
 

Journal Pre-proof

Efficient Identification of Maximum Independent Sets in Stochastic
Multilayer Graphs with Learning Automata

Mohammad Mehdi Daliri Khomami , Mohammad Reza Meybodi ,
Alireza Rezvanian

PII: S2590-1230(24)01478-6
DOI: https://doi.org/10.1016/j.rineng.2024.103224
Reference: RINENG 103224

To appear in: Results in Engineering

Received date: 12 August 2024
Revised date: 9 October 2024
Accepted date: 22 October 2024

Please cite this article as: Mohammad Mehdi Daliri Khomami , Mohammad Reza Meybodi ,
Alireza Rezvanian , Efficient Identification of Maximum Independent Sets in Stochas-
tic Multilayer Graphs with Learning Automata, Results in Engineering (2024), doi:
https://doi.org/10.1016/j.rineng.2024.103224

This is a PDF file of an article that has undergone enhancements after acceptance, such as the addition
of a cover page and metadata, and formatting for readability, but it is not yet the definitive version of
record. This version will undergo additional copyediting, typesetting and review before it is published
in its final form, but we are providing this version to give early visibility of the article. Please note that,
during the production process, errors may be discovered which could affect the content, and all legal
disclaimers that apply to the journal pertain.

© 2024 Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

https://doi.org/10.1016/j.rineng.2024.103224
https://doi.org/10.1016/j.rineng.2024.103224
http://creativecommons.org/licenses/by-nc-nd/4.0/


1 

 

Highlights 
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• Presenting theoretical properties of the proposed algorithm 
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Abstract: Investigating the maximum independent set in stochastic multilayer graphs provides 

critical insights into the structural and dynamical properties of complex networks. Recently, 

stochastic multilayer graphs effectively model the intricate interactions and interdependencies 

inherent in real-world systems, including social, biological, and transportation networks. The 

identification of a maximum independent set -comprising nodes without direct connections- offers 

a significant understanding of phenomena such as information diffusion, resource allocation, and 

epidemic spread within complex social networks. For instance, independent sets play a crucial role 

in identifying influencers -individuals who profoundly impact their peers, propagating information 

or opinions widely. In this paper, we introduce the stochastic version of the maximum independent 

set and propose five algorithms based on learning automata to identify maximum independent sets 

in the stochastic multilayer graphs. Our approach leverages learning automata to provide a guided 

sampling from candidate independent sets of the stochastic multilayer graph, aiming to identify 

the independent set with the maximum expected value while utilizing fewer vertex samples than 

standard methods that do not incorporate the learning. In addition to proving several mathematical 

properties of the proposed approach, simulations conducted across diverse stochastic multilayer 

graphs demonstrate that our learning automata-based algorithms outperform traditional 

approaches, achieving higher convergence rates and requiring fewer samples. 

 

 
Keywords: Independent set, Learning Automata, Multilayer Graphs, Stochastic Multilayer Graphs, 

Learning Automata.  
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1 Introduction 

In recent years, multilayer social networks have attracted significant interest due to their ability 

to capture the complexity and diversity of real-world social interactions [1]. Traditional social 

network analysis focuses on single-layer networks, considering only one type of relationship 

among individuals. However, in many real-world scenarios, individuals interact across multiple 

domains or layers, such as friendship [2], communication [3], collaboration [4], and online social 

platforms [5]. Multilayer social networks provide a more comprehensive and realistic 

representation of social interactions, enabling researchers to analyze and understand complex 

systems with multiple interacting components [6]. In addition, multilayer social networks have 

been used to analyze user behavior, information diffusion, and community detection on platforms 

such as Twitter [7], Facebook [8], and online forums. Also, incorporating multilayer network 

information can improve personalized recommendations by considering multiple aspects of user 

preferences and interactions. Moreover, multilayer networks allow researchers to investigate the 

role of social influence in shaping individuals' opinions and decision-making processes [9]. 

However, modeling deterministic multilayer networks with multilayer graphs may not be suitable 

for solving most real-network problems due to the unpredictable and uncertain nature of their 

structural and behavioral parameters [10]. Consequently, stochastic multilayer graphs—where 

vertex weights are treated as random variables—may represent a more effective and promising 

approach for analyzing real-world social networks. By treating the graph model as stochastic, a 

set of particular concepts such as degree, path, cover, and independent set can also be regarded 

as stochastic [11]. One application of stochastic graphs is in modeling and analyzing complex 

systems with multiple interactions that have unpredictability or uncertainty. Stochastic multilayer 

graphs are graphs where the edges or nodes are associated with random variables. For example, 

consider a scenario in which each edge in the graph represents the probability of two individuals 

being friends on a social media platform. The strength of their friendship could be modeled as a 

random variable with a probability distribution [12]. By analyzing the stochastic multilayer 

graph, we can study various properties of the social network, such as the spread of information 

or the formation of communities in different social networks, while taking into account the 

inherent uncertainty in the relationships [11]. 

Stochastic multilayer graphs can also be used in other domains such as transportation networks, 

biological networks, financial networks, and other related domains. In these cases, the 

unpredictability or uncertainty may arise from factors like traffic flow, genetic mutations, or 

market fluctuations. A key challenge in the realm of social networks is identifying the largest 

independent group of people within these networks. This problem is known as the independent 

set in the context of graph theory and has various applications [13]. In the context of multilayer 

social networks, an independent set refers to a group of individuals who are not directly 

connected. One application of independent sets in multilayer social networks is identifying 

influential users or nodes. In this context, influential users are those who have a significant impact 

on the spread of information or influence others [14]. By finding independent sets within these 

networks, one can identify groups of users who are not directly connected but have the potential 

to influence a large number of people [15]. By analyzing the characteristics and behaviors of 

individuals through the independent set, one can gain insights into their influence strategies, 

content preferences, or patterns of interaction. This information can then be leveraged to design 

effective strategies for maximizing the reach and impact of messages or interventions within the 

stochastic multilayer social network [16]. In this paper, we introduce the notion of the stochastic 

maximum independent set specifically for stochastic multilayer graphs. We propose five distinct 
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algorithms that leverage learning automata to identify the maximum independent set within these 

networks, where the probability distribution functions for the vertex weights remain unknown. 

The stochastic maximum independent set is defined as an independent set that maximizes the 

expected value. Our proposed algorithms sample from the stochastic multilayer graphs to 

ascertain the independent set with the highest expected value, employing learning automata in 

the process. The sampling methodology is optimized to reduce the number of samples required 

to identify the independent set with the maximum expected weight. In these algorithms, each 

vertex of the multilayer graph is associated with a learning automaton that can take one of two 

possible actions: to become a member of the independent set or to abstain from it. The learning 

automata execute a guided sampling process to acquire additional samples from the vertices of 

the multilayer networks that show potential. Specifically, they target the vertices situated along 

the paths leading to the independent set with the maximum expected weight.  

We conducted extensive experimental investigations on both real and synthetic multilayer graphs 

to evaluate the performance of the proposed algorithms. The findings indicate that these 

algorithms significantly outperform the standard sampling method (SSM) in terms of the sample 

size required to identify the independent set with the highest expected weight in stochastic 

multilayer graphs [17]. Furthermore, our research demonstrates that with appropriate parameter 

selection, the probability of successfully identifying the independent set with the maximum 

expected value approaches one.  

The structure of the paper is as follows: Section 2 covers the foundational concepts related to 

stochastic multilayer graphs and learning automata, along with an introduction to the Standard 

Sampling Method (SSM). Section 3 outlines the proposed algorithms for finding the maximum 

independent set and its variations in stochastic multilayer graphs, including a mathematical 

analysis of their convergence characteristics as well as the time and space complexity of the 

proposed algorithm. Section 4 presents the simulation results, and section 5 provides a brief 

discussion regarding the proposed algorithms. Finally, section 6 concludes the paper. 

 

2 Preliminaries 

In this section, we present key foundational concepts necessary for the subsequent discussions in 

the paper. This encompasses a concise overview of the maximum independent set problem, 

learning automata, stochastic multilayer graphs, the stochastic maximum independent set, and the 

conventional sampling method. 

 

2.1 Independent Set 

The independent set is a key concept in graph theory that has been extensively studied [18]. In a 

single-layer graph, an independent set consists of a subset of vertices in which no two vertices are 

connected by an edge. In other words, an independent set is a collection of vertices such that none 

of them share a direct edge. The challenge of finding the maximum independent set in a single-

layer graph is classified as NP-hard [19]. Consequently, researchers have developed and proposed 

various algorithms to address this challenge. In [20] introduced the concept of NP-completeness 

and included the independent set problem as one of the first examples. Aggrawal et al. [21] discuss 

the introduction of optimized crossover for Genetic Algorithms for the optimization of 

independent sets. They tested their idea on the independent set problem and presented 

computational results that demonstrate its effectiveness, at least for a specific case. However, they 

acknowledge that not all problems can be solved using optimized crossover, so they propose some 
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general principles to consider when determining if a problem can be successfully solved using this 

approach. In [22] introduces an algorithm for solving the Maximum Independent Set (MIS) 

problem and offers an exact estimate of the accuracy of the approximate solution. They introduced 

a new concept and presented theoretical research results.  

The properties of the algorithm are examined, particularly its convergence within the class of trees. 

Additionally, the authors present the findings from computational experiments carried out on 

complementary graphs from DIMACS, which demonstrate both the high quality of the 

approximate solutions and the algorithm’s efficiency in terms of time complexity. Plotnikov et al, 

[23] describe the development of a heuristic algorithm for finding the maximum independent set 

of vertices in a directed graph. The algorithm utilizes the concept of finite partially ordered sets, 

specifically partitioning the set into a minimum number of chains. A specially directed graph is 

created, and a solution algorithm is proposed based on a hypothesis about its properties. In [24] 

presents a heuristic algorithm known as ILS-VND for addressing the Maximum Weighted 

Independent Set (MWIS) problem. The approach integrates Iterated Local Search (ILS) with 

Variable Neighborhood Descent (VND). Additionally, the authors introduced two novel 

neighborhood structures and developed a reactive perturbation mechanism. Experimental results 

on benchmark instances demonstrate that LS-VND surpasses existing methods in terms of solution 

quality.  

In [25], the authors addressed the issue of identifying maximum independent sets by employing 

reduction rules to convert the problem into a more manageable instance known as a kernel. This 

kernel can subsequently be solved rapidly using either exact or heuristic algorithms, or by 

recursively applying kernelization within the branch-and-reduce framework. The performance of 

the proposed algorithm relies heavily on efficient and rapid kernelization that generates compact 

kernels. Additionally, the authors introduced an effective parallel kernelization algorithm founded 

on graph partitioning and parallel bipartite maximum matching techniques. Piao et al [26] 

concentrate on examining and enhancing the algorithms employed to compute the Maximum 

Independent Set (MIS). Their research explores a scheduling framework that dynamically 

implements various reduction and greedy algorithms based on benefit-cost analysis. They propose 

a novel data structure known as RGraph, which mitigates the worst-case time complexity 

associated with degree-two reduction. Furthermore, they develop a more effective vertex addition 

strategy, termed the vertex index and lazy update mechanism, to improve overall time efficiency. 

Khomami et al. [13] present an algorithm based on learning automata to tackle the Maximum 

Independent Set (MIS) problem. In this approach, each vertex in the graph is paired with a learning 

automaton that collaborates with others to identify a potential independent set. The algorithm 

iteratively adjusts the action probability vector of the learning automata, steering them toward the 

discovery of the maximum independent set.  

In [27], the authors explore the challenge of computing high-quality independent sets within the 

realm of combinatorial optimization. They note that earlier algorithms typically employed 

kernelization techniques to derive exact maximum independent sets in medium-sized sparse graphs 

and to locate high-quality independent sets in larger, sparse graphs where precise solutions are 

more challenging to achieve. They propose a method demonstrating that applying straightforward 

kernelization techniques in an online manner can enhance the performance of local search, offering 

a faster alternative to pre-computing a kernel using more complex techniques. Furthermore, the 

removal of high-degree vertices significantly boosts local search efficiency, particularly in large, 

intricate networks characterized by sparse connections. In [28], the authors investigate the 

maximum weight-independent set problem within a vertex-weighted graph and introduce the 
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branch-and-reduce paradigm as a solution strategy. The objective is to identify a set of non-

adjacent vertices that yield the highest total weight. The branch-and-reduce methodology applies 

data reduction rules to diminish the problem's size, ensuring that an optimal solution for the 

reduced problem can be swiftly adapted to yield an optimal solution for the original problem. 

Additionally, they present new generalized data reduction and transformation rules to address the 

issue effectively. 

In [29], the significance of determining the number of clusters in clustering algorithms is 

examined, particularly within the framework of gene co-expression networks. The authors note 

that the number of clusters in such networks is not predefined. They propose leveraging the concept 

of the maximum independent set from graph theory as a means to estimate the number of clusters 

in a gene expression dataset. Maher et al. [30] conducted a comparison of self-stabilizing vertex 

cover (VC) and independent set (IS) algorithms for addressing the link monitoring problem in 

wireless sensor networks (WSNs). Their implementation and simulation of existing algorithms 

revealed that IS algorithms yield smaller and more effective covers than their VC counterparts. In 

[31], the authors explored the application of algorithmic tile self-assembly for tackling the 

maximum independent set problem, a well-recognized combinatorial optimization challenge. They 

introduced a method that employs tile self-assembly to solve this problem using three small 

systems: the nondeterministic guess system, the AND operation system, and the comparing 

system. This approach allows for the parallel resolution of the maximum independent set problem 

in approximately polynomial time, providing a cost-effective solution within the realm of 

nanotechnology. Gencer et al. [32] also examined the importance of the maximum independent set 

problem as a combinatorial optimization issue with diverse applications in science and 

engineering, and they proposed a genetic algorithm-based strategy for its resolution. Their 

approach incorporates condition-based genetic operators to locate IS effectively. 

In reference [33], the authors proposed a novel method named MISNN, which reduces a graph to 

a neural network structure based on its connectivity. The input for the MISNN is generated by 

solving a box-constrained nonlinear optimization problem, from which the Maximum Independent 

Set (MIS) is derived using a specific mapping. Reference [34] examines algorithms aimed at 

identifying maximal independent sets in both randomly generated and manually constructed 

graphs. Their research has practical implications, particularly in areas such as register allocation 

in compilers, channel assignment for radio stations, examination scheduling, and graph coloring. 

Additionally, the study explored the concept of maximal independent sets as a particular type of 

dominating set within a graph and demonstrated that any dominating set that is also independent 

must necessarily be maximal independent. As a result, maximal independent sets are frequently 

referred to as independent dominating sets. Wang et al. [35] introduced a new binary neuron model 

called the stochastic neuron model for Hopfield neural networks. This model aims to resolve the 

issue of local minima in these networks. To achieve this, the stochastic neuron model integrates a 

stochastic mechanism into the neuron's input/output function, enabling the network to occasionally 

transition to higher-energy configurations. By employing the stochastic neuron model, the neural 

network can potentially escape local minima and progress toward more optimal states, including 

the global minimum. Furthermore, to assess the effectiveness of the proposed neuron model, the 

researchers applied it to the maximum independent set problem and conducted extensive 

simulations. 

