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Soft Computing Laboratory, Computer Engineering 1. Introduction

and Information Technology Department, Amirkabir  Particle swarm optimization (PSO) is a stochastic
University of Technology, Tehran, Iran. search approach inspired from the intelligent docia

Tel: +98-21-64545120: Fax: +98-21-66495521; e_behavior that exists among some animals such ds bir

mail: (vafashoar, mmeybodi)@aut.ac.ir and fish [1]. It maintains a population of partgle

termed as a swarm. These particles, guided by their
Abstract velocities, fly in the search space to locate bette
In this work, a new variant of multi-swarm bare resources. Each particle can memories its personal
bones PSO is presented which adaptively learns thgest visited location in the search space. Usiag it
promising alignments to re-orient its updating personal best location and the global best location
distributions. The idea is to maximize the likelilto  ohserved by the whole swarm, a particle adjusts its
of generating new particles along appropriateyelocity, and accordingly, changes its current
directions. As these alignment directions areppsition in the search space. PSO has some
unknown a priori, the proposed method employs &nteresting features such as robustness and sityplic
learning mechanism for adaptive learning of suéabl which makes it a desirable tool for solving mangl re
alignments. The learning mechanism presented iforld problems. However, it possesses low
this paper is based on cellular learning automatagapabilities in escaping from poor local optima in
Several alignment strategies are developed for eacBomplex multi modal problems and is often subjected
particle in the proposed method, and the cellulako premature convergence [2], and due to problems
learning automata guides the particles toward theyych as oscillation or zigzagging, PSO suffers feom
most promising directions by adjusting thesepoor performance [3].
strategies during the searching process. The new

Several variants of PSO have been introduced

roposed algorithm is compared with a group of _
Prop g P group recently to overcome its drawbacks. Most of these

stochastic optimization approaches on the CEC2013 . . : .
variants incorporate various learning schemes,

benchmark set. Experiential studies suggest the _ . . .
updating rules, and population topologies to achiev

effectiveness of the proposed method in solving
enhanced performances. Heterogeneous

complex optimization problems. . . . o
comprehensive learning particle swarm optimization



(HCLPSO) employs two specific subpopulations formade to improve the performance of BBPSO;
exploration and exploitation purposes. It uses &however, most of the introduced methods are less
comprehensive learning (CL) strategy to generage theffective than the advanced optimization methods
exemplars for both of these subpopulations [4].which are based on the algorithms such as
Another interesting approach developed by Lynn andlifferential evolution [14] or ordinary PSO. As a
Suganthan hybridizes several efficient PSO methodsesult, BBPSO has attracted less interest and usage
into a unified optimizer called ensemble PSOsolving practical optimization problems in
(EPSO) [5]. Like HCLPSO, EPSO divides its comparison to the other meta-heuristics.

population into two sub-swarms. A small sub-swarm

The main drawback of BBPSO lies in its updating

searches the problem landscape based Hiles; accordingly, the majority of works on BBPSO

comprehensive learning PSO (CLPSO) S(':“"Irchin%ave examined the utilization of various updating

procedure, while an integrated Self""‘d"’lm'vestrategies and distributions. Campos et al. have

mechanism learns an appropriate searching SChe”HQeveloped a variant of BBPSO which employs a

in the second and larger sub-swarm. Another multis, yariate  t-distribution for acquiring the new
swarm PSO with dynamic learning strategy is
presented by Ye et al. [6]. In this algorithm, pEes

are classified into ordinary and communication

positions of the particles [15]. In their work, &ac
particle is associated with its own scale matrixalh
is adapted during the search process to produce mor

particles and, based on this classification, arepromising distributions ~ for the particle

assigned to different tasks. Cooperatively coevolving particle swarms (CCPSO)
Several works have been conducted to study thés a cooperative approach which uses Cauchy and
behavior of particles in PSO [7-11]. In this regard Gaussian distributions in its updating rules [16].
Kennedy introduced an alternative model for PSODuring each iteration of CCPSO, the coordinates of
[12], in which velocity and position updating rules the particles are divided intd swarms, and each
are replaced by Gaussian sampling around thewarm is updated in a cooperative manner. The
average of the global and personal best positionsaumber of swarmsK() is adapted during the course
The new model, termed as bare bones PS®@f the execution to enhance the search. A modified
(BBPSO), was mainly developed for investigating BBPSO which uses adaptive updating distributions
the characteristics of the PSO algorithm. BBPSO, asvas introduced by Vafashoar and Meybodi [17].
is demonstrated in [13], is an inferior optimizatio They have developed four updating strategies based
method in comparison to the ordinary PSOon Gaussian and multivariate Gaussian distributions

algorithm. Up to now, several attempts have beerThe introduced model is integrated with a CLA



which adaptively selects an appropriate updatimg ru groups of equal sizes. The group termed as ancillar
for each particle based on the characteristicshef t is responsible for exploration, while the otherupo
fitness landscape. They also introduced a techniquexploits the promising areas of the search space.
for the adaption of the covariance matrices of theEach group uses a specific updating scheme
Gaussian distributions in the proposed approach. laccording to its designated task [21].

order to balance the exploration and exploitation Due to the characteristics of the updating rules of

characteristics of the algorithm, Chen introduced 3he classical BBPSO, the global best particle remai

modified BBPSO which uses a mixture of two unchanged during the update procedure. Considering

centers in the Gaussian distribution that updaies t .. shortcoming, BBPSO-MC updates the best

position of a particle. For a particular partideese particle of the swarm in a rather different way and

centers are based on its local best position aad themploys the update strategies of differential

global best position of the swarm. The algorithm evolution algorithm for this purpose [22]. Several

starts with bigger weights for the local best cente mutation mechanisms are also introduced for bare

and gradually increases the weight of the globat be bones PSO to enhance its exploration abilitiestand

one. Accordingly, it is expected to have moreCope with stagnation [23-25]. In an approach

explorative behavior at the beginning while it nypst introduced by Krohling and Mendel, the particles

exploits the neighborhood of the global best positi undergo Gaussian or Cauchy jumps when they are

at the end [18-19]. Most of these modified Updatingtrapped in local optima and cannot improve their

rules still employ limited information about the finesses for a period of time [24]. Other jumping

fitness landscape. mechanisms have also been utilized in bare bones

Similar to the PSO methods like HCLPSO, somePSO by al-Rifaie and Blackwell [26]. Gao et al.
recently developed BBPSO approaches use differenhtroduced a new hybridized method based on bee
updating schemes for exploration and exploitationcolony and BBPSO. As the bee colony algorithm is
purposes. Entropy-based BBPSO (EBBPSO) usesonsidered to be less exploitative by the authbesy
entropy to measure its population diversity [20]. used BBPSO in the onlooker phase of the bee colony
High diversity promotes the search guided by thealgorithm to enhance its exploitation propertieg][2
global-best solutions with normal distribution;

The work presented in this paper is based on

however, EBBPSO promotes exploration by MeaNZellular learning automata (CLA). Incorporating the

of local-best solutions and a heavy-tailed distitm learning capabilities of learning automata [28piat

in the case of low diversity. Dynamic allocation
BBPSO (DABBPSO) divides its particles into two

cellular automaton [29], Beigy and Meybodi

introduced a new reinforcement learning approach



called cellular learning automata [30]. CLA is a In order to improve the updating distributions of
hybrid mathematical model for many decentralizedBBPSO, this paper introduces the concept of
problems. It can be considered as a network oftagenalignment directions. By carefully defining the
with learning abilities. The interaction among the updating distributions of the particles, we cargmli
agents is guided by the CLA rules, and these agenthem along some promising directions. These
use the learning properties of CLA to adapt theiralignments are performed to increase the likelihood
behavior. CLA has been applied in many scientificof generating new positions along some promising
domains such as deployment and clustering irpaths and directions which are learned during the
wireless sensor networks [31-34], dynamic channekearching process. In the proposed method, the
assignment in cellular networks [35-36], evolutigha promising alignment directions are obtained based o
computing [37], and graph coloring [38]. a set of strategies. These strategies are defimed i

As stated previously, the main drawback of terms of two concepts named improving path and

BBPSO lies in its updating scheme, which is simplyflying paths. These two concepts are developed to

based on Gaussian distributions. Aside from theencode the previous experiences and observations of

standard deviation of these Gaussian distributionéhe particles. The flying path is the accumulatan

and their mean points, which only contain Verythe historical paths a particle has taken previoirsl

limited information about the fithess landscapes th its successiul updates. The improving path is the

updating strategies of most of the developed BBpsdﬁlccumulation of the observations which would have

methods do not employ much information about theIed the particle into better areas. As the choicine

fitness landscape. As the most practical optimirati most effective alignment strategy depends on the

problems involve many related and correlatedprOperties of the fitness landscape, the alignment

variables, the simple updating mechanism based 0fsitrategies are learned during the searching probess

