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Abstract

Many scientific and engineering problems are decentralized in na.'ve. M arious distributed approaches
have been developed for solving these problems, and amor g tF:m, cellular learning automaton has
demonstrated to be an effective model for systems con.'sting of a large number of interacting
components. In the cellular learning automata approach, >ach suc component is modeled by a learning
automaton. The learning automaton associated with a cu.mnonent aims to learn the action which best
suites with its neighboring components. This objective "ecomes more challenging when the automaton is
required to find the optimal subset of its available ..=~< Tne common learning automata algorithms can
deal with this problem by considering all comhinat, ns of their allowable actions as new action sets.
However, this approach is only applicable for .ma.' action spaces. The current work extends some
common learning automata algorithms so that .~2y can efficiently learn the optimal subset of their actions
through parallel reinforcements. These p=+=llel reinforcements represent the favorability of each action in
the performed subset of actions; cc 'sequen ly, the learning automaton would be able to learn the
effectiveness of each action indiv.duelly. oy integrating the new LA models in a cellular learning
automaton, each component of t.. syst'm is able to interact with its neighbors simultaneously via
multiple actions. In order to ir +. ~tigate the effectiveness of the proposed models, their applicability on a
channel assignment proble~.. is investigated experimentally. The achieved results demonstrate the

efficiency of the proposea mul i-reinforcement learning schemes.
Keywords: Learning « tor ata Cellular learning automata, Multi radio channel assignment

1. Introduction

Learning autormrata belong to a category of machine learning algorithms which is known as
reinforcement .~arnir 4 (RL) [1-2]. RL is about agents operating in unknown random environments trying
to make avpu o _ecisions through a trial and error procedure. A learning automaton (LA) is equipped
with a set of “ctions, and interacts with an environment. During each interaction, the LA chooses an
action according to its internal probability distribution. Then, the environment triggers a response which

represents the acceptance level of the selected action. Following the response of the environment, the LA



updates its internal probability distribution to adapt to the environment. The goa’ . the LA is to choose

the optimal action which results in the most favorable environmental responses

LA provides a means for developing appropriate decision policies with ~inin.>! domain information.
It generally does not require environmental dynamics to be knc.wn befoiehand. Due to these
characteristics, LAs have found a broad range of applications [3-6]. V.- .ties of LA models have been
investigated in the literature, which have been shown to conv:rge t¢ the desired solutions under
appropriate conditions. Zhang et al. developed a fast discretized pur.'it L /. and provided proofs on its e-
optimality [7]. Their model has demonstrated an interesting « onv”.y.1ce speed. Another motivating -
optimal LA is the last-position elimination-based learning au..matc~ (cELA), which gradually eliminates
the less reward receiving actions [8]. Approaches like c*achastic discretized weak estimator (SDWE),
which is based on the principles of discretized LA, are abic *o track time-varying distributions [9].

Another closely related RL method to LA is O-learn.>q [10].The goal of Q-Learning is to learn an
optimal policy for an agent, which guides its actioi. sf.ection under different circumstances. Like LA, a
Q-learning agent operates in an unknown ranu™. encironment and learns its optimal policy through
interactions with the environment. The exec -.c> ™ =ach action may provoke the environment to change
its current state. Accordingly, the goal of the Q-lewrning algorithm is to maximize its total future reward.
To attain this, in each time step, Q-lea’ ning a’<0 considers the expected payoff from future states as well

as its current state.

Hybrid approaches based o’. R “av . been developed to tackle large state spaces [11], large action
spaces [12-13], and distributr 4 «. 7 decentralized problems [14]. The field has enjoyed a great deal of
progress in the recent yea' s «1d become one of the hot topics within disciplines like deep learning.
Combining RL and deep ..~ ning techniques enables an RL agent to have a good perception of its
environment and mak’ s it possible to learn abstractions over high-dimensional state spaces [11-13]. In
contrast to many classica. e :p learning approaches that usually focus on perception, deep RL adds the
dimension of actins thay actually affect the environment. Deep RL has been successfully applied to
various domair- _uch «. games [11], visual object tracking [15], autonomous control [16-18], handwritten
digit recogniion [19 , biological data mining [20], and cloud computing and residential smart grid

systems [7"]

Interconne.ted LA (RL in general) agents have given rise to new computational models suitable for
decentralized problems [14]. Cellular learning automaton (CLA), introduced by Beigy and Meybodi, is a

hybrid mathematical model for many decentralized problems [22-26]. It can be considered as a network



of agents with learning abilities. The interaction among the agents is guided by t < “LA rules, and these
agents use the learning properties of the LA to adapt their behavior. Up to r_* various CLA models
including open CLA [22], asynchronous CLA [14], irregular CLA [25], ass. ~ia*.ve CLA [27], dynamic
irregular CLA [28], and wavefront CLA [29] have been successfully employe.' in tiie areas such as peer-
to-peer networks [30-31], numerical optimization [32-33], detecting romr . *y structures in complex
networks [34], stochastic graphs [35], social networks [36-37], distribu'~d task allocation [38], and

wireless sensor networks [39].

As stated previously, the operation of a typical LA can be siew _u s a sequence of iterative feedback
cycles in which the LA interacts with its environment. Duriny ~ach = cle, the LA selects an action, which
triggers a reinforcement feedback from the environment. This actit n can be a vector (or a set) of simpler
components [40]. Herein, we use the terms super-action ai.! simiple-action to distinguish between a vector
action and its comprising components. The reinforce.ent signal received in response to a super-action
represents the favorability of a combination of <™ > '=-actions. When an action is a subset of simple-
actions, the number of choices to be learned by the . A becomes exponential in the number of available
simple-actions. Very few works have been repor.2a o1 the optimal subset selection problem in the LA
literature. Zhang et al. developed several metn. s based on pursuit LA for the selection of optimal subsets
[41]. Considering an action set consistin™ of N simple-actions, their algorithm uses a specific updating
procedure in order to learn an optim' « subser of size w. During each step, the algorithm decreases the
selection probability of N-w simp! .-action. with the lowest estimated rewards. Then, it calculates the
probability sum of these N-w simp. - «ctic 1s and equally distributes the remaining probability amount to
the other w simple-actions w..~ higher reward estimates. This approach may be problematic as the
probabilities of simple-actir=~ do nou change in an orderly fashion: the new probability values of the
estimated best simple-ac.*on< are obtained independent of their previous values. Additionally, no
evidence on the conv.rge~ce wehavior of the introduced algorithms is provided. Later, Guo et al.
introduced other modei. f | A which are capable of subset selection [42]. However, their introduced

models suffer fron very s milar issues.

Sometime s the ~=inforcement feedback from the environment can be defined as a combination of
distinct signals, wher . each signal represents the effectiveness of each simple-action in a selected super-
action. In .M1s .., an RL agent can effectively learn the value of each simple-action individually. In this
paper, we ext. 'd the LA models so that they can learn the optimal subsets in an appropriate time given
that the environment provides each selected simple-action in a super-action with an individual
reinforcement signal. The introduced LA models can also be integrated into the CLA approach. In order

to study the characteristics of multi-reinforcement CLA, a new general CLA model is also developed in



this paper. In this new model, each LA selects a set of actions at each str, =nd then receives a
reinforcement vector from its environment. Based on the received reinforcemer . ‘ector, each cell adjusts
its internal parameters. The new CLA model is an extension of the model p:. ic usly introduced in [43].
However, it can learn to select a subset of actions rather than a single action. v."» analyze the convergence
properties of the proposed multi-reinforcement CLA for a class of loca’ rule . .~!ed potential local rules,

which is related to potential games in the game theory [44].

In order to illustrate the applicability of the proposed models, thev will be utilized on a channel
assignment problem. In the considered problem, each rout: c-.i e equipped with multiple radio
interfaces that operate on multiple non-overlapping channels. ~anse~.ently, the network nodes can utilize
the radio spectrum more efficiently. Two close commurications can happen if they are conducted on
different non-overlapping channels. With limited numbe: ~f criannels and radio interfaces, the objective

of a channel assignment is to minimize the total netwu. - interterence.
2 Preliminaries

In this section, we briefly review the fundamentar concepts in learning automata, cellular automata,

and cellular learning automata.
2.1. Learning automaton

A variable structure LA can t 2 re resented by a sextuple like {®, a, 5, A, G, P} [1], where @ is the
set of internal states; « is the sr. of ou.>4ts or actions of the LA; £ is the set of inputs or environmental
responses; A is the learning algon."m; G(.):®—« is the function that maps the current state into the
current output; and P is th. pre dability vector that determines the selection probability of a state at each
step. Usually, there is a one t. ~ne correspondence between @ and ¢; as a results, the two terms can be

used interchangeably.

The objective of an L A is to identify the best action which maximizes the expected received payoff
from the envirr...nenu (). To attain this goal, the LA selects an action according to its action probability
distribution ai 1 appli' s this action to the environment. The environment measures the favorability of the
received ¢ ...=~ and responds the LA with a noisy reinforcement signal £. The LA uses this response to
adjust its inu cnal action probabilities via its learning algorithm. We assume that the environmental
response to a selected action like a; at step k is f={0,1}, where 0 and 1 are used to represent pleasant and
unpleasant responses, respectively. The internal action probabilities can be updated according to Eqg. (1)

when the response is pleasant and according to Eq. (2) when it is not.
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P p,k)a-a) if i
p,(k)1-b) if i=j
p,(k+D) =< p e .

—+p,(K)A-b) if i#]
r-1

In these two equations, a and b are called reward and penalty |.~rame ers, respectively. For a=b the

learning algorithm is called Lrp; when b << a, it is called Lgep; and " vin 1 b is zero, it is called Lg.,.
Before we continue, the following norms of behavior are deti.~d formally.
g-optimality: an LA is said to be s-optimal if

lim infp,(k)>1-e¢w.p.1 (3)

kK —o0

can be achieved for any &>0 by a proper choice f u.~ parameters in the LA. Here, py(k) is the selection

probability of the optimal action at step k [2].

Absolute expediency: an LA is said to ' ¢ absc 'utely expedient if
E[M(k+1)lp(k)]>M(k) 4

for all k. Here, M(K) is the aver’ ~e reward for the given probability vector at step k [1].

2.2. Pursuit algorithm

Pursuit belongs tr a riass of RL methods called estimator algorithms. It uses the history of the
previously selected actio..~ ar 1 the obtained reinforcements to estimate the reward probability of different
actions. The objec dve of he pursuit algorithm, similar to other RL approaches, is to select the optimal
action with the ~vouL.~*!.cy one. However, as the estimated rewards could be erroneous, the algorithm
gradually inc eases t e selection probability of the most promising action. In order to increase the
probabilitv of the vest-estimated action, the pursuit algorithm first decreases the probabilities of all

actions. The, .t adds the deducted probability mass to the probability of the best-estimated action.

The reward estimate of the i™ action of an LA at step k is denoted by di(k). In order to calculate the
reward estimates, pursuit maintains two vectors [7:(K),..., 7:(K)]" and [Zy(K),..., Z.(k)]". Here, 7i(k) gives

the number of times that the i action is chosen till step k and Z;(k) gives the number of times that this



action is rewarded till step k. The operation of pursuit involves updating these ve ... s. During step k, the
LA selects an action like a(k)=a; according to its internal probability vector p/*., Then, the environment
generates a reinforcement signal A(k) in response to this selected action. Nex., th. LA uses a(k) and A(k)
to update its variables and obtains new reward estimates according to k. (5). Finally, the action

probabilities are updated according to Eq. (6).

Zi(k+)=2z;(k)+Q1-p(K))

m(k+1)=m(k)+1 )
d (k +1)= 2D
i (k +1)

« +l):{pj(k)—/1pj(k)+ﬂ, ifd, (k +1)=max, “, (k +)) o

pj(k)—}tpj(k) ifdj(k +1) < max, (J.(k +1))
where 1 is the learning rate of the LA.

At the beginning, each action is chosen fc ~ few times to obtain initial reward estimates. Also, we

can simply initialize Z(0) and 7(0) using some cons ant values.
2.3. Cellular automaton

Cellular automata (CAs) [45] are J"str.ct models for systems consisting of a large number of
identical simple components. The .e ¢ mpr nents are called cells in the CA terminology and are usually
arranged in some regular forms such as 4rid. A CA operates in discrete times called steps. At each time
step, the cells instantiate one uf a Ti.**e set of states, and the states of all cells together define the state of
the cellular automaton. Dr /ing a time step, a local rule defines the state of a cell for the next step. The
local rule defines the st'te o1 . cell for the next time step based on the current states of its neighboring
cells. Many neighbor! ~oc patf .rns are suggested for a CA such as Moore and von Neumann. In spite of
its simplicity, CA ~an proauce complicated patterns of behavior; as a result, CA has become a popular

tool for modeling « "mplic .ted systems and natural phenomena.
2.4. Cellular .Rarninc automaton

A cellu'ar .earning automaton is a combination of a cellular automaton with learning automata [26].
In this model, ach cell of a CA contains one or more LAs. The LA or LAs residing in a particular cell
define the state of the cell. Like CA, a local rule controls the behavior of each cell. At each time step, the

local rule defines the reinforcement signal for a particular LA based on its selected action and the actions



chosen by its neighboring LAs. Consequently, the neighborhood of each LA is ¢ .. idered to be its local
environment. A formal definition of CLA is provided by Beigy and Meybodi "2 26]. 1 he authors have
also investigated the asymptotic behavior of the model and provided somv. thr oretical analysis on its

convergence.