In [36], the authors addressed the challenge of finding the maximum independent set (MIS) and 

independent set (IS) in dynamic graphs, where the network structure evolves over time. They 

proposed a baseline algorithm that updates the MIS/IS at a given point based on the MIS/IS from 
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the previous iteration, rather than recalculating it from scratch. To mitigate the computational 

complexity associated with determining an exact MIS, they developed an efficient constant-time 

algorithm known as LSTwo, which provides a high-quality (large-size) independent set. 

Additionally, they introduced a lazy search algorithm designed to generate even higher-quality 

independent sets. In [37], the authors developed a parallel algorithm to identify a near-maximum 

independent set in a circular graph, which has also been adapted to predict the secondary structure 

of RNA molecules. This approach employs a system of multiple neural networks organized in an 

array, with the number of networks corresponding to the number of edges in the circular graph or 

the potential number of base pairs. This system not only identifies a near-maximum independent 

set but also predicts the RNA's secondary structure through multiple iterations. 

In [38], the focus was on calculating a maximum quasi-independent set while adhering to 

constraints regarding the number of conflicting edges. The authors introduced an innovative 

strategy called pay-and-recycle, which intertwines the initialization phase for near-MIS and edge 

expansion. Instead of using greedy peeling when no reduction rules can be applied, this method 

removes an edge to create conditions conducive to applying reduction rules. Furthermore, 

unnecessary edges are identified and recycled for additional expansion, enhancing overall 

performance. They also proposed an effective technique that leverages offline samples to assist in 

guiding edge expansion. The authors in [39], presented an overview of genetic algorithms as a 

computational strategy for solving optimization problems in the field of evolutionary computation. 

They introduced a new genetic algorithm specifically designed to tackle the maximum independent 

set problem using an elitist strategy. Deng et al [22] explore the use of Differential Evolution (DE) 

for solving subset problems, with a particular focus on the Maximum Independent Set Problem 

(MISP). They note that traditional DE techniques have primarily been applied to continuous 

optimization problems. In response, the authors introduce a novel approach known as Structure-

encoding Differential Evolution (SEDE) tailored for subset problems. The efficacy of SEDE is 

assessed through a computational study involving instances generated by specific methods. The 

results are benchmarked against other heuristic algorithms, showcasing SEDE's promising 

capabilities in tackling the MISP.  

Zheng et al [40] examined the Maximum Independent Set (MIS) problem within the context of 

optimization in graph theory, highlighting its practical applications. They argue that previous 

research has often neglected the unequal weights attributed to vertices in real-world situations, 

leading to the conclusion that the weight of an MIS may not always be maximal. To address this 

oversight, they investigated the Maximum Weighted Independent Set (MWIS) problem, which 

seeks to identify the set of independent vertices with the highest total weight. Given the 

computational intensity of finding an independent set, they proposed an exact algorithm based on 

a reduction-and-branching strategy. Furthermore, to accommodate large graphs where exact 

solutions are infeasible, they developed an efficient greedy algorithm aimed at calculating a near-

optimal weighted independent set. In [41], the authors tackled the resource allocation problem in 

Device-to-Device (D2D) communications within OFDMA-based cellular systems. Their 

algorithm integrates concepts from graph theory and the Knapsack problem to facilitate efficient 

resource allocation. The conflict graph for D2D pairs is constructed utilizing maximal independent 

sets, which are subsequently employed iteratively as inputs to the Knapsack problem to create 

D2D groups and allocate sub-channels. Moreover, the proposed approach demonstrates superior 

performance compared to graph coloring, particularly in scenarios with a large number of D2D 

pairs within cellular systems, as evidenced by increased average data rates. Li et al [42] expand 

upon the ant colony optimization heuristic to address maximum independent set (MIS) problems. 
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Unlike other problems such as the traveling salesman problem (TSP), which involve the concepts 

of "path" or "order" in their solutions, MIS problems have distinct characteristics that necessitate 

modifications to the ant colony optimization approach. These adaptations include the introduction 

of a new computational method for heuristic information, enhancements to the pheromone update 

rule, and the development of a complementary solution construction process. Simulation results 

indicate that the proposed ant colony optimization heuristic effectively and efficiently tackles MIS 

problems.  

Bai et al [43] examined the application of Connected Dominating Sets (CDS) as a Virtual 

Backbone (VB) for routing in ad hoc wireless networks. They clarified that many approximation 

algorithms designed to construct a compact CDS in these networks utilize a two-phased approach. 

The first phase typically involves creating a Dominating Set (DS), often derived from a Maximum 

Independent Set (MIS). The size of the MIS and its relationship to the Minimum Connected 

Dominating Set (MCDS) is critical for evaluating the performance of these algorithms. They 

further noted that while the relationship between the sizes of MISs and DSs has been thoroughly 

investigated in homogeneous wireless networks, modeled as Unit Disk Graphs (UDG) and Unit 

Ball Graphs (UBG), it remains underexplored in heterogeneous wireless networks represented by 

Disk Graphs with bidirectional links (DGB) and Ball Graphs with bidirectional links (BGB). Zhu 

et al [44] addressed the partition coloring problem (PCP), which focuses on selecting one vertex 

from each partite set in a graph to minimize the chromatic number of the induced subgraph. They 

established that PCP has various real-world applications, including constraint encoding and 

scheduling tasks. However, solving PCP for large graphs presents significant challenges due to its 

NP-completeness. To tackle this, they introduced the concept of a partition independent set (PIS) 

and presented an efficient algorithm called FastPIS to identify a maximum PIS. By integrating 

FastPIS with a straightforward coloring procedure, a high-quality initial solution for PCP can be 

achieved. Additionally, they proposed a reduction rule based on the concept of an ℓ-clustering-

degree bound ordered set (ℓ-CDBOS) to iteratively minimize the size of the working graph. These 

strategies contribute to the development of an effective method called HotPGC for solving PCP. 

Joo et al [45] examined the difficulties encountered by scheduling algorithms in achieving optimal 

throughput and delay performance within network environments. They noted that addressing the 

Maximum Weighted Independent Set (MWIS) problem is frequently essential for these 

algorithms; however, the MWIS problem is recognized as NP-hard in most realistic network 

scenarios. In non-fading environments, there exist low-complexity scheduling algorithms that 

either converge to the MWIS solution or attain a fraction of the achievable throughput. The authors 

proposed a low-complexity scheduling scheme that performs effectively in fading channels and 

can be implemented in a distributed manner. This scheme relies solely on local information, 

exhibits logarithmic complexity relative to network size, and offers performance guarantees that 

are comparable to those of the centralized Greedy Maximal Scheduler. In reference [46], the 

authors explored the challenges faced by Radio Frequency Identification (RFID) systems, 

particularly in mobile RFID contexts where multiple readers simultaneously interrogate tags, 

resulting in reader collisions. They concentrated on evaluating the throughput of five NFRA 

protocols, which include the basic NFRA protocol and four variations, through the lens of the 

maximum independent set. The interference among readers is represented as an undirected graph, 

with each maximum independent vertex set corresponding to an optimal solution for reader anti-

collision. Furthermore, they established an evaluation framework grounded in the maximum 

independent set to assess the effectiveness of reader anti-collision protocols. 
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It is essential to note that significant research has been conducted on addressing the maximum 

independent set problem within single-layer networks. However, due to the inherently 

unpredictable and uncertain nature of the structural and behavioral parameters in multilayer 

networks, it has become necessary to model deterministic multilayer networks as stochastic 

multilayer graphs. This approach seeks to redefine network characteristics, such as independent 

sets, to more accurately reflect the complex dynamics of these networks. In this paper, we 

introduce the concept of the maximum independent set in stochastic multilayer graphs for the first 

time and propose five algorithms based on learning automata to identify the maximum independent 

set in stochastic multilayer networks. 

 

2.2 Learning Automata 

This section offers a general overview of Learning Algorithms (LA) and their associated learning 

methods. The learning process unfolds as follows: LA randomly selects an action from a 

predefined action set. It then executes this action within the environment and assesses the outcome. 

The environment presents reinforcement signals, which may consist of rewards or penalties, to the 

LA. In light of these reinforcement signals, LA adjusts its action probability vector and reiterates 

the learning process. To facilitate this adjustment, LA employs a specified algorithm to update the 

action probability vector, commonly referred to as a learning algorithm. The primary objective of 

this learning algorithm is to identify optimal actions that will maximize the average total reward 

obtained from the environment [47]. The general scheme for the main components of a simple 

learning automaton is illustrated in figure 1. 

 
Figure 1: communication between the learning automata and random environment. 

The learning automata (LAs) can be characterized as a 4-tuple 𝐴. 𝐵. ℐ. 𝑃(𝑘), where 𝐴 =
{𝛼1. … . 𝛼𝑟} represents a finite set of actions, 𝐵 denotes the set of all potential inputs or 

reinforcements to the automata, ℐ is a learning algorithm that updates the action probabilities, and 

𝑃(𝑘) is the action probability vector at instance 𝑘. The learning algorithm employs a recurrence 

relation to adjust the action probability vector. 

𝑝𝑖(𝑘 + 1) = 𝑝𝑖(𝑘) + 𝑎(1 − 𝑝𝑖(𝑘)) 

(1) 
𝑝𝑗(𝑘 + 1) = 𝑝𝑗(𝑘) − 𝑎𝑝𝑗(𝑘)  ∀𝑗 ≠ 𝑖 

Random Environment  

Learning Automata  

𝛽(𝑘) 𝛼(𝑘) 
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𝑝𝑖(𝑘 + 1) = (1 − 𝑏)𝑝𝑖(𝑘) 
 

(2) 

𝑝𝑗(𝑘 + 1) =
𝑏

𝑟 − 1
+ (1 − 𝑏)𝑝𝑗(𝑘)  ∀𝑗 ≠ 𝑖 

In the framework of a linear learning algorithm, let 𝑞𝑖(𝑘) denote the action chosen by Learning 

Automata (LAs) at instance 𝑘 from the distribution 𝑞(𝑘). The update rule governing this algorithm 

is outlined in Equation (1), where (𝛽 = 1) indicates a favorable response, and (𝛽 = 0) signifies 

an unfavorable response. The likelihood of receiving an unfavorable response for action 𝑞𝑖 is 

represented as 𝑐𝑖 = Pr [𝛽 = 0|𝛼𝑖]. It is impossible to predict whether the LA will encounter a 

favorable or an unfavorable response [48]. 

Let 𝑎 denote the reward value that governs the increase in the action probability vector, and let 𝑏 

signify the penalty value that dictates the decrease in action probabilities. When 𝑎 = 𝑏, the 

recursive equations (1) and (2) specify the linear reward-penalty (𝐿𝑅−𝑃) algorithm. If 𝑎 is strictly 

greater than 𝑏 = 0, the recursive equations characterize the linear reward-ε penalty (𝐿𝑅−𝜀𝑃) 

algorithm. Finally, when 𝑏 = 0, the algorithm is referred to as the linear reward inaction (𝐿𝑅−𝐼) 
algorithm, which indicates that penalizing an action does not affect the action probability vectors 

[48]. 

In complex and dynamic settings characterized by considerable uncertainty or insufficient 

information, learning algorithms are vital for enhancing performance. Learning automata, with 

their straightforwardness and efficacy in unfamiliar environments, have made noteworthy 

contributions to this area, as highlighted by numerous studies [14],[11]. 

2.3 Stochastic multilayer Graph and Stochastic Independent Set 

A stochastic multilayer graph ℳ can be characterized by a 3-tuple ℳ = (ℊ 𝒞 𝑊), where ℊ =
{𝐺𝑞: 𝑞 ∈ {1…  𝑀}} represents a collection of graphs 𝐺𝑞 = (𝑉𝑞 𝐸𝑞 𝑊𝑞) known as the layers of 

ℳ. Here, 𝐸𝑞 ⊆ 𝑉𝑞 × 𝑉𝑞  denotes the interlayer edges, while 𝑊𝑞 ∈ 𝑊 is a matrix in which 𝑤𝑞
𝑖  is a 

random variable associated with vertex 𝑖 in layer 𝑞, applicable for all 𝑞 ∈ {1…  𝑀} if such an 

edge exists. The set 𝒞 denotes the interconnections among nodes belonging to different layers 𝐺𝑞 

and 𝐺𝑘, where 𝑞 ≠ 𝑘. A subset of vertices 𝐻 is deemed independent within 𝐻 if it contains no 

edges. We refer to an independent set as maximal if it is not a subset of any larger independent set. 

A maximum independent set in a stochastic multilayer graph is defined as an independent set that 

possesses the maximum expected value. Specifically, an independent set 𝐻 is identified as a subset 

of 𝑉𝑞 such that there is no edge between any pair of vertices 𝑢𝑞 and 𝑣𝑞 in 𝐻 for all 𝑞 ∈ {1…  𝑀}, 

and this set has the highest expected value compared to all possible independent sets. 

 

2.4 Standard Sampling 

The theorem presented by Papoulis and Pillai [49] offers a methodology for determining the 

required sample size for a random variable to achieve a desired confidence level of 1 − 𝜀𝑖. 
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Utilizing this theorem allows one to calculate the appropriate sample size necessary to attain the 

specified confidence level [11]. 

 

Theorem 1: Let (𝑥1 𝑥2…  𝑥𝑁) represent 𝑁 random samples from the random variable 𝑋𝑖, which 

has an unknown mean 𝜇 and variance 𝜎2. If the interval 𝑥 ± 𝜎/√𝑁𝜀𝑖, where 𝑥 =
1

𝑁
∑ 𝑥𝑖
𝑁
𝑖=1 , serves 

as a (1 − 𝜀𝑖)% confidence interval for the mean 𝜇, then for any sufficiently small error 𝛿, there 

exists a positive integer 𝑁0 such that for all 𝑁0, the probability 𝑃[|𝑥𝑛 − 𝜇| < 𝛿] is greater than 

1 − 𝜀. 
 

3 Proposed Algorithm  

Let ℳ = (ℊ 𝒞 𝑊) be the input stochastic multilayer graph where ℊ = {𝐺𝑞: 𝑞 ∈ {1…  𝑀}} is a 

family of  graphs 𝐺𝑞 = (𝑉𝑞 𝐸𝑞 𝑊𝑞) called layers of ℳ, 𝐸𝑞 ⊆ 𝑉𝑞 × 𝑉𝑞 is an inter-layer edge and 

𝑊𝑞 ∈ 𝑊 is a matrix wherein 𝑤𝑞
𝑖  is a random variable associated with vertex 𝑖 in layer 𝑞 for all 𝑞 ∈

{1…  𝑀}. The set 𝒞 indicates the interconnections between nodes across different layers 𝐺𝑞 and 

𝐺𝑘 with 𝑞 ≠ 𝑘. The proposed algorithm utilizes a network of learning automata that in its 

configuration is isomorphic to the input stochastic multilayer graph.  

The primary goal of the proposed algorithm is to identify an independent set with maximum 

expected weight from the stochastic multilayer graph, utilizing sampling through learning 

automata. This sampling strategy aims to minimize the number of samples taken from the vertices 

of the stochastic multilayer graph. Each learning automaton 𝐴𝑞
𝑖 , assigned to vertex 𝑖 in layer 𝑞, has 

two possible actions: "Yes" or "No." Specifically, if the learning automaton selects the action 

"Yes," it indicates that the node is included in the candidate of the independent set, whereas "No" 

signifies that the node is not part of the candidate of the independent set. The pseudo-code of the 

proposed algorithm is given in figure 2 and the proposed algorithm is structured into five steps, 

which are detailed in the following subsections. 

