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ADBSTRACT

A class of interconnection networks is studied as a communication medivm in multi-processing systems.
These networks, termed expanding and contracting SW-banyan networks, recently introduced by DeGroot. In
this paper a new method for computing the number of permutations realized by this class is given. It is shown
that the known method for computing this number can not be used lor any SW-bhanyan network. Finally, we
stdy different classes of expanding and contracting NxN SW-banyan networks with respect to three different
performance measures: number of links, number of switches, and blockage of the neiwork. We derive conditions
on fanout and spread vectors of SW-banayan networks Lo minimize one or more of these quantities.

Index terms: banyan networks, SW.banygan, blockage, combinatorial power,
L INTRODUCTION

A fundamental class of interconnection networks, in the context of mulli- processing systems, is called banyan
neiworks and were first proposed by Goke and Lipovski[l]. The banyan class contains a very rich and wsclul
subelass of neiworks called L-stage banyan neiworks [1],[2]. A variety of special cases of L-stage banyan netwaorks
have received considerable attention in the design and in the literature. Large banyan networks can be synthesized
from smaller ones. This is illustrated in Figure 1{a). The interconnection of these banyan networks can be
represented by a switching network as in Figure 1(b). A cross-bar switch is a trivial one level banyan network.
l-stage banyan networks are synthesized recursively from cross-bar switches as in Figure 1{b). Two of the most
natable subclasses of an L-stage banyan are Delta networks [4),[5],[6], and SW.banyan netwarks. The well known
networks such as Omega networks(T], Indirect Binary n-Cube netwarks[s], STARAN Rip networks[9] and Base-
line networks[10] are all special cases of Delta networks. The characteristic property of a Delta network is a simple
decentralized routing algorithm based on “destination tag”. The SW-banyan class is a proper subset of banyan
nelworks that can be constructed recursively [rom smaller SW-banyans, Another interesting class of SW-banyan
networks is Expanding and Contracting SW-banyan networks which have been studicd in [2],[11),[12])[13].

In this paper we study the performance of expanding and contracting SW-banyan networks with respect to
four parameters, namely, number of permutations realizable, number of links, number of switches and number
of blockage in the network,

In section [] different classes of banyan networks are described. In section 11, we compute the pumber of per-
mutations realized by a given L-stage expanding and contracting 5W-banyan network, We show that the method
due to Bhuyan and Agrawal [14] for computing the number of permutations realized is incorrect. We introduce
a new method for computing this quantity. Finally, a trade off between path blockages and combinatorial power
of a network is discussed. In section IV different classes of expanding and contracting NxN SW-banyan networks
are analyzed with respect to different performance measures such as number of links, number of switches and
blockage in the network. We find conditions on elements of the fanout vector aml spread vector such that one
of more of these parameters are minimired.

II. BANYAN NETWORILKS

A banyan graph is a lHasse diagram of a partial ordering in which there is only one path from any base 1o
any apex. A base is defined as any vertex with no arcs incident into it and an apex is defined as any vertex with
no arcs incident out of it, and all other vertices are called intermediates. In a computer aystem, the set of hases
may correspond lo processors, Lhe set of apexes to memory and [/O devices and the intermediates to switch
nodes. One of the uselul property of a banyan network is that there is one and only one path from any hase 1o
any apex {(unique path network).

An L-level banyan network is a banyan graph in which the path from base to apex (or apex to base) is of
length L. Therefore, in an L-level banyan, there are L+1 level of nodes and L-level of edges. An L-level banvan is
an (L41)-partite graph in which the partitions may be linearly ordered from @ though L such that arcs exist only
from '® 1o (i + 1)'* partition. By convention, apexes{outputs) are considered to be at level 0 and bases{inpnis)
are at level L.

Definition 1: In a banyan network, the spread of a vertex is the out-degree of a node and the fapont of a
vertex is the in-degree of a node (the direction is [rom base to apex)
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Definitson 2: If all vertices within the same level of a banyan network have identical spread and fssout value
then the banyan is called nniform, Figure 2, otherwise it is called pon-uniform.

