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In this paper, we first introduce a network of learning automata, which we call it as 
distributed learning automata and then propose some iterative algorithms for solving 
stochastic shortest path problem. These algorithms use distributed learning automata 
to find a policy that determines a path from a source node to a destination node with 
minimal expected cost (length). In these algorithms, a t  each stage distributed learning 
automata determines which edges to be sampled. This sampling method may result in 
decreasing unnecessary samples and hence decreasing the running time of algorithms. It 
is shown that the shortest path is found with a probability as close as to  unity by proper 
choice of the parameters of the proposed algorithms. 

Keywords: Distributed learning automata, learning automata, shortest path problem, 
stochastic graph 

1. Introduction 

Shortest path problems when the edge lengths are deterministic can be solved us- 
ing one of the many shortest path algorithms, such as Dijkstra and Floyd-Warshall 
in polynomial time l .  However, when the edge lengths are allowed to be random, 
the problem becomes considerably more difficult. Unlike the case for deterministic 
graphs, stochastic graphs are related to distinct models, interpretations and appli- 
cations. Recently, attention has been given to the analysis of shortest paths in such 
stochastic networks, and the following questions have been addressed. 

'This research was in part supported by a grant from Institute for Studies in Theoretical Physics 
and Mathematics (IPM), Tehran;Iran. 
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(1) distribution of the length of the shortest path 
(2) moments of the length of the shortest path 
(3) the probability that a given path is the shortest path in the graph 

Stochastic shortest path problems can be grouped in two main classes: the first 
class aims to find an priori solution that minimizes the expected lengths, while 
the second one computes an online solution that allows decisions to be made at 
various stages (also known as a recourse problem). Much of researches on first 
class can be reviewed as follows. The analysis of some of the problems for general 
stochastic graphs has been attempted by Pritsker and Frank 3. Martin * has an- 
alyzed the problem using the unique arcs concept, and Sigal et al.= have used the 
uniformly directed cuts in their analysis of shortest paths. Each one of the above 
four papers represents the required probabilistic quantities as multiple integrals. 
Numerical evaluation of these integrals quickly gets out of hand, even for small 
networks. Mirchandani uses an entirely different approach that avoids the evalu- 
ation of multiple integrals, but his approach works only when the arc lengths are 
discrete random variables. Due to the computational difficulties in the exact com- 
putation of the distribution of the length of the shortest path, recently attention 
has shifted to Monte Carlo simulation of stochastic networks to obtain estimates of 
the required distributions. Simulation methods for estimating some of the quantities 
listed above are developed by Sigal et al. and Adlakha and Fishman In lo, 

state space partitioning was used for solving the stochastic shortest path problem. 
Polychronopoulos and Tsitsiklis proposed two models with recourse ". The first 
model assumes general spatial dependence among the edges captured in the form 
of realizations, representing all possible network instantiations. An exponential al- 
gorithm with respect to the number of realizations is proposed in this model. The 
second model is a special case of the first model where the edge lengths are inde- 
pendently distributed random variables. An exponential algorithm with respect to 
the number of edges was given for this model. Two algorithms for the stochastic 
shortest path problem with recourse on time varying networks are proposed in l 2 t l 3 .  

In 14, the stochastic shortest path problem with recourse is considered, where it is 
a limited inter-edge dependencies. The solution to this problem consists of a collec- 
tion of state-paths, each associated with a cost and probability for being followed. 
It must be noted that in all these studies, it is assumed that the cost distributions 
for edges in the graph are known in advance. 

In this paper an adaptive procedure based on the distributed learning automata 
(DLA) for finding the shortest path in a stochastic graph is presented. This problem 
is particularly useful in routing in transportation or communication networks and 
in scheduling. For example in transportation applications the random attribute 
denotes a random travel time. 

In this paper, DLA is introduced and applied to the shortest path problem. 
In order to compute the probability that a path being the shortest, a distributed 
learning automaton is constructed from the given input graph and each learning 
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automaton in the DLA updates its action probability vector using LR-I reinforce- 
ment scheme until the shortest path is found. It has been shown that one of the 
proposed algorithm finds the shortest path in a stochastic graph with a probability 
as close as to unity by proper choice of the parameters of the proposed algorithms. 
The simulation results also confirm the theoretical results. 

The rest of the paper is organized as follows: The stochastic graph, learning au- 
tomata and distributed learning automata are given in Section 2. Section 3 presents 
the proposed algorithms. Simulation results and discussion are given in Section 4. 
Section 5 concludes the paper. 