Gaussian distributions proves to be insufficiend an this regard, the proposed model is embedded in a

less effective. The current work tries to allevities cellular learning automata [30], which has proven t

problem by introducing more depth to the updatingbe a successful model for similar problems [17, 39]

procedure of BBPSO. Its main goal is to use theln the proposed method, each particle is associated

information present in the search history to imgrov with a learning automaton, and the leaming

the updating strategies of the algorithm. Accordimg automaton govemns the leaming process of the

the learned characteristics of the fitness landscap alignment strategies for the particle.
the modified updating scheme tries to increase the The introduced method also investigates the

probability of generating favorable positions. applicability of new learning scheme for the cedtul



learning automata. Most of the developed CLAabout its best experienced position in R
models are based on the learning algorithmgs LLgp, dimensional vector likgog=[pg1,Pg2;---,Pgo]. During
and Lz [28]. However, the CLA model in the the search, at steg the velocity of the particle
current work is based on the generalized pursuignd its current position are updated accordindhéo t
algorithm, which has demonstrated to be superior tdollowing equations:

many other traditional learning automata algorithmsVid (k+1) — av,, (k) +cr(p, —x, K))
[40]. 0,1, (P — X, (K)) (1)

The rest of the paper is organized as follows:rafte Xi (k+1) « X4 (k) +viy (k +2)

a review on related works and topics, section Anhere viaK) is the d" dimension of the velocity
defines maximum likelihood rotation matrices for \,actor of the particle in stek xa(k) and pia(k) are
Gaussian distributions. The proposed method igegpectively thed" dimension of its position and
described in section 5, and is validated historical best position vectorpy(k) represents the
experimentally in section 6. Finally, the main g gimension of the historical best position of the
conclusions and the areas for future works arengive \yhole swarm in stelg; o is the inertia weight, which

in section 7. was introduced to bring a balance between the
2. PSO and related topics exploration and exploitation characteristics [44y;

. o : .and c, are acceleration constants and represent
Particle swarm optimization executes its search in

. . ognitive and social learning weights; and, fin
cified space through the accumulation ofC g g gnts, Ally
andr, are two random numbers from the uniform

distributionu(0, 1).

a spe
velocity and position information. At the beginnjng
each particle is initiated randomly within

dimensional search space. It keeps information tabou After acquiring the new positions of the particles,
its personal best visited position known as pbestthe historical best position of each particle is
swarm best position known as gbest, and its currengpdated, which may also affect the historical globa

flying velocity. Canonical PSO maintains a swarm of best position of the swarm.

particles; each particl in the swarm maintains 51 Barebones particle swarm optimization

three D dimensional vectors: X=[Xi1,Xi2,...,Xp] o
o N Bare bones PSO was originally developed to study
representing its current positiom=[pi1,Pi2,-...Pio] _ _ o
_ ) _ _ the dynamics of the particle swarm optimization
representing the best location previously expegdnc ) ) _
_ S algorithm. As in canonical PSO the spread of the
by the particle, an#i=[vi1,Viz,...,Vip] representing its N o _ )
_ _ ) ~ positions visited by a single particle resembles a
flying velocity. The whole swarm keeps information ) _ S
Gaussian like distribution, BBPSO replaces the



update equations of PSO with explicit probability cellular automaton contains one or more learning
distributions [12]. Consequently, it is suggestledtt automata. The state of the learning automata ®lla c
the new position of a particle likg can be generated defines the state of cell. CLA is integrated withed

according to the following equation, in which the of local rules which describe the interactions lestw

velocity term of PSO is eliminated: neighbouring cells. The neighbouring cells of a
b +p particular cell constitute its environment. Each ok
id d

X (K +1) > =+N(0.9%[p, -py| @ the CLA adapts during the time based on its own

experience and the behaviour of its neighbouring
whereN(0,1) denotes a random number taken from I

cells.
the standard normal distributiopy is the global best

position of the swarm, ang is the personal best The evolution of a CLA happens according to the

position of the particle itself. following procedure. At each step, the learning

_ automata residing in each cell select their actions
Kennedy suggested that preserving some o S
N based on their internal probability distributiofi$hie

components of the personal best positions would ) _ ]
~ selected actions are applied to the corresponding

speed up the search process of BBPSO. Accordingly, _ _
_ _ environments. Then, each performed action is

the following updating rule was recommended: _

evaluated by the environment; next, based on afset

Py + Pl +N (0,0 x|p, - pl,| ifr < IP CLA rules, the environment returns a reinforcement

(k+1) « . . .
X (K +1) \ signal to the learning automaton. According to the
Piq otherwis:

(3) received signals, the learning automata adjust thei

_ ) ) internal action probabilities.
wherelP is a parameter which controls the portion of

a particle to be remained unchangeds a random 3-1. Learning automata and generalized pursuit
number from uniform distribution~(0,1), andpl; is ~ @gorithm

the local best position in the neighborhood of ithe A learning automaton (LA) is an adaptive decision
particle. making unit which operates in a stochastic

3. Cdlular Learning Automata environment [28]. The utilization of a learning
) _ automaton in an environment involves a repeated
Cellular Learning Automata is an abstract model _
) Procedure of some steps, where it can select and
for the systems that consist of a large number o ) _ ) )
_ N ) _ o _ perform an action out of its available actions athe
simple entities with learning capabilities [30].idta o _ _
o step. The objective of the learning automaton & th
hybridization of a cellular automaton [29] and _ _ _ _
_ _ _ selection of the actions that best fit with the
learning automata [28] in which each cell of the



environment. This goal is achieved through thepromising action, which receives the total discednt
repeated interactions that exist among the learningrobability amount. However at each step,
automaton and the environment, and a learningyeneralized pursuit considers all the actions hiaae
mechanism which updates the action probabilityhigher estimates than the chosen action as the

distribution according to these interactions. promising actions.

LA can be defined by a set of actions In order to calculate the estimated reward of each
a={as,ay,...,a}, a set of inputsB which are the action, the algorithm maintains two vector€)(t)
feedbacks from the environment, an internalwhich is the number of times th#" action is
probability vectorq which represents the selection rewarded up to stefp andZz(t) which is the number
probability of different actions, and a learning of times that thé" action has been selected till step
algorithm that adjusts the probability values. @fie The algorithm operates as follows: at each stép
the most effective learning automata models is theselects an actiona(t), according to its internal
generalized pursuit algorithm developed by Agacheprobability vectorg(t). Then, the action is performed
and Oommen [40], which generalizes the pursuitin the environment and a reinforcement sigh@) is
algorithm introduced in [42]. The algorithm uses th received from the environment in response to the
history of selected actions and obtainedselected action. Then, the LA updates its internal
reinforcements to estimate the reward probability o probability vector according to Egq. 4 and usé€d
different actions. The reward estimate of fAaction and/(t) to obtain new estimates according to Eq. 5.
of the LA at stept will be denoted bydi(t). The

- . . Ay q; (t)-Aq; )
objective of the generalized pursuit algorithm a@s t p ifj i andd. ( >d
j i J
select the optimal action, the action with the kigth * K (t)

reward probability, with probability one. However, q;(t+1)=1q;t)-Aq;¢) ifj #i andd; { xd, ()
as the estimated rewards could be erroneous, the 1—Zk¢i q,t+1)ifj =i

algorithm gradually increases the selection

probability of the most promising action. In this

(4)

where K(t) represents the number of actions with

regard, at each step, the algorithm first decretses

selection probability of all actions. Then, theatot

amount which has been reduced from the probabilityhlgher estimates tha()=a andi is the learning rate

. L .. of the LA.
values is equally distributed among all promlsmg0 ©
actions. Classical pursuit algorithm considers the

action with the highest estimated reward as thg onl



Qt+1)=Q,t)+@A-4t)) 4. Maximum likelihood rotation matrix for
Z(t+)=2Z(¢)+1 (5) multivariate Gaussian distribution

(N
d (t+1) =% In bare bones PSO, as described in section 2.1, the

new positions of the particles are generated based
The detailed procedure of the generalized pursuit,. Gaussian distribution according to Eq. 2. The

algorithm is given in Fig. 1. It should be notedtthat goal of the proposed method is to reorient the

the beginning, each action is chosen for a fewsime ,,qating distributions of the particles along thesim

to obtain initial reward estimates. However, one ca promising directions. The updating distributions as

simply initialize Z(0) and Q(0) to some constant \ye|| a5 the promising directions for the partioe

values likec (which will be used in the proposed e gescribed thoroughly in the subsequent sections.

method). This section introduces a fundamental lemma which
ngoritth. {variaby will be used in the proposed method and addresses
arameters and variables:
r number of actions ; i Al i iotri H
() selooted action at fime SEAND (8. &) the following issue: given an updating distribution
A learning speed. Ok1 fad . : ;
Q) number of times thi' action is rewarded up to tinte and a promising direction for a partlcle, how cae w
Z(t) number of times that tH¥ action has been selected till now. . . . . . .
At reinforcement signal from the environment whiepresents the reorient the distribution along the given direcflon
favorability of the selected action, whesg)(1{0,1} . . .
() selection probability of thid® action. Accordingly, we are searching for a transformation
di(t) current reward estimate for tHeaction. . . ) . )
L Initialization: _ _ , which performs the desired reorientation. This
a. Initialize d(t) by choosing each action a small number of times.
b.  Setthe probability of each action ta.1/ H indi
2. Until the termination condition is not satisfiegeat: problem can be dll’ECtly solved by flndmg the
a. Attime step, select an action based on the action probability . . .. . .
distributiong, Assumea(t) = a. transformation which maximizes the likelihood of
b. LetK(t) represent the number of actions with higher et . . L.
thana,. updateq according to the following equation: generating samples along the given promising
q, ) -Aq, (t)

direction. However, this section introduces a gaher
A ifj #i andd, {)>d, ()

+

o purpose theorem for the reorientation of Gaussian
K (t
0, (+D =40 O-Jq ©) il #i andd ()<d, () distributions. Then, the desired problem is stae@

1-Y . €41 ifj =i special case of the obtained theorem.