The structure of a CLA can be represented by a graph where each . ex denotes a CLA cell. Each

edge of this graph defines a neighborhood relation between its t vo inc'dent nodes. We represent the

action set of the i" LA by A, = {ail,... a } where mj is the nimbe, ~f Z1e LA actions. The probability

T,

vector of the i™ LA, which determines the selection probabi.™

’

of is actions, is denoted by p;. This
probability vector defines the internal state the LA, and the prou.~ility vectors of all learning automata in
the CLA define the configuration of the CLA at each step © T'e configuration of a CLA at step k is
denoted by P(k) = (pu(K), p2(K), ..., pa(K))", where n is the 1. 'mber of cells. The operation of a CLA is
governed by a set of local rules. At each step k, the loca, ~ile of the i cell determines the reinforcement

signal to the learning automaton in the cell as follov. ~:

F:o>p
with , (M

n;
o =11 o)

where N; is the neighborhood func’ion Jf the i" cell, and N(j) returns the index of the j™ neighboring cell
to cell i with N;(0) defined as N,(0)=.. n: Jenotes the number of cells in the neighborhood of the i" cell.

Finally, B is the set of valu:s ti..* a reinforcement signal can take. We can extend the local rules of a

CLA as follows:
Tl (al,...,an):Fl (0.av‘l(1) ..,aNI(nI)) VO{J EAJ . (8)

The expected -eward )f each LA at each step can be obtained based on its associated local rule and
the CLA conf'guration. The expected reward of an action like a,eA; in configuration P is denoted by
di-(P). A confi wratio’, P is called compatible if the following condition holds for any configuration Q and

any cell i uie 20 A

Zrdir(P)xpir erdir(Q)Xqir' (9)



The definition of compatible point is equivalent to Nash equilibrium in gar < *heory [43]. In game
theory, a game is said to be a potential game if the change in the utility of a ..~ver for a switch in her
strategy can be expressed using a single global function. A local rule will be . 'le’, a potential local rule if
there exists a function like v, called a potential function, for which the conai..~n i Eq. (10) is satisfied.
The characteristics of local utility functions in potential games have b .en i .v><tigated in several recent

works, and interested readers can refer to [46-47].

)=

W(al,...,ai ,...,an)—l//(al,...,ai ',...,an) Vaj eAj, Vo e A

T; (al,...,ai vy Ol )—Ti (al,...,ai

(10)

A CLA starts from some initial state (it is the intcnal stal @ of every cell). At each stage, each
automaton selects an action according to its probability v.-~tor and performs it in its local environment.
Next, the rule of the CLA determines the reinforceme. * signals (the responses) to the LAs residing in its
cells, and based on the received signals, each LA ..7~*a< ns internal probability vector. This procedure

continues until a termination condition is satisfinA.
3. Reinforcement learning using multiple . .72 "ments

This section introduces LA models uia. ~an learn an optimal subset of their actions and update their
internal probability vectors according to m.ltiple environmental responses. In order to distinguish
between a vector action and its cmp ising components, the terms super-action and simple-action are
adopted in this work. It is ass' meu “ha’ each of the proposed LAs has r simple-actions and aims at
learning the optimal super-ac’.on . *hich consists of w simple-actions (1<w<r). In each time step, the LA
selects a super-action cons’stin ' of w simple-actions. Then, it performs the combination of these simple-
actions as a single suner-. tion in the environment. The environment provides a w-dimensional
reinforcement vector 7 1 re’ pon~e to the selected super-action. Each element of the reinforcement vector
represents the fav~-bili, of one of the selected simple-actions in the combined super-action.
Accordingly, eact selecte | simple-action like o;(k) receives an independent reinforcement signal like
Bi(k). The comr’ined reinforcement for the selected super-action at step k can be considered as the sum of

w
all components u. *'.¢ reinforcement vector, i.e. Zﬂ, (k). The goal of the learning algorithm is to learn
1=1

the super-actiu " with the highest expected combined reinforcement value.
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Fig. 1. The internal state of a multi-reinforcement LA which aims at finding the o .cimal s: hset of size two out of three actions.
The energy level of the LA is modeled as particle which flies in 1 3-dimer sional hypercube.

3.1. Multi-reinforcement learning automaton |

The internal state of an LA is ordinarily represented a. 2 'robability vector. During the learning
process, this probability vector is adapted to the envirnnmar. and the selection probability of the most
reward receiving action is gradually increased. However, .~ing this method for subset selection would be
inefficient as the number of super-actions grows e ponentially with the number of simple-actions.
Additionally, the reinforcements received by a 1,%.al s_mple-action depend on the effectiveness of other
simple-actions in the experienced supe: .cf~ns  which adversely affects the learning process.
Representing the internal state as a probability vec.ar over simple-actions would also be unsuitable: if the
selection probability of a simple-actir n con ‘erges to one, the selection probabilities of all the other

simple-actions converge to zero.

In order to deal with the afc -emc tio” ed issues, we propose two approaches. In the first approach, an
r-dimensional energy vector 75 v.nsidered for an LA, and the internal state of the LA is modeled as a
particle, which moves in ar (-_‘mensional hypercube (Fig. (1)). The position of the particle in the hyper-
cube represents the energy '<vel of each simple-action. Actions with higher energy levels are selected
with higher probabili‘.es. The automaton in Fig. (1) has three actions and selects a super-action
consisting of two simnle-. ~ti uns in each step. These super-actions correspond to the hypercube corners
which are represel ted by 1e black circles in the figure. The objective of the proposed LA is to move the

particle toward *-2 hy...cube corner of the energy with the highest expected payoff.

We assume *~~* the energy level of the LA particle (its position in the LA hypercube) at step k is
representea My x(k), where x(k) corresponds to the energy level of the i simple-action. At each stage of
the first develc jed algorithm, a dummy super-action is selected based on the energy vector x(k): each
simple-action a; is chosen with probability x;(k) in the dummy super-action. This super-action corresponds

to one of the corners of the LA hypercube and may consist of less/more than w simple-actions. After this



stage, the algorithm randomly selects one of the closest w-dimensional super a.*ions to the selected
dummy super-action. Accordingly, the final selected super-action (which is de ._*ed by a(k)) consists of
exactly w simple-actions. It should be noted that if we consider each element € x/ ) as the energy level of
a simple-action, the final super-action (a(k)) is selected based on the energy . ‘els uf the simple-actions.
After action selection, the selected super-action is carried out in the env’.onr .c.* Then, the LA receives a
w-dimensional reinforcement signal, which represents the favorabilitv of e..~h one of the selected simple-
actions. Based on this signal, the estimated rewards of the simple actions are updated according to Eq.
(11). The algorithm maintains two additional vectors Zi(k) anc .,,(k) «. urder to compute the estimated
rewards of the simple-actions. Zi(k) represents the total receive.' ~_info cement by the i" action, and 7;(k)

represents the number of times that the i" action is selected till sw.~ k.

Zi(k):{zi(k D+ p (k) ifa ealk)

Z, (k-1 otherwise
i(k):{m (k -1)+1 if a e?t(k) a1,
n (k -1) otherwise
=y Zi(k)
d(k)=—""=,i=1..,
0=

where dAi (k) represents the estima.~d rew: rd for the i simple-action at step k. Additionally, for

simplicity, the reinforcement vectc. is ' zpresented by an r-dimensional vector; however, only w elements

of this vector corresponding to t* e sei. ~te s simple-actions have valid information.

The next step of the algr-ithm is 1 find w simple-actions with the highest estimated rewards. This set
of simple-actions correspc ~ds .0 the super-action with the highest expected reward. Then, the algorithm
moves the LA partic!. tovaru the corner of the LA hypercube associated with this super-action.
Consequently, the enery. lev:ls of the promising simple-actions are increased. Fig. (2) represents the
pseudocode of the propc. ed multi reinforcement LA, and a block diagram for the proposed method is
provided in Fig. (3,. 't <",ould be noted that the algorithm can be simply implemented without actually
calculating C (in F 3. (2)). Consequently, all of its steps can be efficiently implemented with

computational cu.....exities not exceeding o(r).



Algorithm |

Input

r: number of actions

w<r: number of actions to be selected.

A: learning rate.

Initialization:

Zi(0) =c, Vie{l,...,r}, where ¢, is a constant value.

ni(0) = ¢, Vie{l,...,r}, where ¢, is a constant value.

d; (0) =0 Vie{l,...,r}.

Set x(0)=[0.5,...,0.5]", where x has r dimensions, and x;[0,1] represents t e energ, of the i action.

Let I be an r-dimensional Boolean vector, I; €{0,1}.
Let C={C,,C,,...,Co} be the set of corners (vertices) of the LA hyperci e with exactly w 1s and r-w 0s, where

0 =|c|=(v';j,cije{o,1}, and chij =w Vi e{l,..,0}.

Setk=0.

repeat

1. Setk=k+1and a(k)={}.

2. Select a random set of simple-actions according to the ~=--7, ‘...l of the LA (i.e. according to x): each
action like a; is selected with probability x;.

Foreachie{l,...,r}, set I; =1 if action a; is chosen " . =*~n 2. ownerwise set |; =0.

Let C’ be the subset of vertices in C, which are in the mi .imum distance to |I. Randomly set | to one of the
vertices in C’.

For each ie{l,...,r}, add simple-action a; to a(k) »* 1; .

Apply a(Kk) to the environment.

Receive an r-dimensional reinforcement signai > where £ is undefined if a; a(K).

Update LA information as follows:

7 (k):{zi k -D+A (k)ife eal)
Z, (k-1 othe. “ise

7 () :{m (k -1)+1 ife eo(k)
n; (k =1) Ou 21V (se

~ow

NG

d; (k):zi—(k) i =1

m; (k)
9. Update x as follows:
10. Find w actions with th~ large.* estimated average reinforcements, represent them by I:

(Ij e{0,1} Vi e{”,...,r}) and Zj I =w
and Vi, j (1, =1an1; =0)=d; >d;)
11. Let C; be the ve tex in C :orresponding to I.

12, x(k) = x(k-1) + (&
until some stop’ «ng condition is satisfied

Figure 2. Pseudo ode of m Iti-reinforcement learning automata 1.




C ={C’|C’€{0,1}" and C’ contains exactly w 1s}

A« {alla29~~-’al' }

.

I {0}

s

-

W <« super-action .ze
r<JA |

Define an r-dimensional vector x as:
x(0)«[0.5,...,0.5]"

A1

1l
o

ik

X(K) < x(k-1)+ A(1-x)

1r

li<1Vi (ai GB)

4P

I; =1 with probability x; (k-1) Vie(1,...

| {0}

I} J

1r

c’

SIS -Hi = mim; (IC; -1}

|| Dartition A into two sets B and D such that:

.

-l |IB|=w and |D|=r-w ] and

<arandom element of _-

.

[ <an r-dimensional vect' .r wi'n
undefined elements

[Vi.j(a €Banda; €D =d, (k)=d;(K))]

4P

¢

o (k) ={ai [l

a(

NS

Environmenu
o |

\\ 7

=

= Zi(k) .
dy(k)=—"——=,i=1...r
1; (k)
1
n(k-D)+1 ifa ea(k)
n; (k) = .
n; (k =1) otherwise

1P

Z,(k -1)

Zi(k):{zi(k D+ B (k) ifa ealk)

otherwise

Defii ~d g
A= n (« €a(k) and S, is associated with a; )

afie

—

B<F

Figure . Block diagram of multi-reinforcement learning automata |




3.1.1. Convergence analysis of the multi-reinforcement learning automata I.

In what follows, we discuss the convergence properties of the proposed .nult -reinforcement LA. In
this regard, the approach given in [2] will be employed, and it will be shovn t. * the LA particle (LA
energy level) converges to the corner with the highest expected reward .1 u e LA hypercube. In order to

proceed, we assume that A(k)=1-* with ye(e™, 1).

