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ABSTRACT 
One of the most important challenges of Bayesian networks is training an 
optimal network based on existing training samples. We propose two Learning 
Automata-based methods for training parameters and structure of the network. 
Parameter training method is an incremental method which performs training 
and testing simultaneously and has lower computational cost than enumerative 
or search based parameter training methods. The structure training method uses 
a guided search scheme and avoids getting stuck in local maxima. This outputs a 
network that improves classification accuracy. We could also use both these 
methods together to train the network. Results indicated that this combinational 
method further improved classification accuracy while still kept computational 
cost rational. 
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1 INTRODUCTION 
Bayesian networks are extensively used as classifiers [1][8][15][16][17]. One 

of the most important challenges of these networks is training an optimal 
network based on existing training samples. Training problem consists of two 
sub-problems: training parameters and training structure of the network.  

Different researches have been done to improve training methods of Bayesian 
networks. On parameter training, methods of parameter training have been 
revised to approach the real goal of classification. Maximum Conditional 
Likelihood estimation is an example such methods [15]. This sort of estimation 
involves a search process to find optimal estimations for the parameters. 
Research works have also been done to improve structure training methods. In 
these researches network evaluation function is modified and search methods 
have been proposed and redefined to find optimal network based on the 
evaluation function [16][17][18]. These methods perform a local search with 
algorithms like gradient descent or genetic search. These search schemes are 
blind and heuristic methods and are likely to get stuck in local maxima. 

Using discriminative methods for both parameter and structure training 
involves heavy and impractical computational cost, since both methods should 
run a search process and therefore total cost of training will be the multiplication 
of these two search processes. This problem is also addressed in this paper. 



 

In this paper we propose methods for training both parameters and structure 
of Bayesian networks. First, we propose an incremental method for training 
parameters of the network. The method has lower computational cost in 
comparison with rival methods. Besides it can perform classification with much 
less number of training samples. Afterwards a method is proposed for training 
structure of Bayesian networks. This method performs structure search using 
learning automata. This guided search scheme, finds a Bayesian network that 
improves classification accuracy in comparison with rival search methods like 
hill climbing and genetic search. In the end, two proposed training methods are 
applied together in order to find the most optimal network possible while the 
computational cost of this combinational method is still rational. 

The reminder of this paper is organized as follows. In section 2 Bayesian 
Networks and their training is discussed. Section 3 is a brief introduction to 
Learning Automata. In sections 4 and 5 proposed methods for training 
parameters and structure are explained. Section 6 is the experiments and section 
7 is the conclusion. 

2 BAYESIAN NETWORKS 
 

A Bayesian belief network, describes the joint probability distribution over a 
set of random variables, with defining a series of probability independence and a 
series of conditional independences [4]. In other words a Bayesian belief 
network defines a joint probability distribution over a set of random variables 
[2]. To describe a Bayesian network we need to provide two items: topology or 
structure of the graph, and parameters or the conditional probability tables of all 
variables. Having these two items, one can demonstrate the joint probability 
distribution implied among variables. Simply we can say that this joint 
probability distribution is equal to the product of conditional probability of each 
variable having its immediate parents. The equation is described as below. 
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To create a Bayesian networks, one has to learn both of these items based on 
existing training samples. The learning problem falls into different categories 
depending on whether the network structure is known or not.  

2.1 BAYESIAN NETWORK CLASSIFIERS 
Suppose that each training sample is s vector of 

attributes 1 2 1( , , , )vX X X C−K . The goal of classification is predicting the right 
value of class variable c = xv having ),,( 121 −vxxx K . If performance measure is 
classification accuracy (percentage of correct predictions on test samples), 
correct prediction for ),,( 121 −vxxx K  is the class that 
maximizes 1 2 1( | , , )vP c x x x −K . If we have a Bayesian network 
over ),,,( 121 Cxxx v−K , we could compute these probabilities by inference on it.  

After Structure of Bayesian network is specified, it is important to estimate 
parameters in a way that the network can provide the best prediction for value of 
class variable in test samples. 



 

2.2 TRAINING BAYESIAN NETWORKS 

2.2.1 PARAMETER TRAINING 
 

The simplest scheme for parameter training is Maximum Likelihood 
Estimation computed for training set 1 2{ , , }MD D D D= K , which is a sum over 
all nodes as below. 
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Or the conditional likelihood of parameters which is the probability of class 
variable having other variables. This is closer to the real goal of classification: 
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(3) 
The maximum likelihood is decomposable on network nodes, while 

maximum conditional likelihood is not. A gradient descent search method called 
ELR is proposed to solve the problem [15]. 