In the general problem considered here, it is

c. Update reward estimate of the selected actiow{ using the desired to rotate a given multivariate Gaussian
following equations:

QU+1)=Q t)+(@-ABt)) distribution in order to maximize the likelihood af
Z,(t+1)=2 @)+1 given sample set lik&X={x1,Xz,....Xn}. Accordingly,
d e 20D it is required to find a rotation matrix like which
' Z,(t+1)

: : _ maximizes the likelihood functiol(R | X) defined as
Fig. 1. A pseudo code for generalized pursuit atlyor

follows:



LRIX)=L(R X, X, X, )=|_|im:1f & R )(6) The proof of the theorem is provided in the
Appendix A.

wheref equals to a multivariate density function with

_ ) S Corollary 1.
covariance matrix and meany which is rotated

If ¥ is diagonal andr=1, thenR can be computed in
o(nd).

aroundy using the orthogonal matri

Without loss of generality, we can assume as

the distribution can be rotated around the origid a  A\S 2 IS a diagonal matrix, its inverse is simply the

then transformed to its mean point. inverse of its diagonal elements, which is also a

diagonal matrix. Additionally, we havéz?t=3"
Fact 1.

wherel is the identity matrix. Hence, the columns of

Let a be anmx1 vector,R be anmxn matrix, and | can be considered as the eigenvectori'bfWe

x~MN(1,Z). The distribution of the vector of random
variablesa+Rx is MN(a+Ry , RZR").

can rearrange the diagonal entities3of in a non-
decreasing order and their corresponding
Theorem 1. eigenvectors irO(n?). This rearrangement results in
T_ _l . . . .
Let X,,i =1,...m be n mdimensional independent AQA'=2", whereA s a permutation matrix arid is
a diagonal matrix. Multiplication of a diagonal
identically distributed vectors, anS:inxiT ; , , ,
matrix with a reverse diagonal one also can be
AssumeZ R A BOU™ , whereX is symmetric  performed in O(n®). As m=1, S=xx', its Eigen
positive definite, R is orthogonal,A and B are = decomposition can be performed using tQR
orthogonal matrices obtained from the Eigenfactorization ofxx" with Householder transformation
decomposition oE™* andS respectively in a way that in O(?). Accordingly, The Eigen vector matrix of
s1=AAsAT and S=BASB'. Here, As and As are xx' can be obtained using the following equation:

diagonal matrices with the diagonal entries arrdnge 2

—1)x=1)" (8)

= ———(x
in non-decreasing order. The likelihood of the give [|x =1, |f(
set of samples with respect to the multivariate
o N with,=(1x]1,0,0.....0)
Gaussian distributioMN(0,RZR") is maximized if
It can be easily verified th& is orthogonal and
xx" =B[l,I]]B".
whereK, is a reverse diagonal matrix with diagonal

R=BK,AT (7)

. . Fig. 2 illustrates the aforementioned ideas. Each
entries of £1. In addition, we can always choose th

) ) art of the figure represents a rotated multivariat
sign of these entries to ensyirRE>0. P g P



Gaussian distribution. The rotation matrix is defin lies in finding a promising rotation direction. One
in a way to maximize the likelihood of a Gaussianapparent choice of such a direction would be along
distribution with respect to a set of samples idiexat ~ the global best particle of the swarm. Our condiicte
by ‘0’ markers in the figure. The parameters of theexperimental studies have shown that using this
primary un-rotated Gaussian distributions werealignment direction only results in a premature
obtained using the points depicted by ‘+’ markers i convergence. The proposed optimization algorithm
each part of the figure. These parameters weremploys two techniques to deal with this problem: i
defined identical to classical BBPSO (Eq. 2), it uses multiple strategies and obtains promising
mean of the distribution was set to the average oflirections through learning and incorporates midtip
points, and its standard deviation to the distamice swarms to enhance diversity.

the points in each coordinate. The formation of niches is a common

phenomenon in biology. Different niches tend to

2 _ have little impact on each other due to isolation;

’ accordingly, the overall diversity of the populatio

containing the whole niches tends to be high [43].

) oA Qi | CLA-BBPSO-R utilizes the same concepts and uses

a multi-swarm topology to enhance the diversity of

— e 2 3 o 1 2 s

3 -2 -1 0 1 2 3 4

2. Two multivariate Gaussian distributionsatet! around their means to
align with the samples depicted by ‘0’.

“Fig. its population. Like other swarm optimization
approaches, it maintains a population of partithes
iteratively search the problem landscape for
5. CLA barebones PSO with rotated mutations preferable positions. This population is dividetbin

(CLA-BBPSO-R) several swarms arranged in a ring topology.

This section describes the details of the proposed Ag mentioned previously, the utilization of simple
new multi-swarm bare bones PSO and the ideag|ignment directions in the proposed method would
behind its development. The general idea of thgesylt in premature convergence. In this work, we
suggested method is based on using the describegdydy the application of several promising aligntmen
theorem in section 4 to increase the likelihood ofgjrections which are learned during the searching
generating promising individuals in bare bones PSOpocess. These directions are based on the hattoric
In this regard, Corollary 1 will be employed toat®  paths that the particles have used to improve their
updating distributions along some promising previous positions as well as the paths that the
directions. However, the difficulty with this apgch  particles can take to enhance their current positio



Based on these promising paths, several strategiescorporated into the model is responsible for
will be suggested for the distribution alignmer&s.  adaptively learning the appropriate alignment
various problems induce different fithess landseapedirections for each particle during the search. GEA
with different characteristics, the use of a singlea hybrid model based on learning automaton and
alignment direction would be unsuitable. The choicecellular automaton. In this model, each LA beside i
of an appropriate promising direction for a specifi own experience can utilize the experience of other

problem depends on the characteristics of its SEne nearby entities.

landscape and the position of particles in this CLA-BBPSO-R utilizes a CLA withN cells,

landscape. Accordingly, the utilization of adaptive which are arranged in a ring topology. Each cell

alignment strategies would be helpful in dealinghwi contains a swarm d¥l particles as well as a group of

fitness landscapes with various characterlstlcsM learning automata. There is a one to one

Several strategy adaption mechanisms have bee&)rrespondence between the learning automata and

designed for the evolutionary approaches in thethe particles within each cell, and each learning

literature, which can be employed in the pIrOpOSedautomaton is associated with a single particle.hEac
method. Herein, we use a CLA based Str""tegﬁearning automaton controls the behavior of its

adaption mechanism as it has already proven S ssociated particle by determining its updating

effectiveness in multi-population approaches [17’strategies and alignment directions during thectear

39]. In this model, each learning entity learnshist process. The iterative process of CLA-BBPSO-R

action based on local interactions and a set adlloc starts with the action selection phase (Fig. )iy

rules; accordingly, it can utilize the learned this phase, each learning automaton selects oitg of

information from other nearby entities. actions according to its internal probability vecto

The block diagram of the proposed method isthe proposed method, each selected action defines
given in Fig. 3, and its building blocks are ddsed  two terms for the associated particle: its alignien
in the subsequent sections. In addition, Table Istrategy and the strategy for computing the mean of
summarizes the notations that will be used in &@s¢ r its updating distribution. The particle associatgth
of the paper. the learning automaton uses its selected action to
determine its updating strategy and employs this

5.1. Action selection

strategy during the searching process.
As stated earlier, the selection of an appropriate

alignment direction has an intense impact on the

performance of the proposed method. The CLA



[ Start

)

v

Initialization |

Initialize a cellular learning automata withcells andV learning automata in each ce
Each learning automaton like\! has six actions with equal probabilities:

A A . 1
0/ (0)=1c}*; Z](0)={c}*: ¢/ (0) ={=}" Vi e {I,..,M }and ¥} € {I.... N}
6

Initialize a swarm oM particles in each cell. Skt1.

