach is based on the 

idea that if two documents respond to the same information 

need, then these documents are similar. This method assumes 

that users approximately know about the pages they are going 

to visit and they do not move to another page randomly. By 

moving among the pages, users create a virtual relation 

between pages, which is based on their mental model and are 

not necessarily like the existing relations like links between 

web page and keywords defined for articles. This virtual 

relation can be used to represent similarity between pages 

since it is assumed that users have enough information about 

the web pages they visit. In this approach neither there is any 

need to have experts to determine keywords or to classify the 

pages, nor it requires explicit users interactions, like rating to 

an article. In this approach similarities between web pages are 

evolved according to the rule of Hebb[2] such that the more 

users move from page i to page j, the more similar these pages 

will be considered. In extensions to this algorithms, the 

transitive relation between two pages is considered such that 

any page k which are visited after page j is also considered to 

be similar to page i with a decreasing coefficient proportional 

to the distance to page i. Hashemi and Meybodi [4] introduced 

another algorithm based on distributed learning automata in 

which, like Hebbian algorithm, if two web pages of a website 

are visited consecutively they are considered to be similar and 

reported more accurate similarity compared to both Hebbian 

algorithm and DLA-based algorithm proposed in [3]. 

Forsati et al. introduced web page personalization 

algorithm based on distributed learning automata in which 

learn the similarity between documents using the usage data 

and behavior of previous users[5].  

Learning automata and distributed learning automata have 

been used in many other web mining applications. Anari et al. 

[6] used learning automata to determine the weight of 

hyperlinks between web pages in order to compute rank of 

each web pages. Forsati and Meybodi [7] introduced a web 

page recommendation algorithm based on distributed learning 

automata in which DLA learn the behavior of previous users’ 

and recommend pages based on the learned patterns. 
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In [8], we introduced a new hybrid method of distributed 

learning automata and graph partitioning to determine 

similarity between web pages using the web usage data.  

Numerous approaches are introduced for recommendation 

system which can be categorized into two major groups, 

which are content-based filtering agents and collaborative 

filtering systems [9]. 

Some studies have considered the approach of using pages 

interesting to the user for the recommendation process. In 

[12], Mobasher et al. use statistical significance testing to 

judge whether a page is interesting to a user. Its main idea is: 

A duration threshold is calculated for each page using the 

average duration and standard deviation of the visits to the 

page; if the duration of a page is longer than the threshold, that 

page is considered interesting to the user and vice versa. 

In [10, 11], Nakagawa and Mobasher use association rule 

mining, sequential pattern mining, and contiguous sequential 

mining to generate three types of navigational patterns in the 

off-line phase. In the on-line phase, recommendation sets are 

selected from the different navigational models, based on a 

localized degree of hyperlink connectivity with respect to a 

user’s current location within the site. 

In this paper, we propose a new recommendation 

algorithm based on a hybrid method of distributed learning 

automata and graph partitioning. The proposed algorithm 

utilizes the web usage data and the hyperlink graph of the web 

site to determine the similarities between web pages then 

recommends the user web pages which the user is more likely 

to visit. Empirical results on a synthetic model of a web site 

and its users [8] show that the proposed algorithm can 

determine similarities between web pages better than a 

distributed learning automata based methods introduced in 

literature[4] as well as Hebbian and extended Hebbian 

algorithms [1]. In addition, it is shown that for a real web site, 

the proposed algorithm provides better recommendations than 

the only learning automata based recommendation method 

reported in the literature[7]. 

The rest of this paper is organized as follows. Section 2 

introduces learning automata and distributed learning 

automata. Section 3 PageRank algorithm respectively. The 

proposed algorithm is introduced in section 4. Section 5 gives 

the results of experiments. The last section is the conclusion. 

II. LEARNING AUTOMATA

Learning Automata are adaptive decision-making devices 
operating on unknown random environments. The automata 
approach to learning involves the determination of an optimal 
action from a set of allowable actions. An automaton can be 
regarded as an abstract object which has finite number of 
possible actions. In each decision process, the automata select 
an action from its finite set of actions. This action is applied to 
a random environment. The random environment evaluates the 
selected action and provides a response to the applied action of 
automata. The response of the environment is used by the 
automata to learn the optimal action [13][14][22]. 

A. Distributed Learning Automata 

Distributed learning automata [15] is a network of automata 
which collectively cooperate to solve a particular problem. A 
DLA can be modeled by a directed graph in which the set of 
nodes of graph constitute the set of automata and the set of 
outgoing edges for each node constitutes the set of actions for 
corresponding automaton. When an automaton selects one of 
its actions, another automaton on the other end of edge 
corresponding to the selected action will be activated [23][27]. 

