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Abstract—Many real world problems are mostly time varying 
optimization problems, which require special mechanisms for 
detection changes in environment and then response to them. 
This paper proposes a hybrid optimization method based on 
learning automata and artificial immune network for dynamic 
environments, in which the learning automata are embedded 
in the immune cells to enhance its search capability via 
adaptive mutation, so they can increase diversity in response to 
the dynamic environments. The proposed algorithm is 
employed to deal with benchmark optimization problems 
under dynamic environments. Simulation results demonstrate 
the enhancements of our algorithm in tracking varying optima.  

Keywords-component; Artificial Immune Network, Learning 
Automata, Dynamic Environments, Dynamic Optimization 
problems 

I.  INTRODUCTION 
In recent years, optimization problem has been a popular 

research subjects because many real world problems are 
known as optimization problems. The objective function 
changes over time in search space, cause to existing optima 
are disappeared [1]. Due to the lack of traditional 
optimization algorithms to trace the optima, the bio-inspired 
algorithms have been widely used for solving different 
optimization problems such as dynamic optimization 
problems [2, 7]. In dynamic optimizations, the algorithms 
not only have to detect the changes but also they must 
response to the changes in the search space [3-5]. There are 
several bio-inspired algorithms for dealing with time varying 
optimization such as Particle Swarm Optimization (PSO) [6] 
Ant Colony Optimization (ACO) [24] and Artificial Immune 
System (AIS) [4, 7-9]. The Artificial Immune network (AIN) 
is another method for solving dynamic optimization. AIN is 
a bio-inspired algorithm that takes their inspiration from 
complex defensive mechanism of human immune system for 
protecting against pathogens [10, 11]. In [4] and [9], AIN has 
been implemented for optimization in dynamic 
environments. However, the developments of these 
algorithms are not remarkable for dynamic environments. 
Learning Automaton (LA) is a general purpose stochastic 
optimization tool with finite states, which has been 
developed as a model for learning systems. The LA tries to 
determine, iteratively, the optimal action apply to the 
environment from a finite number of actions that are 

available to it. The environment returns a reinforcement 
signal that shows the relative quality of an action of the LA, 
and then LA adjusts itself by means of a learning algorithm 
[12]. Previously, LA have been used successfully in many 
applications such as evolutionary algorithms, in order to 
enhance the learning and adaptation abilities different 
parameters in the genetic algorithm (GA) [13], in PSO [14], 
ACO [15], and recently in AIS [12]. So this paper presents a 
new method to empower the AIN to increasing diversity in 
react changes in dynamic environment by use of LA as a 
solution to improving AIS in dynamic environments. In the 
rest of the paper is organized as follow: next section briefly 
introduces Immune Algorithms (IA). LA will be presented in 
the third section. The forth section consider the proposed 
algorithms, finally, in the last section the results of 
simulation for the dynamic environments of DF1 are 
presented. 

II. IMMUNE ALGORITHMS 
Immune algorithms are bio-inspired algorithms which 

have been inspired by human immune system [10,11]. 
Human immune system is divided into innate immune and 
adaptive immune, the algorithms modeled based on the 
latter. In addition, According to the different theories for 
natural immune system, the inspired algorithms are 
categorized into several groups: negative selection, clonal 
selection, bone marrow, immune network, and danger 
theory, which are utilized with wide variety of application 
such as optimization in static environments [12]. 
Theoretically, the human immune system mechanism can 
handle well the changes in the environment and react to these 
changes, however, the AIS algorithms unable to trace the 
changes in dynamic environments, due to its lack some 
mechanism are needed in AIS algorithm to detect and 
response the changes [9]. In [8] the immune network 
algorithm has undergone some changes to be used in 
dynamic environments. In [4] after presenting the 
comparison between different mutations for immune 
network and clonal selection, performance of these 
algorithms has been compared with them. 