2. Stochastic Graph, Learning Automata, and Distributed 
Learning Automata 

2.1. Stochastic Graph 

A stochastic graph G is defined by a triple G = (V, E,  3 ) ,  where V = {1,2,. . . , n)  is 
set of nodes, E c V x V specifies set of edges, and n x n matrix 3 is the probability 
distribution describing the statistics of edge lengths, where n is the number of nodes. 
In particular, length Cij of edge (i, j )  is assumed to be a positive random variable 
with fij as its probability density function, which is assumed to be unknown for 
the proposed algorithms. In stochastic graph G, a path ni with length of ni nodes 
and expected length of LTi from source node v, to destination node vd is defined 
as an ordering { n i ~ ,  n i ~ ,  . . . , niTni) c V of nodes in such a way that vTiSl = us 
and vTi,ni = vd are source and destination nodes, respectively and (ni,j, ~ , , j + ~ )  E E 
for 1 5 j < ni, where ni,j is the jth node in path ni. Assume that there are r 
distinct paths ll = {nl, nz, . . . , n,} between v, and vd. The shortest path between 
source node v, and destination node vd denoted by v, N vd, is defined as a path 
with minimum expected length. In other word, the shortest path n* has length of 
L,. = min,En{E,}. 

2.2. Learning Automata 

The automata approach to learning involves the determination of an optimal action 
from a set of allowable actions. Automaton selects an action from its finite set of 
actions, which serves as the input to the environment which in turn emits a stochas- 
tic response P(k) E {O,1} at the time k. The environment penalizes (i.e. P(k) = 1) 
action cri of the automaton with the penalty probability ci(di = 1 - ci). On the 
basis of P(k), the state of the automaton is updated and a new action chosen at 
(k + 1). Note that the ci are unknown initially and it is desired that as a result of 
the interaction between the automaton and the environment the automaton arrives 
at the action which presents it with the minimum penalty response in an expected 
sense. An automaton acting in an unknown random environment and improves its 
performance in some specified manner, is referred to as a learning automaton (LA). 
Learning automata can be classified into two main families: fixed structure learning 
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automata and variable structure learning automata. Variable structure learning au- 
tomata are represented by a triple < P, CY, T >, where is a set of inputs, p is a set 
of actions, and T is learning algoritG The learning algorithm is a recurrence rela- 
tion and is used to modify the state probability vector. Let C Y ~  be the action chosen 
at  time k as a sample realization from the probability distribution p(k). The linear 
reward-inaction algorithm ( L R - ~ )  is one of the earliest learning schemes reported in 
the literature and its recurrence equation for updating the action probability vector 
p is defined as - 

if P(k) is zero and p is unchanged if P(k) is one. a(k) E (0, l)  is step length at  the 
stage k and determines the amount of increases (decreases) of the action probabili- 
ties. In linear reward-€penalty (LR-cP)  scheme the recurrence equation for updating 
p is defined as - 

when P(k) is zero and 

when P(k) is one. 0 < b(k) << a(k) represents step length at the stage k and r is the 
number of actions for learning automata. a(k) and b(k) determine the amount of 
increase and decreases of the action probabilities, respectively. If the a(k) equals to 
b(k), then recurrence equations (2) and (3) is called linear reward penalty(LR-p) 
algorithm. 

A variety of learning algorithms such as discretized, pursuit, and estimator learn- 
ing algorithms are proposed in l 5 > l 6 8 l 7 .  Learning automaton have been used success- 
fully in many applications such as telephone and data network routing 1 8 1 1 9 ,  solving 
NP-complete problems 20~21122, capacity assignment 23 and neural network engi- 
neering 24725t26127  to mention a few. For more information about learning automata 
refer to 28. 

2.3. Distributed Learning Automata 

In this section, we introduce a new model of interconnected automata, which we call 
it distributed learning automata (DLA). Distributed learning automata is a network 
of automata which collectively cooperate to solve a particular problem. A DLA can 
be modeled by a directed graph in which the set of nodes of graph constitute the 
set of automata and the set of outgoing edges for each node constitutes the set 
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of actions for corresponding automaton. ?%%en an automaton selects one of its 
actions, another automaton on the other end of edge corresponding to the selected 
action will be activated. An example of DLA is given in figure 1, in which every 
automaton has two actions. If automaton A1 selects action as ,  then automaton A3 
will be activated. Activated automaton A3 chooses one of its actions which in turn 
activates one of the automata connected to A3. At any time only one automaton 
in the network will be activated. Formally, a DLA with n learning automata can 
be defined by a graph (A, E), where A = {A1, Az, ... ,A,) is the set of automata 
and E c A x A is the set of edges in the graph in which an edge (i, j) corresponds 
to action aj of automaton Ai. Let action probability vector for learning automaton 
Aj is represented by pl where a component of pl denotes the probability of 
choosing action a,, that is, the probability of choosing edge (j, m). 

Fig. 1. Distributed Learning Automata 

3. The Proposed Algorithm 

In this section, we propose several distributed learning automata based algorithms 
for finding a path .with minimum expected length (shortest path) in a stochastic 
graph. In these algorithms, the stochastic graph plays the role of random environ- 
ment for the DLA. The action of a DLA is a sequence of actions that represents a 
particular path in the stochastic graph. The environment uses the sampled length 
of this path to produce its response. This response, depending on whether it is 
favorable or unfavorable, causes the actions along the traversed path be rewarded 
or penalized. 