III. PAGERANK ALGORITHM

The PageRank algorithm for ranking hypertext-linked web 

pages was introduced in [16] and [17]. The idea of the 

PageRank algorithm is that a link from page v to page u is an 

evidence of the importance of page v. In particular, the amount 

of importance conferred on page v by page u is proportional to 

the importance of page u and inversely proportional to the 

number of links in page u. Since the importance of u is itself 

not known, determining the importance for every page 

requires an iterative fixed-point computation. To do so, the 

PageRank algorithm can be thought of as a model of the 

behavior of a random surfer[16], who either selects an 

outgoing link from the page currently visiting or jumps to a 

random page. In this model, the PageRank of a web page i is 

defined as the probability of the random surfer being at page i

and can be calculated as follows. 

Let u v denote the existence of a link from page u to page 

v in the hyperlink graph of web, G. Let deg(u) be the out-

degree of page u in G, i.e. the number of links to different web 

pages in page u. The probability of the random surfer, 

currently visiting page i, lands at a the page j, vj {v| ui v  }

equals to pij (Eq. 1).

1
: ( )

deg( )

0 :

i j

iij

if u u E
up

otherwise

(1)

The PageRank of a page i is defined as the probability that 

at some particular time step k>K, the surfer is at page i.
Consider the Markov chain induced by the random walk on G,

where the states are given by the nodes in G, and the 

stochastic transition matrix describing the transition from i to j
is given by matrix P where pij  is defined by Eq. 1. For P to be 

a valid transition probability matrix every node must have at 

least one outgoing link; i.e. P should have no rows consisting 

of all zeros. To solve this problem a new transition matrix P' is 

defined where all states have at least one outgoing transition in 

the following way.  

Let n be the number of nodes (pages) in the Web graph. 

Let v be the n-dimensional column vector representing the 

probability distribution of destination pages when a random 

jump is made. Typically, this distribution is a uniform 

probability distribution over all nodes. Let d  be the n-

dimensional column vector where di=1 if page i has no 

outgoing link and di=0 otherwise. Then, matrix P' is 

constructed as Eq 2.  
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. TD d v

P P D
(2)

In order to have a unique stationary probability distribution 

for the Markov chain defined by P', P' should be aperiodic and 

irreducible; the former holds for the Markov chain induced by 

the Web graph. The latter holds if G is strongly connected, 

which is usually not the case for the web graph. In the page 

rank to ensure this property a complete transition graph with 

small transition probabilities is created by adding a 

teleportation matrix E to P' as Eq. 3.   

1
1 . T

n
E v

1 ,0 1P cP c E c
(3)

In terms of the random walk, the effect of teleportation 

matrix E is as follows. At each time step, with probability 

(1 c), a surfer visiting any page i will jump to a random page 

rather than following one the links in the page i. The 

destination of the random jump is chosen according to the 

probability distribution given in v .

By redefining the vector v  given to be non-uniform, so 

that random jumps can be non-uniform, the resulting 

PageRank vector can be biased to prefer certain kinds of 

pages. For this reason, vector v  is called the personalization 

vector [18].  

In [19], Eirinaki and Vazirgiannis proposed a usage-based 

personalized PageRank (UPR) algorithm used for ranking the 

Web pages of a site based on the navigational behavior of 

previous users.  Let wi be the weight of page i which

represents the number of times page i was visited, and the wij

be the weight of transition from page i to page j which 

represents the number of times page j was visited immediately 

after page i. In UPR, the transition probability of page i to 

page j is proportional to the usage of the link to page j in page 

i and is calculated as Eq. 4 . 

( )k

ijUPR

ij

ik

x out k

w
p

w (4)

where out(i) denotes the set of pages linked from page i.

The personalization vector v is defined as Eq. 5  . 

UPR i
ij

k

k

w
v

w (5)

IV. THE PROPOSED ALGORITHM

The proposed algorithm recommends new web pages to a 
user based on the navigation history of the user, the usage data 
and the hyperlink graph of the web site. To do so, the hyperlink 
graph of a web site is partitioned by a graph partitioning 
algorithm. Then a distributed learning automaton is used to 
determine similarities of the web pages based on the 
assumption that two consecutive visited pages are similar if 
they have been partitioned into the same partition [8]. Then a 
new usage-based page rank (UPR-DLA) is calculated using the 

determined similarity between web pages. Afterwards, the 
calculated page rank and the similarity between web pages are 
used to build a Markov model of the users’ transitions in the 
web site. Finally, this Markov model is used to predict the 
probability of visiting new pages based on which web pages 
are recommended to the users. 