 

3.1 Initialization  

A network of learning automata represented as a 2-tuple 𝐴 𝛼 that is isomorphic to the input 

stochastic multilayer graph, is constructed. The set of learning automata is defined as  𝐴 =
{𝐴1…  𝐴𝑀}, with each automaton assigned to a vertex of the input multilayer graph. The 

associated action set is denoted 𝛼 = {𝛼1…  𝛼𝑀}. Let 𝐴𝑞 = {𝐴𝑞
1 ,…., 𝐴𝑞

𝑛} is the set of automata 

assigned to layer 𝑞 where 𝐴𝑞
𝑖  is the automaton corresponding to vertex 𝑖 in layer 𝑞. Let 𝛼𝑞 =

{𝛼𝑞
1,…., 𝛼𝑞

𝑛} is the set of actions assigned to layer 𝑞 where 𝛼𝑞
𝑖 indicates as the corresponding action 

assigned to automaton 𝐴𝑞
𝑖 . We note that each learning automaton has two actions. Let 𝛼𝑞

𝑖1
and 𝛼𝑞

𝑖2
 

are correspond to two actions with equal initial probabilities. Let Φ𝑘 represent the candidate 

stochastic independent set at instant 𝑘. Initially, all learning automata are inactive. 

 

3.2 Construction Stochastic Independent Set 

During this stage, every learning automaton simultaneously selects one of its potential actions 

according to the action probability vector. In the proposed algorithm, the selection of 𝛼𝑞
𝑖1

 indicates 

that the action corresponds to a member of the candidate independent set, while 𝛼𝑞
𝑖2

 indicates that 
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it does not belong to the candidate independent set. Let 𝜑(𝑘) be the candidate stochastic 

independent set at iteration 𝑘. Let  𝑣𝑞
𝑖  and 𝑣𝑙

𝑗
 are two nodes that select their first action at iteration 

𝑘, then these nodes are added to 𝜑(𝑘) and the algorithm checks weather these nodes are connected 

or not. If these nodes are connected the algorithm tries to find another candidate stochastic 

independent set in the next round. If the algorithm finds a candidate stochastic independent set the 

next stage begins starts. 

 

3.3 Computation Candidate Threshold 

The algorithm employs a candidate threshold to assess the quality of the discovered solution. The 

computed candidate threshold at iteration k, denoted as 𝐶𝑇(𝑘), is determined by averaging the 

weights of all the stochastic independent set generated by the algorithm, as computed by equation 

(3): 

 

𝐶𝑇(𝑘) =
1

𝑘
∑ ∑ 𝑊(𝑣𝑞

𝑖(𝑘))𝑛
𝑖=1

𝑀
𝑞=1 , (3) 

 

where 𝑘 denotes the number of iterations, while and 𝑊(𝑣𝑞
𝑖(𝑘)) represents the sum weights of the 

vertices in 𝜑(𝑘). The utilization of a candidate threshold allows the algorithm to determine if a 

maximum independent set discovered during an iteration possesses the potential to qualify as a 

candidate for a stochastic maximum independent set. If the independent set discovered during 

iteration k possesses a weight that is equal to and larger than the dynamic threshold 𝐶𝑇(𝑘), it is 

considered a potential candidate for the stochastic maximum independent set 𝜙∗. 
 

3.4 Updating Action Probability Vector 

In this stage, the probability vectors associated with the nodes that are members of the candidate 

stochastic independent set in the input stochastic multilayer graph are adjusted using the learning 

algorithm, drawing on the results from previous iterations. Moreover, each learning automaton 

employs an 𝐿𝑅−𝐼 reinforcement scheme to modify its action probability vector. If the value of 

𝑊(𝜑(𝑘)) is equal or greater than the dynamic threshold 𝐶𝑇(𝑘), all actions selected by the learning 

automata belonging to the candidate independent set receive rewards; otherwise, they face 

penalties. 

 

3.5 Stopping the Algorithm  

The iteration process of the algorithm terminates when either the count of iterations 𝑘 surpasses 

the predefined threshold 𝐾𝑚𝑎𝑥 or when the calculated value 𝑃𝐶(𝑘) as defined by Equation (4) 

reaches the specified threshold 𝑃𝑚𝑎𝑥. 

 

𝑃𝐶(𝑘) = ∏ 𝑀𝑎𝑥(𝑝(𝑣𝑙
𝑖))𝑣𝑙

𝑖∈𝜑 , (4) 

 

where 𝑃𝐶(𝑘) represents the product of the highest probabilities found in the probability vectors of 

the learning automata associated with the vertices of the candidate independent set 𝜑𝑘 during 

iteration 𝑘. Moreover, 𝑝(𝑣𝑖
𝑙) refers to the action probability vector of the learning automaton 

residing in vertex 𝑖 in layer 𝑞. 
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Figure 2: The pseudocode for finding an independent set in a stochastic multilayer graph. 

 

3.6 Improvements 

In the subsequent portion of this section, four strategies for the proposed algorithm will be 

expounded upon. These modifications aim to augment either the algorithm's speed or the overall 

quality of its solutions. 

 
3.6.1 Strategy 1 

The initial algorithm has two limitations that could potentially extend its execution time. Firstly, 

the subset of learning automata chosen at each stage may not form a valid candidate independent 

set. Second, the algorithm might gather non-informative samples while constructing the candidate 

independent set, a result of the independent action choices made by the learning automata. In 

contrast, the revised algorithm, designated as Algorithm 2, associates the action set of each 

learning automaton with its degree, distinguishing it from Algorithm 1. 

 
3.6.2 Strategy 2 
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A proposed solution to mitigate the initial limitation of Algorithm 1 involves employing distributed 

learning automata. This approach, designated as Algorithm 3, allows each learning automaton to 

exist in one of two states: active or passive. Initially, all learning automata are configured to the 

passive state. At each stage, Algorithm 3 activates specific learning automata to construct a 

candidate of the independent set. Guided by a policy, each activated automaton is included in the 

candidate independent set. In this algorithm, a learning automaton is chosen at random and then 

activated, after which the activated automaton is added to the candidate of the independent set. 

Moreover, this activated automaton selects one of its actions to activate a new learning automaton. 

We note that, after the action selection, the activated learning automaton changes its internal state 

to passive. In addition, the new LA selects one of its actions activates another learning automaton, 

and then changes its internal states to passive. Moreover, the new activated learning automaton is 

added to the candidate independent set. The process of activating an automaton and action 

selection is continued until are LAs in stochastic multilayer graphs are met.  

3.6.3 Strategy 3 

In Algorithm 3, it is assumed that each learning automaton maintains a constant number of actions 

throughout the process. This reliance on a fixed action-set learning automaton considerably 

improves the sampling rate. However, to further decrease the sampling rate in Algorithm 3, we 

propose Algorithm 4, which features a dynamic action set for each learning automaton. In this 

approach, each passive learning automaton modifies the number of its actions or adjusts its action 

probability vector by disabling actions linked to the candidate of the independent set. Essentially, 

the learning automata adopt a variable action set structure. 

 
3.6.4 Strategy 4 

To enhance the convergence speed of learning automata, the research outlined in [47] introduced 

a novel estimator based on the Pursuit algorithm, referred to as 𝐶𝑃𝑅𝑃. In the 𝐶𝑃𝑅𝑃 algorithm, it is 

assumed that the current action taken is optimal. This optimal action is identified using the 

estimator vector 𝐷̂, which is computed according to equation (5): 

 

𝐷̂𝑖 =
𝑊𝑖(𝑘)

𝑍𝑖(𝑘)
, (5) 

 

where, 𝑍𝑖(𝑡) represents the cumulative number of times action  𝑞𝑖 has been chosen up to iteration  

𝑡, while 𝑊𝑖(𝑡) indicates the total number of times action 𝑞𝑖 has received a reward by iteration 𝑡. 
In equation (5), a higher value of 𝐷̂𝑖 signifies that action 𝑞𝑖 is the currently optimal choice for 

iteration 𝑡. According to the  𝐶𝑃𝑅𝑃 framework, an action is first selected from the set of available 

options. Following this selection, the action is either rewarded or penalized, with  𝐶𝑃𝑅𝑃 enhancing 

the likelihood of the optimal action being chosen in the future. This approach is implemented in 

Algorithm 1, referenced as Algorithm 5, wherein the learning automaton (LA) operates in pursuit 

mode. 

 

3.7 Convergence 

Theorem 1: Let 𝑞𝑖(𝑘) be the probability of constructing MIS 𝜔𝑖 in a given stochastic multilayer 

graph at stage 𝑘. If 𝑞(𝑘) evolves according to algorithm 1, then for every 𝜀 > 0, there exists a 

learning rate 𝑎∗(𝜀) ∈ (0 1) such that for all 𝑎 ∈ (0 𝑎∗), we have 
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𝑝𝑟𝑜𝑏 [ lim
𝑘→∞

𝑞𝑖 (𝑘) = 1] ≥ 1 − 𝜀 

 

(6) 

Proof: The convergence proof involves several key steps. First, it is established that the penalty 

probability associated with Maximum Independent Sets (MISs) converges to fixed values of the 

final penalty probabilities for sufficiently large values of 𝑘 (Lemma 1). Subsequently, it is 

demonstrated that the probability of selecting the MIS with the maximum expected weight forms 

a sub-martingale process for large 𝑘. This facilitates the proof of variations in the probability of 

constructing the maximum MIS using martingale convergence theorems. Therefore, it is essential 

to prove the following lemmas before presenting the proof of the theorem. Before presenting the 

proof of the theorem outlined in [50], it is crucial to first establish the validity of the following 

lemmas. These foundational results will support the subsequent argument and ensure a clear and 

rigorous progression of the proof. 

 

Lemma 1: if the MIS 𝜔𝑖 is penalized with probability 𝑐𝑖(𝑘) at stage 𝑘 (i.e., 𝑐𝑖(𝑘) =

𝑝𝑟𝑜𝑏[𝑊𝜔𝑖
> 𝑇𝑘]), and lim

𝑘→∞
𝑐𝑖 (𝑘) = 𝑐𝑖

∗, then for each 𝜀 ∈ (0 1) and 𝑘 > 𝐾(𝜀) we have, 

𝑝𝑟𝑜𝑏[|𝑐𝑖
∗ − 𝑐𝑖(𝑘)| > 0] < 𝜀. 

 

Proof: Let 𝑐𝑗(𝑘) (for all 𝑗 = 1 2 …  𝑟) represent the probability with which the maximum 

independent set (MIS) 𝜔𝑖 is penalized at stage 𝑘, where 𝑟 denotes the total number of MISs in 𝐺. 

Let 𝑐𝑗
∗ represent the probability 𝑐𝑗(𝑘) for large values of 𝑘. By invoking the weak law of large 

numbers, it follows that: 

 

lim
𝑘→∞

𝑝𝑟𝑜𝑏[|𝑐𝑖
∗ − 𝑐𝑖(𝑘)| > 𝜀] → 0, (7) 

 

for every 𝜀 ∈ (01), there exists a 𝑎∗(𝜀) ∈ (0 1) and 𝐾0(𝜀) < ∞ such that for all 𝑎 < 𝑎∗ and 𝑘 >
𝐾0 we have, 𝑝𝑟𝑜𝑏[|𝑐𝑖

∗ − 𝑐𝑖(𝑘)| > 0] < 𝜀. This completes the proof of Lemma 1.  

 

Lemma 2: Let 𝑐𝑗(𝑘) = 𝑝𝑟𝑜𝑏[𝑊𝜔𝑗
(𝑘 + 1) > 𝑇𝑘] and 𝑑𝑗(𝑘) = 1 − 𝑐𝑗(𝑘) represent the 

probabilities of penalizing and rewarding the MIS 𝜔𝑗 for all 𝑗 = 1 2…  𝑟, repectivelly.  

Assuming that 𝑞(𝑘) evolves under Algorithm 1, the conditional expectation of 𝑞𝑖(𝑘) can be 

defined as follows: 

 

𝐸[𝑞𝑖  (𝑘+)|𝑞(𝑘)] = ∑ 𝑞𝑗
𝑟
𝑗= (𝑘)[𝑐𝑗(𝑘)𝑞𝑖(𝑘) + 𝑑𝑗(𝑘) (∏ (𝑣𝑚∉ 𝜔𝑖

1 − 𝑝1
𝑚(𝑘))∏ (𝑣𝑚∉ 𝜔𝑖

𝑝1
𝑚(𝑘))], 

 
(8) 

where  

 

 

𝑝1
𝑚(𝑘 + 1) = {

𝑝1
𝑚(𝑘) + 𝑎(1 − 𝑝1

𝑚(𝑘)) 𝑣𝑚 ∈ 𝜔𝑗
𝑝1
𝑚(𝑘)(1 − 𝑎) 𝑣𝑚 ∉ 𝜔𝑗

. 

 

(9) 

Let 𝑝1
𝑚(𝑘) represent the probability that vertex 𝑣𝑚 declares itself as a member of the independent 

set at stage 𝑘. If vertex 𝑣𝑚 declares itself as a member of the independent set (i.e., selects action 

𝛼𝑚
1 , then 𝑣𝑚 belongs to 𝜔𝑗; otherwise, 𝑣𝑚 does not belong to 𝜔𝑗. 
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Proof: In Algorithm 1, the reinforcement scheme used to update the probability vectors, 𝐿𝑅−𝐼, 
ensures that at each stage k, the probability of constructing the MIS 𝜔𝑗 (denoted as 𝑞𝑖(𝑘)) remains 

unchanged with probability 𝑐𝑗(𝑘) for all 𝑗 = 1 2…   𝑟, when the constructed MIS 𝜔𝑗 is penalized 

by the random environment. Conversely, when the constructed MIS 𝜔𝑗  is rewarded, the probability 

of selecting the vertices of 𝜔𝑗 that are included in the constructed MIS increase by a specified 

learning rate, while the probability for other vertices decreases. To illustrate the proof of the lemma 

in greater detail, we will examine the maximum independent set shown in Figure 3. In this figure, 

the multilayer graph 𝐺 consists of 6 nodes and 10 edges distributed across 2 layers. This graph 

includes 7 MISs: : 𝜔1 = {2 4 5}, 𝜔2 = {1 5}, 𝜔3 = {2 6}, 𝜔4 = {2 4}, 𝜔5 = {2 5}, 𝜔6 =
{3 4} and 𝜔7 = {1 3}. It is assumed that 𝜔7 is the MIS with the maximum expected weight in 

the graph depicted in Figure 3. 

 

  

(a) (b) 

 

Figure 3: Sample Multilayer Graph G and its maximum independent set. 

