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NOTES ON PARALLEL COMPUTATION FOR STRING TRANSFORMATION PROBLEMS

KENNETH WILLIAMS, Western Michigan Universicy
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ABSTRACT

Sorcing, matrix cransposition in computer memory,
string rotation and many other common tasks fall
into the class of string transformation problems.
This paper provides observations on the amount of
information necessary, as well as the processing
time required, for the parallel precessing of
string transformatcions.

INTRODUCTION

This paper deals with parallel processing of those
problems for which the input can be expressed as a
set of character strings and the ocutput is a re-
ordering (with certain modifications possible) of
the same symbols. Simple examples include string
reversal, matrix transposition and conversion of
infix notatlon to postfix motatfion. Considerably
more complex problems may be formulated. The
basic approach to & siring transfcrmation problem
1s finding & function that maps the position of
any svebol in an input string into its corres-
ponding pesicion in the output string. Concur-
rency can be achieved by simultaneous computation
of positions of different svmbols in the ocutput
string using different processors.

A classification of problems with related exaoples
based on the amount of information necessary to
find the function is presented. It Is shovm that
the problem classificacion svstem can be
generalized.

Once the output function is determined, it is
noted that with enough processors the actual func-
tion assignment is am 0(1) operation. It is shown
that determination of the output function, al=-
though usually simple, may not even be computable.

In addition, it is established thar outside of the
general classification system socaze types of string
transformation problems depend only on knowledge
of local information within the input string. In
certaln cases an information reduction process can
be defined where, although a grear deal of infor-
mation is necessary to process portions of the in-
put, the amount of information is reduced for the
processing of other input symbols.

BASIC CONCEPTS
It i3 well known that parallelism may be used to

increase the speed of certain cosputations. Azong
many references on the subject, one may especlally
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consider [2], [4). [5], [B], and [9]. String
transformation problems as a subject for parallel
computation were firsc considered in [6]. The
basic concept for the problems is finding a func-
tion { that maps the position of any character in
an input string into its corresponding position in
the output string. Since the output string repre-
sents a permutation of the imput string for a
given preblem incident, function { is a bijectien
from ¥ to N where N is the set of integers from 1
to n, and n is the length of the string. This
function reflects the algorithm that describes the
transformation to be implemented. Parallelism can
be obtained by determining the output positions of
different symbols at the same time.

As an example, consider the problem of reversing a
string of characters. The obvious sequential al-
gorithm has complexity O(n). Using function {,
given below, a parallel_cquut:r with P processors
can do the reversal in [ n/p! time. This will be
an 0{1) operation if n processors are available.

For 5 the ith character in the input string:

IE 5 [R=i+l ifl<iz<n
. | ‘undefined otherwise

This paper first defines the notation and basic
premises and then provides a set of examples to
{l1luscrace che approdch. Through the examples it
beccmes evident thatr there is 2 narural classifi-
cation of problez tvpes based on the amount of in-
formation regquired by 4. A generalizaticn of the
classification system is developed.

Let scring I = 1112... upbf the input string and
0= Elﬁz...ip be the output string for a given al-

gorithe. Each symbol may consist of one or more
characters.

For €ach o Tl define:
inpos(a = i wvhere o= 5 and
outpos(e) = j where a= Ej'
Let £ be the function that defines outpos{z). Then
the range of § is given by Range (f) = {1,.:e:p)-

However, the required domain of § may be different
for different altorithms.

Baving defined function §, we can determine posi-
tions of all the symbols in the ocutput string in
L + [n/7]T time, for T the time needed to compute
function 4, P the size of the parallel processor



(i.e. the number of processing elements that the
parallel processor contains), n the length of the
input string and L the amount of time needed to
gather the Information required by function § (the
"information gathering time").

Problems of this type may be classified inte
geveral cases based on the amount of informacion
required by function {.

CLASSIFICATION AND EXAMPLES

Case. I

Outpos (o) is a function of the ocutput
position of & only. That is

outpos (o) = {{inpes(zl))

Example 1l: Identity relatienship.
G]Iﬂz...ﬂ:n — ulnz.“un.
{{inposia)) = inpos{a)
6l s
Example 2: 8850000 = uinl':inf"nnan'-l'

inpos(a)+l if inpos(a) is odd

n

§(1npos(a)) “inpos(a)=1 if inpos{a) is even
Kote that 1f we have n processors, each operating
on eéxactly one of the imput symbols, Ve, ocutposia)
can be computed im 0(1) time. If we have P pro-
cessors, this will regquire O(n/P) time.