In & uniform bauyan network, the fanout values and the spread values may be characterized by L componcut
vectars, F = (fo, fi,..., fo=1) and § = (21, 93,...,3L), the [ancut vector and spread vector, respectively, where
s, and f, denote the spread and fanout of & node at level 1. Note that 5, ® fi-y is the size of the switches at level
fyfor 1 <o < L and fi = 89 = 0.

Definition 3: a4 = fi, 0 €9 € L=1, that is § = F then the banyan network is called rectangular, Figure
3. I sip1 # [, for some 0 £ 4 £ L — 1, then it is called non-rectangular.

Definition §: If every component of 5 is equal to some constant 5 and every component of F is equal to sume
constant f then the banyan is called regular, Figure 4. otherwise it is irregular,

If s = f this implies that F=5 and the banyan network is both regular and rectangular which is called
strongly rectangular.

SW-Danyan Networka:

Let A be the set of apexes (output terminals) and B be the set of bases (input terminals). Given 8 € B and
a € A, define H(a), (2 reachability set for apex a), to be a set of all nodes at level 2, (0 < £ € L), which are
reachable from apex a, and Ry(b), (£ reachability set for base b), to be a set of all nodes at level £, (0 < 2 < L),
which are reachable from base b, Clearly,

fola) = {a)

Re(a) =B, theset of input terminals (bases).
Halb) = A, the set of output terminals {apexes).
Re(b) = (b}

Definition 5: An L-stage unilorm banyan is called SW-banyan if and ouly if either one or both of the fullowing
conditions is Lrue.

1) Refa) = Rilay) or Rofa)[|Raefa,) =9
2} Ralb) = R.{i,] or H;I_h}n Relby) =9
for ag,ay € A b b, € Hand 0 <€ 2 € L. In other words, A banyan network is SW-bauyan if and only if for any
two bases by and b (or any two apexes oy and ay, their reachability scts at each level are disjoint or identical.
If an L-stage uniform banyan network satisfics either 1) or 2) but not both then it is called one-way SW-
banyan network. 1 condition (1) is true then it is called input SW-banyan and il condition (2} is true then it is
called output SW-banyan. If both 1) and 2) are true, then it is called two-way SW-banyan.
From the definition of the L-stage uwniform NxM banyan networks it follows [2] that

L L=l
N= H - M= H i
T h =g

Given this [actoncation for N and M, an L-stage input SW-banyan network is defined recursively as follows:
The input stage (stage L) is made of N/sp cross-bar swilches, each of size 3¢ + fr—1. This stage is followed Ly
fe—y blocks. Each of these blocks is an (L-1)-stage block structured SW-Banyan network and its input stage
contains Nfapa,_ ) cross-bar swilches of size a2~y % fi—3. The recursion stops at stage 1. The output terminal
of switches in stage 1 are connected to the input terminals of blocks in stage 1+ 1. Below we state some theorems
and corollaries which discuss topological feature of SW-banyan networks [2].

Theorem 1: For any level 1 in an SW-banyan 0 € ¢ < L — 1, nopi841 = nfy, where n, is the number of
wodes at level 5.

Theorem 2: For any uniform L-level SW-banyan n; < niga il and only if f, > s.41. Furthermore, n, > n.41
if and only if f, < s,43, and n, = n,4 if and only if fi > s.41.

Theorom 3: In a rectangular 3W-banyan n, is constant and equal to [H], the number of bases in the banyan,
forv<i< L.

Corollary 3.1: Un,=ngaforalls, 0 << L =1, then F =3,

Theorem 4: Each base of an L-level SW-banyan reaches 2,519,042 ... 80 nodes at Jevel s, 0 <0< L =1,

Corollary 4.1: The number of apexes in a uniform SW-banyan is sgayez ... 82

Corollary 4.2: Each node at level 1, 0 < ¢ < L, reaches sga;93 ... 5, apexes.

Theorem 5: Every apex in a uniform L-level SW-banyan reaclres fofi ... fi—1 noedes at Jevel o, 0 <0 < L,

Corollary 5.1: The number of bases in a uoiform SW-banyan is fofi fa... fi.