 

Let 𝑞𝑖(𝑘) = ∏ 𝑝0
𝑚(𝑘)𝑣𝑚∉𝜔𝑖

 ∏ 𝑝1
𝑚(𝑘)𝑣𝑚∈𝜔𝑖

 indicates as the probability of constructing MIS 𝜔𝑖at 

stage 𝑘, where 𝑝0
𝑚 and 𝑝1

𝑚 denote the probability, which node 𝑣𝑚 declares itself is not a member 

of a multilayer independent set (or chooses action 𝛼𝑚
0 ) and as a member of an independent set (or 

choosing action 𝛼𝑚
1 ), respectively. Hence, for the graph shown in figure 3, we have: 

 

𝑞1(𝑘) = 𝑝0
1(𝑘)𝑝1

2(𝑘)𝑝0
3(𝑘)𝑝1

4(𝑘)𝑝1
5(𝑘)𝑝0

6(𝑘), 
𝑞2(𝑘) = 𝑝1

1(𝑘)𝑝0
2(𝑘)𝑝0

3(𝑘)𝑝0
4(𝑘)𝑝1

5(𝑘)𝑝0
6(𝑘), 

𝑞3(𝑘) = 𝑝0
1(𝑘)𝑝1

2(𝑘)𝑝0
3(𝑘)𝑝0

4(𝑘)𝑝0
5(𝑘)𝑝1

6(𝑘), 
𝑞4(𝑘) = 𝑝0

1(𝑘)𝑝1
2(𝑘)𝑝0

3(𝑘)𝑝1
4(𝑘)𝑝0

5(𝑘)𝑝0
6(𝑘), 

𝑞5(𝑘) = 𝑝0
1(𝑘)𝑝1

2(𝑘)𝑝0
3(𝑘)𝑝0

4(𝑘)𝑝1
5(𝑘)𝑝0

6(𝑘), 
𝑞6(𝑘) = 𝑝0

1(𝑘)𝑝0
2(𝑘)𝑝1

3(𝑘)𝑝1
4(𝑘)𝑝0

5(𝑘)𝑝0
6(𝑘), 

𝑞7(𝑘) = 𝑝1
1(𝑘)𝑝0

2(𝑘)𝑝1
3(𝑘)𝑝0

4(𝑘)𝑝0
5(𝑘)𝑝0

6(𝑘). 
 

(10) 
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The conditional expectation of 𝑞1(𝑘 + 1), assuming 𝑞(𝑘) evolves according to algorithm 1, is 

defined as follows [50]: 

 

𝐸[𝑞1(𝑘 + 1)|𝑞1(𝑘)]
= 𝑞1(𝑘)[𝑐1𝑞1(𝑘)

+ {𝑑1(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝1
2(𝑘) + 𝑎(1 − 𝑝1

2(𝑘))}{𝑝0
3(𝑘)

+ 𝑎(1 − 𝑝0
3(𝑘))}{𝑝1

4(𝑘) + 𝑎(1 − 𝑝1
4(𝑘))} {𝑝1

5(𝑘) + 𝑎 (1 − 𝑝1
5(𝑘))} {𝑝0

6(𝑘)

+ 𝑎(1 − 𝑝0
6(𝑘))}] +  

𝑞2(𝑘)[𝑐2𝑞1(𝑘) + {𝑑2(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝0
2(𝑘)(1 − 𝑎)}{𝑝0

3(𝑘)

+ 𝑎(1 − 𝑝0
3(𝑘))}{𝑝0

4(𝑘)(1 − 𝑎)} {{𝑝1
5(𝑘) + 𝑎 (1 − 𝑝1

5(𝑘))}} {𝑝0
6(𝑘)

+ 𝑎(1 − 𝑝0
6(𝑘))}] + 

𝑞3(𝑘)[𝑐3𝑞1(𝑘) + {𝑑3(𝑘){𝑝0
1(𝑘)

+ 𝑎(1 − 𝑝0
1(𝑘))}{𝑝1

2(𝑘) + 𝑎(1 − 𝑝1
2(𝑘))}{𝑝0

3(𝑘) + 𝑎(1 − 𝑝0
3(𝑘))}{𝑝0

4(𝑘)(1

− 𝑎)}{𝑝0
5(𝑘)(1 − 𝑎)}{𝑝0

6(𝑘) + 𝑎(1 − 𝑝0
6(𝑘))}] + 

𝑞4(𝑘)[𝑐4𝑞1(𝑘) + {𝑑4(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝1
2(𝑘) + 𝑎(1 − 𝑝1

2(𝑘))}{𝑝0
3(𝑘)

+ 𝑎(1 − 𝑝0
3(𝑘))}{𝑝1

4(𝑘) + 𝑎(1 − 𝑝1
4(𝑘))} {{𝑝0

5(𝑘)(1 − 𝑎)}} {𝑝0
6(𝑘)

+ 𝑎(1 − 𝑝0
6(𝑘))}] + 

𝑞5(𝑘)[𝑐5𝑞1(𝑘) + {𝑑5(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝1
2(𝑘) + 𝑎(1 − 𝑝1

2(𝑘))}{𝑝0
3(𝑘)

+ 𝑎(1 − 𝑝0
3(𝑘))}{𝑝0

4(𝑘)(1 − 𝑎)} {{𝑝1
5(𝑘) + 𝑎 (1 − 𝑝1

5(𝑘))}} {𝑝0
6(𝑘)

+ 𝑎(1 − 𝑝0
6(𝑘))}] + 

𝑞6(𝑘)[𝑐6𝑞1(𝑘) + {𝑑6(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝1
2(𝑘)(1 − 𝑎)}{𝑝0

3(𝑘)(1 − 𝑎)}{𝑝1
4(𝑘)

+ 𝑎(1 − 𝑝1
4(𝑘))} {{𝑝0

5(𝑘)(1 − 𝑎)}} {𝑝0
6(𝑘) + 𝑎(1 − 𝑝0

6(𝑘))}] + 

𝑞7(𝑘)[𝑐7𝑞1(𝑘) + {𝑑7(𝑘)[𝑝0
1(𝑘) + 𝑎(1 − 𝑝0

1(𝑘))}{𝑝0
2(𝑘)(1 − 𝑎)}{𝑝0

3(𝑘)(1 − 𝑎)}{𝑝0
4(𝑘)(1

− 𝑎)} {{𝑝0
5(𝑘)(1 − 𝑎)}} {𝑝0

6(𝑘) + 𝑎(1 − 𝑝0
6(𝑘))}] 

 

 

By simplifying all the terms on the right side of the equation above and conducting some algebraic 

manipulations, we arrive at: 

 

𝐸[𝑞1(𝑘 + 1)|𝑞1(𝑘)] = ∑ 𝑞𝑗(𝑘)
7
𝑗=1 [𝑐𝑗(𝑘)𝑞1(𝑘) + 𝑑𝑗(𝑘)(∏ 𝑝0

𝑚(𝑘)∏ 𝑝1
𝑚(𝑘)𝑣𝑚∈𝜔1𝑣𝑚∉𝜔1 )], 

 

where 

 

𝑝0
𝑚(𝑘 + 1) = {

𝑝0
𝑚(𝑘) + 𝑎(1 − 𝑝0

𝑚(𝑘)) 𝑣𝑚 ∉ 𝜔𝑗
𝑝0
𝑚(𝑘)(1 − 𝑎) 𝑣𝑚 ∈ 𝜔𝑗

 

 

                  



18 

 

𝑝1
𝑚(𝑘 + 1) = {

𝑝1
𝑚(𝑘) + 𝑎(1 − 𝑝1

𝑚(𝑘)) 𝑣𝑚 ∈ 𝜔𝑗
𝑝1
𝑚(𝑘)(1 − 𝑎) 𝑣𝑚 ∉ 𝜔𝑗

. 

In this equation, 𝑝1
𝑚(𝑘) indicates the probability that vertex 𝑣𝑚 selects itself as a member of the 

independent set, at iteration 𝑘. As mentioned, each learning automata consists of two possible 

actions, the probability with which vertex 𝑣𝑚 selects itself as does not a member of the independent 

set is equal to 1 − 𝑝1
𝑚(𝑘). Hence, 𝑞𝑖 at stage 𝑘 can be defined as [50]: 

 

∏ (1− 𝑝1
𝑚(𝑘)) ∏ 𝑝1

𝑚(𝑘)

𝑣𝑚∈𝜔𝑖𝑣𝑚∉𝜔𝑖

 

 

and so we have  

 

 

𝐸(𝑞1(𝑘 + 1)|𝑞(𝑘)] = ∑ 𝑞𝑗(𝑘)
7
𝑗=1 [𝑐𝑗(𝑘)𝑞1(𝑘) + 𝑑𝑗(𝑘)(∏ (1 − 𝑝1

𝑚(𝑘))∏ 𝑝1
𝑚(𝑘)𝑣𝑚∈𝜔1𝑣𝑚∉𝜔1 )], 

 

where  

 

𝑝1
𝑚(𝑘 + 1) = {

𝑝1
𝑚(𝑘) + 𝑎(1 − 𝑝1

𝑚(𝑘)) 𝑣𝑚 ∈ 𝜔𝑗
𝑝1
𝑚(𝑘)(1 − 𝑎) 𝑣𝑚 ∉ 𝜔𝑗

, 

and hence the proof of the lemma.   

 

 

Lemma 3: Let 𝑞𝑖(𝑘) denotes the probability of formation of the maximum MIS 𝜔𝑖, at stage k. 

The increment in the conditional expectation of  𝑞𝑖(𝑘) is always non-negative, assuming 𝑞(𝑘) is 

updated according to algorithm 1. The is ∆𝑞𝑖(𝑘) > 0. 

 

Proof: Define ∆𝑞𝑖(𝑘) = 𝐸[𝑞𝑖(𝑘 + 1)|𝑞(𝑘)] − 𝑞𝑖(𝑘). From lemma 2, we have 

 

 

∆𝑞𝑖(𝑘) = ∑ 𝑞𝑗(𝑘)
𝑟
𝑗=1 [𝑐𝑗(𝑘)𝑞𝑖(𝑘) + 𝑑𝑗(𝑘)(∏ (1 − 𝑝1

𝑚(𝑘))∏ 𝑝1
𝑚(𝑘)𝑣𝑚∈ 𝜔𝑖𝑣𝑚∉𝜔𝑖

)] − 𝑞𝑖(𝑘), (11) 

 

 

where  

 

𝑝1
𝑚(𝑘 + 1) = {

𝑝1
𝑚(𝑘) + 𝑎(1 − 𝑝1

𝑚(𝑘)) 𝑣𝑚 ∈ 𝜔𝑗
𝑝1
𝑚(𝑘)(1 − 𝑎) 𝑣𝑚 ∉ 𝜔𝑗

. 

 

(12) 

For notational convenience, let  

 

 
∏ 𝜋𝑛

𝑚(𝑘) = 𝜔𝑗
𝑛∈{01}

∏ (1 − 𝑝1
𝑚(𝑘)) 𝑣𝑚∉{01}

∏ 𝑝1
𝑚(𝑘) 𝑣𝑚∈{01} , (13) 

 

therefore, we have  
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∆𝑞𝑖(𝑘) = ∑ 𝑞𝑗
7
𝑗=1 (𝑘) [𝑐𝑗(𝑘)𝑞𝑖(𝑘) + 𝑑𝑗(𝑘)∏ 𝜋𝑛

𝑚(𝑘)𝜔𝑖
𝑛∈{01}

] − 𝑞𝑖(𝑘), (14) 

 

 

where 

 

𝜋𝑛
𝑚(𝑘 + 1) = {

𝑝𝑛
𝑚(𝑘) + 𝑎(1 − 𝑝𝑛

𝑚(𝑘)) (𝑣𝑚 ∉ 𝜔𝑗 , 𝑛 = 0)𝑜𝑟 (𝑣𝑚 ∈ 𝜔𝑗 𝑛 = 1)

𝑝𝑛
𝑚(𝑘)(1 − 𝑎) (𝑣𝑚 ∉ 𝜔𝑗 , 𝑛 = 1)𝑜𝑟 (𝑣𝑚 ∈ 𝜔𝑗 𝑛 = 0)

 
(15) 

 

where 𝜋𝑛
𝑚 indicates as the probability with which vertex 𝑣𝑚, at stage k, declares itself as a member 

of the independent set vertex when 𝑛 = 1 and as doesn’t member of the independent set vertex 

otherwise.  

The probability that the maximum independent set (MIS) is formed, rewarded, or penalized is 

determined by the product of the probabilities of identifying the vertices in the constructed MIS as 

members of the independent set, as well as those not included in the independent set, as outlined 

in equation (10), we have 

 

∆𝑞𝑖(𝑘) = ∑ ∏ 𝑝𝑛
𝑚(𝑘) [∏ 𝑐𝑛

𝑚(𝑘)∏ 𝑝𝑛
𝑚(𝑘) +𝜔𝑖

𝑛∈{01}

𝜔𝑗
𝑛∈{01}

𝜔𝑗
𝑛∈{01}

𝑟
𝑗=1

∏ 𝑑𝑛
𝑚(𝑘)∏ 𝜋𝑛

𝑚(𝑘) 𝜔𝑖
𝑛∈{01}

 𝜔𝑗
𝑛∈{01}

  ] − ∏ 𝑝𝑛
𝑚(𝑘) 𝜔𝑖

𝑛∈{01}
 , 

(16) 

 

where 𝜋𝑛
𝑚(𝑘) is defined as in equation (11), 𝑐𝑛

𝑚(𝑘) denotes the probability of penalizing the action 

selected by vertex 𝑣𝑚 at instant 𝑘, and 𝑑𝑛
𝑚(𝑘) = 1 − 𝑐𝑛

𝑚(𝑘). 
 

∆𝑞𝑖(𝑘) = ∏ 𝐸[𝑝𝑛
𝑚(𝑘 + 1)|𝑝𝑛

𝑚(𝑘)]𝜔𝑗
𝑛∈{01}

−∏ 𝑝𝑛
𝑚(𝑘) 𝜔𝑖

𝑛∈{01}
, (17) 

 

The above quality can be rewritten as  

∆𝑞𝑖(𝑘) ≥ ∏ 𝐸[𝑝𝑛
𝑚(𝑘 + 1)|𝑝𝑛

𝑚(𝑘)]𝜔𝑗
𝑛∈{01}

− 𝑝𝑛
𝑚(𝑘) = ∏ ∆𝑝𝑛

𝑚(𝑘) 𝜔𝑖
𝑛∈{01}

, (18) 

 

where  
∆𝑝𝑛

𝑚(𝑘) = 𝑎𝑝𝑛
𝑚(𝑘)∑ 𝑝𝑠

𝑚(𝑘)[𝑐𝑠
𝑚(𝑘) − 𝑐𝑛

𝑚(𝑘)]𝑠≠𝑛
𝜔𝑖

𝑛 ∈ {01}
, (19) 

 

and 𝑞𝑖(𝑘) ∈ (0 1) {for all 𝑞 ∈ 𝑆𝑟
0}. 𝑆𝑟

0 is defined as the interior of 𝑆𝑟, where 𝑆𝑟 = {𝑞(𝑘)|1 ≤

𝑞𝑖(𝑘) ≤ 1 ∑ 𝑞𝑖(𝑘) = 1𝑟
𝑖=1 }. Hence, 𝑝𝑛

𝑚(𝑛) ∈ (01) for all m,n. Since action 𝛼𝑛
𝑚 is the action with 

the minimum penalty probability which can be selected by automaton 𝐴𝑚, it is shown that 𝑐𝑠
𝑚∗
−

𝑐𝑛
𝑚∗
>0, for all 𝑠 ≠ 𝑛, where 𝑐𝑠

𝑚∗
 is the final value to which the penalty probability 𝑐𝑠

𝑚(𝑘) is 

converged. It follows from lemma 1 that for a large value of 𝑘, 𝑐𝑠
𝑚(𝑘) − 𝑐𝑛

𝑚(𝑘) > 0. Therefore, 
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we conclude that for large values of 𝑘, the right-hand side of the aforementioned equation 

comprises nonnegative quantities [47]. Consequently, we have: 

 
∏ 𝑎𝑝𝑛

𝑚(𝑘)∑ 𝑝𝑠
𝑚(𝑘)[𝑐𝑠

𝑚(𝑘) − 𝑐𝑛
𝑚(𝑘)]𝑠≠𝑛𝜔𝑖

𝑛∈{0,1}

𝜔𝑖
𝑛 ∈ {01}

≥ 0, (20) 

 

and from equation (12), we have  

 

 

∆𝑞𝑖(𝑘) ≥
∏ 𝑎𝑝𝑛

𝑚(𝑘)∑ 𝑝𝑠
𝑚(𝑘)[𝑐𝑠

𝑚(𝑘) − 𝑐𝑛
𝑚(𝑘)]𝑠≠𝑛𝜔𝑖

𝑛∈{0,1}

𝜔𝑖
𝑛 ∈ {0 1}

, 
(21) 

which completes the proof of this lemma 3. 