In both methods, training and querying the network will be two isolated 
processes. Also for achieving acceptable results, there should exist relatively 
large amount of training samples. Learning Automata-based method which will 
be proposed in this paper, tries to give a solution for these defects. 

2.2.2 STRUCTURE TRAINING 
For structure training problem we will need to provide two items. A scoring 

function that evaluates any possible network structure and a search method to 
find the structure that has the maximum value of that scoring function. Finding 
the optimal network is a NP-Hard problem. Therefore local search methods have 
been proposed to find a relatively optimal structure. 

Likelihood and conditional likelihood equations discussed earlier are used as 
scoring functions, one other efficient scoring function called classification rate is 
proposed in [16]: 
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The equation simply means rate of samples that are classified correctly by the 
network. 

The most popular search method that has been used, is hill climbing. The 
algorithm starts with an initial structure, in each iteration finds all candidate 
structures by adding, removing or reversing an arc, and selects the candidate 
with best score. The procedure continues until score of current structure is not 
better than the score of previous iteration. The other search method which is 
used in variety of research works is genetic search. The algorithm uses an 
adjacency matrix to encode network structure. In order to have closed crossover 
and mutation operators on adjacency matrix, an ordering is defined on variables. 
A variable can not be parent of another variable coming earlier in order.  



 

These local search methods are very likely to get stuck in local maxima. 
Besides, there are confining assumptions in their definitions. For example the 
genetic algorithm uses the explained variable ordering and hill climbing usually 
does not remove any arc during search process. In this paper we propose an LA-
based method for structure searching which tries to perform a wider search 
which is also guided by learning scheme of LAs.  

3 LEARNING AUTOMATA 
Learning automaton is a machine that can perform a finite set of actions. 

Each selected action is evaluated by a random environment. The result of 
evaluation is given to automaton in the form of a positive or negative signal and 
the automaton is affected by this signal for choosing the next action. Final goal 
is that the automaton learns to choose the best action among its action set. Best 
action is the action that maximizes probability of getting reward from the 
environment [6].  

3.2 GENERALIZED LEARNING AUTOMATA (GLA) 
To solve associative reinforcement learning problems, we need a learning 

automaton with different definition. In Such problems the goal is to solve a 
pattern recognition problem. In each working step of LA, a vector of attribute 
values from corresponding distribution, or a sample, is also input to LA. This 
vector is also called context vector. 

In [6] a model called generalized learning automaton is proposed. In GLA, 
LA structure is modified to allow for context vector input. A GLA is defined by 
the following tuple. 

(5) GLA ≡ <X, α, β, U, g, T> 

Where X is the set of all context vectors that can be in input to GLA, a is a 
finite set of outputs or LA actions, β is set of values that reinforcement signal 
can take and is usually taken from [0,1] interval, g is probability generating 
function, and U is the internal state which is a vector of real numbers. T is the 
learning algorithm that updates U. if set of actions of GLA is α={α1, …, αr}, 
action probabilities of GLA are generated by 

(6) Prob[a(k) = αi | u, x] = g(x, αi, u) 

Note that instead of probability vector, function g is used to generate action 
probabilities. This function satisfies two conditions.  

(7) 
g(x, αi, u) >= 0   ∀  αi, u , x  , ∑

=

r
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In step k, the learning algorithm T updates u(k) based on current values of 
x(k) and u(k), reinforcement signal β(k), and the action chosen by GLA a(k). 
Dependence of the updating on context vector x(k) is the main characteristic of 
GLA. 

The motivation for defining GLA is to be able to tackle associative 
reinforcement learning problems directly. The probability generating function of 
the GLA is dependent on both the state u and the context vector x. As stated 



 

earlier, this is the most important characteristic of GLA, that its next action, in 
addition to internal state of LA is dependent on input context vector. 

4 PROPOSED METHOD FOR PARAMETER TRAINING 
In this section an iterative learning automata-based method is proposed, for 

training conditional probability tables of Bayesian networks. This method 
initializes parameter values from a monotonous distribution, and on visiting 
each training sample, modifies the distribution of the parameters to approach the 
real distribution of training samples. To do this, a GLA is defined with the 
following features. 

Action set (α): in the LA for each value of class variable an action is 
considered.  