The first algorithm is given in algorithm 1 and can be described as follows. 
At first a network of learning automata which is isomorphic to the input graph is 
created. In this network each node is a learning automaton and each outgoing edge 
of this node is one of the actions of this learning automaton. Then, at  the stage k, 
source automaton (corresponding to the source node in the graph) A, chooses one of 
its actions (as a sample realization of its action probability vector), say action a,. 
This action activates automaton A, on the other end of edge (s,m). The process 
of choosing an action and activating an automaton is repeated until destination 
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automaton A d  is reached or for some reason moving along the edges of the graph 
is not possible or the number of visited nodes exceeds the number of nodes in the 
graph. After Ad is reached, length of the traversed path, (L,,), is computed and 
then compared with a quantity called dynamic threshold, Tk. Depending on the 
result of the comparison all the learning automata (except the destination learning 
automaton) along the traversed path update their action probabilities. Updating is 
done in direction from source to destination or vice versa. If length of the traversed 
path is less than or equal to the dynamic threshold then all learning automata along 
that path receive reward and if length of the traversed path is greater than the 
dynamic threshold or the destination node is not reached, then activated automata 
receive penalty. 

Algorithm 1 The first algorithm for solving stochastic shortest path problem. - - - 

Input: Stochastic graph G = (V, E,F) ,  start node us, destination node vd, thresholds 
Ppop and K 

Output: The shortest path 
Construct a DLA from graph G 
Let k be the stage number and initially set to 0 
Let Tk be the dynamic threshold at  stage k and initially set to 0 
repeat 

Let u be source node us 
while (vd is not reached and the number of traversed edges is less than JVI) do 

Select an adjacent node to u according to the action probability vector of A, and 
denote it w 
Add cost of edge (u, w) to  the cost of traversed path and set u t o  w 

end while 
if (vd is reached) then 

Let ri and La; be the traversed path and its cost, respectively 
if (Ln, is less than Tk ) then 

Reward the selected actions of activated automata along path .rri 
else 

Penalize the selected actions of activated automata along path .rri 
end if 
Increment stage number k 
Compute Tk as average cost of traversed paths from us to  vd (i.e. Tk-l + 

[ L m i  - Tk-11) 
end if 

until (probability of path .rri is greater than a pre-specified threshold Ppop or k is greater 
than K )  

The process of traveling from the source learning automaton to the destination 
learning automaton is repeated until the stopping condition is reached which at this 
point the last traversed path is the path which has the minimum expected length 
among all paths from the source to the destination. Assume that up to the stage k, 
path q (for i = 1,2 ,  . . . , r )  is traversed ki times, where k = ki. Also assume 
that path n, is selected a t  the stage k. Let L, , ( j )  and E,, be the length of the path 
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xi (for i = 1,2, . . - , r )  at the jth sampling time (for j = 1,2,-  - , ki)and the mean of 
the length of the path ni (i = 1,2,.  . . , r), respectively. Thus the dynamic threshold 
a t  instant k can be defined by equation 6. According to algorithm 4, we have 

s (k) = Prob [LTi (k + 1) > T(k)] (4) 

and 

di(k) = Prob [L,; (k + 1) 5 T(k)], (5) 

where ci(k) and di(k) denote penalty and reward probabilities of path x a t  the stage 
k, respectively. The dynamic threshold at time k > 1 is defined as 

where ki s the number of times that path n, is traversed and 

The algorithm stops if the product of the probability of choosing the edges of 
the traversed path, called path probability, is greater than a certain threshold or a 
pre-specified number of paths are traversed. 

For the sake of simplicity, we use figure 2 for discussing the first algorithm. In 
the stage k, A1 chooses one of its actions, say as, which activates Ag. A3 using its 
action probability vector will activate Az. The process of selection of an action and 
activating an automaton is repeated until the Ale is reached or for some reason 
moving along the edges of the graph is not possible or the number of visited nodes 
exceeds the number of nodes in the graph, i.e. 10. Assume that in figure 2, the path 
with tick lines is traversed, that is, xi = (1,3,2,5,7,10). After the destination node 
is reached, the length of the traversed path is computed and then compared with 
the dynamic threshold and depending on the result of comparison all the learning 
automata (except Alo) along the traversed path update their action probabilities. 
If length of the traversed path is less than or equal to the dynamic threshold then 
all the activated automata along the traversed path receive reward and otherwise 
receive penalty. In the rest of this paper, we call this algorithm, algorithm 1. 

This algorithm can be improved in several ways some of which are described 
below. 