  

Corollary 1. The set of unit vectors in 𝑆𝑟 − 𝑆𝑟
0, where 𝑆𝑟

0 = {𝑞(𝑘): 𝑞𝑖(𝑘) ∈ (0,1);∑ 𝑞𝑖(𝑘) =
𝑟
𝑖=1

1}, indicates as the set of absorbing barriers of the Markov process {𝑞(𝑘)}𝑘≥1. 

Proof: Lemma 3 implicitly demonstrates that {𝑞(𝑘)} is a sub-martingale. By applying the 

martingale convergence theorem and considering that {𝑞(𝑘)} is non-negative and uniformly 

bounded, it is concluded that lim
𝑘→∞

𝑞𝑖 (𝑘) = 𝑞
∗ exists with probability one. Therefore, from 

equation (11), it is evident that 𝑞𝑖(𝑘 + 1) ≠ 𝑞𝑖(𝑘) with nonzero probability if and only if 𝑞𝑖(𝑘) ∉
{0,1}, and 𝑞(𝑘 + 1) = 𝑞(𝑘) with probability one if and only if 𝑞∗ ∈ {01}, where lim

𝑘→∞
𝑞𝑖 (𝑘) =

𝑞∗. Hence, the proof is completed.∎ 

 

Let Γ𝑖(𝑞) be defined as the probability that the proposed Algorithm 1 converges to the unit vector 

𝑒𝑖, given the initial probability vector𝑞. Specifically, Γ𝑖(𝑞) is defined as Γ𝑖(𝑞) =

𝑝𝑟𝑜𝑏 [𝑞𝑖(∞) = 1|𝑞(0) = 𝑞] = 𝑝𝑟𝑜𝑏[𝑞∗ = 𝑒𝑖|𝑞(0) = 𝑞]. 

 

Let 𝐶(𝑆𝑟): 𝑆𝑟 → ℛ denotes the state space of all real-valued continuously differentiable functions 

with bounded derivatives, defined on 𝑆𝑟, where ℛ represents the real line. If 𝜓(. ) ∈ 𝐶(𝑆𝑟), the 

operator 𝑈 is defined by: 

 

𝑈𝜓(𝑞) = 𝐸[𝜓𝑞(𝑘 + 1)|𝑞(1) = 𝑞], (22) 

 

where 𝐸[.] represents the mathematical expectation. It has been demonstrated in [47] that the 

operator 𝑈 is linear and preserves non-negative functions, as the expectation of a non-negative 

function remains non-negative. In other words, 𝑈𝜓(𝑞) ≥ 0 for all \ 𝑞 ∈ 𝑆𝑟 if 𝜓(𝑞) ≥ 0. If the 

operator 𝑈 is applied repeatedly 𝑛 times (for all 𝑛 > 1), we have: 

 

𝑈𝑛−1𝜓(𝑞) = 𝐸[𝜓𝑞(𝑘 + 1)|𝑞(1) = 𝑞] (23) 
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A function 𝜓(𝑞) is termed super-regular (sub-regular) if and only if 𝜓(𝑞) ≥ 𝑈𝜓(𝑞)(𝜓(𝑞) ≤
𝑈𝜓(𝑞)) for all 𝑞 ∈ 𝑆𝑟. It has also been demonstrated in  [47]. that Γ𝑖(𝑞)  is the unique continuous 

solution to the equation 𝑈Γ𝑖(𝑞) = Γ𝑖(𝑞), subject to specific boundary conditions. 

 

Γ𝑖(𝑒𝑖) = 1  

 

Γ𝑖(𝑒𝑗) = 0 𝑗 ≠ 𝑖  
(24) 

 

Let's define 𝜙𝑖[𝑥 𝑞] as 
𝑒−𝑥𝑞𝑖/𝑎−1

𝑒−𝑥/𝑎−1
, where 𝑥 > 0  is chosen. The function 𝜙𝑖[𝑥 𝑞] belongs to 𝐶(𝑆𝑟) 

and fulfills the mentioned boundary conditions. 

Theorem 2: Let 𝜓𝑖(. ) ∈ 𝐶(𝑆𝑟) is super-regular with 𝜓𝑖(𝑒𝑖) = 1 and 𝜓𝑖(𝑒𝑗) = 1 for 𝑗 ≠ 𝑖 then 

 

𝜓𝑖(𝑞) ≥ Γ𝑖(𝑞), (25) 

 

For all 𝑞 ∈ 𝑆𝑟. If 𝜓𝑖(. ) ∈ 𝐶(𝑆𝑟) is sub-regular with the same boundary conditions, then 

𝜓𝑖(𝑞) ≤ Γ𝑖(𝑞)       ∀𝑞 ∈ 𝑆𝑟. 
 

Proof. The proof of Theorem 2 can be found in [32].∎ 

 

In what follows, we show that 𝜙𝑖[𝑥𝑞] is a sub-regular function. Therefore, 𝜙𝑖[𝑥 𝑞] qualifies as a 

lower bound on Γ𝑖(𝑞). Since super and sub-regular functions are closed under addition and 

multiplications by a positive constant, and if 𝜙(. ) is super regular then −𝜙(. ) is sub-regular, it 

follows that 𝜙𝑖[𝑥 𝑞] is sub-regular if and only if  

𝜃𝑖[𝑥 𝑞] = 𝑒
−𝑥𝑞𝑖
𝑎  

(26) 

 

is super-regular. We now determine the conditions under which 𝜃𝑖[𝑥 𝑞] is super-regular. From the 

definition of operator 𝑈 given in equations 13 and 11 we have 

 

𝑈𝜃𝑖[𝑥 𝑞] = 𝐸 [𝑒
−𝑥𝑞𝑖(𝑘+1)

𝑎 |𝑞(𝑘) = 𝑞]

=∑𝑞𝑗

𝑟

𝑗=1

𝑑𝑗
∗𝑒

−
𝑥
𝑎
[∏ (𝑝𝑚

𝑛
𝑣𝑚∉𝜔𝑗𝑛=0

𝑜𝑟
𝑣𝑚∈𝜔𝑗𝑛=1

+𝑎(1−𝑝𝑚
𝑛 ))]

+∑𝑞𝑗

𝑟

𝑗=1

𝑑𝑗
∗𝑒

−
𝑥
𝑎
[∏ (𝑝𝑚

𝑛
𝑣𝑚∉𝜔𝑗𝑛=1

𝑜𝑟
𝑣𝑚∈𝜔𝑗𝑛=0

(1−𝑎))]

 

(27) 
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= [𝑞𝑖𝑑𝑖
∗𝑒−

𝑥
𝑎
(𝑞𝑖+𝑎(1−𝑞𝑖))

+∑𝑞𝑖𝑑𝑖
∗𝑒

−
𝑥
𝑎
[∏ (𝑝𝑚

𝑛
𝑣𝑚∉𝜔𝑗𝑛=0

𝑜𝑟
𝑣𝑚∈𝜔𝑗𝑛=1

+𝑎(1−𝑝𝑚
𝑛 ))]

𝑗≠𝑖

+∑𝑞𝑗

𝑟

𝑗=1

𝑑𝑗
∗𝑒

−
𝑥
𝑎
[∏ (𝑝𝑚

𝑛
𝑣𝑚∉𝜔𝑗𝑛=1

𝑜𝑟
𝑣𝑚∈𝜔𝑗𝑛=0

(1−𝑎))]

 

 

In the context of large values of 𝑘, we denote 𝑑𝑗
∗ as the final value to which the reward probability 

𝑑𝑗(𝑘) converges. Furthermore, 𝑒−
𝑥

𝑎
(𝑞𝑖+𝑎(1−𝑞𝑖)) represents the expected value of 𝜃𝑖(𝑥𝑞)when 

rewards are applied to the maximum stochastic multilayer independent set 𝜔𝑖. 
 

𝑈𝜃𝑖(𝑥, 𝑞) = [𝑞𝑖𝑑𝑖
∗𝑒−

𝑥
𝑎
(𝑞𝑖+𝑎(1−𝑞𝑖)) +∑𝑞𝑖𝑑𝑖

∗𝑒

−
𝑥
𝑎

(

 
 
𝑞𝑖(1−𝑞𝑖)∏

(𝑝𝑚
𝑛 +𝑎(1−𝑝𝑚

𝑛 ))
(𝑝𝑚
𝑛 (1−𝑎))𝑣𝑚∉𝜔𝑗𝑛=0

𝑜𝑟
𝑣𝑚∈𝜔𝑗𝑛=1 )

 
 

]

𝑗≠𝑖

 

(28) 

 

= [∑𝑞𝑖𝑑𝑖
∗𝑒−

𝑥
𝑎
𝜌𝑖
𝑗
(𝑞𝑖+𝑎(1−𝑞𝑖)) +∑𝑞𝑖𝑑𝑖

∗𝑒
−
𝑥
𝑎
(𝜌𝑖

𝑗
𝑞𝑖(1−𝑞𝑖))

𝑗≠𝑖𝑗=𝑖

 
(29) 

 

where 𝜌𝑖
𝑗
> 0 and is defined as 

 

𝜌𝑖
𝑗
=

{
 
 

 
 ∏

(𝑝𝑚
𝑛 + 𝑎(1 − 𝑝𝑚

𝑛 ))

(𝑝𝑚
𝑛 (1 − 𝑎))

𝑣𝑚∉𝜔𝑗𝑛=0
𝑜𝑟

𝑣𝑚∈𝜔𝑗𝑛=1

𝑖 ≠ 𝑗

1 𝑖 = 𝑗 𝑜𝑟 (𝜔𝑖 ∩ 𝜔𝑗) = 𝜙

 

(30) 

 

 

𝑈𝜃𝑖(𝑥 𝑞) − 𝜃𝑖(𝑥𝑞) = [𝑒
−
𝑥𝑞𝑖𝜌𝑖

𝑗

𝑎 ∑𝑞𝑗𝑑𝑗
∗

𝑗=𝑖

𝑒−𝑥(1−𝑞𝑖)𝜌𝑖
𝑗

+ 𝑒−
𝑥𝑞𝑖𝜌𝑖

𝑗

𝑎 ∑𝑞𝑗𝑑𝑗
∗

𝑗≠𝑖

𝑒𝑥𝑞𝑖𝜌𝑖
𝑗

] − 𝑒−
𝑥𝑞𝑖
𝑎  

(31) 

 

𝜃𝑖(𝑥 𝑞) is super-regular if  

𝑒−
𝑥𝑞𝑖𝜌𝑖

𝑗

𝑎 ∑𝑞𝑗𝑑𝑗
∗

𝑗=𝑖

𝑒−𝑥(1−𝑞𝑖)𝜌𝑖
𝑗

+ 𝑒−
𝑥𝑞𝑖𝜌𝑖

𝑗

𝑎 ∑𝑞𝑗𝑑𝑗
∗

𝑗≠𝑖

𝑒𝑥𝑞𝑖𝜌𝑖
𝑗

≤ 𝑒−
𝑥𝑞𝑖
𝑎  

 

(32) 

And  

𝑈𝜃𝑖(𝑥 𝑞) ≤ 𝑒
−
𝑥𝑞𝑖
𝑎 𝑞𝑖𝑑𝑖

∗𝑒−𝑥(1−𝑞𝑖) + 𝑒−
𝑥𝑞𝑖
𝑎 ∑𝑞𝑗𝑑𝑗

∗

𝑗≠𝑖

𝑒𝑥𝑞𝑖 (33) 
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If 𝜃𝑖(𝑥 𝑞) is super-regular, so we have 

 

𝑈𝜃𝑖(𝑥 𝑞) − 𝜃𝑖(𝑥 𝑞) ≤ [𝑒−
𝑥𝑞𝑖
𝑎 𝑞𝑖𝑑𝑖

∗𝑒−𝑥(1−𝑞𝑖) + 𝑒−
𝑥𝑞𝑖
𝑎 ∑ 𝑞𝑗𝑑𝑗

∗
𝑗≠𝑖 𝑒𝑥𝑞𝑖] − 𝑒−

𝑥𝑞𝑗

𝑎 , 
(34) 

 

by multiplying and dividing the right side of the above inequality by −𝑥𝑞𝑖 and simplifying the 

resulting algebraic expressions, we obtain: 

 

𝑈𝜃𝑖(𝑥 𝑞) − 𝜃𝑖(𝑥 𝑞) ≤ −𝑥𝑞𝑖𝑒
−𝑥𝑞𝑖
𝑎 [𝑞𝑖𝑑𝑖

∗
𝑒−𝑥(1−𝑞𝑖) − 1

−𝑥𝑞𝑖
−∑𝑞𝑖𝑑𝑖

∗
𝑒𝑥𝑞𝑖 − 1

𝑥𝑞𝑖
𝑗≠𝑖

]

= −𝑥𝑞𝑖𝑒
−𝑥𝑞𝑖
𝑎 [𝑑𝑖

∗
𝑒−𝑥(1−𝑞𝑖) − 1

−𝑥
−∑𝑞𝑖𝑑𝑖

∗
𝑒𝑥𝑞𝑖 − 1

𝑥𝑞𝑖
𝑗≠𝑖

]

= −𝑥𝑞𝑖𝑒
−𝑥𝑞𝑖
𝑎 [(1 − 𝑞𝑖)𝑑𝑖

∗
𝑒−𝑥(1−𝑞𝑖) − 1

−𝑥(1 − 𝑞𝑖)
−∑𝑞𝑖𝑑𝑖

∗
𝑒𝑥𝑞𝑖 − 1

𝑥𝑞𝑖
𝑗≠𝑖

] 

 

(35) 

 

and  

𝑉[𝑢] = {
𝑒𝑢 − 1

𝑢
𝑢 ≠ 0

1 𝑢 = 0

 
(36) 

 

𝜃𝑖(𝑥 𝑞) − 𝜃𝑖(𝑥 𝑞) ≤ −𝑥𝑞𝑖𝑒
−𝑥𝑞𝑖
𝑎 [(1 − 𝑞𝑖)𝑑𝑖

∗𝑉[−𝑥(1 − 𝑞𝑖)] − (∑𝑞𝑖𝑑𝑗
∗)𝑉[𝑥𝑞𝑖]

𝑗≠𝑖

]

= 𝑥𝑞𝑖𝜃𝑖(𝑥𝑞)𝐺𝑖(𝑥𝑞) 

(37) 

 