Lemma 1. Given any 6<(0,1] and NeZ", for each simple-action a;, ."ere ex sts K;(N,d) such that
Pr{ni(k)<N}<o Vk> Ki(N,8). (12)

N
Eq. (12) is equivalent to » Pr{n, (k) =s} <&, which is <atisfiea if

s=1

Pr{n (k)=s} <N£v$ efl,..,N}. (13

Considering line 12 of the proposed algorithm ir. - (2), the energy of each simple-action can decrease
with a rate not larger than (1-A(k)) at each >~y .. Considering line 2 of the algorithm, each action is
selected according to its energy level in the first phase of the action selection and is added to | . The
selection probability of any action like a; in th 5 phase is x;. However, | may contain more than w actions,
and accordingly some of them ma, be .~ Jved randomly according to line 4 of the algorithm. The

removal probability of any selecte.* ac’.on - ( this step is less than (r-1)/r. Hence,

LK O T A1)
r

Pria, ¢ a(k)} < . (19)

Accordingly,

X (O)H (1-A(t))

Prin (k)=s’ <k (15)

Now the lei."m . can be proved if there exists K; such that

L OITLE-20)

r

k° <2 1<s<N forall k>Ki(N,8).  (16)




Using A(k)=1-/**, it can be observed that

X O], (1-20) )

lim, ,f (k)=k*|1-
.

=0. (17)

k
t=

To verify Eq. (17), we can use the harmonic sum formula 1% =.n(k)-&+o(1/k).

By using c=x;(0)/r and the harmonic sum, Eg. (17) can be resta d =,
; s (). & o(k) <
lim,_f (k)=k (1—ck ¥y ) . (18)

Consequently,

sIn(k )+(k —s)ln(l—ck In(7),¢,0 Wk )

lim,_f (k)=lim,__e ©=0.  (19)

According to Eq. (17), for sufficiently large vaiu~< of k, f(k) becomes small enough and is guaranteed to
be less than dIN.

Lemma 2. Given any &06<(0,1], for all ie ;. ..,r}, there exists K, satisfying
F>r{|o|“i (k)—d. |> g} <S5 VK ~K,(g,0),  (20)

where di=E[£(K)].

Considering the algor’ nm .n Fij. (2), the estimated reward for the i" simple-action (a;) can be expressed

as:

O

)
[]
¥
3

where msi rey. " :sents the time instant at which a; is chosen for the s time.

For each i, the sequence {(m)} is iid, and each of its members is bounded above by a constant like M.

Considering Hoeffding’s inequality and substituting 7;(k) with N:



o [ 2D
N

2
> & <2exp(—2|\l\/llf j (22)

Now we define two events A and B as:

A

{|dj(k)—di|>g}
B={n(k)>N]}

. (23)

The probability of event A can be obtained as follows:
Pr(A) =Pr(A|B)Pr(B)+Pr(A|B)Pr(B) <Pr(A|E\+r /P . (24)
2

By considering N = [% In%—l, it follows that F {"'™\<52, and by lemma 1
£

Pr(§)<§ vk >K,(g,8) and A(k)=1—,~ | (25)

where K,(&,0)=K(N,d2).
Accordingly, it follows that Pr(A) 52 -d2- 6.

Theorem 1. A learning autor.ator, sing the algorithm in Fig. (2) with 2 defined as A(k)=1-/* and ye(e’
'1) has the following propr /ty.

Given any 6e(0,1), tr ere .xists K™>0 such that

Pr{{x-Ci|<&}>1-, (°6)

where C, corrr sponds to the corner of the LA hypercube with w best simple-actions.
Proof:

Considering th. set of optimal simple-actions as C., we can define the following three events:

E,(K)={C.—x(K)l<e}, @D



E,(k)={max, |d, (k)—d, |<6}, (28)

E,(k) ={sup,., max; |d; (s)—d, <0},  (29)

where 6=min{d|C,=1}-max;{d;|C_=0}.

Using these events, for any k and K, the following inequality holds:
Pr(E,(k +K))=Pr(E, (k +K)|E;(K))Pr(E;(K)). ~ (0)
Moreover, there exists Kj such that Pr(E;(k+K)|Es(K))=1 fu - all k>} 5.

Assuming x(0)=[1/2....,1/2]" and defining Di(k)=|CLi= "}, uc particle can move at most K steps in the
opposite direction of C, in each dimension. Consecantly,

D, (K)< (1— D, (0)1‘[;(1—1(5))) =(1—o.b; I::Ll\l—/l(s))) <1. (31)

After step K, since E3(K) is satisfied, the LA particle moves toward C, in each time step. Accordingly
after K iterations, the following holds

D; (K +K,) <D, (K)[ (1 4(s +K>). (32
Using A(k)=1-7*%,
D, (K +K,) <D, (K)F ], Y. (393)
In Eq. (33),
1K1
Hfjlyl/(sﬂ‘(‘ — ]/2 s=l g ZS:ls . (34)

K1
By defining . =D, (K )/(7/zs=ls J Eq. (32) can be stated as

ZK3+K1
D, (K +K,)<sxp=? 5. (35)



Then, it follows that
D, (K +K,) <" ) (36)

Di(K+Kj3) approaches zero as Ks—oo for all ie {1,...,r}. Consequently, th’ re « ¥ists K3 such that
Pr(Es(k+K)|Es(K))=1 for all k>Ks.

Hence, the proof of Theorem 1 can be completed if there exists K, s« <h that Pr(Es(k))>1-o for all k>K,.

The probability of event E3(k) can be defined as follows:
Pr(Es (k) =Pr(N,, E2(k))=1-Pr(J, E (k). )

By defining m(k) as m (k) =arg max(|dﬁi (k) —d. ) ar using 7 (K)= 7m0 K), it follows that

Pr(U, B (k)< 0, Pr(EL (k) =37, 2 L (Pr(EL(s)In®) =t)Pr(ne) =t)). (38)
Using Hoeffding’s inequality,
Pr(E,(s)In's)=t)<2e"™ . (39)

Consequently,

Pr(Uik E,(k )) <> ?;zo(Pr(E_z (s)l7'(s) =t)Pr(n'(s) =t )) <
> 2 (e (i) =)

(40)

The RHS of Eq. (4™ can f a2 restated as follows:
o s 2t62/ 12 ey 4\ NO® (—262IM 2)7'(s)
PIE) L Pr(n's)=t)) =3, 2E e Y

Define 7'(k) = 2:21;((5), where % (s)e{0,1}, and %(s)=0,1 indicates whether or not the simple-action

corresponding to m(k) is selected at step s. By defining 7=-2¢/M?, it follows that



Z:O:k oF [e n,-(s)} _ Z:O:k oF [e r(z(1)+z(2)+...+z<s))] _
> 2L (-Pra, ., cat) +Pr@, calt)e’ )= (42)
> 2T (- Pray ) ea) (1-¢7))

Similar to lemma 1, Pr(an <a(t)) can be replaced by a smaller term:

2ok ZH;(l— Pr(a,, € a(t))(1-e° )) <

@ S Xin(s (O) r S_l n ® ,)(m,,/ O) . 5_1 n * (43)
Zs:k ZHt—l[l_(+j(l_e )?/Zn*l/ }:Zsk Z[J. |\— r;j(l—e )}/Z”*ﬂ j

The RHS of Eq. (43) can be approximated as follows:

Z:’:k 2(1_(Mj(1_er)y Snllln] z,)zS:k l’ 1_(Xm+)(o)j(l_er)yln(s)J ' (44)

The series in the RHS of Eqg. (44) is converge.* Consequently, following the convergence of partial

sums, for any Jthere exists a K4 such th . 1u, s>K, the series ends up less than &/2.
We can verify that the series in Eq. 44) is cu.ivergent as follows.

Define a=(Xmn)(0)/r)(1-exp(7)) - ad b=-11,\3). The RHS of Eq. (44) can be stated as follows:

f (s) :Zj_l(l—sibj , (45)

where a,be(0,1).

sh
a ,
As (1__bj et

S

fs)<d. e )SH) . (48)

The RHS of Eq. (46) converges like a geometric series.



3.2. Multi-reinforcement learning automata |1

The previously proposed multi-reinforcement LA is based on the pursui* algr sithm. It has two main
drawbacks, which are due to the characteristics inherent in the pursuit sche. ~=. In >*der to illustrate these
drawbacks, we consider the following scenario. There is an environment wi.'ch cail accept an action from
the set A={a,,...,a,} as its input in each time step. The expected rewe.~ Jf the environment for the i"
action is d; Vie {1,...,4}, where d>d; VI<j. A pursuit LA starts ope ating i~ the environment, and after k;

updating steps, its estimated rewards and action probabilitie. sat’.fy the following relations:
64(k1)>63(k1)>dA1(k1)>dA2(kl) and pa(ky)>pa(k))>pi(ks, >0 ;). As the operation of the LA
continues, and a; collects more rewards, the I~llowing relations are satisfied:

(fl(kz) >dﬁ4 (k,) >dA3 (k,) >dﬂ2 (k,) and pi(k2)>pa(ka)> 2-(ko)- » ;) for some k,. Assume that after step
k,, the received reinforcements are such that the follov.*ng holds: d, (k) = max (dﬂI (k3)) for any ks>k,.

Accordingly, after time step k,, the selection proabrawy of a; always increases, which is favorable;
however, the relative order of the selection | .~abi.‘ies of the other actions remains unaltered (i.e.
Pa(ks)>pa(ks)>p2(ks) for any ks>k,) regardles- ~f the,~ average received payoffs. The second issue with the
pursuit algorithm is closely related to the first on.. Consider again in the previous scenario that after step

ki, the average received payoff for ac'ion ¢ starts to increase. Define ks as the minimum number of
required steps such that the followiig huits d, (k, +k,) = max; (dﬁI (k, +k5)). During these ks steps,

the probability of action a4 alwavs .~ :rea‘2s regardless of the received rewards. After these ks steps, the
probability of a; starts to inc <><e. However, it may take a long time until p;>p, is satisfied. These

described issues may lead te _:~w convergence in the pursuit algorithm.

According to the fi st obs.vation, the selection probabilities of actions other than the one with the
highest estimated rew. "1 '.1ay '.e unrelated to their obtained rewards. Accordingly, it would not affect the
learning process if _A se'ecis these actions with equal probabilities. The second issue can be solved if the
action with the hi_hest e .timated reward is always selected with the highest probability. The second
model for the nulti-i ~inforcement LA is designed according to these observations and is similar to the &

greedy scheme .~ O-’sarning [10].

Fig. (4) - 'mmarizes the steps of the proposed multi-reinforcement LA Il, and the block diagram of
the algorithm is provided in Fig. (5). The algorithm performs action selection in three manners: greedy,
exploratory, and mutated greedy. During step k, the algorithm selects the super-action with the highest

estimated reward with probability 1-A(k). We assume that (A(K))xen is a decreasing sequence of numbers,



which converges to zero. Hence, it is ensured that the super-action with the higt <.* estimated reward is
ultimately selected almost surely in every iteration. Additionally, each simple _.~tion should be selected
for an adequate number of times in order to ensure that the estimated rewara. ~0".verge to their expected
values (as discussed in lemma 2). In this regard, with probability A(k)/2, the ~ropused method selects a
super-action in a random manner in line 2, which guarantees that ear.1 si' ...!~-action is chosen for an
adequate number of times. Finally, with probability A(k)/2, the algorithm (~n utilize the mutated greedy
selection strategy in each iteration. Mutated greedy selection has the bei =fits of both exploratory and
greedy selection strategies. It greedily selects a slight perturbed \2sion <. he best estimated super-action.
Consequently, by using mutated greedy selection, the algc-it'.n cin frequently select and exploit
estimated better simple-actions, while experiencing all simple-.~tions for an adequate number of times.
After action selection, the selected super-action is carrie. aut "1 the environment and the estimated
rewards are updated based on the received reinforcement sigi..'s.

It is easy to show that by using a decreasi: ., ~~™ence (A(K))ken Which satisfies A(k)=xu(t) with

Zk u(k) =0 and x>0, each simple-action i <elec ~d infinitely often. Also, if the averaging factor

satisfies the two conditions Zk nk)=ow ZK (n(k ))2 < oo, the estimated reward of each simple-

action converges to the actual expected raward of the simple-action. Hence, as A(k)—0 with k—o0, the
selection probability of the most pron sing su) er-action converges to 1. Based on these observations, the

proposed algorithm is s-optimal.
3.3. Multi-reinforcement lear’ ing autu.nata Il

The multi-signal LA Jro, osed in the previous section is not absolutely expedient. In order to

illustrate this issue, consiac. the following scenario. A Multi-reinforcement LA 1l is operating in an

environment, and its .otir @l super-action is @ . During the first k, updating steps, a super-action like
a; #g receives rore favorable feedbacks from the environment in comparison to the other super-
actions. Hence *he \.''Zwing relation holds in step k. ZI 1,Q, (k,) <Z| J,Q, (k;), where I and J are
Boolean vectcs rep'2senting the members of a and a;, respectively. Accordingly, the selection
probability »f 4, would increase for some iterations after k; as (A(k))en is a decreasing sequence of

numbers. This increase in the selection probability of a; continues, regardless of the received payoffs

until the following condition is satisfied: ZI 1,Q, (k,)> ZI J,Q, (k,) for some k,. Absolute expediency



is a very useful property, which, under appropriate conditions, guarantees the co’.v “*aence of a group of

learning automata in a CLA structure [23, 26].