A. Determining Similarity between Web Pages 

In [8], we proposed a new algorithm for determining the 

similarity between each pair of pages using the user 

interactions and hyperlink graph of a web site using 

distributed learning automata and graph partitioning.  

The amount of similarity between documents is calculated 

when the user surf from one document to another. This feature 

causes the algorithm is used online. The proposed algorithm 

does not use any information about the content of documents 

and only using user behavior will calculate the amount of 

similar documents with each other.  

In the proposed algorithm, the hyperlink graph of a web site 

is partitioned by a graph partitioning algorithm. Then a 

distributed learning automaton is used to determine 

similarities of the web pages based on the assumption that two 

consecutive visited pages are similar if they have been 

partitioned into the same partition. We use this method to 

determine similarity between web pages. 

B. Usage-based  Pagerank based on DLA 

In order to calculate the page rank of the web pages, the 

usage-based page rank algorithm [7] is applied. In this 

method, the transition probability of page i to page j is set to 

the probability of action j in learning automaton i (Eq. 6) and 

personalization vector v is calculated according to Eq. 5. 

( , )DLA UPR

ijp s i j (6)

In this algorithm, the transition matrix P and 

personalization vector v  in the original PageRank algorithm 

are computed based on usage data instead of link structure. 

For this reason, a DLA learns the transition probability matrix 

P from the behavior of the visiting users. In addition, the 

personalization vector v  is computed based on the visiting 

rate of pages preferring pages which are visited by more users. 

Having the transition matrix P and personalization vector 

v which are acquired from previous users’ visits, the 

PageRank algorithm is used to compute the rank of each page 

Eq. 7.

( )

( )

( )

1
. 1

j i

j

j

i

p in p

p

p

DLA UPR
DLA UPR p d d

Nout

1
. ( , ) 1

j i

i

p in p

DLA UPR p d s j i d
N

(7)

where out(pj) denotes the set of pages linked from page j and 

in(pj) is the set of  pages which have a link to page j.
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p1,p2,...,pN are the pages under consideration, N is the total 

number of pages and d is an adjustment coefficient between 

zero and one. For the proposed algorithm, d is set to 0.85.  

As an improvement of the PageRank algorithm, the 

PageRate algorithm also models a random surfer’s navigation 
on the link structure of a Web site consisting of N nodes. A 

surfer is given a Web page at random. The surfer has two 

choices on each Web page. 

First, the surfer clicks each hyperlink on the page with a 

probability, which is the number of user traversals on the 

hyperlink divided by the sum of user traversals on all the out-

links of the page multiplied by the damping factor d . Second, 

the surfer jumps to any page on the Web site link structure 

with an equal probability (1- d ) / N . The surfer keeps clicking 

hyperlinks on the following pages. The PageRate of a page A

is calculated as Eq. 8 . 

i
n

n

n

iTn

ATn
TPR

Tn

ATn
TPRd

N

d
APR

n ),(

),(
(...

(

),(
)(

1
)( 1

)
,1

1
1 )

(8)

where n(Tj,A) is the number of user traversals on the 

hyperlink from page Tj to page 
i

j iTnA ),(.  is the sum of user 

traversals on all the hyperlinks of page Tj.

In addition, we propose a PageRate method to give web 

pages on a web site ratings based on the Web link structure 

and usage data. The proposed PageRate method has two 

phases. First, the Web link structure and the Web users’ 

visiting behaviors are used for page rating. Second, Web pages 

are compared with each other on the similarity of incoming 

links. the PageRate algorithm is used to compute the rank of 

each page Eq. 8. 

C. Page Recommendation 

The goal of a recommendation system is to produce a set 

of pages for a user, which are not visited by them and are most 

suited with the user’s interests [19]. Suppose that a user is 

walking in the web site and the path traversed by him is p1

p2
…  pk. We use a fixed-size sliding window over the 

user’s active session to capture his path. Note that the sliding 

window of size |w| over the active session allows only the last 

w visited pages to influence the recommendation set.  