Cuorollary 5.2: Each node at level 4, 0 < 6 < L, reaches [, fig1 .- - fo bases,

Theorem G6: In & 3W-banyan network, the number of apexes equals the number of bases il and ooly o
Jofv.o fo-n = ms2.. a0
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Expanding and Contracting NxIN SW-banyan Networks:

Consider & non-prime integer N > 2. Let N = mymz...ne be a factorization of N, where all factors are
nol necessarily distinct. Let n = (ny,n3,...,n.) be a vector of the L factors. Let F = (fo, fi,..., fr—1) and
5= (#,93,...,5L) be two not necessarily distinct permutations of the components of n. Given 5 and F, consider
an L-stage SW-banyan network where the i** stage is made up of complete cross-bar switches of size 3, T
[1.2]. Clearly, the number of switches in stage 1is N/sg and in stage i is given by Nsysa .. s,y ffifz .. fi Tor
1 <4< L. Let r be the number of distinct permutations of the L factors of N, then there are r? such networks.
By exhausting the sct of all factors of N, a class of all SW-banyan networks with N inputs and N outpuls can
be obtained.

Example: If N = 2 % 2 x 4 then there are three distinct permutations, (2,2,4), (4,2,2) and (2,4,2) and
hence there are nine networks. For N = 16 there are 16 different 5W-banyan networks including the 16 x 16 cross-
bar switch which are illustrated in Table 1. This class of networks includes all the well-known Delta networks
such as Omega netwarks, indirect binary networks as well as the class of expanding and contracting SW-banyan
networks [2, 5]

I{ F=5thatis s, = fi_y for 1 <14 < L, then each stage is made of square cross-bar switches. If 5 # F,
that is there exist 3,1 € 3 < L such that s; # f;, then there is at least one stage made of rectangular cross-bar
switch. For example, consider F = (2,2,4) and § = (2,4, 2), then stage one is made of 2 » 2 switches and the
second the third stages are made of switches of size 2x4 and 4 x 2, respectively, Figure 5. I[ 5 # F, the network
is called Expanding-Contracting SW-banyan Network [2].

It is shown through examples [2] that Expanding and Contracting SW-banyan networks have less path block-
age, i.e., when one base is connected to one apex by a direct communication path, no other new base-apex
connection can be made il the new connection requires a link in use by the first connection, the second connec-
tion is blocked by the first one. As a result less blockage could imply more permutations to be realized hy the
network. Table 1 illustrates the blockage for the set of all 16x16 5W-banyan networks.

III. NUMDBER OF PERMUTATIONS REALIZED BY SW-DANYAN NETWORKS

While there is a reason to believe that networks with less blockage may realize more permutations, computing
the latter quantity for the expanding and contracting SW-banyan networks is by no means trivial and in fact
is equivalent to a class of enumeration problems which are of independent interest, Two dilferent cases will be
analyzed, one for 5 = F and the other for § # F.

Case A: If F = 5, then all the switches of each stage have the same size, ie., (s, % 5,),1 €9 < L, where L
is the number of stages of the aetwork. Each switch is capable of realizing !, then the sumber of permulations
e[ V) realized by an N« N SW-banyan network is given by:

L
a(N) = [Jtsnmi

=l

where m; is the nuimber of switches in stage . The instances 2, 3, 5, 8, 12, 15 and 16 in Table 1 correspond to
this case.

Case B: Il F £ 5, then it is aot always necessary that o(N) = 0. For example il F = (5,2) and 5 = (2,8},
then stage 1 is made of two copies of 2 » 8 switches and stage 2 contains two copies of 8 = 2 swilches. Figure
i illustrate the network. Since the output of stage one contains only four output ports, 12 of the 16 inputs are
blocked by stage | and hence af N} = 0 Consequently, the following theorem is immediate.

Theoremn 7: Let the j*" stage of an L-stage N x N SW-banyan network is made of cross-bar switches of
size 5, % fi—1, 1 <3 =< L. Then a necessary and sufficient condition for a{N) = 0 is that m,s, > N, where i,
is the number of switches in stage j.