Algorithm 11

Input

r: number of simple-actions

A ={a,a,,...,a,}: actions set

w<r: number of simple-actions to be selected.
(A(K))ken: learning rate.

(n(k ))ken: averaging factor.

Initialization:
Initialize the estimated rewards for the simple-actions:
Qi(0) = ¢, Vie{l,..., r}, where ¢, is some constant value.
repeat
1. With probability 1-A(k): // Greedy selection
a. Select the w simple-actions with the higheste .__.c. puyffs as a(k).
2. Otherwise with probability A(k)/2: // exploratory
a. Select a random super-action as a(k).
3. Otherwise: // mutated greedy
a. Select the w simple-actions with the hinhest €. iected payoffs as a(k).
b. Select a random action a;j¢a(k) accordi, 1 .~ its . ‘obability value defined as:

c(k
P, k) Viel={l - .~)anda A}
Zjel Qi (k)
c. Select arandom action a,;ea(k 2~cording to its probability value:
l—qI
pp=—0— Vle
Zjel l_qi
where
k
q, = Qh—() - Vh e,
/
Zjele S
and
I={slasea(k)’

d. Replace a;v. *h 2 in a(k).
4. Perform a(K) in the .nviroi.. ~ent.
5. Receive a vector r .info’ .ement signal S.
6. Foreach action &, " ¢ K) dr.

a. Qi(k+M=Qi. >+ (K)(5i(K)-Qi(K)

until some stopping ce .dition i satisfied.

Figure 4. Pseudocor= ot . '"** .einforcement learning automaton 11.



Define an r-dimensional vector Q as:
Q (0) «[c,...,.c 1" // c is a constant value

¥

k <0

v

St «— random(0,1)

A« {a,....a;}
W <« super-action size
r<JA|

1

k <k +1

1

.| B<an r-dimensional vector with
7| undefined elements

| «<—randoi. __.ermu ation(l:r)

Qi (k+1) =Q; (k)+7(k (4 (k)-Qi (k) Vi el

v

)

| «{slas ea (k)}

oK)~ |

pep
)

”’ [7i.j(a B anda; D =Q; (k)2Q; (k))]

Defined g:

B = if (a ea (k) and f3 is associated with a; , !
|

|
G
|

Y

|H . ~uuurl A into two sets B and D such that:
I

Biwand |DJ=r-w]and

a (k) (B -{a h{as}

1

a

1

|

Ei. tronment

Select a random acti .n frr n B
according to probability ai.. thution p

)

1, _
pi = — - Vi el
Zje (l_ql
a WA
o} _-_—A) Vi el
/2 Qi (K)

a(k)<«B
\ 4
] | «{s|a B}
J«{slaseD}
Q; (k) .
P = Viel
ZjeJQj(k) -

according to probability dist

Select a random action from D

ribution p

A

as

Figure 5. The block diagram of multi-reinforcement LA 11




One of the absolutely expedient learning automata algorithms is Lg, [1]. . *his section, another
multi-reinforcement LA model is introduced which is based on the Lg, algorit-.. Like algorithm I, each
simple-action has an associated energy and is selected according to its energy 'ev :l in each iteration. The
internal state of the learning automaton is modeled as a particle in an r-dimen..~nal nypercube. However,
in contrast to algorithm I, the total energy of the LA (energy sum of “ul si ..,.'-actions) is always kept
constant and equal to w. Accordingly, an increase in the energy level nf a | ~rticular simple-action should
results in a decrease in the energy levels of the others. In this rege 'd, whe ever a selected simple-action
receives a favorable reinforcement, its energy level increases, -.>d u.. increased amount is subtracted

from the total energy level of the unselected simple-actions.

A multi-reinforcement learning automaton Il opcrates as follows. At each iteration k, a w-
dimensional super-action is selected in the same way as a.joritun 1. Then, this super-action is performed
in the environment. The environment provides the lea. ''ng system with a w-dimensional feedback signal,
which represents the favorability of each one of .~ celecied simple-actions in the super-action. If the
associated signal to a selected simple-action li'= a; . favorable, i.e. £(k) = 1, the energy level of a; is
increased according to Eq. (47). This increased ai "ou.:t is subtracted from the energy level of unselected

actions in order to keep the total energy level u. the LA constant (Eq. (48)).

Xi=Xi+AB(K)(1-) (47)

X, =X AR (K)(A-x,)

P Y x (1)

(x,) Vv, =ghl s eak) and a, €A} (48)

Here, / is the learning ' aie Darameter, and similar to algorithm I, the selected set of simple-actions at
step k is represented by a(n,  is an r-dimensional Boolean vector which represents the selected simple-
actions. Fig. (6) illustr «tes .ne nroposed multi-reinforcement learning automaton algorithm, and its block
diagram is provided in k.. /). In implementation, each unselected action should be updated once for
each rewarded act on, (us.1g a random order for the rewarded actions) as illustrated in Fig. 6. However,
with a slight m~ Zificauuil, we can first reward the selected actions, and then reduce the rewarded amount
from the unse ected a ;tions as illustrated in Fig. 7. Both schemes yield very identical results and can be

used alterr ~*ely,
4. Cellular lea. ning automata models with multiple reinforcements

CLA is a hybrid model based on learning automata and cellular automata. In this model, each LA

selects an action in each step of the learning process and performs the action in its environment. Then, the



local rule of the CLA determines the feedback to the LA. This feedback is ger :. ~ted according to the
selected actions in the neighborhood of the LA. The three LA models, intror'..~d in section 3, can be
directly integrated into the CLA model. The CLA models based on .~ *iree introduced multi-
reinforcement LAs will be investigated empirically in the experimental secu. In this section, we will
investigate a CLA model which aims at maximizing the expected rews.d fr. .~ch LA. It will be shown
that the proposed model converges to a compatible point [43] when the loc..” rules obey the characteristics
of a potential function. Many distributed problems such as channe assign ent in mesh networks can be

modeled as potential games [48].

Algorithm 111

Input

r: number of simple-actions

A={ay,....ar}

w<r: number of simple-actions to be selected.

A: learning rate.

Initialization:

Set x(0)=[w/r, w/r,..., w/r]", where x;[0,1] represents the . ..~y 0. *he i simple-action.
Consider an r-dimensional Boolean vector I: 1;e{0,1} Vie {1, ..,

Let C={C,,C,,...,C,} be the set of corners (vertices) o’ ..z ' A, 'oercube with exactly w 1s and (r-w) Os,
r

where 0 =[c| = , Cje{0,1}, and zj Cy =w Vi e{L...0}.
\

Setk =0.

Repeat

1. Setk=k+1 and a(k)={}.

2. Select a random set of simple-ar .ions «ccoring to the energy level of the LA (i.e. according to
X): each action like a; is selected v.™ . pro* ability x;.

3. Foreachie{l,...,r}, set l; =" if action . 1s chosen in step 2, otherwise set I; =0.

4. Let C’ be the subset of vert ce. ™ C, which are in the minimum distance to I. Randomly set | to

one of the vertices in C’.

For each ie{l,....,r}, ac . sn. nle-action a; to a(k) if I; =1.

Apply a(k) to the envi anmr it

Receive an r-dimen-iona: . "inforcement signal g, where £ is undefined if a;ea(k) (i.e. 1;=0).

Update LA inform ion 2s fonuws:

For each action ¢ suct that ', =1 and £(k)>0 (in a random order) do:

® N o

27 (k) (1-x,) _
X =X, ————"——"2(Xx. )V hla ¢a(k) and a €A
J lel(l_ll)( J) Je{ | " a() he }
V=X ) (LX)
until some stoppi «g cond: ‘on

Figure 6. Pseudo nde of M Ilti-reinforcement learning automata Il



C ={C’|C’e{0,1}" and C’ contains exactly w 1s} <:| A < {as,....ar} P
W <« super-action size Start )

r<JA|
| {0} '

.

.

Define an r-dimensional vector x as:
X (0)«—[w/r,.. . w/r]"

.

k <0
i=0Vie{l,...,r} k«k+1
< L T
x ‘k =X (K)=—gxx. (k) Vj el
/=1 with probability x; (k) Vi € {1,...,r} p =X ()= (k) v
=
, . EZISJ By (1-x, (k)
C'={S| IS -1l = min; (|IC; -1 [} x= r
DL @=1)x
| «-a random element of C’ - .
i_xi &+ =x, (K)+ 48 (1-x,; (k)) Vi €J
~> =
S <an r-dimensional vector with B<p
undefined elements =
@ Defined 4:
- Fi=pif (& a (k) and 4 is associated with a; )

[y
Il
[
I
[N
-

(7

>[ Environment ]

a®)=fali=1y T

Figure 7. The block diagre 2 of .ulti- einforcement LA I11.

4.1. Multi-reinfor ~ement :ellular learning automata with the maximum expected rewards

In this se ‘tion, a LA model is introduced, which aims at maximizing the expected reward for each
LA. The ctrrent LA is closely related to the model previously proposed by Morshedlou and Meybodi
[43]. In ther. ".10del, each LA learns a probability distribution over its actions. This distribution leads to
the maximum expected reward in response to the empirical joint distribution of actions that are performed
by other learning automata in the neighborhood. Consequently, each LA converges to a probability

distribution, which may have non zero probabilities on several actions. However, some applications



require each LA to learn a single optimal action, or super-action. In this reg-.. the proposed multi
reinforcement CLA, which will be called MCLA, estimates the payoff for eack _.mple-action in response
to the performed actions in the neighborhood. Then, it gradually increases the -2l .ction probability of the
most favorable super-action, the one consisting of simple-actions with the hiy. ~st expected rewards. The
three introduced LA models can be generalized into CLA schemes v aich «.™ maximize the expected
reward of each LA according to distribution of actions in the neighhori..nd. For instance using LA-I
model, each LA of the CLA selects a super-action as described n algoi thm 1. Next, it observes the
selected actions in its neighborhood and updates their empirics! disu..udons. Then, the LA receives a
feedback from the environment for each one of its selectec <’.nple -actions. Based on the empirical
probability distributions and the received feedbacks, the estima. v payoff of each combination of actions
is updated. Finally similar to algorithm 1, the energies o, ~impl- -actions with the w; highest expected
rewards are increased. In what follows, a MCLA model basc~ on LA-II will be investigated. In order to
proceed, the required notations are summarized in 1.>le 1. Additionally, some basic equations and
relations can be derived as follows:

Table 1. Summary of basic notations and definitions used in . CLA.

Definition Notation ~ De. nition Notation
Number of actions of the i" , i
LA i Ac' on set of the i LA A = {ail""'aimi }
Number of actions to be _ i n (M
selected by the i LA Wi Number of Super-actions of the i"" LA z; = (w
i

A mixed strategy over A; (a probability
r =
Super-action set of the i" LA - {—311’ By

"7 distribution over the elements A) e
The set of all mixed stratec s
associated with A, \i Index of cells in the neighborhood of the cell i Ni(2), Ni(2), ..., Ni(ni)
The number of neighbors o1 Average reinforcement of a simple-action like aj o ( 5.
the i cell (LA) for the neighbors’ joint actions until step k Qi (k. i A @l Ay M )

Estimated selectior

probability of &; in *eok pyj (k)

.
Empirical a.*ir n selection probability of the i LA in step k: p; (K ) :[ﬁil(k ), Pi5(K), ..., ﬁizi (k )}

Estimated action selection probabilities in the neighborhood of cell i: pn, (k) = [ﬁNi @ (K)o Py, gy (K )]



Expected reward for an action like a;; at time step k:
Er (aij ,pn; (k) =
Zy. ZN; (g n
Wi |nl\ih=(1 )(Hs:l PN )l (k))Qi (K@ a0, @B, )y, )

Super-action set with the maximum expected reward for the i™ LA at tii. ~ s 2p k:

B, (. B, ()= g <A, 13, o, Erey o0, (k) =max, .o (3, ErGay,on (k)| 60

Actual reward for the mixed strategy o:

Fi (o, pn; (k) =

Zi EN; () N (TTY B o ¢
Zu:lo-UZaijeaiu[Zh:l "l =1 (Hs:lei(S, N '/'l\k’aij’gNi(1)|1""’§'\‘i(ni)|ni )}

Epsilon maximum expected reward set for the i" LA.

b (k. B, (K)) ={o e A, [max,..,, (F; (0,0, K )~ F; (o, pn; (k) <&}

Algorithm IV

Input

r: number of actions

w<r: number of actions to be selected.
(A(K))ken: learning rate.