Case 2

Qutpog(o) i a function of inpos(z) and n
only. That is

cutposf{a) = f{iapos(n), n)
Example: String reversal.

A, O w0 ™ 0 .0
n m

1 2 1

f(inpos(a),n) = n - inpos(o) + 1
As in Case ], once the information gathering cime
is complete, this type of function can be calcue=
lated in O0(n/P) time when we have F processor and
in C(l) time given n processors.
Case 3

Qutpos (o) 1s a function of inpos{o) and
certain other fixed information. That is

outpos(e) = §{inpos(a), tl,tz,,..,tm}.
Example! Matrix transposition. We assume thar
the elements of the matrix are stored in row majer
order. That 1g, the elements are stored in lexi-
cegraphic order by index with the rov index as the

major key and the column index as the minor kev.

Using row major order, the twe dimensional array

ﬁflfll. 1712) can be interpreted as 1, rows: row

1 1*
ToW. 4.2 ,F0W, with each row consisting of 1
2 l1 2
tlements. O(me mav observe that inpos(an), for a=

A[1,7], is displaced from the base of the array by
the amount 12{1—1} + § and, therefore, location

(A[1,4]) 18 given by 12{1-13 + ] + base. From the
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above, we note that ﬂ(inPDF(u}.ll.lz} for o= A[4,4]
i6 given by:

1= i_{inpastw—l}flz ]+ 1 in A,
and § = ({inpos(n)-1)MOD 1) +1in k.

To compute the transpose, Af[f1,3] will become
AT[j.i] which will occupy the ll{j-l} + i position.

{The number of rows in hT-121 the number of
columns = ll.}

Therefore,
f(inpos(a), 11,12] = ll{(inpas{a)—l)HﬁD 12}
+ [{inpos(o)-1}/1, | + 1

S0, once information gathering {5 complete, the
trangpose of a2 matrix can be computed in 0(l) time
if 11 * 12 processors &re available and in O(n/P)

time when F processors are available.

Case &

Outpos{o) is a function of o only. That is
outpesia) = §{a)

Input sequence alnz,,.nn is & random
ardering of the integers 1, ..., n. For the cutput
we want them in sequential order. The outpos(a) =
fla) = o.

Example:

This can be calculated in O(n/F) time when P
processors are available.

Case 5

Qutpes(n) 1s a function of the input position
of o and of the entire input string. That is

outposi(a) = {{inpos(a),I)

Example 1: Sorting. The problem of sorting is
one of determining a permutation that arranges a
get of symbols im a particular order. We can use
the following fumction to compute the output posi-
tioen of a symbol.

n, +1

i
- Fy I
sar. . Bi0 87 ‘undefined

for 1<i<n
otherwise
where ny is the number of symbole less than the
ith symbol in the input string plus the number of
symbols equal to the ith svmbol that preceed the
ith symbol in the input string.

Muller and Preparata [7] have shown that each

value of n, can be determined in O(log n) time

(information gathering time) using n leg n pro-
cegsors. Omce each value of ny ig knowmn, the

final positions can be computed in O(1) time using
N PIOCEBSOTE.

Example 2: Consider a string of symbols of length
n that consists of symbols belonging to three
different groups: Gl, G2, and G3. We want an al-
gerithe that transforms the input string inte an
output string in which all syvmbels from Gl are
placed at the beginning, all from G3 at the end
and all from G2 in the middle of the string. The
order of symbols within each group for output




should be the same as their order in the input.
For a -al. {(inpos(a),1) may be given by:

For a ¢ Gl:

§ = (number of symbols that belong to group
Gl and precede the ith symbol in the
input string) + 1

For e ¢ G2:

§ = (number of symbols that belong to group
Gl) + (number of symbols that belong to
group G2 and precede the ith symbol in
the input string) + 1

For a e G3:

4 = (number of symbols that belong to group
Gl) + (number of symbols that belong to
group G2) + (nuember of symbols that be-
long to G3 and precede the ith symbol in
the input string) + 1

Informacion needed to compute 4 can be obtained in
O(n) time with & single seguential pass through
the input or by each processor adding 1 to an
accumulator from a set of common accumulators with
one accusulator to represent each of the groups of
symbols. Once this iaformation 1s obtained, the
position of symbols in the cutput string can be
determined in 0(1) time if n processors are
available.