The above condition is equivalent to the following statement:

5183...8; 2 fiks. .. i

It is easy to see that e{N) = 0 for instances 6,9,13 and 14. The remaining four instances namely 4,7,10 and
11 satisly the condition of the above theorem. The computation of a{ N} for later instances of the SW-hanyan
nelwork gives rise Lo an interesting class of enumeration problems. We illustrate using the example in Figure 5,
where F = (2,2,4) and 5§ = (2,4,2). Consider the first block which consists of switches 4; to Ay and ) to
By. The structure of the network induces the following natural constraints. Each of the switches A1 = 1 < 4}
has four oulput ports, since there are only two input ports to A,, only two out of four outpul ports can actually
carry the two inputs. Likewise, each switch 8,(1 < j < 4) through the link permutation can receive four inputs,
since it has only two output links. To avoid the blockage within the switches H,(1 < 3 < 4], it 15 required
that B; receives exactly two inputs from any two of the four input ports. A similar requirement holds lor the
swilches in the second block, In other words, each switch in stage 2 and 3 receives exactly two inputs and acts
as though they were 2 % 2 switches. Thus, within the first block, the number of permutations realized by the
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network crucially depend on the number of ways in which each of the switches A, sends its two oulputs Lo the
switches 8, under the constraint that each 8, can receive exactly two inputs. This number, as it can be seen,
is the same as the number of distinct 4 % 4 matrices where the elements of the mateices belong to the set (0,1}
and the sum of each row and the sum of each column is equal o 2,

The following matrix eorresponds to the first (second) block,

Ar Az Ay A
iy 1 0 1 1]

B o 1 b 1
B, 1 1 0 0
B o0 0 1 1

where the '® row corresponds to the o** switch B, and the ;" column corresponds to the j*® switch A;. The

(1, 51" element is | if and only if B, receives an input from Ay

Let fla, A, b) be the number of distinct matrices whose elements belong 1o the set A and every row and
column sum is b For the above matrix, this number is f(4, {0,1},2). It can be easily seen that this number
is 90, Natice the fiest block and the second block ol Figure 5(b) can be controlled independently. Wit this
constraint, each of the 4 x 2 and 2 » 4 swilches acts as & 2 » 2 switch only. Thus each of the switches at stage
2, and 3 realizes two permutations. There are 24 switches involved in the network; therefore the number of
permutations realized by the network is:

a(N) =2 (4, {0,1),2).

Referring 1o “Lable 1, the network corresponding to the instance 4 and 13 give rise to the computation of
FUB,0,1,2) and f{4,0,1,4), respectively. These later enumeration problems are of intrinsic interest,

Table 1 illustrates a{N), path blockage [2] and the cost of each network. The cost of a network is measured
in terms of the wial number of switching elements.

It fullows that less blockage means more combinatorial power measured in terms of the number of permuta-
tions realized. Further, among the networks with the same cost (instances 2, 8, 12, 15, and 16] instance 2 has the
minimum number of blockages and maximum value of a(N) and instapce 16 has maximum number of blockage
and minimum value for o N). Ancther fact that emerges rom Lhis analysis is that ameng the neiworks with
the same cost, thuse with the larger switches have less blockage and larger value for o[ N). Another inmnediste
consequence of cur analysis is that the formula for the number of pennutations given in Theorem 3 of [14] is
incorrect, as the fullowing example illustrates.

Example: Consider the network of block A of Figure 5{b). It consists of two stages of 2 = 4 and 42 2
swilches, respectively, Bhuyan and Agrawal [14] showed that the number of permutations realized by a generalized
interconnection network can be obtained by

P= H s

where L, is the number of switches at the o*" stage and

5, = ( g )m, for m, < n,
iy
S = ( T' )u‘ for i, 2 My

where 5, is the number of permutations achicvable by an m, % n, cross-bar switch at the " stage and s the
nuiber of stages of the network.

For the netwurk of block A of Figure 5(b), mi =2 ny =sdma=4d,nmz =3 r=2and k' =4, for e = 1,2 then

si=( 3

P=1] s =012 (12)f =12

while this aumber s computed to be 90 according to the method discussed earlier.
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IV, OPTIMAL EXPANDING AND CONTRACTING NxM SW-DANYAN NETWOILKS