Mutation in genetic algorithm is used for preventing 
premature convergence by restoring unseen or unexplored 
solution into the population. But in the AIS, mutation acts 
probability as only and most important operator that called 
Hypermutation, in which probability of mutation (Pm) is 
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proportional to the affinity between immune cells. A part of 
the immune cells with high affinity value suffers the lowest 
mutation rate, whereas the lowest affinity immune cells have 
high mutation rate. Small value of Pm in genetic algorithm is 
necessary for working successfully, because it increases 
diversity of immune cells and escape from local optimum. 
Moreover, while increasing the generations, Pm must be 
decreased to maintenance the memory cells with high 
objective function value.  Therefore in AIS algorithms, 
mutation should be act effectively as only and the most 
important operator. Generally most of mutation methods use 
Gaussian or uniform distribution. Besides [4] reported and 
tested seven types of mutation operators for AIS. Which six 
of them are designed for real value representation and one of 
them as binary representation. The authors discussed about 
parameter adaptation in most of mutation methods. So the 
control parameter of mutation must be justified for each 
landscape. 

III. LEARNING AUTOMATA 
A learning automaton [7,12,16-18] is an adaptive decision-
making unit that improves its performance by learning how 
choose the optimal action from a finite set of allowed 
actions through repeated interactions with a random 
environment. The action is chosen at random based on a 
probability distribution kept over the action-set and at each 
instant the given action is served as the input to the random 
environment. The environment responds the taken action in 
turn with a reinforcement signal. The action probability 
vector is updated based on the reinforcement feedback from 
the environment. The objective of a learning automaton is to 
find the optimal action from the action-set so that the 
average penalty received from the environment is 
minimized. 

The environment can be described by a triple E ≡ {α , β, 
c}, where α ≡ {α1 , α2 ,..., αr } represents the finite set of the 
inputs, β ≡ {β1 , β2 ,..., βm} denotes the set of the values can 
be taken by the reinforcement signal, and c ≡ {c1 ,c2 , ..., cr} 
denotes the set of the penalty probabilities, where the 
element ci is associated with the given action αi. If the 
penalty probabilities are constant, the random environment is 
said to be a stationary random environment, and if they vary 
with time, the environment is called a non stationary 
environment. The environments depending on the nature of 
the reinforcement signal β can be classified into P-model, Q-
model and S-model. The environments in which the 
reinforcement signal can only take two binary values 0 and 1 
are referred to as P-model environments. Another class of the 
environment allows a finite number of the values in the 
interval [0, 1] can be taken by the reinforcement signal. Such 
an environment is referred to as Q-model environment. In S-
model environments, the reinforcement signal lies in the 
interval [a, b]. 

Learning automata can be classified into two main 
families [18]: fixed structure learning automata and variable 
structure learning automata. Variable structure learning 
automata are represented by a triple < β, α, T >, where β is 

the set of inputs, α is the set of actions, and T is learning 
algorithm. The learning algorithm is a recurrence relation 
which is used to modify the action probability vector. Let 
α(k) and p(k) denote the action chosen at instant k and the 
action probability vector on which the chosen action is 
based, respectively. The recurrence equation shown by (1) 
and (2) is a linear learning algorithm by which the action 
probability vector p is updated. Let αi(k) be the action chosen 
by the automaton at instant k. 
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When the taken action is penalized by the environment 
(i.e.  β (n) =1). r is the number of actions which can be 
chosen by the automaton,  a(k) and b(k) denote the reward 
and penalty parameters and determine the amount of 
increases and decreases of the action probabilities, 
respectively. If a(k) = b(k), the recurrence equations (1) and 
(2) are called linear reward-penalty (LR-P) algorithm, if a(k)  
>> b(k) the given equations are called linear reward-ε 
penalty (LR-εP), and finally if b(k) = 0 they are called linear 
reward-inaction (LR-I). In the latter case, the action 
probability vectors remain unchanged when the taken action 
is penalized by the environment. In the multicast routing 
algorithm presented in this paper, each learning automaton 
uses a linear reward-inaction learning algorithm to update its 
action probability vector. 