Feedback computation (β): feedback received from the environment 
depends on the processing result of the sample just visited. First an action (or a 
class value) is randomly selected, and then the real class value is taken from the 
training sample. If these two values match, the selected action is rewarded, 
otherwise it is penalized. 

Probability generating function (g):  as mentioned in section 3, in GLA 
action probabilities are not held in a vector statically. Instead, for each training 
sample and internal state of Bayesian network, probability generating function 
will compute all action probabilities of LA. For a sample Si, generated 
probability for each action cj is equal to P(cj|a1i,a2i,…,ani) which could be 
computed from the network. ani is the value of nth variable in sample i.  

Choosing actions: against general VSLAs that the next action is chosen only 
based on values in action probability vector, in this GLA, choosing next action 
also depends on the training sample which is being processed. As mentioned 
earlier this dependence is dynamically implied in computing action probabilities. 

Reward and penalty: as stated earlier, internal state vector of this GLA (U) 
is identical to values in conditional probability tables of variables. Context 
vector X is set of training samples which are available. For rewarding and 
penalizing, a learning function T is needed to update U. To do this, we have used 
a method similar to LR-P algorithm. As mentioned earlier, selected class value for 
a sample by the network, will be rewarded in case of equality with its correct 
value in sample, and penalized otherwise. Since computed probability for each 
class (or each action) is the product of relevant values in conditional probability 
vector of variables, all these values take part in getting reward or penalty. Each 
row in conditional probability table of a node is a probability vector and we 
could update its entries using equations used in linear learning automata. 
Reward and penalty equations are as below. 

(reward) 
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Row k, is the relevant row in conditional probability table of each node. 
Column i is the column from which probability value is taken. Other columns 
are denoted by j subscript. Number of columns of each table is denoted by rk. a 
and b are learning parameters that could be tuned between zero and one. The 
greater these parameters are, the faster convergence rate will be but the less 
precision will be obtained. These values are chosen near one in experiments. 
Fig.1 shows the running algorithm of proposed method. 

1. Assign each entry of each table, the value 1/rn,k  which n is the index for 
node and k is the index for the corresponding row in that node. 

2. For each training sample Sd do the following steps 
2.1. For value c of class variable 

2.1.1. For each node Xn in network 
2.1.1.1. Find row k and column i of each variable's table from 

which probability Pv(n)=P(v(n)|v(Parents(n)) must be 
extracted. v(n)=xn is the value of variable Xn in training 
sample Sd. 

2.1.2.  Multiply probabilities extracted from all nodes and consider it 
as the probability P(c|x1 ,…, xv-1). 

2.2. Provide the class with maximum probability as the prediction of 
classification. 

2.3. Compare predicted value with the real value in training sample. 
2.3.1. If the two values match, update probabilities in corresponding 

rows by reward equation, otherwise update them by penalty 
equation. 

Fig.1 Algorithm of proposed parameter training method 

5 PROPOSED METHOD FOR STRUCTURE TRAINING 
The proposed method uses a set of LAs to perform search. In this method, for 

each possible connection in the network an LA is considered. These possible 
connections can be any arc in the full graph of the variables. Each LA has the 
following characteristics: 

Set of actions (α): on each connection in the graph we can have three states; 
having an arc in two directions or having no arc. These three states are 
considered as three actions of each LA. 

Output (β): The output or feedback is computed based on the value of 
scoring function. If the score in current iteration is greater than the score in 
previous iteration, all LAs will be rewarded and otherwise will be penalized. 

Learning function (T): Linear reward penalty algorithms presented in 
section 3 will be used to learn each LA’s best action.  
In each iteration every LA chooses an action. Actions chosen by all LAs make 
up a graph. The directed graph will then be assessed to be a valid Bayesian 
network. For this, we need to check that the class variable has no parents and the 
graph has no cycles. This validity check involves O(n2) computational cost 
where n is the number of network variables. If the graph is invalid all LAs will 
be penalized. If the graph is valid, based on comparison of score in current and 
previous iterations LAs will be rewarded or penalized. Search process continues 
until no improvement in structure score is observed. The algorithm is shown in 
Fig.2. 



 

1. Do the following steps until the current score is not more that the score 
of previous step 
1.1. Start by an initial structure (like NB) 
1.2. In each step, each LA chooses an action based on its action 

probability vector. 
1.3. Let actions chosen by all LAs shape the network graph. 
1.4. If produced graph is not a valid graph (class variable has no 

parents and graph has no directed cycles) penalize chosen actions 
of all LAs. 