 

where 𝐺𝑖(𝑥𝑞) is defined as  

𝐺𝑖(𝑥𝑞) = (1 − 𝑞𝑖)𝑑𝑖
∗𝑉[−𝑥(1 − 𝑞𝑖)] − (∑𝑞𝑗𝑑𝑗

∗

𝑗≠𝑖

)𝑉[𝑥𝑞𝑖] 

(38) 

 

therefore, 𝜃𝑖(𝑥𝑞) is super-regular if  

𝐺𝑖(𝑥𝑞) ≥ 0 (39) 

 

for all 𝑞 ∈ 𝑆𝑟, from equation (16), it follows that 𝜃𝑖(𝑥 𝑞) is super regular if we have  

 

𝑓𝑖(𝑥𝑞) =
𝑉[−𝑥(1−𝑞𝑖)]

𝑉[𝑥𝑞𝑖]
≤

∑ 𝑞𝑗𝑑𝑗
∗

𝑗≠𝑖

(1−𝑞𝑖)𝑑𝑖
∗ , 

(40) 

 

the right side of the inequality (18) contains only non-negative terms, therefore  
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(∑𝑞𝑖
𝑗≠𝑖

)
min
𝑗 ≠ 𝑖

(
𝑑𝑗
∗

𝑑𝑖
∗) ≤

1

(1 − 𝑞𝑖)
∑𝑞𝑗
𝑗≠𝑖

𝑑𝑗
∗

𝑑𝑖
∗ ≤ (∑𝑞𝑖

𝑗≠𝑖

)
max
𝑗 ≠ 𝑖 (

𝑑𝑗
∗

𝑑𝑖
∗) 

(41) 

 

by replacing ∑ 𝑞𝑗𝑗≠𝑖  with (1-𝑞𝑖) in the previous inequality, we can rephrase it as 

 

min
𝑗 ≠ 𝑖

(
𝑑𝑗
∗

𝑑𝑖
∗) ≤∑𝑞𝑗

𝑗≠𝑖

𝑑𝑗
∗

𝑑𝑖
∗ ≤

max
𝑗 ≠ 𝑖 (

𝑑𝑗
∗

𝑑𝑖
∗) 

(42) 

according to equation (18), we can deduce that 𝜃𝑖(𝑥 𝑞) is super-regular if 

𝑓𝑖(𝑥 𝑞) ≥  
max
𝑗 ≠ 𝑖 (

𝑑𝑗
∗

𝑑𝑖
∗) (𝑥 𝑞) 

 

(43) 

for further simplification, let's employ logarithms. Let  

∆(𝑞 𝑥) = 𝐿𝑛 𝑓𝑖(𝑥 𝑞) (44) 

 

It has also been shown in [51], that  

−∫ 𝐻′(𝑢)𝑑𝑢 ≤ ∆(𝑞 𝑥) ≤ −∫ 𝐻′
0

−𝑥

(𝑢)𝑑𝑢
𝑥

0

 
(45) 

 

where (𝑢) =
𝑑𝐻(𝑢)

𝑑𝑢
 , 𝐻(𝑢) = ln𝑉(𝑢) . We have  

1

𝑉[𝑥]
≤
𝑉[−𝑥(1 − 𝑞𝑖)]

𝑉[𝑥𝑞𝑖]
≤ 𝑉[−𝑥] 

 

(46) 

 

and  

1

𝑉[𝑥]
=
max
𝑗 ≠ 𝑖 (

𝑑𝑗
∗

𝑑𝑖
∗) 

(47) 

 

Let's denote the value of x that satisfies equation (19) as 𝑥∗. It has been demonstrated that there 

exists a positive 𝑥 value that satisfies equation (19) when (
𝑑𝑗

𝑑𝑖
) is less than 1 for all 𝑗 ≠ 𝑖. By 

selecting 𝑥 = 𝑥∗, equation (19) remains true. As a result, equation (17) is also true, and 𝜃𝑖(𝑥 𝑞)  
is a super regular function. Thus, 

 

𝜑𝑖[𝑥 𝑞] =
𝑒
−𝑥𝑞𝑖
𝑎 −1

𝑒
−𝑥
𝑎 −1

, 
(48) 

 

considering a function that meets the boundary conditions (14) and is sub-regular, along with the 

information from theorem 2 and inequality, we can reach the following conclusion:  

 

𝜑𝑖[𝑥 𝑞] ≤ Γ𝑖(𝑞) ≤ 1 (49) 
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By observing the definition of 𝜑𝑖[𝑥 𝑞], we can notice that for any given ε > 0, there exists a 

positive constant 𝑎∗ < 1. This means that for all 0 < 𝑎 ≤ 𝑎∗ the following conditions are satisfied 

 

1 − 𝜀 ≤ 𝜙𝑖[𝑥 𝑞] ≤ Γ𝑖(𝑞) ≤ 1 (50) 

 

So, the conclusion is that as 𝑘 (the number of iterations) approaches infinity, the probability of 

Algorithm 1 converging to MIS with the maximum expected weight is equal to 1.  

 

3.8 Time and space complexity 

The time complexity of the proposed algorithm can be analyzed based on the number of layers 𝑀, 

the number of nodes in each layer 𝑁, and the maximum number of iterations 𝐾𝑚𝑎𝑥 , which is 

treated as a constant. In each round of execution, all (𝑀 × 𝑁) nodes operate in parallel, where 

each node selects one of two possible actions; consequently, the action selection phase incurs a 

time complexity of 𝑂(2 × 𝑀 ×𝑁). However, since this selection occurs concurrently across all 

nodes, the effective time for the action selection phase can be considered 𝑂(1). The algorithm 

continues this process for a maximum of 𝐾𝑚𝑎𝑥 iterations, resulting in an overall time complexity 

of 𝑂(2 × 𝐾𝑚𝑎𝑥). Therefore, the complete time complexity of the algorithm can be succinctly 

expressed as 𝑂(2 × 𝐾𝑚𝑎𝑥), indicating that the computational demand is primarily driven by the 

number of iterations, while the parallel execution across nodes ensures efficiency. The space 

complexity of the proposed algorithm can be evaluated based on the number of layers 𝑀, the 

number of nodes in each layer 𝑁, and the storage requirements for each node. Each node maintains 

two vectors to store the action probability values associated with its possible actions. 

Consequently, for 𝑀 layers and 𝑁 nodes per layer, the total space required for storing these vectors 

is 𝑂(2 × 𝑀 × 𝑁). This linear space complexity indicates that the memory usage of the algorithm 

scales proportionally with the product of the number of layers and the number of nodes in each 

layer. As a result, the algorithm is efficient in terms of space utilization, making it suitable for 

applications involving large multilayer graphs where memory resources may be a concern. 

 

4 Experiments 

In this section, the evaluation of the proposed algorithms' performance was accompanied by a 

series of experiments on synthetic stochastic multilayer graphs. The objective of this section is to 

assess the performance of the proposed algorithm through analysis using diverse stochastic 

multilayer graphs. Moreover, the evaluation of the proposed algorithm is performed by considering 

its performance across two distinct types of multilayer graphs: graphs with pre-specified topology, 

and real multilayer graphs.  

• The initial three graphs are established stochastic multilayer graphs, derived from the work of 

Hutson and Shier [52]. These graphs are characterized in table 1 and are shown in figure 4, 

figure 5, and Figure 6, the vertex weights are represented as random variables. Besides, the 

weights and their probabilities on each edge are provided in Tables A1, Table A2, and Table 

A3 in the appendix. 
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Table 1: Stochastic Multilayer Graph Applied in Simulations 
 

Test Graph #Nodes # Edge # Layer 
Parameter of 

distribution 

Size Stochastic 

Multilayer 

maximum 

Independent Set 

Expected 

Weight of 

Maximum 

Independent 

Set 

Graph 1 8 14 2 - 3 32.24 

Graph 2 9 15 2 - 3 41.91 

Graph 3 9 21 2 - 4 49.37 

 

Table 1 illustrates the characteristics and outcomes of simulations conducted on three stochastic 

multilayer graphs, each varying in complexity and connectivity. Graph 1 with 8 nodes and 14 

edges, and Graph 2 with 9 nodes and 15 edges, have relatively simple structures compared to 

Graph 3, which contains 9 nodes but a higher count of 21 edges, indicating a denser and possibly 

more complex network topology. All three graphs consist of two layers, suggesting dual modes of 

interactions among the nodes, potentially representing different social networks or communication 

layers. The analysis reveals that while the size of the maximum independent set remains stable at 

three for the first two graphs, it increases to four in Graph 3, aligning with the graph's increased 

edge density and complexity. This is reflected in the growing expected weights of the maximum 

independent sets, measuring 32.24, 41.91, and 49.37 respectively, which highlights a trend where 

more interconnected graphs tend to yield more valuable independent sets. These findings 

underscore the critical role of network architecture in determining the effectiveness of algorithms 

aimed at optimizing network functionalities such as resource distribution, traffic management, or 

information dissemination within complex, multi-layered network environments. Visualizations 

of Graphs 1 through 3 are depicted in Figures 6 to 6. 

 

 
 

Figure 4: Stochastic Multilayer Graph “Graph 1” with predefined structure used for experiments. 
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Figure 5: Stochastic Multilayer Graph “Graph 2” with predefined structure used for experiments. 

 

 
 

Figure 6: Stochastic Multilayer Graph “Graph 3 “with predefined structure used for experiments. 

 

 

• We include real multilayer graphs as the third category of graphs. These networks are 

characterized in Table 2 and serve as the focal point of our study. Each node in these networks 

is assigned a unique label, which corresponds to the mean value extracted from the length 

distribution of the respective edge. It is noteworthy that the length distribution follows an 

exponential pattern. 

 

Table 2: Real Multilayer Graph Applied in Simulations 
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Real Network #Nodes # Edge # Layers 

Florentine 16 35 2 

Monastery 18 510 10 

Bank Wiring 14 110 6 

Tailor Shop 39 552 4 

 

Table 2 presents data from simulations conducted on real multilayer graphs from various social 

environments, each exhibiting unique structural characteristics. The Florentine network, with 16 

nodes and 35 edges across 2 layers, suggests moderate complexity and connectivity. In stark 

contrast, the Monastery graph demonstrates a high degree of complexity with 18 nodes 

interconnected by 510 edges spread across 10 layers, indicating an intricate multi-tiered social 

structure. The Bank Wiring network shows a denser connectivity relative to its size with 14 nodes 

and 110 edges over 6 layers, reflecting potentially strong interdependencies among units within a 

financial setting. Finally, the Tailor Shop network, the largest sampled, consists of 39 nodes and 

552 edges across 4 layers, pointing towards a highly interactive and layered organizational 

structure. These networks, varying significantly in their topology and layering, serve as valuable 

models for studying complex behaviors and interactions within and across distinct social or 

organizational layers, potentially guiding targeted interventions or optimizations in these real-

world systems. 

 

In all of the experiments presented in this paper, we utilize the 𝐿𝑅−𝐼 learning scheme with a 

learning rate of 0.02. To ensure optimal performance, we set the entropy threshold Ent at 0.1. 

Additionally, the maximum iteration k is set to 𝑛 ×  1000, where 𝑛 represents the number of 

nodes within the stochastic multilayer graph. 

 

4.1 Performance evaluations 

To assess various algorithms, we utilized performance metrics for trees. The initial metric is the 

Average Number of Iterations (ANI), which reflects the average iterations needed for the algorithm 

to identify the maximum independent set in stochastic multilayer graphs. If the algorithm does not 

successfully locate the maximum independent set, the total iterations taken until termination are 

considered for calculating the average. A lower ANI value signifies superior performance. 

The second performance metric is the percentage of runs converged to a stochastic multilayer 

independent set (PCR). Due to the randomness nature of both the proposed algorithm and the input 

stochastic multilayer graphs, it is necessary to run the algorithm multiple times to observe its 

behavior. This performance measure indicates the percentage of runs that successfully find the 

maximum independent set. A higher PCR value indicates better performance. 

The third performance metric is the average number of samples (TS) taken from the nodes of the 

stochastic multilayer graph. This performance metric indicates the average number of samples 

taken from the stochastic multilayer graph's nodes to find the independent set with maximum 

cardinality. A smaller value for TS is preferable. 

 

4.2 Experiments 

In this subsection the report of the serval experimental simulation are provided. 

 
4.2.1 Experiment I 
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This experiment which is presented in Figure 7, Figure 8, and Figure 9 illustrate the performance 

of five different algorithms in achieving the maximum Stochastic Multilayer Independent Set 

(SMIS) across various graphs. Each graph depicts the average probability of achieving the SMIS 

versus the number of iterations, providing insights into the convergence behavior and efficiency 

of each algorithm. From the obtained results several conclusions can be made as the following: 

 

• For Graph 1, the initial observations show that all algorithms start with a low probability, 

which rapidly increases with the number of iterations. By around 400 iterations, Algorithms 

1, 2, 4, and 5 reach a high probability of achieving the maximum SMIS. Algorithm 3 lags 

slightly but still converges towards a high probability. Algorithm 1 and Algorithm 2 

demonstrate the quickest convergence, achieving high probabilities the fastest. Algorithm 4 

and Algorithm 5 also show strong performance, albeit with a slightly slower rate of 

convergence. Algorithm 3 converges at a slower rate compared to the others but eventually 

reaches a similar high probability. 

• For the performance on Graph 2, the initial observations are similar to those for Figure 6, with 

all algorithms starting with a low probability and increasing rapidly. From a convergence 

perspective, the convergence trends are more distinct in this figure. By around 600 iterations, 

Algorithm 1 reaches a probability of 1, indicating it consistently finds the maximum SMIS. 

Algorithm 2 also performs very well, reaching a probability close to 1 slightly later. 

Algorithms 3, 4, and 5 converge more slowly, with Algorithm 3 reaching around 0.95 and 

Algorithms 4 and 5 slightly below that. Algorithm 1 significantly outperforms the others in 

terms of both speed and final probability. Algorithm 2 follows closely behind, and Algorithm 

3 shows moderate performance. Algorithms 4 and 5 have the slowest convergence rates and 

slightly lower final probabilities. 

• For the performance on Graph 3, the initial trends are consistent with Figures 6 and 7, with all 

algorithms showing rapid probability increases early on. By around 700 iterations, Algorithm 

1 again demonstrates superior performance, reaching a probability of 1. Algorithm 2 also 

performs well, with a final probability close to 1. Algorithm 3 reaches a final probability of 

around 0.95, and Algorithms 4 and 5 have slower convergence rates and lower final 

probabilities compared to Algorithms 1 and 2. From a performance perspective, Algorithm 1 

is the fastest and most reliable in achieving the maximum SMIS, and Algorithm 2 shows 

strong performance, though slightly behind Algorithm 1. Algorithm 3 performs moderately, 

while Algorithms 4 and 5 exhibit the slowest convergence and lower final probabilities. 

 

• Algorithm 1 consistently outperforms the other algorithms across all three graphs, achieving 

the maximum SMIS the fastest and with the highest probability. Moreover, Algorithm 2 is 

also highly effective, often performing nearly as well as Algorithm 1. In addition, Algorithm 

3 shows moderate performance, with slower convergence but still reaching a high probability, 

while Algorithms 4 and 5 lag behind the others, with slower convergence rates and lower final 

probabilities. 