—>

=X

5

Select an action for each learning automaton aguptd
its internal probability vectom;(k)~q/(K) 0, j

L

Action
selection

| For each particle liki:

<>

Computing the mean of
updating distributions

| Set(k) according to Eq. 9 |

Setu(K) according to Eq. 10

| For each particle lik¥/: ’—>| I=mod@’(K-1,3)+1 | Computing
v the é’
| Select thd™ alignment in Eq. 11 fox] | alignments ?3)_
=
(@]
v =
Calculate the standard deviation of the updatisgribution | Standard %
deviation

of each particlegd/(k) i, j) according to Eq. 12.

Updating swar m information ||

v
| For each particle liki: |

Based on the obtained alignment,
compute the rotation matriR!(k)
using corollary 1.

[¢]

Update the position of the partic
based oR!(K), 1 (k), andstd!(K).
* N
| UpdatePi(k+1) |
v

n

Update the flying and improving path
of the particle based on Eq. 13-14.

CLA update |

| Based on Eq. 15, computg(K) i, j |
v

| For each LA likeLA/: |
v

| Based on Eq. 16, compuf(k) |
v

0/ (k+1)=
0/ (k)

0/ (k)y+ (=g (kyifa (k)=1
ifa’ (k)=1

Z' (ky+lifa (ky=1
Z(k+) =9
' Z! (k) ifa (k)y=1
f v
. 0 (k+1)
d' (k +1)=————,1=1.6
’ Z! (k+1)
v

| Updateq(k+1) based on Eq 4.|

Fig. 3. The blocl diagram of the proposed C-BBPSC-R



Table 1. Summary of the notations used in CLA-BBASO

X! Thei™ particle within thej”"| p/
swarm

Personal best position of tfi&
particle within thg™ swarm

pd The personal best position
the fittest particle in thg™

swarm
v} Flying path of the™ particle| =/
within thej" swarm

N Number of swarms (Number M
of cells in the CLA)

ofbi(j)

The index of the best partid
within thej" swarm

The improving path of th
particleX/

Number of particles within eaq
swarm (Number of learnin
automata in each cell)

le

Q =

O o S

LA} Thei" learning automaton i{ N(j,i) The neighborhood functig
thej™ cell which returns the index of th
i neighboring cell (swarm)
cell (swarm)j. Herei[){1,2}.
4
3
ol
//__ ___7_____7_ T
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Fig. 4. The contours of the multivariate GaussistriBution obtained by the
update rule of classical bare bones PSO for twtictes shown

5.2. Sear ching phase

After action selection phase, the algorithm enters

a searching phase. During this phase, the positibns

In the classical BBPSO, the new position of a
particle is randomly selected according to a Ganssi
distribution with its mean being the average of two
historical best positions: the best position of the
particle and the best position of the whole swarm.
The proposed method uses multiple swarms, which
are arranged in a ring topology. Accordingly, the
parameters of an updating distribution can be éefin
based on intra-swarm or inter-swarm information. In
this regard, the mean of the updating distributba
particle is defined based on two different schemes
the proposed method. The first scheme is based on
intra-swarm information. Consequently for a paeicl
like X{, the mean of its updating distribution is
defined as a weighted average mf and pg as
follows:

H (k) =w, p! (k) +@-w;)p/ k) (9)

where

the index of the seond fittest, . L
o iti =gbi(j)
particle inthg " swarm
gbi (j) otherwise

r =

Here w; is a decreasing weight, which linearly

the particles are updated based on the selecteghanges witti in the range [0.95,0.5]. Accordingly,
actions (strategies). As depicted in Fig. 3, thiage

the fitter particles have more influence on the mea

can be d|V|ded in'[O four related mOdUIeS. In Whatof their updating distributions (here, we |mp||y|t|
follows these modules are discussed individually.

5.2.1. Computing
distributions

the mean

of updating

assumed that the particles within each swarm are
sorted according to their fitness values). This
definition of the mean point helps to preserve the
promising information in the fitter particles. Ioi®e

developed BBPSO methods,is defined ags=pg or



u=p; for each particle likex; [16, 26]. Each one of distribution is toward the optimum solution of the
these definitions has its benefits and drawbacks. T problem. However, this direction is unknown;
former favors the convergence speed of theaccordingly, we will experiment other promising
algorithm, while the latter favors its exploration alignment directions for the distributions. The
abilities. Eq. 9 defines the mean of the updatingemployed alignment directions in this work are liase
distributions as a combination of the classicalon two concepts: flying path and improving path.

definition and the one that definggk) = pi(k). The flying path is the historical path a particlesh
taken during its search process. As this path has

In the second scheme, a particle can employ

, . . . . already improved the particle’s position, it carfiroe
information from its adjacent swarms. To this end, yimp ) P

. . . a promising direction for the particle in the
the mean point of an updating distribution is dedin P g P

consequent steps. The improving path for a pariscle
as follows: g P P gp P

based on the position of fitter particles presenits
4! (k) =0.5v, (pij k)+pg’ k ))+ -w; X (10) beholding swarm. A particle can always fly toward a
better particle to experience a better locatione Th

where X is the fittest personal best position in the

adjacent swarms. flying path and the improving path of a particle ar

learned incrementally during the search process (as

During the searching phase, the mean point of th%vill be demonstrated in the consequent sections}. T

updating distribution of each particle is Obtainedimproving path and flying path associated with ithe

based on one of the defined schemes. The SE|eCtepdarticIe within thejth swarm during stex will be

action for a particle determines its choice of seche denoted byz/(K) and vi(k) respectively. Based on

in this module (as demonstrated in Fig. 3). these defined terms, we suggest three alignment

5.2.2. Computing the alignment dir ections strategies as follows:

Classical BBPSO updates the position of thep1i = pi (k)+x77 (k)+1y! (k)
particles according to Eq. 2. Fig. 4 shows theD2 =pg’ (k)+«,77 (k)+r2\/$bi i) K)
contours of a typical distribution according tosthi D3/ = ) (k )+« 77 (k)+7y/! (K) (11)
updating rule. As it can be observed from the ®gur and
the distribution always spreads along the axis.Xi =M, I} =1
However, we can re-orient this distribution in a

wherer; andr, are two uniform random numbers in

promising direction which facilitates the generatio the interval [0,1]. & and 7 (=123) are two

of fitter positions in the updating steps. The mOStparameters weighting the flying path and improving

promising - alignment - direction for an updating path in each of the alignment strategies. They are



defined as uniform random numbers in the intervalwith six actions, each one corresponding to one of
[0,1]. pd is the position of the global best particle of the six choices to be made.

-th . . .
the ™ swarm, andybi(j) represents the index of this 5 5 3 comnuting the standard deviation of the

particle within the respective swarm/(k) is the updating distributions

mean point of the Gaussian distribution which isdus _ _ _
_ - _ Using the selected alignment strategy, a particle
for updating the position of the particle at stefas

) ) S obtains a rotation matrix IikeRij(k) according to
defined in Eq. 9-10). In these strategies it isiass]

hat b ing f K) (pg(K i) along i corollary 1 to align its updating distribution. The
that by moving fronp;; or along its
’ 0 frompy(19 (pal9 or 4) J standard deviation of the updating distribution &r

flying and improving paths, we can obtain new _ . . _ . _
particle likeX/ is defined similar to classical BBPSO

promising locations. These promising locations can . \ o
_ _ ST ~ (Eq. 2) with a slight modification as follows:
be used to align the updating distributions using

corollary 1. gl (k) =[x -y (12)

In each step of the algorithm, a particle obtaives t where

mean of its updating distribution according to afe _ _
x =R/ (k-1 (p/ (k))

the Eq. 9 or Eg. 10; then, uses one of the alignmen ' .
y =R/ (k-1 (pg’ (k))

strategies in Eqg. 11 to obtain its alignment dimect

As the most suitable alignment strategy is unknawn  According to this equation, the standard deviation
priori, the proposed method learns the most effecti o, g5 particle is calculated along its previously
one based on a learning mechanism. Also it shoulgptained promising alignment direction. This way,
be noted that, each one of the schemes for defining,e can examine the spread of particles along variou
the mean points (Eq. 9-10) may lead to differentyromising directions instead of a single direction
behavior in the swarms, which may affect thepich is aligned with axis. Also, it should be rbte
learning process of the alignment directions.that for the best particle of each swarm, the sécon
Therefore, the proposed method learns the directiogitest particle of the swarm is used insteacpgfin

alignment strategies alongside the two mechanismgq_ 12 (In order to avoid zero standard deviations)

for obtaining the mean values. By combining the . _ _
5.2.4. Updating swar m information

three alignment strategies with the two defined

equations for the mean values, six combined Aft€r acquiring the parameters of the updating

strategies can be considered in the proposed meth()[:Jistributions and the related rotation matricee th