In algorithm 1, the number of actions for every automaton is fixed and does not 
vary as the algorithm proceeds. This may cause that the algorithm to traverse 
paths that contain loops. In order to solve this problem, we use learning au- 
tomata with variable number of action 29 by disabling actions corresponding to 
the visited nodes if any. To implement this, when an automaton chooses action 
k from the list of its actions, all the inactivated learning automata will disable 



598 H. Beigy tY M. R. Meybodi 

Fig. 2. An example graph 

action k (but not removed) in their list of actions. When action probability 
vectors of automata in the traversed path is being updated, all the disabled ac- 
tions will be enabled. Algorithm 1 in which this modification is made is called 
algorithm 2. 
In algorithms 1 and 2, learning automata use the same learning rate which 
remains fked during the execution of the algorithm. This gives equal importance 
to all nodes along the path being traversed, which may not be appropriate. 
Nodes which are closer to the source node should be given higher degree of 
participation in the optimal path (higher probability of being part of the optimal 
path) than those which are far from the source node. Therefore, the amount of 
the reward given to an action taken at a particular time must increase as we 
approaching the destination node. To achieve this, we halve the step length as 
moving from one node to another when traversing back toward the source node. 
Algorithm 2 in which this modification is made will be called algorithm 3. 
Updating schemes for the step lengths can be different. Another way to update 
the step lengths is given by equation (7). Here the step lengths are dependent 
on the action probabilities. Algorithm 2 in which this modification is made will 
be called algorithm 4. In this algorithm, updating is done from the source node 
to the destination node. 

where a , i , j (k )  denotes the step length of j th  automaton along path .rri a t  the 
kth stage (i.e. It can be shown that 0 < a,4 , j (k)  < 1 .  Similar approach 
for updating step length a in hierarchical system of learning automata has been 
reported in 30. 
In the previous algorithms, the length of the traversed path at  any stage is 
computed using the length of the edges sampled at that stage. The algorithm 
for computation of the length of the traversed path at any stage may use the 
mean of the sampled length of an edge up to that stage. That is, the length of 
an edge in this version of the algorithm at the stage k is the average of sampled 
edge lengths up to the stage k. This modification, according to the central limit 
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theorem 31, allows the algorithm to have an estimate of the length of traversed 
path which is closer to its mean value. Algorithm 2 in which this modification 
is made will be called algorithm 5. 
Different combination of above mentioned algorithms can be used. For example, 
we examine another algorithm called algorithm 6 which is a combination of 
algorithms 3 and 5. 

Theorem 1 shows the convergence for algorithm 4 when LR-I learning automa- 
ton is used in each node. Our method of proving theorem 1, is very similar to the 
method given in 30932733 in the context of the analysis of learning automata operat- 
ing in non-stationary environments. Before we state and prove the main result, we 
prove two lemmas. 

Lemma 1. Let qi(k) be the probability of traveling along path ni at the stage k i n  a 
stochastic graph. If q(k) evolves according to the proposed algorithm, then for every 
6 > 0 and M > 0 ,  there exists a a* E (0 , l )  and KO < co such that for all a E (0, a*) 
Prob [all paths are traversed a t  least M times before stage k] > 1 - 6, for all 
k >  KO. 

Outline of the Proof: Let random variable Xi be the number of times path 
ni is traversed in any specific realization. If Ck qi(k) almost surely diverges then 
the lemma trivially follows for path .rri. Hence assume that the set of realizations 
over which Ck qi(k) converges is not a null set. Now for each realization belonging 
to this set it can be shown that E [Xi] can be made arbitrarily large values for 
sufficiently large k by taking a sufficiently small. Also, with k, E [Xi] increases 
faster than does Var [Xi]. Now the lemma follows from Chebeshev inequality. 

Lemma 2. Assume that path ni is traversed at the stage k. Let ci(k) = Prob[LTi > 
Tk] and cf = limb,, ci(k) (for i = 1,2 , .  . . , r )  and let fhi(k) be the number of times 
path xi is traversed up to the stage k. Then for any E ,  6 E (0, I) ,  we have 

Prob [Icf - ci(k) 1 > €1 < 6, 

for a l l k >  K ( E , ~ ) ,  a < a * ( ~ , 6 ) ,  a n d i =  1,2  ,..., r .  

Outline of the Proof: Let A be the difference between two smallest elements 
of { C ? ,  . . . , c;}. Since the graph has a unique shortest path, we have A > 0. Using 
weak law of large numbers, we conclude that there exists a ki(A, 6 )  < ca such that 

for all k such that fhi(k) > ki(A, 6). By definition of A,  we have 

Prob [cj (k) > ci(k)] > 1 - 6, 

for all j # i and for all k such that minl{ml(k)) > M, where M = maxl{kl(A,6)}. 
Using lemma 1, we can find KO and a* such that 

Prob mjn{fhi(k)} > M] > 1 - 6, [ % 
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for all k > KO and all a E (0, a*), and hence the proof of the lemma. 

Theorem 1. Let qi(k) be the probability of travelling along path .rri at the stage k 
in a stochastic graph. If q(k) evolves according to algorithm 4, then for every E > 0, 
there exists a step lengths* E (0, I )  such that for all a E (0, a*), we have 

Prob[limk,,qi(k) = 11 2 1 - c. 

Stated in other words, the above theorem asserts that the proposed algorithm con- 
verges to the shortest path with a probability as close to unity as desired. 
Outline of the Proof: This theorem is proved in the following three stages: 1) 
qi(k) (for i = 1,. . . , r )  are computed in terms of action probabilities of learning 
automata in path ni, 2) it is shown that the probability of choosing the shortest 
path is a sub-Martingale process for large enough k, and 3) the convergence is shown 
using Martingale convergence theorems. 