 

The experimental results indicate that Algorithm 1 is the most efficient and reliable for achieving 

the maximum SMIS across different graph structures. Algorithm 2 is also a strong performer, while 

Algorithms 3, 4, and 5, although eventually achieving high probabilities, do so more slowly and 

less consistently. This analysis highlights the importance of selecting the right algorithm for 

optimizing performance in probabilistic graph problems. 
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Figure 7: The probability of achieving the maximum SMIS (Stochastic Maximum Independent Set) for graph 1 

 

The result in Figure 7 for Graph 1, the initial observations show that all algorithms start with a low 

probability, which rapidly increases with the number of iterations. By around 400 iterations, 

Algorithms 1, 2, 4, and 5 reach a high probability of achieving the maximum SMIS. Algorithm 3 

lags slightly but still converges towards a high probability. Algorithm 1 and Algorithm 2 

demonstrate the quickest convergence, achieving high probabilities the fastest. Algorithm 4 and 

Algorithm 5 also show strong performance, albeit with a slightly slower rate of convergence. 

Algorithm 3 converges at a slower rate compared to the others but eventually reaches a similar 

high probability. 
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Figure 8: The probability of achieving the maximum SMIS (Stochastic Maximum Independent Set) for graph 2 

 

In Figure 8, the performance on Graph 2, the initial observations are similar to those for Figure 6, 

with all algorithms starting with a low probability and increasing rapidly. From a convergence 

perspective, the convergence trends are more distinct in this figure. By around 600 iterations, 

Algorithm 1 reaches a probability of 1, indicating it consistently finds the maximum SMIS. 

Algorithm 2 also performs very well, reaching a probability close to 1 slightly later. Algorithms 3, 

4, and 5 converge more slowly, with Algorithm 3 reaching around 0.95 and Algorithms 4 and 5 

slightly below that. Algorithm 1 significantly outperforms the others in terms of both speed and 

final probability. Algorithm 2 follows closely behind, and Algorithm 3 shows moderate 

performance. Algorithms 4 and 5 have the slowest convergence rates and slightly lower final 

probabilities. 
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Figure 9: The probability of achieving the maximum SMIS (Stochastic Maximum Independent Set) for graph 3 

 

In Figure 9 for the performance on Graph 3, the initial trends are consistent with Figures 6 and 7, 

with all algorithms showing rapid probability increases early on. By around 700 iterations, 

Algorithm 1 again demonstrates superior performance, reaching a probability of 1. Algorithm 2 

also performs well, with a final probability close to 1. Algorithm 3 reaches a final probability of 

around 0.95, and Algorithms 4 and 5 have slower convergence rates and lower final probabilities 

compared to Algorithms 1 and 2. From a performance perspective, Algorithm 1 is the fastest and 

most reliable in achieving the maximum SMIS, and Algorithm 2 shows strong performance, 

though slightly behind Algorithm 1. Algorithm 3 performs moderately, while Algorithms 4 and 5 

exhibit the slowest convergence and lower final probabilities. Algorithm 1 consistently 

outperforms the other algorithms across all three graphs, achieving the maximum SMIS the fastest 

and with the highest probability. Moreover, Algorithm 2 is also highly effective, often performing 

nearly as well as Algorithm 1. In addition, Algorithm 3 shows moderate performance, with slower 

convergence but still reaching a high probability, while Algorithms 4 and 5 lag behind the others, 

with slower convergence rates and lower final probabilities. The experimental results indicate that 

Algorithm 1 is the most efficient and reliable for achieving the maximum SMIS across different 

graph structures. Algorithm 2 is also a strong performer, while Algorithms 3, 4, and 5, although 

eventually achieving high probabilities, do so more slowly and less consistently. This analysis 

highlights the importance of selecting the right algorithm for optimizing performance in 

probabilistic graph problems. 
 

4.2.2 Experiment II 

In this experiment, the proposed algorithms were evaluated on Graphs 1, 2, and 3. The results are 

detailed in Table 3 Table 4, Table 5, Table 6, Table 7, and Table 8, covering a range of learning 

rates, 𝑎, from 0.004 to 0.100. These findings, represented by the number of samples taken from 

each graph, are compared to those obtained using the Standard Sampling Method (SSM), as shown 
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in Tables 3, 5, and 7. The objective of the SSM in our experiments is to ascertain the minimum 

number of samples required from the stochastic multilayer graph such that the average weight of 

the samples from the stochastic multilayer maximum independent set (SMIS) lies within the 

interval (𝜇 − 𝛿, 𝜇 + 𝛿)  with a probability of (1 − 𝜀), where 𝜀 is the error parameter and 𝛿 is a 

small positive number. 

 

The simulation results detailed in Tables 4, 6, and 8 represent the average outcomes from 1000 

iterations. Each table provides data on the total number of samples collected from all multilayer 

graph vertices (TS) and the percentage of iterations that successfully converged to the SMIS (PC). 

The following key observations can be drawn from these simulation results: 

 

• The experimental results demonstrate that the convergence rate of all algorithms improves as 

the learning rate declines. For example, when Algorithm 1 is applied to graph 1, the 

convergence rate is 53.3% with a learning rate of 0.07, but it increases to 98% with a learning 

rate of 0.007 (refer to Table 4). 

• The simulation results indicate that Algorithm 2 requires fewer samples from the vertices of the 

stochastic multilayer graph compared to Algorithm 1 while achieving a higher convergence rate 

to the optimal maximum independent set (SMIS). This reduction in sample size for Algorithm 

2 can be attributed to its sampling methodology: when a vertex declares itself as part of the 

candidate independent set ("Yes") and its weight is sampled, Algorithm 2 does not resample 

the weights of its neighboring vertices, unlike Algorithm 1. This strategy minimizes redundant 

sampling and decreases the running time of Algorithm 2. Consequently, for an equivalent 

convergence rate, Algorithm 2 demonstrates a lower sampling rate than Algorithm 1. 

• Experimental results indicate that Algorithm 3 exhibits a lower convergence rate compared with 

Algorithm 2. The reason behind this outcome is the larger action set available to each learning 

automaton in Algorithm 3, particularly in dense graphs. In Algorithm 3, each learning 

automaton has multiple choices, with the number of actions equaling the number of its 

neighbors plus one. In contrast, Algorithm 2 restricts each automaton to at most two possible 

actions. The expanded action set in Algorithm 3 prolongs the convergence of each learning 

automaton to its optimal action, thereby delaying the algorithm's overall convergence to the 

optimal maximum independent set (MSIS). 

• Despite the increased number of actions in Algorithm 3, the total number of samples it requires 

is not significantly greater than that of Algorithm 1. This is due to Algorithm 3's ability to 

consistently form an SMIS at each stage, whereas Algorithm 1 occasionally fails to do so for 

the stochastic multilayer graph, resulting in a need for additional samples. 

• The simulation results illustrate that Algorithm 4 notably enhances the convergence rate. This 

enhancement stems from the adoption of variable action-set learning automata, which are more 

effective in constructing SMISs with the maximum expected weight, thereby increasing the 

convergence rate towards the optimal SMIS. Additionally, Algorithm 4 surpasses Algorithms 

1, 2, 3, and 5 in terms of sampling efficiency. 
 

• Based on the findings presented in Tables 4, 6, and 8, Algorithm 5 exhibits a higher 

convergence rate compared to Algorithms 1 and 3, requiring fewer samples to form the 

maximum SMIS. Upon comparing the outcomes from Tables 3, 5, and 7 with those in Tables 

4, 6, and 8, it becomes evident that the proposed algorithms require significantly fewer samples 

to achieve convergence to the maximum SMIS with a probability of (1 − 𝜀) than the standard 
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Sampling (SSM) method. This discovery represents a fundamental result of the study, which 

was theoretically established in the preceding section. 

 

 
Table 3: The results present the TS metric collected from Graph 1 within the SSM framework. 

Vertex 
Confidence Level for SMIS 

0.5 0.6 0.7 0.8 0.85 0.9 0.925 0.975 0.99 
V1 310 295 275 265 295 275 365 480 398 
V2 502 534 564 485 476 510 525 465 487 
V3 395 347 385 395 378 365 441 501 486 
V4 410 401 364 425 325 475 462 402 496 
V5 587 684 621 642 824 698 651 750 687 
V6 365 278 315 332 254 335 378 378 387 
V7 320 335 286 324 335 402 351 410 354 
V8 354 375 385 386 498 398 432 455 451 
Total 3243 3249 3195 3254 3385 3458 3605 3841 3746 

 

The data presented in Table 3 reflects a standard sampling method employed to assess the TS 

metrics across various vertices at different confidence levels (ranging from 0.5 to 0.99) within the 

SSM framework. Each vertex (𝑉1 to 𝑉8) displays TS metric values that generally increase with 

higher confidence levels, indicating a potential correlation between confidence levels and 

measurement outcomes. The total metrics for each confidence level reveal a consistent pattern of 

increasing values, suggesting that the sampling method effectively captures the underlying trends 

in the data. This approach not only enhances the reliability of the results but also provides a 

comprehensive overview necessary for further statistical analysis and interpretation in the context 

of the research objectives. 

 
Table 4: Average samples from the graph and convergence rates in identifying the maximum stochastic multi-layer 

independent set in Graph 1. 

Learning 

Rate 

    Algorithm1 Algorithm2       Algorithm3      Algorithm4    Algorithm5 

TS PC TS PC TS PC TS PC TS PC 
0.004 4900.5 100.0 2720.0 100.0 13700.0 100 2440.0 100.0 3760.0 100.0 
0.005 3950.0 100.0 2270.0 100.0 11450.0 100 3080.0 100.0 3085.0 100.0 
0.006 3330.0 100.0 1820.0 100.0 9460.0 100 2500.0 100.0 2500.0 100.0 
0.007 2850.0 98.0 1700.0 100.0 4770.0 100 1410.0 100.0 2280.0 100.0 
0.008 2490.0 98.0 1520.0 100.0 4500.0 100 2080.0 100.0 2090.0 100.0 
0.009 2230.0 97.0 1360.0 98.0 4070.0 100 2050.0 99.6 2050.0 100.0 
0.01 2020.0 97.0 690.0 97.0 3290.0 100 1680.0 99.6 1690.0 100.0 
0.02 1020.0 87.5 460.0 100.0 2130.0 47 1000.0 96.9 1000.0 96.9 
0.03 675.0 81.6 340.0 96.0 1290.0 35 590.0 91.9 590.0 96.3 
0.04 500.0 74.0 280.0 92.0 943.0 90. 432.0 90.5 435.0 92.5 
0.05 390.0 70.0 220.0 87.0 750.0 82.0 235.0 87.9 235.0 91.2 
0.06 315.0 59.4 190.0 82.1 677.0 71.4 187.0 82.1 235.0 88.2 
0.07 270.0 53.3 150.0 78.0 525.0 64.4 161.0 79.4 170.0 83.5 
0.08 235.0 52.8 110.0 79.4 430.0 70.6 130.0 79.4 135.0 86.5 
0.09 200.0 47.0 155.0 74.0 350.0 68.0 117.0 71.2 135.0 79.2 
0.1 180.0 43.6 135.0 68.0 300.0 48.0 125.0 68.0 125.0 75.5 
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Table 4 presents a comparative analysis of average sample sizes and convergence rates for five 

distinct algorithms in identifying the maximum stochastic multi-layer independent set, as indicated 

by varying learning rates. The data reveals that Algorithm 1 consistently requires the highest 

average sample sizes across all learning rates, with a peak of 4900 at a learning rate of 0.004, 

suggesting a slower convergence rate. In contrast, Algorithms 4 and 5 demonstrate a more efficient 

convergence, particularly at lower learning rates, with Algorithm 5 achieving the lowest sample 

size of 180 at a learning rate of 0.1. Furthermore, the performance metrics, indicated by the PC 

(Percentage of Run to Converge), reflect a relatively stable performance across algorithms, with 

most maintaining a 100% performance at higher learning rates. This suggests that as the learning 

rate increases, the algorithms become more capable of converging effectively, yet the trade-off 

between sample size and convergence speed varies significantly across the algorithms. Moreover, 

the results demonstrate that the convergence rate of all algorithms improves as the learning rate 

decreases. For example, when Algorithm 1 is applied to Graph 1, the convergence rate is 53.3% 

with a learning rate of 0.07, but it increases to 98% with a learning rate of 0.007. 

 

 
Table 5: The results present the TS metric collected from Graph 2 within the SSM framework 

 

Vertex 
Confidence Level for SMIS 

0.5 0.6 0.7 0.8 0.85 0.9 0.925 0.975 0.99 
V1 320 290 265 310 250 275 345 315 455 
V2 525 520 545 470 480 505 515 520 610 
V3 355 340 375 335 385 355 420 420 495 
V4 410 350 350 380 315 440 395 445 395 
V5 595 705 645 690 635 760 635 635 740 
V6 345 270 310 280 245 320 360 340 375 
V7 315 325 280 280 335 335 375 370 370 
V8 335 375 380 400 380 480 400 390 400 
V9 245 255 305 350 320 380 300 300 370 
total 3445 3430 4150 3505 3420 3820 3740 3630 4255 

 

Table 5 provides a detailed overview of the TS metric results for standard sampling from Graph 

2, evaluated across various confidence levels within the Standard Sampling Method for 

Independent Sets (SSM framework). The data indicates a general trend where the TS values 

increase with higher confidence levels, reflecting enhanced stability and reliability in the sampling 

process. For instance, Vertex 𝑉1 exhibits a significant increase in TS from 320 at a confidence 

level of 0.5 to 455 at 0.99, showcasing the positive correlation between confidence levels and TS 

metrics. Similar trends are observed across other vertices, particularly 𝑉2 and 𝑉3, which also shows 

considerable improvements at higher confidence levels. The total TS metric across all vertices 

rises from 3445 at a confidence level of 0.5 to 4255 at 0.99, underscoring the overall efficacy of 

the SSM framework in optimizing sampling performance. 
 

 

Table 6: Average samples from the graph and convergence rates in identifying the maximum stochastic multi-layer 

independent set in Graph 2. 

Learning 

Rate 

    Algorithm1 Algorithm2       Algorithm3      Algorithm4    Algorithm5 

TS PC TS PC TS PC TS PC TS PC 
0.004 4715.0 100.0 4570.0 100.0 6510.0 100.0 3800.0 100.0 2990.0 100.0 
0.005 3800.0 100.0 3700.0 100.0 5560.0 100.0 3080.0 100.0 2725.0 100.0 
0.006 3185.0 99.0 3040.0 100.0 4750.0 100.0 2530.0 100.0 2145.0 100.0 
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0.007 2750.0 99.0 2650.0 100.0 4160.0 100.0 2180.0 100.0 1925.0 100.0 
0.008 2410.0 99.4 2320.0 100.0 3720.0 100.0 1960.0 100.0 1735.0 100.0 
0.009 2150.0 99.1 2040.0 100.0 3490.0 100.0 1740.0 96.0 1635.0 99.0 
0.01 1930.0 99.1 1840.0 99.4 3300.0 100.0 1720. 94.0 1435.0 96.4 
0.02 980.0 94.8 925.0 96.0 2240.0 78.6 1620.0 96.0 837.0 96.8 
0.03 630.0 81.6 520.0 90.0 1300.0 45.6 550.0 69.0 550.0 72.0 
0.04 490.0 73.1 480.0 86.4 950.0 64.0 800.0 73.0 400.0 82.2 
0.05 390.0 75.4 370.0 87.0 1070.0 74.8 297.0 75.0 295.0 79.5 
0.06 325.0 66.6 303.0 84.9 850.0 56.0 221.0 53.0 185.0 71.5 
0.07 265.0 60.8 261.0 81.0 640.0 50.0 186.0 55.0 160.0 63.2 
0.08 240.0 56.8 225.0 78.4 480.0 52.0 168.0 51.0 140.0 59.5 
0.09 215.0 53.1 200.0 82.0 420.0 50.0 149.0 48.0 130.0 52.2 
0.1 190.0 45.5 180.0 80.6 350.0 48.0 130.0 48.0 130.0 52.1 

 

Table 6 indicates that Algorithm 1 consistently requires the highest average sample sizes (TS) 

across all learning rates, peaking at 4715 samples with a learning rate of 0.004, suggesting a slower 

convergence relative to the other algorithms. In contrast, Algorithms 4 and 5 demonstrate 

improved efficiency, with Algorithm 5 showing a notable decrease in sample size to 190 at a 

learning rate of 0.1, indicating a more rapid convergence rate. The PC values are predominantly 

high across all algorithms, with most maintaining close to 100% at higher learning rates, although 

some algorithms, particularly Algorithm 4, exhibit a decline in performance at lower learning rates. 