Consequently, each learning automaton is equippeaew position of each particle is obtained basedson

calculated rotated Gaussian distribution. Then, the



new positions are evaluated by the fitness function(Fig. 3). CLA adjusts the selection probabilitielk o
and the historical best positions of the partides the considered actions (six combined strategies) fo
the swarms are updated accordingly. In additioa, th each particle. It accomplishes this goal through th
associated improving path and flying path of eachrepeated phrases of: action (strategy) selection,
particle like X! is updated for the next iteration as action execution (searching process), reinforcement
follows: signal generation, and learning automaton adaption.
7 (K +1)=ar (k)+(p,i K)-p/ K )) (13) The genetraliz-ed pur-suit algorithm, which .is
illustrated in Fig. 1, will be used as the learning

avl(k)+ _ _ algorithm of each learning automaton.
_ o if p/ (k) # p/ (k 1)
vl (k +1)=1(p/ (k)-p/ (k -1)

v (k) otherwise “improvement”  criteria for the performance

In order to proceed, we first define the

(14) evaluation of particles as follows:

Here, ij is the improving path associated with the . - ,
" proving p o ()=t (p! (k -D)-F (x) (k) (15)

i particle within thej™ swarm.p/ is the personal

best location of a random intra-swarm particleefitt where « (k) is a performance measure for the

thanp!. p/! is randomly selected from the half fitter particle X/ during stepk which determines the
portion of thej™ swarm. As there is no fitter particle amount of fithess improvement in the partiot&(k)
than the global best particle of each swarm, thgs the new position obtained for the particle apst

updating the improving path of the best particle in _ . _
CLA adapts its learning automata by observing

the swarm.v{ is the flying path of thé™ particle _ _ _
the operation of their selected actions. After the

within thej™ swarm. It is updated in the same manner _ )
action selection for a learning automaton, the

as the improving path; however, a particle updages _ ) _ _
selected action (updating strategy) is carried mut

flying path when it's personal best position change . _ _
the corresponding particle. Then, reinforcement

a is the averaging weight associated with the ddfine _
signals should be generated for the learning

aths. _ o .
P automaton in order to update its internal probgbili
5.3. Updating cellular learning automata vector. In the proposed method, we evaluate the

After the search phase of the algorithm, theselected action of a learning automaton based @n th

selected actions of the learning automata arderformance of the particle employing the selected

evaluated, and the CLA will be updated accordinglyaction. For this purpose, we employ the defined



improvement criteria and the fitness of the pagtcl Q'gmlimt?;lfzia%;ﬁjBBPSO-R

Based on this idea, a reinforcement signal js @  Setihevalues of the paramefsN, o, andy _

. Initialize a cellular learning automata with cells andM learning
automata in each cell. Each learning automatonshaactions with
equal probabilities. The learning speed of eachd A

. Initialize N swarm with M particles in each swarm. Each swafm
follows: resides in one cell of the CLA.

1. Setk=0 andr/=l.
) ) 2. While stopping condition is not satisfied do:
[ & (k) >mean(Q' (k)) ] or . Setickel. " _—
. i b. lIgach Ieirnlng allutlc_)kr;a}tcan like selects an action lika'(k).
i — i i c. or each particle lik¥/, do:
’Bi (k) - I:f (Xi] (k )) > mean(l'l'JJ (k )):I (16) i. Based ora/(K), obtaingi(k) and the alignment direction according
. to the Eq. 9-11.
1 otherwise ii. Obtain the standard deviation of the updating ithistion, a’(k),
using Eq. 12.
iii.  Using Corollary 1, obtain the Rotation matii(k).
where iv. Generate a new samplgk):

| x! (k) =R () (o' (<N (©,1) + 4’ ().
Q' (k) = K[l =N(j,Dorl =N{(j,2 v. Evaluate the newly generated sample and upslaadpg’.
_ ( ) {(d(( I) | ( J ) (J )} vi. updatev/(k+1) ands7(k+1) according to Eq. 13-14.
WHk)={f (x'(k | =N "1 orl =N (i ,2 d.  For each LA likeLA/ do:
( ) { ( k( )) | ( J ) (J )} i. Computew/(K) according to Eq. 15.

ii. ComputeS'(k) according to Eq. 16.

iii. UpdatelL Al based on Eq. 4 and Eq. 5.
Fig. 5. A pseudo code for the proposed method.

generated for a learning automaton likéy as

Here B’ (k) is the reinforcement signal generated

for the i LA within the j" cell. Q' (k) is the

average improvement of the particles in the5.4. A modified version of the proposed method

neighbouring cells of thg" cell. W/ (k) is the As we intend to keep the number of parameters as
average fitness of the particles in the neighbaurin small as possible, we didn’t considered the weights
cells of the " cell. The reinforcement signal of the improving and flying paths@ndz) in Eq. 11
compares the improvement of the particle and theyy settings and 7 to random numbers. However, our
fitness of its acquired position with the empirical studies have shown that appropriate inin
corresponding ones in the neighbouring cells. Base@f these parameters can significantly enhance the
on this generated signal, the LA will be updatedperformance of the proposed method. In this section
according to Eq. 4-5. As demonstrated in Algorithmwe introduce an alternative approach which doesn't
1 and Fig. 3, each learming automata Ilk&’' has  require any specific parameter tunings. The vabfes
four 6-dimensional components!(k), Q'(K), Z(K,  x and 7 can be adaptively tuned during the searching
and di(k), that are updated in each step. A pseudgyocess. To this extent, each particle uses its own

code for the overall proposed method is given o Fi settings ofx and 7 for each one of its updating

5. strategies, which are learned during the evolutipna

process. A particle maintains a pool of different

promising values of these parameters for each bne o



its six updating strategies. At each updating step, recent variants of the ordinary PSO algorithm,
particle selects one pair of these parameters fteam namely DTT-PSO [45], MCUPS [46], HCLPSO [4],
parameter pool of the selected strategy. Thenand EPSO [5] as well as CMAES [47] are also
slightly perturbs the selected valueswfindr, and considered in the comparative studies. In the
employs the obtained settings in its updating rifle. experimental studies of this section, all peer m@sh

the newly generated settings improve the personadre configured with the same settings as the dras t
best position of the particle, the particle reptattee ~ are suggested in the related references. We haee us
newly generated pair with a randomly selected oldthe recommended settings for the 30-D search spaces
one from its parameter pool of the updating strateg on both 30-D and 50-D instances of the tested

In the proposed method, the perturbednd x are ~ Problems when there is no suggested settings éor th

obtained according to the following equation: 50-D search spaces in the related literature. Afbri
_ N overview of the compared peer methods is given in
u(0,1) with probability O.
r(new) = . Table 2.
max( + 0.N (0,1),0.01) otherwi
(new) {u (0,2 with probability O Like other stochastic search methods, the
K(new) = :
max + 0.N (0,1),0.01) otherwi: proposed algorithm has some specific parameters.

whereu(0,1) generates a uniform random number inWe can empirically analyze these parameters, and

the interval [0,1]. adjust them accordingly. In this regard, an

investigation on the sensitivity of the proposed

6. Experimental Study method to the different settings of the averaging

In this section, the effectiveness of the proposedyeight ¢) is carried out in section 6.4. Other
approach is investigated via a comparative study oparameters of the proposed method can be tuned in
the CEC2013 benchmark set [44]. The problems inthe same manner, and according to our experiments,
this benchmarks set can be divided into three group the settings in Table 3 will be used for the réghe
unimodal {i-fs), basic multimodal f¢-f), and  paper.
composition f1-f2g). As the definitions and the
characteristics of these benchmarks are completely

] ) Table 2. A brief description of the compared method
discussed in [44], they are not repeated furthee.he wmethod description

. ognitive BBJ A variant of BBPSO with jumps, in which the current
In order to demonstrate the |mpaCt of the propose BBJ) [26] position of a particle is also involved in its ufidg rules.

. . PBBPSO uses a pairwise strategy to enhance thesityef
updatlng scheme on BBPSO’ CLA-BBPSO-R is its swarm. The particles compete in random tourméasnend,
. . PBBPSO [48] based on these competitions, are categorized dariear
compared with two recent variants of bare bones followers. Then, different search paradigms arel sethe

) ] ) o particles in each category.
PSO with classical updating rules. In addition,rfou pTT-pso [45] A dynamic tournament topology strategy isaaticed in




M CUPS [46]

CMA-ES[47]

HCLPSO [4]

EPSO [5]

DTT-PSO to improve the performance of the PSO étyor
In this method, each particle is guided by sevieeéter
solutions, chosen from the entire population. Tédection of
the better particles is stochastic, but still faparticles with
better solution.

A unification factor is integrated into particle @un
optimization to balance the effects of cognitivel aocial
terms. The new model is hybridized with two oth&CP
methods, namely MPSO and CPSO to achieve better
solutions.

CMA-ES stands for Covariance Matrix Adaptation Exmin
Strategy. Evolution strategies (ES) are stochadéidyative-
free methods for numerical optimization.