In this section we study different classes of Expanding and Contracting N = N SW-banyan with respect to
three different performance measures: number of links, number of switches and blockage in the netwark, We
find conditions on elements of vector F and 3 such that one or maore of these parameters are minkmized. We use
function BP{i) = {a; — 1){b, = 1) suggested in [2] to measure the amount of blockage in the network. In this
equation, b; is the number of bases reachable by a node at level ¢ and a; is the number of apexes reachable by a
node at level . This functian connts the number of blocked paths that pass through a busy node at level & The
sum of all BP{i) for 1 <4 < L—1 which is denoted by TDP can be used 1o measure the blockage in the network.
Both 870} and BP{L) are defined 1o be zere, In the above sum, many blocked paths would be counted more
than once and so they would not give the total nomber of blacked paths generaled by a single active path,
Function BL{i} = {a; — a3 }{b, = 1) avoids multiple blocked paths that are encountered, This function counts

the number of additicnal blocked paths that are encountered as a communication path is followsl from an apex
=1

down to a base, The sum TBL = ZHM.’] gives the tolal blockage created by a single connection.
V=il
Theorem B: Total number of nodes in an SW-banyan graph with F = (fa, fi, ..., fo-ib and
S=1(37.83,....4L) is

"

scs K
TN =ng | 1+ z ::‘
=i HSJ

=l

Theorem 9t Total number of edges in an $W-banyan graph with F = (fo, fi, ..., fr-1 ] and
S=(,93,...,2L) 08

141

L=t ]._If’
TE =ngfa | 1 +Z ‘::
=0 Hq,
I
Theorem 10: Total aumber of switches in an SW-banyan network corresponding o the SW-banyan graph
with F=({fo. fie:es Jea)and S=(%,92,..., ap)is

=1
v 11k
G Il-ﬂz I-i;-.l'.l
= HSJ-H
j=1

Theorem 113 Total number of links in an SW-banyan network corresponding 1o the SW-hanvan graph with
F=1(fo,fiaeesfror)and 5= (51,9,...,9¢)is

1
L-2 ]..-[‘f‘1
TL=mng E :L
=1 HS:H

J=0

Theorem 12: The amount of blockage in an SW-banyan network is inversely proportional 1o the anmber
al switches

L=1 L=} '
2 LTV L0 LE]
o T8 . B Y s
Thl T.‘S(E (s..,.a f.!.+|)+ E ||a+1{ 1#)
=0 =0 j=a
Class 1: Lel Mg e denotes the set of all N x N L-level SW-banyan netwarks which can b derived by

L L—=1
permuting the components of F or 5 (not bath). Clearly, ¥ = Hd, = H fo. Figure 2illustrates an clement of sel

v=1 =0
W owhere F = (2,2, 4) and 5 = (2,2,4). Consider Figure 5, this SW-banayn is ahtained iy exchanging the second

and the last component of vector 8. Let he, s, w0 where Fy = (fio, fu. -0 fin—nh and S0 = (50,802,000 Bt )
denote the i*® memhber of set H. We state the [ollowing thearems for class [,
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Theorem 19: Set ”:".N.N.L contains TLI— reclangular 5V - banyan networks,

[Ite

=]

Theorem 20: A nelwork belonging Lo set Hi 5 has minimom TS and TL il and only if fu < fi < ... <

fo—yand #y > 23 > ... > 1.
Theorem 21: A network belonging to set Hp g 5 has minimum TBP if and only il fo > fi > ... > fuy

amid ERE - [ IE SN |

-

V. CONCLUSION

[Vifferent classes of Expanding and Contracting NxN 5W-banyan have been studied with respect to the
nuinber of permutations realized, number of switches involved, number of arcs, number of nodes and blockage
in the network, The main result of this report consists in computing the aumber of permutations realized by
the SW-banyan networks. [t is shown that the known method for computing this number is incorrect and the
correct method is given. This method gives rise to an interesting class of enumeration problems. Necessary and
sufficient conditions are given to minimize one or more of these parameters.

TARLE 1
PROPERTIES OF SW-DANYAN NETWORKS WITH N=16.