To recommend page pk+1 to the current user, we use 

Markov models to model the navigational behavior of the 

users of a web site. In the proposed model, the order of the 

Markov model indicates the “memory” of the prediction, i.e. 

denotes the number of previous user steps which are taken into 

consideration in the process of calculating the path 

probabilities. Note that, the selection of the order influences 

both the prediction accuracy and the complexity of the model 

while heavily depends on the application.  In the proposed 

recommendation algorithm, after computing the transition 

matrix P using DLA, the path probabilities are computed for 

an m-order model using the chain rule as follows: 

1 2 3 1 1

2

Pr( ) Pr( ) Pr( | )
k

k i i m i

i

p p p p p p p p

For example the probability of path p1  p2  p3 equals to:  

1 2 3 1 2 1 3 2

1 2 2 3
1

1 2

Pr( ) Pr( ) Pr( | ) Pr( | )

Pr( ) Pr( )
Pr( )

Pr( ) Pr( )

p p p p p p p p

p p p p
p

p p

where Pr(• •) represents the probability of transition between 

pages and Pr(•) is the rank of page obtained from the biased 

PageRank and PageRate algorithm.  

Based on Eq. (9), the prediction of the next most probable 

page which will be visited by the user is performed by 

computing the probabilities of all existing paths such p1

p2
…  pk  pk+1 having the pages visited so far by the user 

as prefix and recommending the user the most probable web 

page. The bounded probabilities’ computation is straight-

forward since it reduces to a lookup on the transition 

probability matrix P. For all unvisited pages, their visiting 

probability is computed. Then, the D most probable web pages 

among them are selected to be recommended to the user. The 

seudocode of the proposed algorithm is depicted in Figure 1. 

Procedure Proposed Recommendation Algorithm

n: number of pages in the web site 

UPR(pagei): Usage-based Page Rank of page i 

s(i,j) : similarity between page i and j 

historyu(t): Pages user u has already visited at time t. 

pageu(t): tth page which user u has visited in the web site. 

D: Number of recommendation pages 

begin

p(pagei) = DLA-UPR(pagei) i=1, 2, …, N 

p(pagei pagej)= s(i,j)  i,j=1, 2, …, N 

for each pagei  historyu do

Calculate recommendation values for pagei:
u

i tr  = Pr(pageu(t-w)  pageu(t-w+1) …  pageu(t)  pagei)

end-for 

 Create the recommendation list with D pages with the most 

recommendation value ru(t). 

end

Figure 1. Pseudo code of the proposed recommendation algorithm 

V. EXPERIMENTATIONS

In this section we explain the model used for generating 
web usage data then presents experimental results of the 
proposed algorithm and compare the result with previous 
algorithms in the literature. 

A. Web Site and Users Model 

We uses the web access logs of the DePaul University CTI 
Web server [20], based on a random sample of users visiting 
the site for a 2 week period during April 2002. This dataset 
contains 13745 distinct user sessions of length more than 1 and 
683 distinct pages. We split the data set in to training and test 
data set using k-fold cross-validation. These two parts are non-
overlapping. The advantage of this method over repeated 
random sub-sampling is that all observations are used for both 
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training and validation, and each observation is used for 
validation exactly once [25]. 

B. Performance measure 

In order to evaluate performance of the proposed 

recommendation algorithm, we use two well-known measures, 

namely recommendation precision and coverage [21][24][26] 

which are similar to precision and recall known from 

information retrieval, respectively. Recommendation precision 

shows the exactness of the recommendation list generated by 

an algorithm. It is calculated as the ratio of the number of 

correct recommendations to the number of recommendations. 

A correct recommendation for a session s is a recommended 

page that is visited in the rest of session s. If the algorithm 

uses the p first pages of a session s to generate a 

recommendation list R(p) for the rest of the session T(p), the 

recommendation precision is calculated as the Eq. 11. 

( ) ( )
Precision

( )

R p T p

R p

    Recommendation coverage shows completeness of the 

recommendation list generated by an algorithm. It is the ratio 

of the number of correct recommendations a session s to the 

number of remaining pages in that session T(p) (Eq. 12 ). 

( ) ( )
Coverage

( )

R p T p

T p

     Ideally, one would like high precision and high coverage. 

A single measure that captures this is the F1 measure: (Eq. 

13).

ecisionCoverage

ecisionCoverage
F

Pr

Pr2
1

The F1 measure attains its maximum value when both 

precision and coverage are maximized. 

C. Experimental Setting 

In the experiments, an implementation of multilevel graph 

partitioning method [28] is used to create partitions of =25

web pages from the graph of the web site. Also, for the 

proposed algorithm, a0 and
0

cycleb are set to 0.002 and  and b0

are set to 0.02 and 0.3 respectively. 