The complete details of the proof of theorem 1 depends on the specific graph. In 
order to show these details, we prove the theorem for graph given in figure 3 with 
v, = 1, vd = 5, and shortest path n* = (1,2,3,4,5). Before we present the proof, 
we prove some lemmas and a corollary. 

Fig. 3. Sample graph 

Lemma 3. If - q(k) evolves according to algorithm 4 with LR-I learning algorithm, 
then we have 

E[94 (k + 1) - 94 (k) lq(k)I = a94 (k) C qj (k) [cj (k) - c4 (k)I 
j#4 

+ a3(k)(l - a)[qs(k)qs(k)ds(k) - q4(k)q7(k)d7(k)l, 
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where 94 ( k )  is  the probability of travelling along path n4. 

Fig. 4. Search tree for graph of figure 3 

Proof: From the proposed algorithm, the search tree for finding path v, vd of 
graph given in figure 3 is shown in figure 3. Let qj ( k )  be the probability of traversing 
path ?rj a t  the stage k.  Therefore we have 

where p i ( k )  denotes the probability of selecting action crj of automaton Ai at  the 
stage k .  Define Aq4 ( k )  = E[g4 ( k  + 1 )  - q4 (k ) lq (k ) ] .  Therefore we obtain equation 
(9), where a i ( k )  is the step length of automaton Ai a t  the stage k  and is computed 
by equation (7). 
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After simplifying each term in the right hand side of equation ( 9 ) ,  we obtain 

After some algebraic, we obtain 

which completes the proof of this lemma. 

Lemma 4. For the graph of figure 3, when n4 is the path with minimum expected 
length and q ( k )  evolves according to algorithm 4, the increment in the conditional 
ezpectationif 94 ( k )  is always non-negative, that is, Aq4 ( k )  2 0 for all q4 ( k )  E ( 0 , l )  
(Aq4(k)  > 0 for all q4(k) E Sz) with equality holding only when q4(k )  E ( 0 ,  I ) ,  where 
Sl  denotes the &dimensional open simplex. 

Proof: Since ~4 is the shortest path, then c; - c,* > 0 and from lemma 2, we 
have c i ( k )  - c4(k )  > 0 for all i # 4 and for large values of Ic. Hence, the first 
term of equation (11) is positive for large values of k.  It is evident from equation 
(11)  if a 3 ( k ) ( l  - a )  [q3(k)q8(k)d8(k)  - q4(k)q7(k)d7(k)] 2 0,  then Aq4(k)  is positive. 
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Substituting q3(k), q4(k), q7(k), and q8(k) from equation (8) into above inequality, 
we have c; > cg. Since path 7r4 is the shortest path in graph of figure 3, we have 
c; > cg. Because in this graph, when 7r4 is the shortest path, then the average 
length of edge (3,'5) is greater than the sum of average lengths of edges (3,4) and 
(4,5). Since edge (1,3) is part of both paths 7r7 and na, we conclude that path ns is 
shorter than path ~ 7 ,  which implies c; > cg or d; <= d;. Hence, two terms in the 
right hand side of equation (11) is non-negative. 

Corollary 1. limk,, q4(k) = q,' exists and q,' E { O , 1 )  with probability one. 

Proof: Lemma 4 implies that {q(k)) is a sub-Martingale. Using Martingale 
theorems, and the fact that {q(k)) is non-negative and uniformly bounded, it 
is concluded that lim,,, q4(k) = q,' exists with probability one. Further, if 
q4(k) # {0,1), then q4(k + 1) # q4(k) with non-zero probability for all k. Hence, 
q,' E { O , l )  constitutes the absorbing set for the Markov process {q4(k)). 

Let q* E Va denotes the state to which q(k) converges, where V8 = 

{el ,  ea, . . . , es) is the set of all absorbing states for process {q(k)). Define 

r4[q] = Prob [q* = e41q(0) = 91. 

Let C (Ss) : Ss -) 8 be the state space of all real-valued continuously differentiable 
functions with bounded derivative defined on S8, where 8 is the real line and g[q] E 
C(Sa). The learning algorithm defines an operator U with meaning of Ug[q] = 
E [g[q(k + l)](q(k) = q] , where E[.] represents the mathematical expectation. It can 
be shown that operator U is linear and preserves positive functions. It has been 
shown that r4 [q] is the only continuous solution of Ur4 [q] = r4 [q], with the following 
boundary conditions 34. 