Example 3: Transformation of infix notation inte
postfix notation. A sclution to this preblem is
glven by Dekel and Sahni [1]. In [1], the Shared
Mezory Model (5MM) 1s used as a model of computa=-
tion. Using this model of computation it is showm
that the proper positions of symbols in the output
string can be computed in G{lagz n) using n pro-
cessors. Lo ensure that every imput symbol has a
corresponding position we may assume that the in-
put expression iz free of parentheses or we may
extend the class of problems being considered to
allow for scme of the input symbols to not be re-
geated in the output. (Their outpos may be re-
garded as 0.}

Case B

OQutpos(a) is a function of the input position
of a, of certain fixed ioformation and of n.
That is

putpes(z) = {inpos(z), tl,tz,...tm.n}
Example: Rotate the input string r symbols to

the right.

outpes(z) = (inpes(c) + r - 1) HﬂDn + 1

Case 7

Outpesi(a) is a function of ¢, of the input
position cf o, and of some additicnal local
information concerning a's neighbors and
their input positions. That is

outpos{o) = (ﬂi-hi"'ui+k2’

inpustxi_k ]....,inpn:{u1+h2} for
1

a = oy and constants kj and kj).

Example: The output sequence 18 to be the sym-
bolg of the input sorted im a "local™ manner. For
instance, perhaps the first five imput symbols are
to be the first five sorted output symbols, then
the next five etc. Consideraticons for local
sorting complexity are similar to those for
general sorting as described in Case 5. In fact,
one might regard this as repeated Iinstances of the
general sorting case. .

The amount of information required for this case
1s encompassed by knowing I rather that just che
local information, if I is available.

Case B

Dutpos(e) 18 a function of n and of outpes(f)
for all & such that inpos(a) ¥ inpos(Z).
That is

OQutpos(a) = §(n,outpos(E) ¥ B with
inpos{a) # inpos(E))

Example: The output is a random reordering of

the input. We cannot assign cutput index j to &
unless we are szure that no other input symbel has
been assigned the same output index.

GENERAL CLASSIFICATION

Note that there is a set of information types, F,
consisting of & different types of information re-
quired for the parallel computers which are used
to calculate outpos{a). Let F = {Fl'FE""Fﬁ
where:

=

E
Fz = inpos(z)
F
F

. Mg

s = fixed Iinformation Tl,Tz,...,TI=
Fo =1 =1 T ,ees,1

3 1° £

FI5 = putpos(i) ¥ & such that inpos(2) ¢
inpos(a)

(i.e. Fﬁ means that to calculate {, for

a given a, a processor must know outpos
of all other input symbols - worst
case.)

This clagsificacion svystem does not take the
possible necessity for knowledge of local infor-
mation into account. EKEnowledge of F5, I, provides

knowledge of any necessary local informatiom.
Alsc, knowledge of F5 implies knowledge of Fium,

since if a processor knows the complete input
string it can count the symbols to find n. Some-
times the fixed information, Fﬁ, may imply n (as

in the case of the matrix transposition example)

but it may not. In fact one could think of !ﬁ as

consisting of two subcases. In one case the
"fixed" information is only fixed as it applies to
a given string. In the second case it is fixed
for all possible strings of any length. (In this
case, the fixed information could simply be incor-
porated inte the definition of §.)
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s general classification scheme cap then be defined
yhETE each given problem will require an amount of
ipfornation which is an element of 2F, the power
ger of F. Some of the subsets of F are achievable
(i.e. there will be problems which require pre-
cisely that much' information - worst caese - for
each processor) and some will not be achievable.
The following observarions indicate certain
achievable and not achlevable subsets.

oheervat ion 1
ObeervEL o0 ~

There &TE achievable problems that require pre-
cisely each of the following types of information:

a) F1
b) FZ
c) Fﬁ

¥ote that examples of (2) and (b) have been pre-
viously presented. Consider the follewing example
for (c) where outpos(a) = {(F ). For a given in-

put symbel, o, when given Fh' n can be calculated.

pefine set A = {outpos(8) such that inpos{3) ¥
' inpos(a) }.
Then n = jA| + 1
pefine set B = {1,2,...,n}
pefine ser C = B-A.