D. Impact of Active Window Size on User Navigation Trail 

In all experiments we measured both Precision and 

Coverage of recommendations against varying umber of 

recommended pages. In our state definition, we used the 

notion of N-Grams by putting a sliding window on user 

navigation paths. The implication of using a sliding window of 

size w is that we base the prediction of user future visits on his 

w past visits. The choice of this sliding window size can affect 

the system in several ways. To consider the impact of window 

size (the portion of user histories used to produce 

recommendations) on the DLA Personalization algorithm, we 

also vary window sizes |w| from 2 to 4. 

We used w+d such as minimum of length of session. The 

session of user path delete if length of session less than the 

number of recommended of pages(d).  

E. Experimental Results 

In this statistical method similarity between pages i and j is
calculated as the number of visits of page j just after page i,

divided by the number of visits of pages i (Eq. 14). 

1

( , )
( , )

( , )
n

k

visited i j
simpleSimilarity i j

visited i k

      Figure 2 to 9 have shown the comparison of proposed 

algorithm performance using PageRank and PageRate with 

DLA and AR method in the sense of their precision and 

coverage in different number of recommended pages on CTI 

dataset.  

Figure 2 and Figure 3 show the impact of window size on 

precision and coverage of the Recommender algorithm. The 

results show clearly that precision and coverage increase as a 

larger portion of user’s history is used to generate 

recommendations. 

 The best results when using a window of size 4 and the other 

hand the experiments we used a fixed window size of 4 on 

recommendation history (set the window size to 4).  

Figures 4 and 5 show the transitive relation, assign penalty 

and graph partitioning to improve precision and coverage are 

used.

In figure 6 is shown precision of recommender algorithms 

compare to DLA[5][7] and AR[12]. The precision of proposed 

methods are more than other methods based on distributed 

learning automata and association rule. 

Fig. 7 shows the coverage of recommender algorithms. As 

shown in figure 7, proposed algorithms perform better than 

three previously introduced DLA[5][7] and AR[12] methods. 

As shown in figure 6 and 7, when we increase the number 

of recommendation page, the precision decreases and 

coverage increases. 

As shown in figure 8 Performance of proposed algorithms 

compare to DLA[5][7] and AR[12] algorithm is better. 

0.27
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0.31

0.33

0.35

0.37

1 2 3 4 5 6 7 8 9 10

Number of recommended of pages

p
r
e
c
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n

|w|=4 |w|=3 |w|=2

Figure 2. Proposed recommender algorithm PageRank precision with various 

user active windows size and w+d 
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Figure 3. Proposed recommender algorithm PageRank coverage with various 

user active windows size and w+d 
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Figure 4. Proposed recommender algorithm PageRank precision with different 

conditions and |w| = 4 and w+d 
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Figure 5. Proposed recommender algorithm PageRank coverage with different 

conditions and |w| = 4 and w+d 
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Figure 6. Precision of proposed algorithm (PageRank and PageRate) and DLA 

[5][7] and AR[12] methods with |w| = 4 and w+d 
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Figure 7. Coverage of proposed algorithm (PageRank and PageRate) and 

DLA[5][7] and AR[12] methods with |w| = 4 and w+d 
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Figure 8. Performance of proposed algorithm (PageRank and PageRate) 

compare to DLA[5][7] and AR[12] methods with |w| = 4 and w+d 

As shown in figure 9, Precision vs Coverage of proposed 

algorithms compare to DLA[5][7] and AR[12] algorithm are 

better. 
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Figure 9. Precision vs Coverage of proposed algorithm(PageRank and 

PageRate) compare to  DLA[5][7] and AR[12] methods with |w| = 4 and w+d 

In the PageRate method, the more past users have followed 

a certain link, the more important the page is regarded. 

VI. CONCLUSION

In the proposed algorithm, a distributed learning automaton 

tries to determine similarities between pages of a web site 

considering that each visited page is probably similar to all 

other pages visited afterwards. In addition, with the 

assumption that the hyperlink graph of a web site are usually 

such that similar pages are divided into the same partition after 

partitioning the hyperlink graph of the web site, partitioning 
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the hyperlink graph of the web site is used to help the 

distributed learning automata to learn similarities between web 

page more accurately. The pages in a recommendation list are 

ranked according to their importance and similarities, which is 

in turn computed based on proposed algorithm and PageRank
and PageRate algorithm. Experimental results illustrate that 

the proposed algorithm can generate higher quality 

recommendations than using either the distributed learning 

automata recommendation and the association rule mining 

recommendation algorithm [5][7][12]. 
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