(17 (K))ken: averaging factor.

(7 (K))ken: discount factor.

While termination condition is not satisfiea, '~
I. For each cell like i, synchronous”,  ith other cells, do:
1. With probability A(k)/” do: / exploratory selection
1. Selectaranac. ~ dper-action as a;(k).
2. With probability A(" j/2 do: 1, ~utated greedy selection
1. Selectt'.e m7 \imum expected reward super-action let «;(k) be this action.
2. Definer .~ ={lr ,eai(k)}
3. Sele~” .ranac - simple-action from ¢;(k) according to its probability value
de ined as:

woo ta®

i >_;jel 1-q;(k)

where

—- Er (ay,, pn; (k)) ohel
za” ca (k) ET @1, P (K))

4. Select a random simple-action not in «;(k) according to the probability values
defined as:

(51)

(52)



Er (a,, pn; (k)
zais za; (k) Er (ais , pn; (k ))

5. Replace the action obtained in step 2.3 with the one obtained in step 2.4 in (k). ‘
3. With probability 1- A(k) do:

1. Select the maximum expected reward super-action as a;(k). |
4. Perform the selected super-action, and receive the reinforcement vector gi(k).

{(1—7/0())[5” (k) +r(k)ifa; (k) = g
5. py(k+1) =
@-y(k)pj (k) otherwise
6. Qi(k+1,)=Qi(k.)
Qi (k +Lay . gy (K)o, (K)) =

7. Q(k.ayay (K)o ay oy (K)+ Vie{llaye ~

ﬂ(k)(ﬂij (k)—Qi (k ’aij 'aN, (1)(k ).n-,OlNi ("‘i)(k )))

P = vhe{l |a, eA &ay 2o (K)} ‘

ijl,...,zi

End for

I1. Set k¢— k+1.
End while

Figure 8. the pseudocode of MCLA

Fig. (8) gives a pseudocode for the descri” .. Mc.'* A model, and the block diagram of the model is
provided in Fig. (9). In this model, each learning automaton learns the empirical distribution of actions
that are occurring in its neighborhooc’. Alsu, it learns the estimated payoff of each one of its simple-
actions in combination with different su er- ctions, which are performed by the neighboring learning
automata. Consequently, it can cr.npi'.e th2 expected reward for each one of its simple-actions. During
each iteration k, every LA like LA; finc~ its w; simple-actions with the highest expected rewards. Then,
with probability 1-A(k), the LA pe. “arms these actions in the environment, or with probability A(k) it
experiments two other acti sn s lection strategies similar to algorithm Il. After performing these selected
simple-actions, the LA » pdate. the empirical distribution of the actions of neighboring learning automata
and the estimated pay ff . its serformed actions. It should be noted that A(K) is a decreasing sequence of
numbers; accordin’,.y, the sclection probability of the most promising super-actions approaches to one

during the learning, nroced Ire.



Initialize Q (0), p; (0)

v

AN

A« action set; r <A | |,
W; <— super-action size

k <0

v

St « random(0,1)

\'4

According to Eq. (49), update
Er(alj ' ﬁnl (k )) VJ :1:”':mi

1 >0.54 (k)

A

}==)<’S
Y

k«k+1

A

| Forj=1,....m; |

| «—random_pe "mutatir 2(1:m;)

otherwise

5 (k+1) {(1—7(k NPy (k) +7(k) if o (k) =3
Pi; = _
J @-yk))p; (k)

Pi rtiti- 1 A, into two sets D and E such that:
"E|zw and |D|=m; -w; ] and

A

For each a; €a; (k )|

ai (k) <1 (L:w) |
B -

( g €Eandg; eD =

vl,

\ || "\ Er(ay. pn; (k) = Er(a;, pn; (k)
|

LN a; (k) «E
Q; (k +Lay,ay (k) ay, oy (K)) = . i (k)
Q| (k 1a-” yaNi (1) (k )! ey aNI (ni )(k )) +
| (—{ S |aiSEE }
00 (B () -Q; (k3 . gy (K)o o)) v
A ) J «{s|aeD}
Qi (k+1) = Q; (k) ; ¥
A Loce environment ] R
: D, = Er (a,, pn; (k)) cJ
. A h = —
Ak ‘“ﬂ ZaiseD Er (&, pn; (k)
A
Defined g - v
B =P if (ais €aq (k ) and 4. is assuciated with &g ) Select a random action from D
— according to probability distribution p
v
a; (k) —(E -{ac Pofan ) a
_ ) v
S <an r-dime sional vector with undefined Er(a, . pn. (k)
elements q, = e T el
— Za“ e Eray, pn; (k)
it v
t ot
Select ~ re 1d tion f E ding to th -
elect ~ re dom action from E according to the < Zjel 1-q; (k)

probabily 7 distribution p

Figure 9. A block diagram for the operation of a typical LA like LA; in the MCLA. All LA in the MCLA run the similar

code and operate synchronously.



4.2 Convergence analysis of MCLA

Lemma 3. Assume that the following hold w.p.1: E[Fi (aij,a')] = A E[Fi (aij,a')2]<oo,

D nk)=o0, and Y " n(k)*<oo. Also, assume that Q, (..a;,”" is . dated infinitely often.

Then, Q, (k,a; ,a") converges to A w.p.1 as k—oo [10].

U

Lemma 4. If A(k)=27rrk ™*, where r is maximum number of supe. acfi- as in the LAs of the MCLA

and s is the maximum neighborhood size in the MCLA, assum no *.ie ¢ )nditions of lemma 3 is held, then

in the proposed model:

lim [Q, (k.a;.a)~F (8.,a)|=0 Vi,j.a" (53)

Proof. For a typical LA like LA, the selection prob.\il’.y of each super-action is at least @ > @ .
m. r

Accordingly, the occurrence of each joined suner-action in the neighborhood of LA, is at least

(iél: )j > (ﬂét )J . With A(k) =72rk ™, the selection probability of each joint action is at least

°k . 7° >0 is constant, and it ran he v. fied that Zk =0, Accordingly, the average estimated
k =1

reinforcements converge to the ‘.ctual v. *3 w.p.1 [10].

Theorem 2. A MCLA with su.>ntial local rules converges to a set of Nash equilibria under the following

conditions.

We assume that the coi..' ions of lemma 3 and lemma 4 are satisfied and, also, assume that (y (k))ken is a
sequence satisfyin | the tw ) requirements >~ y(k)=co and > = (7(k))< o . Additionally, the
reinforcement ~.ynals are bounded and fall in the range [0,Dax].

Following '~mma 4, !I_rg |Qi (k,a;,2)-F (g ,a')| =0 Vi, j,a", and consequently, there is a

sequence like \ 4(k))ken such that z4(k)—0 as k—o0 and

Q, (k.a,,a)~F, (8.2 < 4 (k) Vi,j,a'.(54)



We first show that, at each iteration k, the super-action of a typical LA like LA; is 5. 'ected from the set of
its epsilon maximum expected payoff super-action set with respect to pn, (k. To do this, it should be

shown that the expected reward of the selected actions of LA; plus ¢ is greater .-an the maximum of the

achievable actual reward.

During each time step k, the action of a learning automaton like LA: is _~lected according to a mixed
strategy like (k) (considering three action selection strategies il Fig. (<)). Also, by representing the
expected reward of the i cell at time k with Er;(k) and follow’ ., the wiocedure of multi-signal cellular

learning automata in Fig. (8), we have

Er (k)z(l—l(k))maxgu A [ > Er(a,, pn, (k ))}

Q) €g;
A0 LS S Erayon, (k) + (55
2 |A| |§ij €A & €g;
@{ > Y ey (k) — - Y Er(aih,ﬁni(k»}
a; €B; (k) & € W m. - i A £

Er (k)z(l—/i(k))maxgijeAi L D Tr(ay, py(k ))]2

) €@

(Jﬁﬂ(k )){maxéu eA; [ Z F(ypr, K ))]_Wi:ui ] 2

| €8
(56)

max,, ., ( Z F(a,,pn \k)‘]—/i(k)WiDmax W, +AKW, =

aj| €g;

MaXy, ca, ( Z Fay. (k\)J+5i (k)
8j) €&;

As k—o0, we b .v¢ g5—u and 1(k)—0; consequently, (k) —0. Therefore, the selected super-action of each
LA converges ‘o its er silon maximum expected payoff super-action set.

Based on .~ Jpdating rules of the proposed algorithm, p; (K +1) = 11— 7,,,)P; (K) + 7l ). The
expected value of 1, ., is z(k). Consequently, I, ., =7 (k)+M;(k), where Mi(k) is the difference

between the expected value I, ., at step k and its actual value. As discussed before



m (k) ebi(k,pn;(k)). Accordingly, p;(k +1)e@-y.)P (K)+r., ("iu\fm (k) +M; (k ))

Mi(K) is a sequence of perturbations such that, with the assumed conditions on y(k),

57 +DM, (G +D)

t-1
I!im Sup{ |Z7i (J+D<T }=0 forany T>0 (57
—o ¢ i

Accordingly, B, (k +1) € (1= 7,.,)P; (k) + 7., (b7 (PN, (k))+ M k)) i a GWFP process [49], and

converges to the set of Nash equilibria if local rules satisfy the - on¢’.u.>s in Eq. (10).
4.3 On the computational complexity of MCLA

The proposed MCLA has updating steps with expone. *ial computational complexities, which can
significantly affect its performance. However, cons.ering the properties of local rules in some
applications, the time complexity of the approach ¢ *niu. . 27uced effectively. The multi-reinforcement RL
schemes introduced in this paper are develop * on ‘he basis that the environment can provide each
selected simple-action of a super-action with an 1. dividual reinforcement signal. Accordingly, different
simple-actions of a super-action are learned sep..~tely, which significantly reduces the learning time. The
same approach can be employed in MC’_~.. ~or instance, consider a multi agent environment where each
agent interacts with several other agen.. in its ' .eighborhood. During each iteration, a typical agent selects
a set of actions and applies each ar .ior 0 one of its neighbors. The neighboring agent which receives an
action responds the executer of t":e av.*on Jased on its own selected actions. Accordingly, an LA can learn
the estimated payoff for each “.in\.'=-action in combination with different other simple-actions rather than
joined super-actions. Then u, expected rewards for simple-actions can be calculated based on these
approximated payoffs. In > local rule of the application which is studied in the next section, the
expected payoff for e7 ch ¢ mple-action only depends on the selection of the same simple-action by the
neighboring LAs. Hence, .*~ ! zarning procedure can be implemented in an efficient manner. Additionally,
we can simply u¢ 2 the k- algorithms, proposed in section 3, in each cell of the CLA. All of these
algorithms hav~ 'inea: ume updating steps, and as it will be demonstrated in the experimental section,

they can achie /e very jromising solutions.
5. Case stu.'v- distributed channel assignment in multi-radio wireless networks

The proposed LA and CLA models can be employed for solving several engineering and scientific

problems. As an application of the proposed models, this section examines the multi-reinforcement CLA



models on a channel assignment problem. The proposed methods can be appli:. to different channel

assignment tasks such as the one described in [50].
5.1. System model

In this study, several pairs of users are communicating with each ¢ aer ,ver single hops. Each pair of
such users will be modeled as a node in the system. Each user posse...s a sc' of identical radios that can
be tuned on the available channels. It is assumed that the available . vequenc y band is divided into a set of
orthogonal channels with identical bandwidths. The communic .ion hetween two users in the same node
is bidirectional, and the two participants in a communication ce.. coor finate to select identical channels.
As the users can possess several radios, they can communicate vith each other at the same time over
multiple channels. The available channels for node i i~ the ~v<.em will be represented by S;, and the
number of its equipped radios will be denoted by K; i~ 2 = _i|. The communication between two users
in a node over a channel may be unsuccessful due to inw.~ference from other nodes. In this paper, the
interference model described in [51] will be empi v .d: if two nodes within each other’s interference
range transmit data on a same channel, none of . &, > can transmit any data successfully. We also assume
that the users in different nodes do not coop. -« v each other, and each one tries selfishly to maximize
its own throughput. The throughput of each user s maximized if it can select the maximum number of
noninterfering channels. Additionally. a user loes not use a similar channel on more than one radio to
avoid interference from itself. Nosles n.>v .eave some of their radios idle if they cannot find any
noninterfering channels for these adi‘.s. A node can be encouraged to leave some of its radios idle and
not to assign them interfering r 1annels .y getting small rewards on its idle radios. Idle radios on a node

would provide chances for sorne othe. nodes to tune their radios on more channels.