HCLPSO useswo specific subpopulations for explorat
and exploitation purposes and emplogs comprehensi
learning strategy to generate the exemplars fdn béthes
subpopulations.

EPSO divides its population into two ssWwarms. A sma
sub-swarm sarches the problem landscape basec

comprehensive learning PSO (CLPSO) searching puveed

while an integrated seHdaptive mechanism learns
appropriate searching method for the second amgrdaub-
swarm.

Table 3. Parameter settings for the proposed method

Parameter

Value

N: Number of swarms (cells)
M: Number of particles (LA) in each swarm (cell) 10

o: averaging weight
A: learning rate of LA

10

0.8
0.15

Parameter pool size of each particle in variant Il 5

6.1. Comparison of different variants of the

proposed method

In this section, we experimentally compare the
two variants of the proposed method to identify the
benefits of the adaptive parameter control compbnen
in CLA-BBPSO-R. The experiments in this section
are carried out on the 30-D instances of the CEG201
benchmarks. The results are obtained over 51
independent runs, and each run of the algorithm on
each benchmark is terminated after 3E5 fitness
evaluations. The obtained results are given in & 4bl
in terms of the average error values of the final
solutions and their standard deviations. The oailgin
variant of the proposed method will be denoted by
CLA-BBPSO-R, and the variant with the adaptive
parameter control component, which was introduced

in section 5.4, will be denoted by CLA-BBPSO-R-A.

Table 4. Comparison results of the two variantthefproposed method on the CEC2013 benchmark sstis of average and standard deviation of thesirodad

results.

f  CLA-BBPSC-R CLA-BBPSC-R-A] f  CLA-BBPSC-R CLA-BBPSC-R-A] f  CLA-BBPSC-R CLA-BBPSC-R-A
‘ 0.00E+00 0.00E+00 ¢ 3.17E+01 3.17E+01 ¢ 2.75E+02 2.59E+02
t 0.00E+00 0.00E+00 1 7.10E+00 4.91E+00 2 4.40E+01 4.97E+01
¢ 5.12E+04 4.33E+04 ¢ 3.02E+01 2.68E+01 ¢ 2.36E+03 2.60E+03
2 2.12E+04 1.74E+04 2 6.49E+00 4.71E+00 2 3.68E+02 3.40E+02
; 3.43E+05 4.90E+04 ‘ 6.62E+01 6.08E+01 ¢ 2.93E+03 2.85E+03
3 1.08E+06 9.35E+04 8 1.17E+01 1.20E+01 = 4.48E+02 3.70E+02
‘ 4.80E+02 4. 58E+02 ¢ 2.76E+03 2.78E+03 ¢ 2.23E+02 2.20E+02
4 1.56E+02 1.60E+02 14 5.10E+02 3.46E+02 24 6.96E+00 5.35E+00
¢ 0.00E+00 0.00E+00 ¢ 2.87E+03 2.77E+03 ¢ 2.67E+02 2.64E+02
5 0.00E+0( 0.00E+0! 15 4.18E+0; 3.90E+0; % 7.28E+0( 1.18E+0:
; 2.14E-04 1.55E-05 ¢ 2.43E+00 2.37E+00 ¢ 2.00E+02 2.00E+02
6 1.02E-03 6.65E-05 6 2.58E-01 4.00E-01 2 1.17E-03 1.63E-03
‘ 1.38E+01 1.14E+01 ¢ 5.52E+01 5.36E+01 ¢ 5.80E+02 5.48E+02
7 6.17E+00 4.51E+00 17 6.46E+00 5.18E+00 2 8.80E+01 7.48E+01
¢ 2.09E+01 2.09E+01 ¢ 1.15E+02 6.33E+01 ¢ 2.96E+02 3.00E+02
8 6.63E-02 4.99E-02 8 5.63E+0; 1.75E+0: 28 2.80E+0; 2.87E-13
; 1.85E+01 1.82E+01 ; 2.23E+00 1.64E+00

° 2.37E+00 2.05E+00 1 3.43E-01 1.55E-01

¢ 3.22E-02 2.80E-02 ¢ 1.05E+01 1.01E+01

10 2.26E-02 1.44E-02 20 6.59E-01 5.48E-01




The overall results of Table 4 show that the confidence level of 95% [49] has been conducted on
performances of the two variants of the introducedeach benchmark. Wilcoxon test is a nonparametric
algorithm are very close, and their obtained result alternative to the paired t-test [49] and is basedhe
are similar on most of the tested problems. Howevenull hypothesis that the two compared algorithnes ar
considering the obtained results fanfiy, fi3, fis, fig, statistically equivalent. Table 5 summarizes the
f21, andfy;, CLA-BBPSO-R-A demonstrates a robust overall results of the tests aw/t/l”, which means
performance in comparison to CLA-BBPSO-R. In that CLA-BBPSO-R-A is significantly better than,
the proposed method, the weights of the improvingequal to and worse than the corresponding compared
and flying paths £ and ) in the alignment strategies methods orw, t, andl functions, respectively. Also,
significantly affect the movements of a particléiie  the Freidman ranks of the compared methods based
fitness landscape. Consequently, appropriate gsttin on the average obtained results are given in Téble
of these parameters can lead the algorithm to rbetteThe detailed results as well as the convergence
solutions on different problems. In addition, the curves of the compared methods are provided in the
parametersc and 7 are changed randomly in CLA- supplementary material.

BBPSO-R, which can result in a less steady behavior
in the particles; however in CLA-BBPSO-R-A, these

two parameters are adapted and changed smoothly,

Table 5. Summary of comparison results of CLA-BBPS@® with other peer
methods based on Wilcoxon rank sum test.

Unimodal Basic M ultimodal Composition All

resulting in a stable behavior. Also, drastic cleng CBBJ 3/2/0 9/1/5 7/0/1 19/3/6
PBBPSO 3/2/0 12/2/1 6/1/1 21/5/2

in position of particles in CLA-BBPSO-R can MCUPS 221 1113 6/1/1 19/4/5
. : DTT PSO 3/2/0 8/5/2 5/2/1 16/9/3

severely affect the incremental learning process of CMAES 0213 1302 21110 20305
the f|y|ng and improving paths_ HCLPSO 3/2/0 9/1/5 4/3/1 16/6/6
EPSO 2211 10/1/4 4/3/1 16/6/6

6.2. Experiments on 30-D test problems

: : Table 6. Friedman ranks of the compared method3E®2013 benchmarks at
In this experiment, the performances of the peer ™™ ;;5" | A BBPSO-R-A=CLA, PBBPSO=PBB, DTT PSO=DTT,
HCLPSO=HCL)

CLA CBBJ PBB MCUPS DTT CMAES HCL EPSO
CEC2013 benchmarks. The results of the comparedf. 45 45 45 45 45 45 45 45

methods are evaluated on the 30-D instances of the -

) fa 2 6 7 8 3 1 5 4

methods on each benchmark are obtained over 51t, 2 8 5 1 3 6
. . . fa 4 8 6 2 7 1 5

independent runs, and each run is terminated after;  ,5 45 45 45 45 45 45 45

3E+5 fitness evaluations. To determine the f 1 7 6 8 4253

7 1 8 5 7 6 2 3 4

superiority of the proposed approach from a f= 4 4 4 4 4 8 4 4

o ) _ i fo 1 8 6 7 2 4 3 5

statistical viewpoint, Wilcoxon rank sum test for a ¢, 2 8 4 3 6 1 7 5

fu 5 2 7 4 6 8 2 2




f, 1 8 6 7 2 5 4 3 among their variables, meaning that they can be
fi3 1 8 6 7 2 5 4 3 . .

fu 7 1 4 5 6 8 2 3 solved by simple coordinate search approaches. The
fis 1 7 8 6 2 3 4 5 .