IV. THE ADAPTIVE MUTATION OPERATOR BASED ON LA 
In AIN, mutation, as the only and most important 

operator, should be acted effectively, and it is also termed 
hyper mutation. The immune cells in immune algorithm 
suffer the mutation according the probability of mutation 
rate, calculated by a Gaussian distribution following equation 
(3): 

( )
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Where in equation (1), c’ represents mutated cells, and 
N(0,1) is a Gaussian distribution with a mean of 0 and 
standard deviation of 1. Here β is taken as the decay 
parameter for control the inverse exponential function and 
f* is the fitness of an individual normalized [19]. 
Hyper mutation in this algorithm is considered as 
probabilistic and with an affinity between antibody and 
antigen. Therefore, cells with highest affinity suffer the 
lowest mutation rate, whereas the lowest affinity cells have 
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high mutation rate. Probability of mutation is adaptively 
assigned by learning automata. 

Therefore three actions are considered for LA, namely 
“increasing Pm”, “decreasing Pm” and “fixing Pm” are 
considered for LA. At the beginning, the probability of 
selecting each action for probabilistic vector is initialized 
equal. Then based on the selected action and the feedback 
from the actions will update in the each step. In every step, 
LA selects an action according to the probabilistic vector and 
thus the Pm becomes modified. Consequently, immune cells 
are mutated by new probability of mutation. Afterwards, 
based on evaluating the performance, the probabilistic vector 
of action becomes up to date. The general structure of LA 
has been shown in figure 1. 

 

 
Figure 1.  The structure of the proposed learning automata for assign 

adaptive probability of mutation 

At the end of each step, based on the density between 
immune cells, some parts of immune cells are eliminated. 
The population density of immune cells is relative to the 
distance between cells. In every step the distance between 
two antibodies is calculated by Euclidian distance following 
in equation (4) [19]. 
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Suppose a threshold T, if D < T, two immune cells are 
considered much close to each other, so the one with lower 
fitness is removed. 
In dynamic environments, after detecting environmental 
changes by memory cells, the reaction of the algorithm 
against these changes is considered to reset the parameters. 
Certainly, the initial value of the parameters is not 
appropriate and the LA can find a proper value of 
parameters in a stochastic environment. 
According to the description above, the algorithm using 
proposed adaptive mutation for dynamic environments is 
illustrated in figure 2. 
If there is not change in the environment, the method for 
evaluating the selected action for the automata is followed: 
the average performance of immune cells in the current state 
is compared with the average performance of immune cells 
in the previous state; If the state is improved, the selected 
action will be evaluated as positive, and if the changes are 
insignificant, it is not logical to change the probabilistic 
vector of automata, otherwise it is evaluated as negative. 

 
Figure 2.  Proposed algorithm with adaptive mutation based on LA 

Among the important advantages of this algorithm is 
adaptation of the probability of mutation according to the 
environmental changes increase diversity as well as its high 
ability in stable environments to escape from local optima or 
reach to proper convergence. In fact, increase in Pm lead 
expansion of mutation radius and a global search, but 
decrease in Pm leads to reduction of mutation radius and a 
local search in the search space 

 

V. SIMULATION RESULTS 
DF1 [20] is one of the well-known dynamic function 
generators used in the optimization problems to create 
dynamic functions. It consists of some cones whose location, 
heights and slopes are changed over time. The DF1 test 
function generator proposed by Morrison and De Jong, that 
is used here to employ the experiments. In this function 
generator the dynamic objective function is defined as: 
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Where N specifies the number of cones in the search space. 
Each cone is specified by its location (xi ,yi), height H , and 
slope R  with ranges: Hi∈[Hbase, Hbase + Hrange], Ri∈[Rbase, 
Rbase + Rrange], xi∈[-1, 1], and yi∈[-1, 1]. 
Therefore, dynamic environments can be obtained by 
specifying the above parameters, and the function 
complexity depends on the number of peaks, as shown in 
Figure 3. 