Possible interferences v.” veen different nodes of a network can be modeled using a conflict graph.
Each pair of users in t 2 sy ,tem is represented by a node in the conflict graph. There is a link between two
nodes in the conflict ~rapi, *¥ and only if the two nodes are in the interference range of each other. Hence,
a user can transm ' succe: sfully on a particular channel if none of the users in its adjacent nodes in the
conflict graph * wismicun that channel. An example conflict graph of a network with 25 nodes is depicted
in Fig. (10).



Figure 10. A sample conflict graph of a wireless network with 25 pairs ~f users. zach pair of users is modeled as a node in the
conflict graph, and the possible interferences between nodes are repre. "ted ., ..ie edges of the graph.

5.2. Channel assignment algorithm based on CL+

In order to solve the introduced channel assiyment problem by the CLA approach, a CLA with N
cells is considered where N represents the numi.~r of nodes in the network. The CLA is isomorphic with
the considered network, i.e. cells i and , .= connected if and only if nodes i and j are adjacent in the

network. Each cell contains an LA wh, ~h contr )ls the channel assignment strategy of its associated node.

Each LA, like LA;, has an ac*or set Jf size |Sj| + K, where K; represents the number of equipped
radios on each user in the i" n e, and o; represents the available channels of the node. Here, the action
set size is |S;| + K; rather than IS;| sinuz each node can choose to leave some of its radios in an idle state.
During each iteration of t'«e arsignment procedure, each LA, like LA;, selects a set of K; simple-actions
according to its interr . state. Then, these chosen simple-actions are assigned to the radios of the
associated nodes. Afte, = .tior selection step, each LA receives a reinforcement signal which represents
the favorability of its se'ected simple-actions. In the proposed algorithm, each selected simple-action
corresponding to a avai' .ble channel receives one reward point if the channel is not selected in any of
the neighboriig nou>s (or cells). If a chosen channel is also selected in a neighboring node, the
corresponding s.™"'_-action receives no reward. A simple-action corresponding to an idle radio always
receives e<" r:ward point (or receives one reward point with probability &). Accordingly, nodes are
encouraged no. to select interfering channels so that these channels can be utilized by the nearby nodes.
The CLA of the proposed channel assignment algorithm can be implemented based on any one of the LA

models that are described in section 3 or can be implemented based on the model described in section 4.



Fig. (11) illustrates the channel assignment algorithm based on the CLA which ..o LA I1l. In order to
illustrate the operation of the channel assignment algorithm, the procedure ir 7q. (11) is presented in
sequential form. However, each node of the network runs its code synchronc. ~lv with other nodes of the
network as illustrated in Fig. (12). The CLA in Fig. (12) is based on LA II. A, ~rithins based on LA I and
MCLA are much similar to the ones illustrated in Fig. (12); hence, they are r .. ~rovided here for the sake

of space economy.

Input:
G = (V, E): conflict graph of the network
S=(Sy, Sy, ..., Sn). Si: the set of available Channels for node i in the network
K = (Ky, Ky, ..., Ky). Ki: number of equipped radios in node i.
A: learning rate of each LA.
Initialization:
Consider an irregular CLA isomorphic with the network.
LA, in the CLA has the following characteristics:
It is a multi-signal LA with r; = |S;|+K; simple-actions and super ~tion size of K;.

A, ={ai1,...,airi }
The energy level of the LA is represented by an ri-d” .. =~innal vector x;, where
Xi;€[0,1] represents the energy level of the i simple-a tic
xi(0)=[Ki/ri, Ki/ri,..., Ki/ri]T.
Set t«0.
Repeat
1. For each cell like cell i do:
a. Select a set of simple-actions according .~ their energy levels; name it a’i(t).
b. Randomly select one of the closest super-actions to a ’i(t); denote it by o;(t).
2. Generate a reinforcement vector for ez .n LA ke LA;:
a.  For each action ajjea;(t) dr
i. |If aijeSi:
JJ «fa. is not selected in any neighboring node
By ) =

(0 ou v se
i Ifaes.
1 w. 1 probability &
L)
‘ 0 otherwise

3. Update each LA like LA; . follows:
a. Define {j|2 ey}
b. Define ={jl 4€A ai(t)}.
c. Update the merr y level of the LA as follows:

X (t+1) =x; O)+28; () (1-x; 1)) vj J
’?.EJ By (1_Xil (t))
2o X ®

S, D =X ) - ax @) Ve d

4. Sel —t4.
until some stop).” «g condition is satisfied

Figure 11. Channe. assignment procedure based on CLA with multi-signal LA type IlI
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Figure 12. b ~r < diagram for the operation of the i"" cell of the CLA based on LA-I1. The operation of the i"" cell is performed
in node i of the ~etwork. All nodes run similar codes in synchronous manner.



6. Experimental studies

In this section, we experimentally analyze the performance and the cr nve’ yjence behavior of the
proposed multi-reinforcement learning schemes. In this regard, we first ill.~trate ‘e applicability of the
proposed multi-reinforcement LA schemes on a set of decision making " ox lems. Then, the performance

of all CLA models on the channel assignment problem given in section < **«l be examined.
6.1 Performance evaluation of the multi reinforcement LA mod.'s

This section illustrates the performance of the proposec L “. mi dels. We assume that there is a
hypothetical stationary environment which can be in one of it ~tates at each time step. The environment
contains r devices that are hidden from the outside woriu. Durin/, each time step, each device i can be
active or inactive with a fixed probability d; independent fru. ~ other devices. There is an agent interacting
with the environment. At each time step, the agent seic*s w devices from the environment to use for its
own purposes. However, the agent can only empi.v u . _stive devices. After using the chosen devices,
the agent releases its selected devices to the e. ‘ironi.ent, and the environment activates or deactivates
some of its devices for the next period. This orocecire continues for an infinite number of iterations. The
objective of the agent is to utilize as many u.vices as possible to fulfill its assigned tasks in time.
Accordingly, it needs to find the w dev’.c. ‘vith the highest activation probabilities. Table 2 gives some

instances of the introduced problem, w. ‘<h are used in the experiments of this section.

Table 2. 10 instances of the decision r ~%ing probiem. r and w respectively represent the number of available devices and the
number of devices to be selected by ne age. * in each step. d; is the activation probability of device i.

Prob. rw d; d, I_ d; d, ds ds d; ds do dio
1 6,3 0.7296 | 0.298" | 0. 741 | 0.5187 | 0.1398 | 0.7555

2 6,3 0.4780 | 0.13u. ! r.5339 | 0.5144 | 0.1665 | 0.6029

3 7,3 0.7150 | 0.1i25 | « M087 | 09173 | 0.3971 | 0.9228 | 0.1271

4 7,3 0.9093 | r.5232 | 0.2607 | 0.7955 | 0.9818 | 0.2673 | 0.1049

5 8,3 0.8126 | '59¢5 | 0 4153 | 0.0855 | 0.0245 | 0.1393 | 0.2593 | 0.7124

6 8,3 0.8095 | 0.5. 2 | 48131 | 0.5743 | 0.9497 | 0.5437 | 0.3369 | 0.0266

7 9,5 0.572, | 0.8156 | 0.3232 | 0.9225 | 0.8017 | 0.8098 | 0.0074 | 0.0617 | 0.6051

8 9,5 0.06 1 | 0.35¢3 | 0.6395 | 0.0236 | 0.0899 | 0.0505 | 0.5532 | 0.7165 | 0.2128

9 104 | 0.69L" | 0.19r) | 0.3978 | 0.1777 | 0.5689 | 0.6425 | 0.1005 | 0.7337 | 0.6832 | 0.2827
10 104 | n""14 | C._o79 | 0.1581 | 0.7081 | 0.1114 | 0.6702 | 0.3283 | 0.6734 | 0.8162 | 0.4271

In orc . ~"e this problem with a multi-reinforcement LA, we consider an LA with r actions. At
each time stej. the LA selects w actions according to its internal state. Each selected action receives a

reward if the corresponding device is active.

6.1.1. The sensitivity of the proposed models to the learning rate



In this section, the sensitivity of the proposed models to variations of u ~ir learning rates is
investigated. In this regard, each model is examined with various settings for . 'earning rate on several

instances of the described problem. The expected error of the learning age..* is used as a performance

metric in this section. First, we define the expected reward of each super-action, > as follows:

Ri :Zjeldj
with (58)
I ={jla ea}.

If we represent the super-action set of the LA with A, we ca. 2btain the expected error of the LA at

iteration k as follows:

Z(k) = IT]a')(iel (RI )_Ziel qi (k)Rl
with (59)
| :{1,...,|A|},

where g;(K) is the selection probability of super-a.*ion & at step k.

Experiments 1: multi-reinforcement' Atyp |l

Fig. (13) shows the obtainec avr rage results for multi-reinforcement LA 111 over 20 independent
runs. Two major parameters ¢ fect the difficulty of each learning problem: the dimensionality of the
problem and the closeness of the rew. vd probabilities of different simple-actions. The difference between
the third and the fourth h'ghes. reward probabilities is considerable in problem 5 (Table 2). As the LA
needs to select three sir ple-ac..ns in this problem instance, it can easily converge to the optimal super-
action in a few iteratic <. .n cr atrast, the difference between the third and the fourth reward probabilities
is very small in preutem 2. Accordingly in spite of its smaller action set, problem 3 requires more learning

steps in compariso: to prelem 5.

As the le. rning r ite increases from 0.001 to 0.1, the convergence speed of the algorithm increases
significan’ ,. '*~wever, the algorithm can examine fewer actions with a high learning rate, which may
result in a p. *mature convergence. Consequently, hard problems or problems with larger action sets
require lower learning rates. For instance, using a high learning rate such as 0.1 resulted in the premature

convergence of the algorithm in some of its executed runs on difficult problems 3 and 9. Based on the



obtained results, a learning rate between 0.05 and 0.1 seems to be appropriate . >* most of the tested

instances as the algorithm can find optimal or near optimal results in the design~.. Y number of iterations.

0.7 ——12=0.001 0.7 - e \=0.001
l —&— 1-0.0025 \ —&— 1-0.0025
0.6 e )=0.005 0.6 - e %=0.005
—¢—2=0.0075 —%— 2=0.0075
5 05 —¥—3=0.01 5 05 \ —*—12=001
S —0— 2=0.025 E —0— 2=0.025
= 0.4 - e 2=0.05 = 04 - e 1=0.05
Zoa I W Tl - 2=0.075 £ s Q o= A=0.075
Q- 2=0.1 o U2 -
< e o)
© 02 4 T 02 -
\
0.1 | n - )S“
012 s = IR
0 2000 4000 6000 8000 10000 N 2000 4000 6000 8000 10000
iteration . iteration
Problem 1 Problem 3
07 1 ——2=0.001 |57 ——1=0.001
06 —&— )=0.0025 ’ ' —&— )=0.0025
] —— =0 0.6 - ——a— 2=0.005
05 - == 1=0.00 '3 | | e 1=0.0075
S - —¥—1=0.01 505 —¥%—2=0.01
& —— . i | E —0— 2=0.025
= 0.4 1 e =00 " g 0.4 - e 3 =0.05
B 03 | = = = 1=0.075 i 0.075
;& ' < 2=0.1 g 037 :
©02 1 N So02 4
]
0.1 0.1 |
0 oroc e MR S——x () +——= e e
0 2000 4000 600L 800cC 10000 0 2000 4000 6000 8000 10000
iteratic . iteration
Problen o Problem 7
0.7 : 0.7 1 2=0.001
. 06 2=0.0025
0.6 - ) : 2=0.005
) 2=0.0075
5 05 - ) 505 7 2=0.01
£ ) s 2=0.025
5 047 . = 047 %=0.05
2 N g | =0.075
30'3 ] 2=0.1 §°'3 ] A=0.
S 02 - %\ W $02 -
0.1 1 " ‘\o\.\_._.\‘_J 011
01— ST - S ——— 0 . . =
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
-~ iteration iteration
Problem 9 Problem 10

Figure 13. Th. average expected error curves of LA Il on different problems from Table 2. The average expected
errors of the algorithm on each problem instance are obtained using different settings of the learning rate ().