Proof of theorem 1 for graph of figure 3 : For graph 3, we have 8 paths 
between the source node and the destination node, i.e. r = 8. From the definitions 
of ci(k), it is evident that as Li(k + 1) decreases, ci(k) also decreases. Since 7r4 is 
the shortest path, we must show that 

Since 7r4 is the shortest path, we have c: = mini{ci). For large values of k we 
have 

Therefore E [q4 (k + 1) - q4 (k) lq(k)] > 0 for all 94 (k) # {0,1). From corollary 1, 
it is concluded that q,* E { O , 1 )  which constitutes the absorbing set for the process 
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{94(k)). Define 

where x > 0 is to be chosen. a4[x, q] E C(S8) and satisfies boundary conditions (12). 
In what follows, we show that G4[x, q] is sub-regular, thus G4 [x, q] qualifies as a lower 
bound on r4[q]. Since super and sub-regular functions are closed under addition 
and multiplication by a positive constant, and if a( . )  is super-regular then -a(.) 
is sub-regular, it follows that G4[x, q] is sub-regular if and only if Q4[x, q] = e-$94 

is sub-regular. We now determine conditions under which Q4[x, q] is sub-regular. 
From equation ( l l ) ,  the definition of operator U and some algebraic simplifications, 
for large values of k, we have 

where 

and 

for j = 1,2, ..., 6 
mj = e+zg-i(l-a) for j = 7 (16) 

e - q " 9 3 ( 1 - a )  for j = 8. i1 
Since aa(k)/a 2 bl 1 1 and bz L as(k)/a 1 1 for all k and for some bl and bz 

we may replace m7 and ms by mb and mi, respectively. That is 

,; = eblz94(1-a) < - m7 

and 

m:, = e - b ~ ~ ~ 3 ( l - a )  < - m8. 

Therefore 94[x, q] is sub-regular if 

G4 [x, 91 1 0. 

In order to show the above inequality, we first consider the last term in right hand 
side of equation (14). Since x and 94 both are non-negative, then we consider only 
the following summation. 
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From m+ and mi and using the Taylor expansion, we have 

where 

and 

= bq3u1 

and b = 2 x ( 1  - a). Thus we have 

G;[x, q] = 97 [(I + v)d; + C; - 11 + q8 [(I - u)d; + C; - 11 . 
Therefore, G[l[x, q] 2 0 if and only if q4q7d;vl - q3q8df;u1 2 0. Thus 

By using the definition of q and with some algebraic simplifications we have 

So we can find an a; such that for all a E (0, a;) the condition $ 2 3 is satisfied 
and so inequality (17). Since super and sub-regular functions are closed under 
addition and multiplication by a positive constant, thus we can drop positive term 
G[,[x, q]. Therefore, from equation (14), it follows that Q4[x, q] is sub-regular if we 
have 
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Define 

for all a E (0, a;). The right hand side of the above inequality consists of nonnegative 
quantities. Substituting (1 - q4) by CjZ4 in the above inequality, we can write 

Define H[u]  = In V[u]. Since H[u] is a convex function, it can be shown that 

and in view of inequality (19), G4[x, q] is sub-regular if 

It follows that there exists a constant q independent of n such that 

Hence the inequality (21) is satisfied if 

Since V[x] is continuous and strictly monotonically increasing with V[O] = 1, a value 
of x = x* exists such that l/V[x] 1 q for all x E (0, x*]. By choosing a value x = x*, 
inequality (23) and G4[x, q] 2 0 are hold and \I14[x, q] is sub-regular function, thus 

is sub-regular function satisfying the conditions (12) and hence 

From the definition of a4[x,  q], we see that given any 6 > 0 there exists a positive 
constant a; < 1 such that for all positive a 5 min{a;, a;) the inequality 

holds. This completes the proof of the theorem. 
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4. Experiments 

To study the feasibility of the proposed algorithms, experiments are conducted on 
the two following stochastic graphs shown in figures 5 and 6 and are borrowed from 
10 

Graph 1 which is shown in figure 5 is a graph with 10 nodes, 23 arcs, us = 1, 
ud = 10, and R* = (1,4,9,10). Edge cost distribution is given in table 4. 
Graph 2 which is shown in figure 6 is a graph with 15 nodes, 42 arcs, us = 1, 
v d  = 15, and R* = (1,2,5,15). Edge cost distribution is given in table 4. 

Fig. 5.  Graph 1 

In all the simulations presented in this paper, the updating scheme for vector 
probability is LR-I,  and each algorithm terminates when the probability of tra- 
versed path is 0.9 or 300,000 paths are traversed. Each algorithm is tested on two 
different graphs and the results for each algorithm are summarized in two tables. 
Every value in each table is averaged over 100 runs. The first column of the first 
table includes the average number of iterations required by the algorithm over the 
runs which it converges. The second column shows the percentage of 100 runs con- 
verge to the solution before 300,000 iterations. The second table for each algorithm, 
shows the total number of samples taken form all the edges in the graph and also 
the total number of samples taken from the edges along the shortest path. The 
results of simulations for different graphs are summarized in tables 4 and 4. 

From the result of the simulations, the following points can be made. 