 
Figure 3.  DF1 function 

The role of A as a coefficient within [1, 4] in DF1 is to 
progressively produce more complexity behaviors [20]. 
In the set of experiments, the objective function consists of 
5 and 10 cones with constant H and R and changing 
location. According to [21], the search space is a 2-D 
environment with the range [-1, 1]. To create the dynamic 
objective function, H and R are respectively set to H ∈[3, 6] 
and R ∈[2, 7].  
In order to evaluate the efficiency of the results of the 
algorithm to tracking the global optima of DF1 under 
changing situations, the offline error is evaluated as each 
generation[21-23].The global error (egt) is the best fitness 
compared with the global optimum: 

gt

gt
gt g

f
e −= 1  (6) 

Where fgt is the best fitness at t, and ggt is the actual global 
optimum. The best e’

gt since the previous change occurring 
in the environment is calculated as:  

e’
gt = min{egτ, egτ+1, …, egt} (7) 

Where τ is the last iteration, at which the environment 
changes. Hence, the offline error e’

g(offline) is defined as: 
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Where T is the number of running iterations. 
The performance results of proposed algorithms based on 
AIN using adaptive mutation as (LA-AIN) in comparison 
with Ant Colony Optimization as (ACO) [24], Clonal 
Selection as (CSA) [24], and Hybrid Optimization 
Algorithm based on Ant Colony Optimization and Immune 
Principle as (HACO-IA) [21] are given in tables of 1 to 3. 

TABLE I.   PERFORMANCE COMPARISON OF THE ALGORITHMS IN DF1 
WITH N=10, F=1 (OPTIMA±STD) 

 A 
Algorithm 1.5 2.5 3.5 

ACO 0.076±0.008 0.057±0.013 0.089±0.008 
CSA 0.078±0.050 0.067±0.006 0.062±0.007 

HACO-IA 0.035±0.007 0.032±0.013 0.050±0.013 
LA-AIN 0.055±0.014 0.025±0.013 0.048±0.010 

TABLE II.  PERFORMANCE COMPARISON OF THE ALGORITHMS IN DF1 
WITH N=10, F=10 (OPTIMA±STD) 

 A 
Algorithm 1.5 2.5 3.5 

ACO 0.015±0.003 0.020±0.003 0.045±0.012 
CSA 0.020±0.003 0.025±0.006 0.039±0.003 

HACO-IA 0.016±0.004 0.021±0.005 0.019±0.002 
LA-AIN 0.013±0.011 0.020±0.014 0.017±0.012 

TABLE III.  PERFORMANCE COMPARISON OF THE ALGORITHMS IN DF1 
WITH N=10, F=100 (OPTIMA±STD) 

 A 
Algorithm 1.5 2.5 3.5 

ACO 0.005±0.001 0.011±0.001 0.005±0.001 
CSA 0.015±0.002 0.011±0.004 0.011±0.002 

HACO-IA 0.001±0.001 0.001±0.001 0.002±0.001 
LA-AIN 0.014±0.008 0.010±0.003 0.003±0.005 

 

The behaviors of the offline error versus generations for 
algorithms in the case of four cones with A =1, and 
changing frequencies (f=1 and 10) are demonstrated in 
figure 7 and 8 respectively. 
 

 
Figure 4.  Offline error vs. generations of algorithms in DF1 (f=1, A=1) 

 
Figure 5.  Offline error vs. generations of algorithms in DF1 (f=10, A=1) 
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Performance result of tables and figures indicate that the 
proposed algorithm is capable of providing acceptable 
performance in most of dynamic cases. The success of the 
proposed algorithm is mainly result from adaptation in 
mutation using LA, because LA tries to find optimum value 
for probability of mutation to enhance its search in order to 
increase diversity of population. Additionally the main 
advantage of proposed algorithm, no parameter tuning was 
essential in the algorithm in each search space. 
 

VI. CONCLUSIONS 
This paper has been proposed a hybrid algorithm using 

AIN and LA. In AIN every immune cell equipped with LA. 
In dynamic environment after detecting the environmental 
changes there is not guarantee for the exact rate of Pm rate. 
In the proposed algorithm, in order to improve the diversity 
of population and enhance the exploration, LA tries to find 
optimum value of Pm rate adaptively. Simulation results on 
dynamic functions, are compared with ACO, CSA and 
hybrid a hybrid algorithm based on ACO and CSA. The 
experiments in this paper demonstrate that in most of cases 
of dynamic environments, the proposed algorithm can be 
successfully tracing the optima in the dynamic environments. 
Considering the main advantage of the proposed algorithm in 
this paper, no parameter tuning was essential in the 
algorithm. 
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