T 4 o5 s 25 1 5 . proposed method evolves all the coordinates of a
fr 5 1 8 6 4 7 2 3 particle in a same time based on a single unified
fig 1 8 7 5 6 2 3 4 . . . . i .

fro 3 1 8 6 5 7 2 4 probability distribution; accordingly, it cannot
fa0 1 7 5 6 4 8 3 2 . . .

th 3 6 8 7 45 45 1 5 perform independent searches in different
p v 2 4 5 6 &8 1 3 dimensions appropriately. There are various
fas 2 7 8 6 1 3 4 5

far 1 8 6 7 3 5 2 4 approaches to improve the proposed method in this
fos 1 8 6 7 4 2 3 5 . . .

fe 2 8 4 7 6 5 2 2 regard; the simplest method would be integratioa of
far 1 8 6 7 3 5 2 4 . . . .. .
35 8 1 ; 5 6 35 o jumping mechanism, similar to that of CBBJ, into
Ay s B Ere  BER Aal Asn 829 S CLA-BBPSO-R. This jumping mechanism is the

main reason for the superior performances of CBBJ

The overall results of Table 5-6 clearly onf,y, fi, fi7, andf,, in comparison to CLA-BBPSO-
demonstrate the effectiveness of the proposeqk and PBBPSO.

method in solving optimization problems with

different characteristics. CLA-BBPSO-R-A . . . .
performances in comparison with the variants of the

outperforms the other compared variants of BBPSO _ .
canonical PSO algorithm. In general, advanced PSO

on most of the tested problems and obtains thedbwe . . : .
methods with common updating rules involving

average rank according to the Freidman test. The . :
velocity terms are superior to most of the BBPSO

main difference of the proposed approach with themethods. This is due to the fact that common PSO

other compared BBPSO methods lies in its Updatin%pdating

The proposed method also exhibits better

rules are based on more effective

scheme, which is based on rotated and re-aligned _ . .
g information about the fitness landscape, which is

Gaussian distributions. Accordingly, it can be . :
encoded in the velocity terms. In the proposed

inferred that th d updati I )
nerred that e PropastiReging e can geaera method, the flying and improving paths of each

new positions for the particles more effectively in _ )
particle play comparable rules to the velocity of

comparison to the common updating rules of . .
P P g particles in PSO and enhance the acquisition of

BBPSO. When compared with CBBJ, CLA-BBPSO- . . ,
promising information about the fitness landscapes.

R has weaker performances ff fis4, fi7, andf,.

Several compared methods have obtained better MCUPS has a superior performance in

ranks than the proposed method on these problemg_omparison to the proposed methodiginowever, it

These problems enjoy some degree of separabilit;l?as achieved weaker or similar results on the other

unimodal benchmarkd;, fi4, fis, foo are the multi



modal and composition problems on which MCUPS,rather than approximating a single covariance matri
like CBBJ, has obtained better results in compariso for the whole population, each individual adaptwvel
to CLA-BBPSO-R, where the obtained results of thelearns its promising updating directions and based
two methods are very close dp. DTT PSO, like these directions obtains a rotation matrix to adfss
MCUPS and CBBJ, has better performances inupdating distributions. As the computed directions
comparison to CLA-BBPSO-R dry andfy,, while it are different for the various individuals in the
achieved weaker or very close performances on theopulation, the proposed method possesses better
reminder of the problems. The average ranks ofxploration capabilities in comparison to CMA-ES.
HCLPSO and EPSO are very close to that of CLA-Accordingly, the proposed method is superior in
BBPSO-R-A. These two approaches obtained higicomparison to CMA-ES on the multimodal and
Freidman ranks on the separable problems andomposition problems. Considering the convergence
demonstrated superior performances on some theurves provided in supplementary material, the
tested multimodal and composition problems.higher convergence rate of CMA-ES is clearly
However, considering pairwise comparisons basectvident. However, on problems liKe;, fi3, andfx

on Wilcoxon rank sum test, CLA-BBPSO-R-A this higher convergence rate of CMA-ES results in a
demonstrated superior or equal performances in mogast entrapment in local optima. CLA-BBPSO-R-A,
cases. also, exhibits appropriate convergence properties.

The achieved results of CMA-ES are ratherAside from CMA-ES, the proposed method reaches

distinguishable from other compared methods. Is thi better solutions on problems likig, fe, 7, fio f1s

algorithm, the new individuals are generated by afaster than the other peer methods, and on problems

single multivariate Gaussian distribution. Therg th f1s andfzo its convergence speed is comparable to

covariance matrix of the distribution is updated DTT PSO, which exhibits high convergence rates on

incrementally in way to increase the likelihood of these problems.

previously successful search steps. The algorithn®.3 Experiments on 50-D test problems

evolves the parameters of the Gaussian distribution The summary of comparison results on the 50

based on its whole population. Accordingly, CMA- dimensional instances of the CEC2013 benchmarks

ES exhibits very high convergence rates, which isare given in Table 7. Additionally, the detailed

noticeable from its achieved results on the un'mOdastatistical results are provided in the supple ta

problems. The proposed re-alignment scheme foFnaterial. As it can be seen from the obtained tgsul

updating distributions has a significant difference,[he relative performances of the compared methods

with the covariance adaptation scheme of CMA-ES:are much similar to the 30-D instances of the



problems. The introduced method obtains relativelycan obtain better results with the settings:af the
better results oriy; due to the increased number of range [0.65,0.85].1t should be noted tHfatis a
fitness evaluations. Also, the relative performaate problem with the both unimodal and multimodal
HCLPSO and EPSO on the composition problems icharacteristics.

improved in comparison to the 50-D search spaces,

which demonstrates their efficiency on higher

Table 7. Summary of comparison results of CLA-BBPS@ith other peer

dimensional spaces. However based on the Overamethods based on Wilcoxon rank sum test on thef0blems.

benchmarks Unimodal Basic Multimodal Composition All
obtained results, it can be inferred that CLA-BBPSO ' CBBJ 3/2/0 9/1/5 7/o/1 19/3/6
BPSO 3/2/0 13/1/1 7/0/1 23/3/2
i i i imi i ; MCUPS 2/3/C 11/2/2 7/0/1 20/4/<
R is still an effective optimization method on hegh " 77555 3556 030 431 17/8/3
. . ) . . CMA-ES 0/2/3 13/0/2 6/2/0 19/4/5
dimensionalities, and its obtained results areebett |, cipso 3521 915 302/ 15/5/8
EPSO 2/2/1 8/3/4 4/1/3 14/6/8
than the other compared methods on most of tested
problems.
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different settings exhibit better performances. The

4E+1

2 35*1‘%
[%]

(]
L 2E+1

h=
*=1E+1

O0E+0

0.6

o 08

1

2E+2

1E+2

thess

fi

OE+0

5E+1‘*“+L

0.6

o

0.8

1

proposed method achieved better results on th
unimodal problemd, andf,; using relatively lower
values ofa, while on the multimodal benchmarks
fo, CLA-BBPSO-R has

distinctively better performance wher0.95. On the

including f7, and fi

two multimodal problemds and f;7, the algorithm

f12

f17

Fig. 6. The effect of averaging weight on the perfance of CLA-BBPSO-R

From these observations, it could be inferred that

convergence

rate of

decreasing occasionally results in an increase in the
the proposed algorithm;



accordingly, CLA-BBPSO-R can achieve better points respectively. It can be perceived from Fig.
solutions on the unimodal problems with lower that various alignment strategies have different
values ofa. However, asu increases, the particles impacts on the performance of CLA-BBPSO-R-A
employ more information from their search historiesunder different conditions. Alignment strategy I&’

in the generation of new positions, which can bethe most important and effective alignment among
helpful in escaping from local optima of multimodal the three developed strategies. It is the best
problems. Consequently, adaptive and appropriatalignment strategy of CLA-BBPSO-R for the
tuning of this parameter can significantly improve unimodal benchmarks, and the performance of CLA-
the performance of the proposed approach. BBPSO drops significantly on these benchmarks

6.5. Investigating the alignment strategies of the when this alignment  strategy is disabled.

CLA-BBPSO-R-A Additionally, successful alignment strategy sets fo
the multimodal benchmark, all, include strategy

This section investigates the effects of different
‘2’. The successful performances of the proposed

d ali t strategi the behavi f
proposed alignment strategies on the behaviour of . orf, are achieved with ‘{1}’, ‘{1, 3, (3},

CLA-BBPSO-R-A. To this end, two categories of . _
g and {1, 2, 3}, which demonstrates the effectiveness

experiments are conducted on the alignment _ o . :
of two alignment strategies ‘1’ and ‘3" on this

strategies presented in Eq. 11. In the first c (o]
gesp q e benchmark. The successful performances of CLA-

experiments, the proposed method is modified to US%BPSO-R onfy, are with respect to the alignment

only one of the presented strategies, and theiootat )
y P g sets {3}, {1, 3}, and {1, 2, 3}, which shows that

matrices are calculated based on that strategiheln . ) ) ) .
4 alignment direction ‘3’ is the most suitable chofoe

second category of experiments, a single alignment .
gory P g g tthIS problem. On the benchmark, all of the

strategy is disabled each time, and the performance,. o o
alignment directions lead to almost similar

of the algorithm is evaluated in the absence of tha » _
performances. Additionally, the algorithm works

strategy. In order to represent different variaritthe _ . L
well on fg when it employs multiple strategies in

roposed method, the notation BB-B:{will be o
prop B combination.

employed in this section, whe&represents the set

of involved alignment strategies in an experiment. Based on these observations, it could be inferred

Fig. 7 illustrates the effectiveness of different that different landscapes require different typés o

alignment strategies alignment strategies, and the performance of the

proposed method significantly depends on its

Considering Eq. 11, the alignment strategies ‘1’,. . . .
incorporated  alignment  strategies.  Unimodal
‘2’, and ‘3’ are based on ‘pbest’, ‘gbest’, and ‘amé _ .
problems can be solved effectively by using schemes



with  high convergence and local searchseparately for each particle. As discussed in @ecti
characteristics, and as the alignment strategyis2’ 4, this operation can be implemented efficientlyhwi
based on ‘gbest’, it is the most effective aligninen a time complexity of (% whereD represents the
direction for the algorithm on the unimodal problem dimensionality. The other operations like
problems. However, multimodal benchmarks requireaction selection or LA adaption are less time
various combinations of alignment strategiegich  consuming. Each LA has a constant number of
depend on the characteristics of the corresponittingss ~ actions; consequently, action selection step can be
landscapes. performed with a time complexity of O(1) for each

6.6. Time complexity of CLA-BBPSO-R particle. Also, the action adaption step imposes a

, . . , . . time complexity of O(1) on each particle as the
In this section, we briefly investigate the time eIy @ P

, . reinforcements signals for the learning automata of
complexity of the proposed approach. The most time

, o . cell with M learning automata can be generated in
consuming operation in the proposed method is

O(M) and, using these reinforcement signals, each
LA can be updated in O(1).

related to the rotation matrix of each particleeTh

rotation matrix is calculated in every updatingpste
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Fig. 7. The average obtained results of CLA-BBPSOnRer different integrated strategy sets.