(1) Simulation results show that the number of converged runs increases as the 
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Table 1. Weight distribution of graph l(figure 5) 

Edge Lengths Probabilities 

(172) 3 5.3 7.4 9.4 0.2 0.2 0.3 0.2 
(It31 3.5 6.2 7.9 8.5 0.3 0.3 0.2 0.2 
(It41 4.2 6.1 6.9 8.9 0.2 0.3 0.2 0.3 

2.6 4.1 5.5 9.0 0.2 0.2 0.4 0.2 

(2,6) 5.8 7.0 8.5 9.6 0.3 0.3 0.2 0.2 
(3,2) 1.5 2.3 3.6 4.5 0.2 0.2 0.3 0.3 
(377) 6.5 7.2 8.3 9.4 0.5 0.2 0.2 0.1 
(398) 5.9 7.8 8.6 9.9 0.4 0.3 0.1 0.2 
(413) 2.1 3.2 4.5 6.8 0.2 0.2 0.3 0.3 
(479) 1.1 2.2 3.5 4.3 0.2 0.3 0.4 0.1 
(597) 3.2 4.8 6.7 8.2 0.2 0.2 0.3 0.3 
(5,101 6.3 7.8 8.4 9.1 0.2 0.2 0.4 0.2 
(6,3) 6.8 7.7 8.5 9.6 0.4 0.1 0.1 0.4 
(6,5) 0.6 1.5 3.9 5.8 0.2 0.2 0.3 0.3 
(6,7) 2.1 4.8 6.6 7.5 0.2 0.4 0.2 0.2 
(7,6) 4.1 6.3 8.5 9.7 0.2 0.3 0.4 0.1 
(798) 1.6 2.8 5.2 6.0 0.2 0.3 0.3 0.2 
(7,lO) 1.6 3.4 8.2 9.3 0.2 0.3 0.3 0.2 
(894) 7.0 8.0 8.8 9.4 0.2 0.2 0.2 0.4 
(897) 2.1 4.6 8.5 9.6 0.4 0.2 0.2 0.2 
(8~9) 1.7 4.9 6.5 7.8 0.2 0.2 0.2 0.4 
(7,9) 3.5 4.0 5.0 7.7 0.1 0.2 0.4 0.3 
( 9 ~ 0 )  4.6 6.4 7.6 8.9 0.4 0.1 0.2 0.3 

Fig. 6. Graph 2 
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Table 2. Weight distribution of graph 2 (figure 6) 

Lengths 

25 36 
24 25 
13 26 
28 31 
30 
37 39 
20 24 
30 34 
23 34 
30 
40 
25 37 
35 37 
32 
33 40 
17 19 
25 29 
23 
31 37 
24 
23 37 
15 22 
23 31 
34 39 
15 27 
31 32 
23 34 
17 20 
18 36 
13 25 
24 29 
20 25 
19 25 
34 
31 25 
19 20 
19 39 
36 39 
22 
13 18 
31 
19 32 

Probabilities 

0.6 0.3 0.1 
0.5 0.2 0.2 
0.4 0.4 0.2 
0.5 0.3 0.2 
0.7 0.3 
0.6 0.2 0.2 
0.6 0.3 0.1 
0.4 0.3 0.3 
0.5 0.4 0.1 
0.7 0.3 
0.6 0.4 
0.5 0.4 0.1 
0.4 0.3 0.2 
0.7 0.3 
0.4 0.3 0.3 
0.3 0.3 0.3 
0.5 0.3 0.2 
0.5 0.5 
0.5 0.5 0.1 
0.7 0.3 
0.6 0.2 0.2 
0.3 0.3 0.3 
0.5 0.3 0.2 
0.6 0.2 0.2 
0.3 0.3 0.2 
0.8 0.1 0.1 
0.4 0.3 0.3 
0.6 0.3 0.1 
0.3 0.3 0.2 
0.4 0.3 0.2 
0.4 0.3 0.3 
0.3 0.3 0.2 
0.4 0.3 0.3 
0.9 0.1 
0.6 0.3 0.1 
0.3 0.3 0.3 
0.5 0.4 0.1 
0.5 0.3 0.2 
0.7 0.3 
0.3 0.3 0.3 
0.9 0.1 
0.5 0.3 0.2 

learning parameter a decreases. For instance for graph 5, 100 of the runs con- 
verge when a = 0.001,whereas this percentage decreases to 26 when a = 0.151 
(tables 4 and 4). 

(2) Simulation results show that for algorithm 2 the average number of iterations 
required to reach the termination criteria is lesser comparing to algorithm 1, 



610 H. Beigy €4 M .  R. Meybodi 

Table 3. The simulation results of proposed algorithm for graph 1 

a) Average number of iterations and runs converged 

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6 
a AVI P C  AVI P C  AVI PC AVI P C  AVI P C  AVI PC 

0.001 10911 100 10237 100 34744 100 9734 100 18875 99 49537 100 
0.005 2231 100 2121 100 6962 100 1943 100 3589 92 9956 100 
0.010 1175 99 1122 100 3424 100 992 100 1662 77 5167 99 
0.015 759 97 769 94 2286 100 651 99 1060 80 3668 97 
0.020 579 98 536 98 1725 100 497 100 785 72 2758 93 
0.025 468 93 446 96 1354 100 408 98 544 71 2140 93 
0.030 365 90 352 91 3909 100 312 97 490 71 1692 93 
0.035 294 90 298 86 1016 100 271 96 360 65 1432 91 
0.040 255 87 287 85 818 100 228 96 253 68 1241 84 
0.045 277 86 243 88 770 100 201 92 194 61 1039 82 
0.050 227 79 189 84 707 100 166 89 199 59 1010 86 
0.055 172 79 167 83 631 100 150 84 202 70 952 89 
0.060 167 76 161 81 571 100 148 82 131 63 785 80 

b) Average samples taken from graph and optimal path 

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6 
a TS SPS TS SPS TS SPS TS SPS TS SPS TS SPS 