Instances F ] Number of Path a(N), Number
Switching Blockage of Permutation
Flements Bealized
1 {16) (16} 256 0 16!
2 [4.4) (1,4) 128 9 Pk
3 (2,8) (2,8) 160 7 (81)* =
M=
(2*? » 992,25
4 (2,8} (8,2) 256 1 2T
fis, {0,1},2),
5 (8,2) (8,2 160 T [3!}; ®
(2" =
2°7 » 992,25
3 18.2) {2,8) 7] 19 i
T (24,2) (4,2,2 160 9 ¥ 7
f{*' {“' l}"zll
qﬂﬂ
8 (24.2) | (24.2) 128 13 W 4l =
7 x 3
9 (2.4.2) (2,2,4) 96 25 0
10 (2,24) (2.4,2) 160 9 2 x
fi4,{0,1},2),
= 00
11 2,2,4) (1,2,2) 192 5 2" x
fi4,{0.2,2} .4)
12 (2,2.4) (2,2.4) 128 13 PRl
13 (4,2,2) (2,24 B0 33 ]
14 (4,2,2) (2,4.2 96 25 0
15 {1,2,2) (4.2.2) 128 13 T
16 (2,2,2,2) | (2,2,2,2) 128 17 e
1023




H
|
i
i
K
B n
fo s
T
| 1]
‘L
'd
ks e
W L.
E% 2. 8
E i,
ks v
¥
AT
:
"
>
‘.
K
i
E
E
I.I

REFEILENCES
[1] Gaoke, L. R. 2nd Lipovski, G, 1., 1973, “Banyan Networks for Partitioning Multiprocessor Systems,” Pro-
ceedings of the First Annual Symposium on Computer Architecture, pp. 21-28.

[2] DeGroot, I, 1983, “Expanding and Contracting SW-banyan Networks,” Proceedings of the Infernational
Conference on Parallel Processing, pp. TT1-T&0,

[3] Goke, L. K., 1976, “Banyan Networks for Muliiprocessor Systems,” Ph D, Dissertation, Unweraity of
Florsda.

[4] Dias, . M., 1981, “Analysis and Simulation of Buffered Delia Newworks,” [EEE Transactions on Compul-
ers, Viol. 30, pp. 273-282.

[5] Kruskel, C. P. and Snir, M., 1982, “Some Results on Multi-stage Interconnection Networks for Multipro-
cessors,” FProceedings of the Princeton Conference on Information Sciences and Systems, pp. 305-310.

[6] Patel, 3, 1981, “Performance of Processor Memory Interconnections for Multiprocessors,” JEEE Transac-
tions on Compulers, Vol. 30, pp. 252-264.

[T] Lawrie, I H., 1975, “Access and Alignment of Data in an Array Processor,” [EEE Transactions on
Computers, Vol. 24, pp. 1145-1155.

IE] Pease, M. C., 1977, “The Indirect Binur n-Cube Hicra]um.uum: Array,” JEEE Transactions on Compulers,
Vol. 26, pp. 250-265.

[9] Baucher, K. E., 1976, “The Flip Network in STARAN," Proccedings of the 1976 Iuternational Conference
on Parullel Processing, pp. IL65-T1.

[10] Wu, C. and Feng, T., 1980, “On & Class of Multistage Interconnection Networks,”™ JEEE Transachions on
Compulers, Vol. 29, pp. 694-T02.

[11] Meybodi, M. R., 1985, "Optimal Expanding and Contracting nxn SW-banyan Networks,” Procecdings of
the Sizteenth Annual Pittsburgh Conference, pp. 633-638.

[12] Peyravi, M. 1., 1985, *Study of Interconnection Networks,” Ph.D. Dissertation, University of Oklahema,
Norman, Cklahoma.

[13] Kothari, 5., Lakshmivarahan, S., and Peyravi, M. H., 19684, “Computing the Number of Permutations
Realizable by a Class of SW-banyan Netwarks,” Procecdings of the 198§ ACM Regional Conference, Austin,
Texas.

[14] Bhuyan, L. N. and Agrawal D, P., 1983, “Design and Perlormance of Generalized Interconnection Networks,”
IEEE Transactions on Compulers, Vol. 32, pp. 1081-1090.

OBV &) a4 s TRy BN VR

a) b)

Fig. 1. An exemple of L-level banyan. F=(2,2,4) and 5=(4,2,2).
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Fig. 2. An example of uniform banyan. [
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Fig. 4. An example of regular bany
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Fig. 5 An example of expanding and contracting banyan. F=(2,2,4) and 5=(24,2)
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Fig. 6. An example of SW-banyan which has o{N)=0. F=(8,2) and 5=(2,8)
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