Experiment 2: multi-reinforcement LA type |



The same experiments as in the previous section are conducted using LA .y, = I. As it is obvious
from the achieved results in Fig. (14), LA type | demonstrates rather b’y convergence rates in
comparison to LA type Il on all of the tested problems, and besides pro.i~rs 2 and 7 it is able to
converge to the optimal super-action with all of the tested learning rates. Accu, 'ingly, LA | seems to be a
better choice for random stationary environments in comparison to LA ., however, as it will be

discussed in the subsequent sections LA 11 is able to obtain better rest''ts 11, Multi agent settings.
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Figure 14. The average expected error curves of LA | on different problems from Table 2. The average expected
errors of the algorithm on each problem instance are obtained using different settings of the learning rate (1).



Experiment 3: multi-reinforcement LA type |1

This section illustrates the behavior of the proposed multi-reinforcement "_A I . In the experiments of

this section, 7(k) is kept constant at 0.01, and an increasing sequence with a. *nitia. */alue of 0.1 is used as

(A(k))ken. Herein, we use a simple equation for defining the values of thi pa ameter as follows A(k) = A(k-

1) + &1- A(k-1). The average expected errors of LA Il on different probi. s with different settings for 6

are provided in Fig. (15). The obtained results clearly demonstr te the >ffectiveness of the proposed

learning scheme in finding the optimal subset of actions for the intru.**~~ 4 problems. It can be observed

that LA Il is capable of finding the optimal super-actions n _iffe -ent problems in less than 1000

iterations with the settings of d'in the range [0.005,0.1]. Addiu. "ahy, the algorithm can achieve expected

errors very close to zero in a short period of time when § €™ 025, .1].
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Figure 15. The average expected error curves of LA | on differen. ~roble™". from Table 2. The average expected
errors of the algorithm on each problem instance are obtain. * using different settings of &.

6.1.2. Convergence analysis

In order to investigate the convergence behavior o (e proposed LA models, we use the concept of
entropy, which was introduced in the context of in arm auun theory by Shannon [52]. If we consider the
selected super-action of an LA during step k a. . ran.'om variable, we can define its entropy using the
following equation:

r

H (k)=iq(i,k).ln(q(i,k)) (60)

where q(i,k) is the selection profabu: *7 o the k™ super-action at time step k. H(k) can be considered as a
measure of uncertainty associ‘ ce.. *~ith the LA at step k; larger values of H(k) represent more uncertainty
in the decisions of the L/. ~he experiments of this section are conducted using LA | on different
problems with different sew..» 4s for the learning rate. Fig. (16) represents the average Entropy of the LA

over 20 independent r'.1s.
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Figure 16. The avera_= entr py of LA-1 under different settings for the learning rate (1) during 1E+4 iterations. The
results are obtained over 20 independent runs.

Consia. *ir g Fig. (16), it can be observed that the entropy is high at the beginning of the algorithm,
but gradually « :creases during the learning procedure. In all experiments, the average entropy converges
to 0, meaning that the LA ultimately selects a particular super-action in every step. As demonstrated in
the previous section, the expected error of the algorithm converges to 0 as well. Accordingly, it can be



concluded that the proposed multi-reinforcement LA scheme always learns to s -t the optimal super-

action with probability one.

6.1.3. Comparison of different introduced LA models

In this section, we compare the average final errors of the three pr o< .d n.ethods. Table 3 provides
the average expected errors of the introduced LA models on the give” .roble..’s after 1E+4 learning steps.
The learning rate of all models is set to 0.075. Wilcoxon's rank sun test at . 5% significance level is also
conducted to compare the algorithms [53]. The results corresp undirn to the conducted Wilcoxon's rank
sum tests between LA [ and LA II are given in the columns assuciater with LA 1T, where ‘+’ represents
that LA | is statistically better than LA 1l on the tested problen. instance. When there is no significant
difference between the two approaches ‘=’ is utilized, ar 1 ‘- '~» ,tes that LA II is statistically better than
LA I. Similarly, the Wilcoxon’s rank sum test results in th~ ~~ ymns associated with LA 111, compare LA
I and LA Il with LA I11. It should be noted that the resui.. smaller than 1E-8 are considered zero in the
Table.

Considering the obtained results, the performecnces of different proposed approaches are very close.
On all of the tested problems, the median ot .>= final achieved results is zero, which means that the
presented LA models were successful ir 1...Ying the optimal super-action on most of their executed runs.
However, on some problems like P3, +7 P9, a .d P10, some of the LA models were unsuccessful on some
of their executed runs. We can resc.ve *iis issue by slightly decreasing the learning rate of the algorithms.
Lowering the learning rate wou'1 pr. nr the convergence time of the algorithms, but can guarantee the

acquisition of optimal solutior .

Table 3. Comparison results ¢ diff .rent proposed LA schemes on the problems set of Table 2. Wilcoxon rank sum =
WRS.

Prob. LA-I A-l' [ L/ Prob. LA-I LA-11 LA-11I
P1 | mean |0.00E+00/0.00E. ™10 OE+00| P6 mean | 0.00E+00 | 0.00E+00 | 0.00E+00
median (0.00E+ ,ju.00E+00j..00E+00 median | 0.00E+00 | 0.00E+00 | 0.00E+00
std  |0.00E+ 10|0.00E+ 9|0.00E+00 std 0.00E+00 | 0.00E+00 | 0.00E+00

WRS (:) (:': WRS (:) (:1:
P2 | mean (0.0n=+00. """.-02|1.73E-03| P7 mean 1.53E-03 | 1.53E-03 | 1.07E-02
median (0 JOE+00|" 00E+00{0.00E+00 median | 0.00E+00 | 0.00E+00 | 0.00E+00
std |C 00E+00|1 )1E-02|7.94E-03 std 6.84E-03 | 6.84E-03 | 1.50E-02

WRS - (+) =) WRS =) (+,1)
P3 | mean 10.00E+uuj0.00E+00|0.00E+00| P8 mean | 0.00E+00 | 0.00E+00 | 0.00E+00
medi 1 [Uv — ~0|0.00E+00{0.00E+00 median | 0.00E+00 | 0.00E+00 | 0.00E+00
std 9 ,0E+00|0.00E+00|0.00E+00 std 0.00E+00 | 0.00E+00 | 0.00E+00

WRS (:) (:': WRS (:) (:Y:
P4 | mean |0.0uE+00|0.00E+00|0.00E+00| P9 mean | 0.00E+00 | 0.00E+00 | 3.68E-03
median (0.00E+00(0.00E+00{0.00E+00 median | 0.00E+00 | 0.00E+00 | 0.00E+00
std  |0.00E+00|0.00E+00|0.00E+00 std 0.00E+00 | 0.00E+00 | 1.65E-02

WRS =) (== WRS =) *++)
P5 | mean |0.00E+00|0.00E+00|0.00E+00| P10 [ mean |0.00E+00 | 0.00E+00 | 1.23E-02
median |0.00E+00(0.00E+00|0.00E+00 median | 0.00E+00 | 0.00E+00 | 0.00E+00




std  [0.00E+00[0.00E+00[0.00E+00 std [ 0.00E+00 [ 0.00E+00 [ 1.55E-02
WRS G) E= WRS ) (G

6.1.4. Comparison between LA 111 and L,

In order to illustrate how using multiple reinforcements can impr ve *.1e performance of a learning
approach, this section compares LA Il with Lg, (see section 2.1’ v the .atroduced decision making
problems. Fig. (17) provides the average expected errors for the Ly algori’ 1/m under different settings of
its learning rate. As it can be seen from the achieved results, Ly, achi~es its best results in the given time
when it is using a learning rate near 0.0075. The algorithm suiers from premature convergence on the
tested problems when its learning rate is set to a value higher tnc1 0.0075. Moreover, it is occasionally
unable to approach the optimal solutions with approprie.~ pre.i~*uns within 10000 time steps. This issue
is more apparent when the learning rate of the algorith~ *~ 'z _r than 0.0025.

Fig. (18) compares LA Ill with Lg, on a set «* pi ...m instances from Table 2. We compared the
algorithms under their best settings for their le.. ~ing , tes. It can be observed from the achieved results
that LA I11 demonstrates superior convergence rate. in comparison to Lg,. The obtained expected errors of
the proposed approach in 2000 iterations are muc™ lower than those that are obtained by the Lg, algorithm
after 10000 iterations. On problems suc’. a> ™1, LA 1l even obtains superior results in comparison to Lg,
in less than 1000 iterations. LA 1l als. ‘emo strates a superior performance in terms of the accuracy of
its obtained final solutions. Its ac'.ievr d expected errors are almost zero on all of the tested instances,

while the obtained expected errc s o1 . - ,n problems such as P9 are considerable.
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Figure 17. The average expected error ¢’ .rves u. Lg, on different problems from Table 2. The average expected

errors of the algorithm on each proble. - instanc . are obtained using different settings of the learning rate (a).

0.7 0.9
06 Ny 0.8 ERL
0.7 - -
< 05 - LA-H = LA-TH
S \ 2 06 I\
S l f—
S04 ) \ 505
g 2.0\
303 — g 04
%0, \ 034 \
T 0.2 — T 7
0 p ~ 0.2 “ \
v
0+ - - e T =] 0 A PE r - - ®
0 ~uJ0 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
iteration iteration
Problem 1 Problem 3




1.2 1.4 -

1 \\ — R 12 LRI
508 ! - | Alll 5 1 \ T e AT
S ) \ S 08
o6 3 ) \

° © 0.6 _
g ) \ g% N\
X 0.4 ' \ D04 _
]
02 02 -y N —
0 \ \ 0 [N
0 2000 4000 6000 8000 10000 0 200, 7,00 6000 8000 10000
iteration = iteration
Problem 5 Problem 7
1.2 1 —
]_
1 0.9 \ — R |
— R 058
- A RN === LA
S 08 - 5 ..
5 1 SEnat \
806 | <5 4 N\,
. \ 2 04 ¢ N\
s o =‘ \ ¥ 4o 'i \\
02 S~y — |02 Y—ra ~———
0.1 a
3 TV QU biddals PSP
0 2000 4000 6000 ~ 8000  twec I 0 2000 4000 6000 8000 10000
iteration | iteration
Problem 9 Problem 10

Figure 18. The average expected error curvr s of LA 'l and Lg, during 1E+4 iterations on a set of problems from

Table 2.

6.2. Case study: channel ass’ jni. ~nt in multi radio wireless networks using the proposed CLA

models

In this section we * xamine 1e performance of the CLA models on the channel assignment problem
described in section 5. Z¥ ailar to [54-55], we consider random networks for performance evaluations. In
this regard, two n .twork. are generated by randomly placing 20 and 25 nodes in a 1000x1000 square
meters of area. The ~ssor.ated conflict graphs of these networks are provided in Fig. (10) and Fig. (19).

Moreover, a I idirecti. nal single-hop flow between each pair of users is considered which has a constant
bit rate.



Figure 19. A sample conflict graph of a wireless . *wor’. with 20 pairs of users

In order to evaluate the performance of the ai_orn ..., we use the total number of none conflicting
channels that are assigned to the different node. -~ a n. twork. Using this number, one can also obtain the
total throughput of the network. Five instances o’ each network are considered in this section. These
instances are summarized in Table 4. For the re_* of the paper, the network depicted in Fig. (19) will be
denoted by PA, and its instances will be .uc. *ified by PA-instance_number. Similarly, the network in Fig.
(10) and its instances will be denoted L, PB ar i PB-instance-number, respectively.

Table 4. Different instances of the channe. ~<s’ ynme .t problems. Each instance determines the number of radios and the number
of channels for each node in the consid” ed ne.. r .

Instance 1 Il.sEce N Instance 3 Instance 4 Instance 5
Channel Num 3 12 12 12 12
Radio Num 2 2 4 6 8

6.2.1. The sensitivity . t' e p’ oposed CLA models to the learning rate

This section i vestig. *es the effects of the learning rate on the CLA model which is based on multi-
reinforcement LA 1.. 2 the results of the other developed models are much similar, they are excluded
for the sake ¢ 7 space conomy. The results of this section are obtained over 25 independent runs on the
different instance. o« PA, and each run of the algorithm on a particular instance is terminated after 1E+4
iterations. L sidering Fig. (20), the proposed model obtains inferior results when its learning rate is
0.001. Using tiis low learning rate prolongs the convergence time of the algorithm since the action
probabilities are modified in very small steps. Additionally, the proposed model demonstrates a rather

weaker performance under A=0.1 on some instances like PA-5, which is due to premature convergence



without sufficient exploration of actions. Besides the settings with A€{0.001,0 ..~ 0.1}, the algorithm
obtains very close results under the other experimented settings. For the rest ¢” .. 2 paper, a learning rate
of 0.01 will be used for all of the proposed CLA models as it exhibits approp. 2t convergence behavior.
Moreover, using a small learning rate (A=0.01) enables the algorithm to exai.me aifferent actions for a

sufficient number of times before convergence.
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Figure 20. 11c .. itivity of the CLA with multi-reinforcement LA 111 under different settings of learning rate on

PA.