0.001 41961 19471 38369 18443 117202 62908 30960 17008 65436 35160 161159 75750 
0.005 8548 3870 7914 3752 23490 12571 6212 3361 12870 5967 32362 15396 
0.010 4639 1996 4133 1954 11582 6213 3186 1699 6363 2576 16896 7729 
0.015 2912 1242 2900 1241 7720 4125 2103 1077 3975 1605 12002 5336 
0.020 2195 931 2019 910 5832 3085 1616 795 2875 1152 9385 3924 
0.025 1830 722 1670 726 4578 2413 1381 655 2037 767 7156 3072 
0.030 1441 565 1332 563 3909 2054 1047 486 1761 675 5663 2441 
0.035 1194 474 1161 451 3423 1783 920 426 1492 496 4765 2064 
0.040 1019 395 1105 406 2779 1478 788 363 1104 387 4316 1724 
0.045 1078 392 953 353 2602 1353 667 313 938 317 3703 1458 
0.050 886 313 741 281 2383 1210 605 261 926 290 3435 1401 
0.055 765 251 670 257 2136 1107 555 219 801 296 3180 1326 
0.060 708 241 658 248 1930 1005 505 204 648 222 2668 1065 

but percentage of the number of runs converged is higher. This may be due to 
the fact that algorithm 2 does not traverse paths containing loops, which leads 
to smaller number of samples taken from the edges. 

(3) Algorithm 3 improves the rate of convergence. This is because of the fact that 
as we approach the destination node, the action probability vectors are updated 
more conservatively. On the other hand, the average number of iterations for 
this algorithm is higher. The reason for this is that the nodes closer to the 
destination node use smaller step lengths comparing to the nodes closer to the 
source node.. 

(4) The updating scheme for step length in algorithm 4 causes degradation in the 
performance. One reason for such degradation may be that there is no depen- 
dency between the step lengths and the action probabilities. 
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Table 4. The simulation results of proposed algorithm for graph 2 

a) Average number of iterations and runs converged 

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6 
a AVI PC AVI PC AVI PC AVI PC AVI PC AVI PC 

b) Average samples taken from graph and optimal path 

Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6 
a TS SPS TS SPS TS SPS TS SPS TS SPS TS SPS 

(5) Experimentations show that for large value of learning parameter a all algo- 
rithms perform the same. Experimentation also show that the average iterations 
required by the algorithms for finding the optimal path is heavily dependent 
on the input graph and there is no general ordering according to which the 
algorithms can be ordered in terms of their performance. 

(6) Another property we want to illustrate is any time behavior of the proposed 
algorithm. We show this property by plotting the development of the probability 
of choosing the shortest path in time (see figure 7). This curve shows rapid 
progress in the beginning and flattening out later on. This is typical for many 
algorithms that work by iterative improvements on the initial solution. The 
name "any time" comes from the property that the search can be stopped at  any 
time and the proposed algorithm will have some solution, even it is suboptimal. 
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Based on this any time curve, we can make some general observation concerning 
termination condition for the proposed algorithm. In figure 7, we can divide the 
run time into two equally long sections, the first and the second half. As this 
figure indicates, the progress in terms of increments in probability of choosing 
the shortest path is significantly greater than the achievements in the second 
half. This provides a general suggestion that it might not be worthwhile to allow 
very long runs; because of the any time behavior of the proposed algorithm 
efforts spent after a certain time may not result in better solution quality. A 
point with coordinate (2, y) in any time curve gives us the average number of 
iterations x required to obtain the optimal path with probability of y. This is 
one advantage of the proposed algorithm over non-iterative algorithms. 

(7) Probability of optimal path (POP) at each iteration of algorithm is defined 
as the product of probabilities of edges along the optimal path. The plots of 
average probability of optimal path over the converged runs out of 100 runs 
for both graphs and different algorithms are given in figures 7 and 8. A point 
with coordinate (x, y) in POP curve gives us the average number of iterations 
required to obtain the optimal path with a specific probability. Looking at 
different plots indicate the fact that algorithms 3 and 6 perform worst among 
the algorithms presented in this paper. 

Fig. 7. Probability of optimal path for graph 1 
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-+ Algorithm 3 

+ Algorithm 4 

+ Algorithm 5 

0 1500 3000 4600 6000 7500 9000 

Fig. 8. Probability of optimal path for graph 2 

5. Conclusion 

In this paper we have studied the problem of determining the optimal path in 
stochastic networks analogous to deterministic networks. The algorithms presented 
provide policies which can be used to determine a path from the source to the desti- 
nation node with minimal expected length. The algorithms presented are adaptive 
procedures based on distributed learning automata. I t  is shown that the shortest 
path is found with a probability as close as to unity by proper choice of the param- 
eters of the proposed algorithms. 
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