C will contain one element, the "missing output
position” frem set A,

Let r{u) = the integer in C.

Sp we have essentially a "don't care" or random
poermutetion of input sysbols produced, where to
produce eny one it is necessary only to know the
others.

Observation 2

Every achievable problem must use information froc
F, er F..

Fio F2 0T T

Acsume there was & problem where computing 4 re-

quired only information which wes a subset of

iFj’Fq'st' Then, for & given input string, §

would compute exactly the same outpos for each in-
put symbol since there are no variables involved.

(i.e. For a given string F3. F“ and F5 are fixed

and do not change for any of the input svmbols.)
HARD PROBLEMS

Kote that for all the problems and examples des-
eribed thus far, { cen be cozputed in constant
time or in linear time based on n. This is not
always the case. The following string transfiorma—
tion is not even computable. Let Hl'“2"“ be an
enumeration of all strings fros {0,1} and IJ'TE"'
be an enumeration (encoded into strings of binary
digits) of all Turing Machines over input alphabet
{0,1). For string x composed of the digits {0,1)
congider traneformetion:
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x0] 1if x = ¥, and w, 18 accepted by T

i i
01
f(x01) = { x10 if x = '1 and ¥y is not accepted by
Tl
In order for { to be computable both 5, = {:ﬂlt:—ui

and wyeT,} and S, = {x01 |x=¥, and uiéri} must be

recursively enumerable. (See[3].) 5., however,

: F
is not recursively enumerable, therefore § cannot
be computed in any amount of time by any finite

number of processors.
LOCALIZATION

We gzay a transformation can be locclized if there
are certain ldentifiable symbols In the input
string which enable us to partition the input
string in such a way that each partition can be
transformed independently from other partitions.
For instance, in an infix to postfix transforma-
tion, if we locate the svmbol which will be mapped
into the last positiom of the postfix string (this
symbol will be the last cutput in the caze of the
sequential algorithe) we can decompose the input
string into two substrings (subexpressions) such
that the cutput position of every symbol in one
subexpression is independent of the other sub-
expression.

Let the partitions on the elements of the input
string be EI,EE,....Kr. For each input symbel a

in a partition associate an (i,i) pair where i =
partition number conteining a and ] = inpos(z).

if for all pertitions n
fi.ilj,(i.izj..,,.(i,ik] and 11.

sequence of comsecutive intepers. Othervige we
gay the input string iz dvnamicallv partiticned.
In the infix to postfix transformation, partitions
which are induced by knowing the symbol that is
mapped into the last position of the output string
are static partitions, whereas partitions induced
by finding the output position of the pivor ele-
ment in a quicksort algoriths are dynamic perti-
tions.

the associsted pairs are

12""'ik iz a

INFORMATION REDUCTIODN PROCESS

The concept of locality iz closely related to what
may be termed the inforsation reductlen process.
Inspection of some of the previous examples reveals
the fact that knovledpe of the output positions of
some of the input svebols allows computation of
the output position of the remaining svmbols with-
out requiring the same amount of information that
wag needed by symbols whose outpoet positions was
previously computed. If knowledge of the output
position of & symbol or set of symbols reduces the
ampunt of information needed to compute the output
position of a symbol or set of symbols we say
information reduction hes taken place. The amount
of information reduction occuring as a result of
knowing the output position of a symbol (or a set
of syobolse) can be used &5 & measurement to com—




pare different algoricthms used for a particular
transformation.

CONCLUDING REMARKS

Approaches to develop faster algorithms to solve
string transformation problems through the use of
parallelism lead to a classificacion of problem
types based on the amcunt of knowledge required
for each parallel device. A number of Initial re-
sults for problems of this type are presented.
These methods may lead to faster algorithams for
solving a variety of different problems. It is
shown, however, that not all string transformation
problems are even computable.
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