6.2.2. Comparison results of different CLA models

The results of the different CLA methods on the channel assignment prc uler 5 are given in Table 5.
The CLA model introduced in section 4 is denoted by M-CLA. The statist. 2l res.'ts of each method on
each one of the considered problem instances is obtained over 25 indepe «ae 1t runs. As it is obvious from
Table 5, all CLA models have very close results. However, the ~'"_A models based on multi-
reinforcement LA 111 and maximum expected reward exhibit fairly setter ;ertormances. LA Il is mainly
based on Lg, learning model. Although the theoretical characteristics ~f Cl A-LA-I1I are not considered in
this paper, the convergence properties of CLA with Lg, learninc sck_in. are investigated in several works,

where some appropriate convergence behaviors are proven fc. this =~ uel [26].

Problem instance 1 uses 3 orthogonal channels wit™ two ~27'.0s for each user. Accordingly, at most
40 and 50 non-conflicting assignments are possible for nvok!~ 5 PA and PB, respectively. However, as it
can be observed from the related conflict graphs of the prc>lems, many nodes have neighborhoods larger
than 2. Accordingly, non-conflicting assignments m.*/',e impossible for some radios. Scenario 2 is a very
easy problem, and all methods can achieve ai. ¢ timal channel assignment as there are 12 different
channels with only 2 radios in each node. T! . -=~h."m instance gets harder in scenarios 3, 4 and 5 as we

increase the number of radios of each user.

Although in terms of convergence “ate, a single LA Il demonstrates rather weaker performances in
comparison to the other developer LA s (see section 6.1.1), a group of LA 1l learning agents exhibits
better performances in a CLA. CLA-. A-":l has obtained slightly better results on 8 problem instances in
comparison to CLA-LA-L. It alsc nbtained better results on 7 problems in comparison to CLA-LA-II.
Accordingly, LA 11l seems ‘u v~ a preferable choice for the CLA model. Moreover, CLA-LA-II is slightly
better than CLA-LA-1, whi.* is mainly due to the properties that are discussed in section 3.2. M-CLA
obtains the best results on - ach problem instance; however, its obtained results are very close to the ones
that are achieved bv CL, ! A-lll. It should be noted that CLA-LA-III is a very simple and straight-
forward model, wi ich can e easily implemented in a distributed environment.

Table 5. Compar son resu. s of the different proposed CLA models on the Channels assignment problems in terms of the mean,
median, and std ¢ ° the obts ned solutions.

P CL -o,. CLA-LA-II CLA-LA-III M-CLA
PA-1 2.13E V7 2.22E+01 2.22E+01 2.28E+01
2.10E+0. 2.20E+01 2.20E+01 2.30E+01
8.91E-01 7.07E-01 5.97E-01 4.36E-01
PA-2 4.00E+01 4.00E+01 4.00E+01 4.00E+01
4.00E+01 4.00E+01 4.00E+01 4.00E+01
0.00E+00 0.00E+00 0.00E+00 0.00E+00
PA-3 6.98E+01 7.04E+01 7.12E+01 7.13E+01

7.00E+01 7.00E+01 7.10E+01 7.10E+01




6.24E-01 6.45E-01 6.88E-01 4.76E-01
PA-4 8.02E+01 8.12E+01 8.21E+01 8.24E+01
8.00E+01 8.10E+01 8.20E+01 8.20E+01
1.11E+00 7.64E-01 7.81E-01 5.77E-01
PA-5 8.60E+01 8.79E+01 8.96E+01 8.97E+01
8.60E+01 8.80E+01 8.90E+01 9.00E+01
1.14E+00 1.22E+00 7.68E-01 6.90E-01
PB-1 2.91E+01 2.92E+01 2.98E+01 3.00E+01
2.90E+01 2.90E+01 3.00E+01 3.00E+01
5.72E-01 6.88E-01 4.08E-01 0.00E+00
PB-2 5.00E+01 5.00E+01 5.00E+01 5.00E+01
5.00E+01 5.00E+01 5.00E+01 5.00E+01
0.00E+00 0.00E+00 0.00E+00 0.00E+00
PB-3 9.46E+01 9.53E+01 9.70E+01 9.71E+01
9.50E+01 9.50E+01 9.70E+01 9.70E+01
1.08E+00 1.07E+00 7.90E-01 7.26E-01
PB-4 1.10E+02 1.12E+02 1.13E+02 1.13E+02
1.10E+02 1.13E+02 1.13E+02 1.13E+02
1.21E+00 8.79E-01 9.80E-01 4.58E-01
PB-5 1.16E+02 1.17E+02 1.18E+02 1.19E+02
1.16E+02 1.17E+02 1.18E+02 1.18E+02
1.77E+00 1.01E+00 1.16E+00 8.43E-01

6. 2. 3. Comparison with other approaches

In this section, we compare the proposed m.'w.. ren forcement CLA models on the described channel
assignment problems with two approaches ~ -2"veod in [55-56]. The total payoff, as described in [50],
will be employed as a performance metric in co:.parisons. This criterion is also closely related to the
throughput of the system. Let Y;. denc.e the ~umber of radios in the neighborhood of node | which are
tuned on channel c; it should be notrd trie* ne ue i is also counted in Yj if it has a radio on channel c. The
maximum data rate which can be .chir ved in the collision domain of node i on channel c can be denoted
by zmax(Yic). In practice, zmax(Y: ) is a ne -increasing function of Y;.. However, for the rest of the paper,
mmax(Yic)=7 Will be considerea indep. ~dent of Y. and c. Additionally, it will be assumed that zma(Yic) is
shared equally among th. inf.rfering radios which are assigned to channel ¢ [56]. Based on these

assumptions, the utility or pay.*f of a node like i can be obtained according to the following equation

[56]:

Ui = ZCGSi Tic

with:

According to the defined utility for the nodes, the total payoff or the total utility of the network can

0

ic

be defined as:

“therwise

1 . v/ .
—7 if nuue 1 has a radio on channel ¢




U= Zi:]_'N Ui (62)

Herein, the compared methods corresponding to Algorithm 1 presente.’ i [56] and algorithm 2
presented in [55] will be denoted by CAL1 and CAL2, respectively. Fig. \»") gives the comparison
results based on the total payoff criteria. It should be noted that we or 1y ¢ .ns.ered the non-conflicting
assigned channels in the computation of the total utility in the prope~~d C.® models. In the results, zis
set to 54Mbps.
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Figure 21. Total payoff of the compared methods on the diffe. =1 w.....>- 35 of the channel allocation problems.

As it can be noticed from the obtained results, the proposed CLA models can be effectively utilized
for the given channel assignment prablem. Jne advantage of the CLA models over the two other
compared approaches is the synchrr aous 1. .re of their updating procedures. In the CLA models at each
instant of time, all nodes choose .~ei" chr nels and update their variables simultaneously. Accordingly,
all nodes can be updated for s ‘aral times in a short period which significantly reduces the convergence
time of the algorithms. However, aluiough the two compared methods are distributed, they update the
network nodes asynchror wuslh, and mostly one node at each time step. Accordingly, for a network
consisting of N nodes, .LA app. daches update each node o(N) times more in a same period of time when
they are compared wiu, = _Al and CAL2. In addition, the comparisons based on the total payoff criterion,
demonstrate the s .perior*y of the CLA approaches over CLAL and CLA2. CAL1 and CLA2 achieve
identical or close s "itior s on the second and third instances of the two considered networks. However,
they attain les ser ave: \ge total payoffs on the other hard instances of the described problems. Considering
PA-1, PA-4, P~ = "B8-1, BP-4, and PB-5, there are significant differences between the achieved results
of the propu:er CLA based methods and CAL1 and CAL2.

7. Discussion



Distributed decision making arises in many areas of computer science. In s> systems, a decision
making entity may have its own objectives and learns about the objectives of .. ~r entities through their
feedback signals. The proposed multi-reinforcement schemes are suitable fc. <u.n environments, where
each entity interacts with several other entities via its limited number of actu.*ors and receives multiple
feedbacks for its performed actions (made decisions). The introducer LA ...~dels can simultaneously
perform several actions and receive multiple feedbacks on their chosen ac.’ans. These feedbacks should
reflect the favorability of each performed action so that the propos d learn ng algorithms can adapt their

decision policies for future.

The developed CLA schemes are closed, meaning that «>~h L* .nteracts only with other LAS in its
neighborhood and adjusts its decision policies based or these i teractions. However, there are many
applications where the actions performed by the intercc ~necied learning entities also affect a global
environment or other systems in the environment. ~. a result, the global environment may change its
current state according to the executed actions “~coraingly, the decision making policies of the
interconnected entities should take the state of the y')bal environment into consideration, which is not
supported by the current developed models. + du.onally, we assume that there is a one to one
correspondence between the executed action. hy an agent and its received reinforcements. However,
other patterns for the feedbacks might b= possible. For instance, a signal could be related to several

actions to represent that these actions * ould ni t be selected at the same time.

This paper investigated the ar ilic” don of the proposed approaches on a channel assignment problem.
Other areas of application for “ne intre.'uced models could be sensor networks, internet of things, and
cyber physical systems. For instan.. CLA would be an appropriate model for cyber physical systems
composed of a large numb .r of interconnected and embedded components. A cyber physical system is an
integration of computaf’on w.." physical processes that provides new capabilities to the systems being
able to interact with - oF ysic.« world. The uncertainty in physical environments and the existence of
multiple decision-r axing ei.tities with different objectives make a cyber physical system to be more
reliant on machine learnir g approaches. The objective function of each agent in these systems may be
unknown by t".e othe s, and each agent would receive other agents’ feedbacks for training purposes. The
accumulation ¥ mul.ple feedbacks from different sources was one of the motivations of the proposed

multi-reim “rce ... i learning schemes.

8. Conclusion



This paper investigates new LA and CLA models which are based on multip! : . ~inforcement signals.
Each LA in the proposed models aims at learning the optimal subset of *_ actions using multiple
feedbacks from its environment. Using a separate reinforcement for each cho. > - ction enables the LA to
learn the effectiveness of its different actions in the chosen subsets in para:'=l. 1his kind of decision
making is useful in scenarios like multi-agent environments where eac': agr ... "as limited resources and
actuators and performs several tasks simultaneously via its actuators. The . ~nvergence behavior of some
of the proposed models is theoretically analyzed. It is shown tl at the ‘roposed CLA model named
MCLA, which is based on the idea of maximizing the expect~_ rew..us for each LA, converges to a
compatible point when it uses potential local rules. Also, it .~ ~.scussed that two of the proposed LA
models are s-optimal; however, neither of these two modei. is absolutely expedient. The absolute
expediency of the third proposed LA model in the pape. is n.t proved, and accordingly cannot be
guaranteed. The absolute expediency is one of the main chaic teristics that can be very profitable for LA
algorithms operating in a CLA structure in multi agem .~vironments. However, the three proposed LA
models proved to be effective in CLA when the * a'¢ wsted on a decentralized channel assignment
problem. In contrast to many channel assignme. .. “opi “aches that are central, the introduced methods in
this paper are completely distributed and ¢~~h nole governs its own channel assignment without any
cooperation. Moreover, the experimental studies demonstrate that the three developed LA models can
achieve very close performances to MC _A v."en they are integrated in a CLA structure. As the developed
LA models are very simple and have v.*v lo’ v computational costs, they can be easily employed in the

decentralized and distributed prob! .ms

Although the works in th's ~aper are suitable for real world applications where the agents need to

perform several decisions - ~ach time instant; however, there are some shortcomings needed to be
addressed in the future .'or's. First, the design and the proof of an absolutely expedient multi-
reinforcement LA is n’ cescary when we are dealing with the CLA approach. Next, hybridized learning
methods should be co.. 'der:d for dealing with situations where some feedback signals from the
environment affec . sever.' actions in the chosen action subsets. These environmental feedbacks would

represent the correla. .~ vetween several performed actions.
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Highlights (for review)

e Models based on learning automata have become popular tools in .. ' areas of computer
science. However, they cannot be efficiently employed in subset selecti... 2roblems.

e In some problems, the environment is capable of providing multiple ~=7 iforcements to separate
actions when subsets of actions are to be selected.

e The current work extends the conventional reinforcement learr.ng ‘ crniv.1es to models which are
employing multiple reinforcement signals.

o By employing separate reinforcements for different action: the pr posed models can effectively
learn the optimal subset of actions.

e The proposed models are investigated experimentally v.. a se’ of toy problems as well as a real
world channel assignment problem.

e The convergence behavior of some introduced mndei. ‘< r.oven theoretically.