In order to experimentally analyze the running BBPSO. To this end, a set of alignment strategies a
time of the proposed method, the BOdimensional developed and integrated into the classical bare
instances of the wunimodal functions from thebones PSO method. Based on this mechanism, the
CEC2013 benchmark set are considered in thigarticles can utilize additional and promising
section. The running time of the proposed method isnformation about the fithess landscape into their
compared with two recent variants of the PSOupdating rules. The proposed method is based on the
algorithm, namely EPSO and HCLPSO. Table 8idea of re-aligning the updating distributions aon
gives the running time of the three comparedsome promising directions. Accordingly, the
methods after 3E+5 fitness evaluations. Looking atalgorithm can generate new positions for the pasic
Table 8, it is obvious that the proposed method iseffectively in comparison to the classical updating
slower than HCLPSO as HCLPSO has less overheadules of the bare bones PSO. These alignment
in comparison to the proposed method. Howeverdirections are based on the two introduced concepts
CLA-BBPSO-R requires less running time in of flying and improving paths that each particle
comparison to EPSO which uses an ensemble oéxperiences during its searching process. Thedlyin
several variants of the PSO algorithm. It should beand improving paths for a particle are learnedhmm t
noted that fitness evaluation is considered asth&t  run time based on an incremental mechanism. The
time consuming operation in the optimization promising directions associated with these patls ar
literature. Accordingly as the objective function learned for each particle separately via cellular
becomes more time consuming, the running time ofearning automata. CLA achieves this goal through
different optimization methods become closer. reinforcement learning and a set of local rules for

evaluating the performance of different alignment

, _ _ strategies. The introduced new approach for the
Table 8. The run time of different methods on tBeDBunimodal benchmark

problems (in seconds). distribution alignments in bare bones PSO can be

f CLA-BBPSO-R-A HCLPSO EPSO
f 2.27e+0 1.79e+01 3.00e+0: i imi i i
t > 450101 T 3360101 easily extended to other optimization methods, iand
f 2.44e+01 1.99e+01 3.06e+01 e .

0 537010 T 330010 not specific to the proposed algorithm. Also, there
fs 2.22e+01 1.82e+01 2.92e+01 . i
are several ways to enhance the introduced method i
_ the future works such as investigating and

7. Conclusion

developing new alignment strategies. Comparative
This paper investigated a mechanism based 0Qygies on the CEC2013 benchmark set demonstrated

cellular learning automata and maximum likelihood 4 effectiveness of the proposed approach insglvi

principle for enhancing the updating distributiafs complex optimization problems. Also, comparison



with other recent variants of BBPSO highlighted the[10] R. Poli, Mean and variance of the sampling
distribution of particle swarm optimizers during
stagnation, IEEE Transactions on Evolutionary
updating rules to the classical updating rules of Computation, 13 (2009) 712-721.
[11] F. Van den Bergh, A.P. Engelbrecht, A

BBPSO. .

convergence proof for the particle swarm
optimiser, Fundamenta Informaticae, 105 (2010)
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>,R,A,BO0™" , where 2 is symmetric positive

and S respectively in a way thaEZ'=AA;A',

diagonal entries arranged in non-increasing (or- non

whereK, is a reverse diagonal matrix with entries +1.

Proof. The likelihood function is



L=L(RI[X)=L(RI[X; X5, . Xy )
|_|im:1f (x; [R)=

m 1
- J(2m)" |RERT |

In(L) = —%mn In(2m) -

expl--x RIRT )X, )

%m In RZR" i——;ZinTRZ‘lRTXi

Using |RERTEIR X £ k RT , [REIR" ",

and > " x/RZ'R'x, =traceRZ'R'S) the log

likelihood function can be written in the following

form:

In(L) = —%mn In(2m) -

%m InE |——;trace RZ'R'S

Accordingly, the maximization of Ih{ results in

the following problem:

min traceRZ'R'S )
subject toR is orhtogonal, i.&R"=R'R =1
and R ¥ 1

The value oftraceRZ™R'S ) can be obtained in

the following way:

traceRZ'R'S )= traceRQR'S ) wher®@ =3
traceRQR'S )= traceRAA,A'R'BABT )

where/Aq andAs are diagonal matrices consisting of -

Eigen values ofQ and S respectively which are

arranged in non-decreasing ordarandB are Eigen

vector matrices associated witly, andAs.

traceRAA,A'R'BAB" )=
trace(\,ATR"BA;B'RA )= tracefi,M "A;M
whereM=B'RA. (MM'=B'"RAATR'B=M"M=1), using
equationtrace@X "B )= > > A;X,B, , the

value of the above trace can be obtained as:

trace(\,M "AM )=2" > > N M L IAMI,
as V\SM ]<i = [/\s ]kk[M ]ki
trace(\,M "AM )=

ZiZjZk[/\Q]ii[M]kj[ /\S-l kl[ M] ki

as\,] =0fori # ]
trace\ M 'AM )= > N, 1M T[N

defining N as N=MOM where ©® stands for the

Hadamard operator, we arrive at:
trace(\,M T/\sM ):Zi Zk Mo TNy A L
trace(©\,M "AM )= diag{\, )N diagf, )

It can be shown thad is doubly stochastic. If we
adopta’=diag(\ ), andb =diag(\,, ) the value of

the trace equals:

trace(\,M "A M )=
al(N 11b1+N lp2+"'+N hbn)+
a2(N 21b1+N 2p2+"'+N Zlbn)+

8, (N, +N by +. +N b, ) =
bl(N 1la1+N 2?2+"'+ N n ?‘n)+
bZ(N12al+N 2?‘2+"'+Nn 9‘n)+

bn(Nlna1+N 2na2+"'+Nnnan)'

with 37 N => Ny =1 and N; 20,0i ,j .



In the above equation, eaehis multiplied with  9y/(R) ZSTR(EY)T+SRE—(L +L IR
the weighted average bfs (=1...n) and also each, R

is multiplied with the weighted average @s @:ZSRZ*—(L +L R

(j=1...n). Accordingly, their sum is minimized if

each element in a is paired with its respective Accordingly, the first-order conditions are

element inb , whereb consists of entities i  2SRZ*-(L+L)R=0
sorted in the non-decreasing order. Herdel, RR™ =1

whereJ is the inverse identity matrix, minimizes the Right multiplying the first equation witR" and

summation given in the previous expression. Moresubtracting from its transpose yields:

specifically, if x, represents the set okn doubly
2SRz -2"R'S=0

stochastic matricesy, is a convex compact set ; (31)
RR' =1
whose extreme points are the permutation matrices
(Birkhoff), since a'Nb is linear, its minimum is For whichR =BK AT is an answer.

reached in an extreme point of, i.e. in a
permutation matrix. Then, using Hardy’s theorem,
we can arrive al. So, if the value oR can be chosen
in a way to mak&=J, the summation in the previous
equation attains its minimum. By setting

R =BK_ A" we have:

N=MOM =B"RAD B'RA =
BTBK ATAD B'BK, ATA=K_ [ K, =J

Considering RR'=l as a Lagrangian, we can

observe thaR =BK,AT is an extreme point of the

following Lagrangian function:
@(R) =trace(RZ'R"S) ~trace| L'((RR" 1) ]

where L is the matrix of Lagrangian multipliers.

Differentiating this Lagrangian function yields:



This paper develops a new multi-swarm Bare Bones PSO which utilizes a cellular learning automata to
adjust the alignment direction of updating distributions.

A theorem for the maximum likelihood estimate of rotation matrix in multivariate Gaussian distributions is
developed.

Based on the estimated rotation matrix, novel updating rules are developed for Bare Bones PSO with the
aim of maximizing the likelihood of promising directions.

By adaptively controlling the effect of each rule on each particle, the proposed method guides the updating

direction of the particles.