1.5. Otherwise, if current network has greater score than score of 
previous step reward LAs and otherwise penalize them.  

Fig.2 Algorithm of proposed structure training method 

6. RESULT OF EXPERIMENTS 

6.1. PARAMETER TRAINING 
To evaluate the proposed algorithm, we have used five datasets from UCI 

Machine Learning Repository [12]. Tab.1 gives a brief description of these 
datasets. 
       Tab.1 Datasets and their characteristics 

At the beginning, datasets 
that contained numerical 
values are discretized. 
Network structure is prepared 
with TAN algorithm, and 
having this structure, results 
of the proposed algorithm is 
compared to ELR algorithm. 

Learning algorithms is LR-P in the GLA. Learning curve for ELR and the 
proposed algorithm (LA-Based) is shown in Fig.3. 
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(a) (b) 

number 
of 

classes 

number 
of 

samples 

number of 
attributes Dataset 

2 32561 15 Adult 
3 150 4 Iris 
2 8124 22 mushroom 
3 178 13 Wine 
2 569 32 Cancer 
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(c) (d) 
Iris

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 3 10 20 40 60 80 10
0

Train Split (%)

C
la

ss
ifi

ca
tio

n 
A

cc
ur

ac
y

ELR
LA Based

Fig.3. Learning curve on different 
datasets, a through e. 

(e)  
 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
cc

ur
ac

y 
w

ith
 5

%
 t

ra
in

in
g 

sa
m

pl
es

adult mushroom cancer wine iris

Datasets

ELR

LA-Based(MCL)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
cc

ur
ac

y 
w

ith
 8

0%
 tr

ai
ni

ng
 s

am
pl

es

adult mushroom cancer wine iris

Datasets

ELR

LA-Based(MCL)

 
Fig.4 Accuracy with 5% training 

samples 
Fig.5 Accuracy with 80% training 

samples 
As it is clear, the proposed algorithm did not provide good results for some 

datasets, but the results are acceptable for others. On datasets that have high 
noise rate, like Adult, although there are many training samples available, it is 
observed that neither LA-Based nor ELR algorithm have good classification 
results. For this dataset, LA-Based algorithm does not show acceptable 
classification result, with less number of training samples. According to 
definition, having noise in a sample means that the values of attributes in the 
sample do not comply with the function that implicitly exists over all samples 
[2]. In pattern recognition problems, basically the value of class variable is a 



 

function of the values of other variables in training and test samples. A noisy 
sample does not comply with this rule. 

The Mushroom dataset, because of having very little noise rate, shows good 
accuracy for ELR algorithm, and LA-Based algorithm does not show its 
superiority on reducing the number of training samples. But for other three 
datasets, we can clearly see the faster convergence of LA-Based algorithm to 
final classification accuracy, with less number of training samples. For Cancer 
dataset, although the convergence is not that sensible, finally with having all 
training samples, LA-Based algorithm has performed slightly better than ELR 
algorithm. In the end, we can say that when training samples are scarce and 
there is a moderate amount of noise in samples, the proposed algorithm can 
reach the same classification accuracy as ELR algorithm, with much less 
number of training samples. This is further illustrated in Fig.4 and Fig.5. In 
Fig.4 propose algorithm outperforms classification accuracy of ELR algorithm 
when only 5 percent samples are used for training. Fig.5 shows that the 
proposed algorithm has nearly the same classification accuracy of ELR 
algorithm when 80 percent of samples are used to train the network. 

6.2 STRUCTURE TRAINING                  Tab.2 Datasets and their characteristics 
 
For evaluation of 

proposed structure training 
algorithm, 25 datasets are 
used, which consist of 21 
datasets from UCI [12] and 
three others from [19]. 
Tab.2 shows a brief 
description of these 
datasets. The proposed 
structure training algorithm 
is implemented in three 
versions, where they only 
differs in the evaluation 
function they use. These 
three algorithms are 
compared to seven other 
algorithms. Below is a 
description of all 
implemented algorithms: 

 
 LA-based (ML): in this 

algorithm a Learning 
Automata-based 
technique is used to 
train network structure. 
The evaluation 
function is Maximum Likelihood. All three versions of proposed structure 

number 
of 

samples  

number of 
attributes  

number 
of 

classes  
Dataset  

690  14  2  australian 
683  10  2  breast 
2130  36  2  chess 
296  13  2  cleve 
128  6  2  corral 
653  15  2  crx 
768  8  2  diabetes 
1066  10  2  flare 
1000  20  2  german 
214  9  7  glass 
163  9  2  glass2 
270  13  2  heart 
80  19  2  hepatitis 

150  4  3  iris 
15000  16  26  letter 
148  18  4  lymphography 
300  10  2  mofn-3-7-10 
768  8  2  pima 
3866  9  7  shuttle-small 
435  16  2  vote 
4435  36  6  satimage  
1540  19  7  segment  
562  35  19  soybean-large 
846  18  4  vehicle 
300  21  3  waveform-21 



 

training methods use Maximum Likelihood as their parameter estimation 
method. 

 LA-based (MCL): uses Maximum Conditional Likelihood as its evaluation 
function. In fact this algorithm is similar to BNC algorithm proposed in 
[17]. The only difference is that it uses LA-based method for searching. 

 LA-based (CR): evaluation function is classification rate (CR). This 
function was proposed in [16]. 

 NB (ML): This is the Naïve Bayes which uses ML as its parameter 
estimator. 

 TAN (ML): The structure is trained using TAN algorithm. This also uses 
ML for parameter estimation. 

 HC(ML): The algorithm uses hill climbing search method with ML as 
scoring function. 

 HC(CL): This is exactly BNC structure training algorithm. Using hill 
climbing it search for the best value of MCL function. Parameter estimator 
is ML. 

 HC(CR): Just like the previous algorithm except for the evaluation function 
which is CR here. 

 GA(CL): Structure searching method is a genetic algorithm. Best ordering 
of variables is searched before starting the search process [18]. 

 GA(CR): search algorithm is the same as above but the scoring function is 
classification rate.  

Fig.6 compares average classification error of all algorithms on different 
datasets. 

As it is clear in Fig.6 our algorithm, Except for LA-based(ML), has 
outperformed simple structures like NB and TAN. On comparison with hill 
climbing search, again LA-based search is indicating better results. This could 
be seen when comparing each LA-based algorithm with its rival hill climbing 
algorithm which uses the same scoring function. Two genetic algorithms are 
also compared to their rival LA-based algorithms. When the scoring function is 
MCL, genetic search performs a bit better than its LA-based counterpart. But for 
CR scoring function, LA-based search outperforms its rival genetic algorithm 
either. The best result among all algorithms is gained when search method is 
LA-based and scoring function is CR. 
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Fig.6 Average classification error for 

structure training algorithms 
Fig.7 Average classification error for 

combinational algorithms 



 

6.3. COMBINATIONAL TRAINING 
In this section a combinational algorithm is tested on datasets. In previous 

experiment, LA-based structure training was reported as the best search method 
among other tested algorithms. Here we are going to test that structure training 
method with the company of our proposed parameter training method. The 
superiority of this combinational training is that we can perform efficient 
discriminative parameter training methods with an efficient search based 
structure training methods. If the two training problems are high-cost search 
algorithms, the problem will remarkably become heavy since the order of two 
training methods will be multiplied. Our parameter training method is a low-cost 
algorithm and it would be practical to use it with a search based structure 
training method. 
Four algorithms are tested. Two former algorithms are just the ones in previous 
experiment. The latter two ones use LA-based parameter training method with 
MCL probability estimation function. Fig.7 shows the average classification 
error for all algorithms. 

It is clear that the combinational algorithm can improve performance 
compared to the case where only structure training is a discriminative method. 
LA-based(CL+CL) outperforms its rival LA-based(CL) and the same result is 
achieved on comparing LA-based(CL+CR) and LA-based(CR) algorithms. The 
best result is observed when structure scoring function is CR and parameter 
estimation is performed by MCL function. Here we can see that we used 
discriminative methods for both parameter and structure training, while we still 
held computational cost of parameter training low. 

7. CONCLUSION 
In this paper two Learning Automata-based methods were proposed for 

training both parameters and structures of Bayesian networks. For proposed 
parameter training method results indicated that when there is moderate amount 
of noise in training samples of the datasets, the proposed algorithm can reach the 
same accuracy of rival algorithms with much less number of training samples. 
The proposed algorithm has less computation cost and training and test phases 
for the network can be performed simultaneously. 

The proposed structure training algorithm tries to perform a guided search on 
space of network structures. Result showed that the algorithm can outperform its 
rivals such as genetic and gradient descent algorithms. Finally, two proposed 
algorithms were used in a combinational way. This further improved 
classification accuracy since we used two discriminative methods for training 
parameters and structure of the network. Also computational cost of 
combinational method was still rational. 
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