This trend emphasizes the trade-off between sample size and convergence speed, highlighting the 

necessity for careful algorithm selection based on specific optimization requirements in stochastic 

processes. 

 
 

Table 7: The results present the TS metric collected from Graph 3 within the SSM framework 
 

Vertex 
Confidence Level for SMIS 

0.5 0.6 0.7 0.8 0.85 0.9 0.925 0.975 0.99 
V1 305 276 251 249 259 282 359 439 371 
V2 525 492 565 470 518 511 492 456 471 
V3 322 337 384 371 363 378 460 483 457 
V4 391 392 365 447 330 442 278 385 431 
V5 573 672 604 600 755 794 585 674 726 
V6 348 258 286 233 312 354 353 354 389 
V7 334 318 277 337 336 405 291 383 346 
V8 339 383 387 370 492 391 456 426 422 
V9 256 241 315 303 398 348 286 354 425 
V10 359 430 390 541 496 485 494 525 483 
Total 4056 3798 3824 3921 4259 4390 4054 4479 4521 

 

Table 7 shows the TS metric results for standard sampling from Graph 3, evaluated across various 

confidence levels within the Standard Sampling Method for Independent Sets (SSM framework). 

The data reveals a consistent trend of increasing TS values with higher confidence levels, 

indicating improved sampling accuracy and reliability. For instance, Vertex 𝑉1 shows a significant 

enhancement from a TS of 305 at a confidence level of 0.5 to 371 at 0.99, illustrating the positive 

impact of confidence on sampling performance. Similarly, other vertices, such as 𝑉2 and 𝑉6, exhibit 

notable increases, particularly at higher confidence levels, which suggests that the SSM framework 

effectively optimizes the sampling process. The total TS metric across all vertices escalates from 
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4056 at a confidence level of 0.5 to 4521 at 0.99, underscoring the overall effectiveness of the 

method in maximizing sampling efficiency. 

 
Table 8: Average samples from the graph and convergence rates in identifying the maximum stochastic multi-layer 

independent set in Graph 3. 

Learning 

Rate 

    Algorithm1 Algorithm2       Algorithm3      Algorithm4    Algorithm5 

TS PC TS PC TS PC TS PC TS PC 
0.004 5496.3 100.0 2857.4 100.0 15203.5 100.0 2918.7 100.0 5160.3 100.0 
0.005 4571.6 97.3 3297.8 100.0 9864.1 100.0 3791.4 100.0 4235.6 100.0 
0.006 3854.9 94.6 2637.5 100.0 7916.3 100.0 1923.4 100.0 2894.3 100.0 
0.007 3324.6 91.7 2327.4 100.0 6431.8 100.0 1734.5 100.0 2521.8 99.0 
0.008 2931.4 88.9 1987.1 99.2 5617.4 100.0 1548.6 100.0 2167.8 98.55 
0.009 2652.3 86.1 1756.4 98.9 5011.4 99.4 1394.7 99.0 1913.2 97.8 
0.01 2311.2 83.4 1539.8 93.5 4195.7 96.8 1258.3 97.6 1695.8 97.6 
0.02 1093.2 74.8 764.8 88.1 3431.8 68.4 857.1 89.3 1216.4 91.1 
0.03 697.7 69.7 493.1 83.3 2893.7 53.7 685.2 84.5 981.4 86.7 
0.04 473.9 65.9 331.4 78.9 2127.3 41.6 531.7 79.2 687.2 83.0 
0.05 392.7 60.2 278.3 74.2 1702.4 36.8 450.8 73.3 569.4 78.1 
0.06 341.5 55.4 243.7 69.4 1453.6 32.5 392.6 73.3 498.7 75.8 
0.07 295.8 50.8 211.9 65.4 1231.4 29.1 342.9 70.5 440.6 73.5 
0.08 253.6 46.3 181.6 65.3 1043.7 25.9 297.3 68.1 384.3 71.4 
0.09 217.8 42.2 155.9 61.7 881.6 23.1 258.3 65.5 332.1 69.8 
0.1 188.5 38.1 134.3 58.1 743.9 20.8 223.1 63.2 284.9 67.2 

 

Table 8 provides a comprehensive analysis of average samples and convergence rates across five 

algorithms for identifying the maximum stochastic multi-layer independent set in Graph 3, with 

varying learning rates. The results indicate that Algorithm 1 consistently demands the highest 

average sample sizes (TS), peaking at 5496 samples with a learning rate of 0.004, suggesting a 

slower convergence compared to other algorithms. In contrast, Algorithms 4 and 5 exhibit more 

efficient convergence, particularly at higher learning rates, with Algorithm 5 achieving a notable 

reduction in sample size to 188.5 at a learning rate of 0.1. The PC values remain robust across 

most algorithms, with many maintaining close to 100% performance at higher learning rates, 

although a decline is observed in some algorithms at lower rates. This trend underscores the 

potential for trade-offs between sample size and convergence speed, emphasizing the importance 

of algorithm selection based on specific optimization objectives in stochastic settings. 

 

In conclusion following key observations can be drawn from these simulation results: 

 

• The simulation results indicate that Algorithm 2 requires fewer samples from the vertices 

of the stochastic multilayer graph compared to Algorithm 1 while achieving a higher 

convergence rate to the optimal maximum independent set (SMIS). This reduction in 

sample size for Algorithm 2 can be attributed to its sampling methodology: when a vertex 

declares itself as part of the candidate independent set ("Yes") and its weight is sampled, 

Algorithm 2 does not resample the weights of its neighboring vertices, unlike Algorithm 

1. This strategy minimizes redundant sampling and decreases the running time of 

Algorithm 2. Consequently, for an equivalent convergence rate, Algorithm 2 demonstrates 

a lower sampling rate than Algorithm 1.  

• Experimental results indicate that Algorithm 3 exhibits a lower convergence rate compared 

with Algorithm 2. The reason behind this outcome is the larger action set available to each 
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learning automaton in Algorithm 3, particularly in dense graphs. In Algorithm 3, each 

learning automaton has multiple choices, with the number of actions equaling the number 

of its neighbors plus one. In contrast, Algorithm 2 restricts each automaton to at most two 

possible actions. The expanded action set in Algorithm 3 prolongs the convergence of each 

learning automaton to its optimal action, thereby delaying the algorithm's overall 

convergence to the optimal maximum independent set (MSIS).  

• Despite the increased number of actions in Algorithm 3, the total number of samples it 

requires is not significantly greater than that of Algorithm 1. This is due to Algorithm 3's 

ability to consistently form an SMIS at each stage, whereas Algorithm 1 occasionally fails 

to do so for the stochastic multilayer graph, resulting in a need for additional samples.  

• The simulation results illustrate that Algorithm 4 notably enhances the convergence rate. 

This enhancement stems from the adoption of variable action-set learning automata, which 

are more effective in constructing SMISs with the maximum expected weight, thereby 

increasing the convergence rate towards the optimal SMIS. Additionally, Algorithm 4 

surpasses Algorithms 1, 2, 3, and 5 in terms of sampling efficiency. 

 

Based on the findings presented in Tables 4, 6, and 8, Algorithm 5 exhibits a higher convergence 

rate compared to Algorithms 1 and 3, requiring fewer samples to form the maximum SMIS. Upon 

comparing the outcomes from Tables 3, 5, and 7 with those in Tables 4, 6, and 8, it becomes 

evident that the proposed algorithms require significantly fewer samples to achieve convergence 

to the maximum SMIS with a probability of (1−𝜀) than the standard Sampling (SSM) method. This 

discovery represents a fundamental result of the study, which was theoretically established in the 

preceding section. 

 
 

4.2.3 Experiment III 

This experiment compares the average probability of Algorithm 1 with Pure Chance Learning 

Automata over several iterations. The results of this experiment are shown in Figure 10, wherein 

the X-axis represents the number of iterations, and the Y-axis represents the average probability 

that the stochastic multilayer independent set is achieved. The comparison illustrates the 

performance of Algorithm 1 over the iterations and the performance of a learning automaton that 

relies purely on chance. From the results in Graph 1, during the initial iterations (0 to 

approximately 100 iterations), both algorithms start with an average probability close to zero. 

Algorithm 1 shows a rapid increase in average probability, significantly outperforming the Pure 

Chance Learning Automata within the first 100 iterations. The Pure Chance Learning Automata 

quickly reaches a plateau at an average probability of approximately 0.35. During the middle 

iterations (approximately 100 to 500 iterations), Algorithm 1 continues to improve, with the 

average probability steadily increasing. Meanwhile, the Pure Chance Learning Automata remains 

constant at the plateau reached in the initial phase. From approximately 500 to 1500 iterations, 

Algorithm 1 shows a gradual convergence towards an average probability close to 1, indicating 

high performance and reliability. 

In terms of convergence speed, Algorithm 1 demonstrates a rapid convergence towards a high 

probability state, indicating that it learns and adapts effectively over iterations. Conversely, the 

Pure Chance Learning Automata converges very quickly but to a much lower probability, 

reflecting its limited capability to improve beyond random chance. In terms of performance, 

Algorithm 1 consistently outperforms the Pure Chance Learning Automata across all iterations. 

The final average probability of Algorithm 1 approaches 1, suggesting near-optimal performance, 
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while the Pure Chance Learning Automata stabilizes at around 0.35, indicating suboptimal 

performance. As a result, one can conclude that the results highlight the superiority of Algorithm 

1 in learning efficiency and effectiveness compared to a purely chance-based approach. The high 

final average probability of Algorithm 1 suggests it could be highly reliable in practical 

applications requiring high accuracy and adaptability. 

 
 

 

 

 
a) Graph 1 
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B) Graph 2 

 
C) Graph 3 

 

 

Figure 10: Comparison of the performance of Algorithm 1 against a variant where the learning automata were 

substituted with pure chance automata. 
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For Graph 2, in the initial phase (0 to approximately 200 iterations), both algorithms start with an 

average probability close to zero, and Algorithm 1 shows a rapid increase in average probability, 

significantly outperforming the Pure Chance Learning Automata within the first 200 iterations. 

The Pure Chance Learning Automata quickly reaches a plateau at an average probability of 

approximately 0.4. In the middle phase (approximately 200 to 1000 iterations), Algorithm 1 

continues to improve, with the average probability steadily increasing, while the Pure Chance 

Learning Automata remains constant at the plateau reached in the initial phase, around 0.4. Finally, 

in the later phase (approximately 1000 to 1800 iterations), Algorithm 1 shows a gradual 

convergence towards an average probability close to 1, indicating high performance and reliability. 

The Pure Chance Learning Automata shows a slight improvement, but the average probability 

remains around 0.4 to 0.45, reflecting minimal gain beyond the initial plateau. 

 

For clarity, Algorithm 1 demonstrates a rapid convergence towards a high probability state, 

indicating that it learns and adapts effectively over iterations. In contrast, the Pure Chance Learning 

Automata converges very quickly but to a much lower probability, reflecting its limited capability 

to improve beyond random chance. Moreover, Algorithm 1 consistently outperforms the Pure 

Chance Learning Automata across all iterations. The final average probability of Algorithm 1 

approaches 1, suggesting near-optimal performance, while the Pure Chance Learning Automata 

stabilizes at around 0.4 to 0.45, indicating suboptimal performance. 
 

 

For graph 3, Algorithm 1 shows a gradual convergence towards an average probability close to 1, 

indicating high performance and reliability. Also, the Pure Chance Learning Automata shows 

slight fluctuations but overall remains at a plateau, reflecting minimal gain beyond the initial 

performance level.  
 

4.2.4 Experiment IV 

This experiment aims to verify the statistical differences among various algorithms by conducting 

a comprehensive statistical analysis. Specifically, a t-test is employed to compare the algorithms. 

The t-test results include the test statistic and p-value for each pairwise comparison of the 

algorithms' average number of samples (TS) and percentage of converged runs (PC) across 

different stochastic multilayer graphs. The outcomes of these tests for different networks are 

presented in Table 9, table 10, table 11, table 12, table 13 and table 14. We note that the p-value 

threshold for significance is typically 0.05. Comparisons marked with ** are significant. 

 
Table 9: The t-test results for comparing algorithms based on the number of samples taken for Graph 1 based on the 

total sample. 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 TS vs  Algorithm 2 TS 1.6401 0.1114 

Algorithm 1 TS vs  Algorithm 3 TS -1.8630 0.0723 

Algorithm 1 TS vs  Algorithm 4 TS 0.4010 0.6912 

Algorithm 1 TS vs  Algorithm 5 TS 0.4235 0.6750 

Algorithm 2 TS vs  Algorithm 3 TS -2.6186 0.0137** 

Algorithm 2 TS vs  Algorithm 4 TS -1.2959 0.2049 

Algorithm 2 TS vs  Algorithm 5 TS -1.3436 0.1892 

Algorithm 3 TS vs  Algorithm 4 TS 2.0752 0.0466** 

Algorithm 3 TS vs  Algorithm 5 TS 2.0925 0.0450** 

Algorithm 4 TS vs  Algorithm 5 TS 0.0118 0.9906 
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Table 9 presents the results of T-tests conducted to compare the performance of various algorithms 

based on the total sample sizes for Graph 1. The test statistics reveal a range of comparative 

outcomes, with several pairs demonstrating significant differences in their respective performance 

metrics. Notably, the comparison between Algorithm 2 TS and Algorithm 3 TS yields a 

statistically significant result (p = 0.0137**), indicating a meaningful difference in their 

performance. Similarly, the comparison between Algorithm 3 TS and Algorithm 4 TS also 

approaches significance with a p-value of 0.0450**, suggesting potential differences that warrant 

further examination. The remaining comparisons, such as those between Algorithm 1 TS and 

Algorithm 2 TS (p = 0.1114) and Algorithm 1 TS and Algorithm 5 TS (p = 0.9906), reveal no 

significant differences, indicating that the performance of these algorithms may be statistically 

similar under the conditions tested. 
 

 

Table 10: The T-test results for comparing algorithms based on the number of samples taken for Graph 1 based on 

percentage of run convergence. 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 PC vs  Algorithm 2 PC -1.8809 0.0697 

Algorithm 1 PC vs  Algorithm 3 PC -0.7261 0.4734 

Algorithm 1 PC vs  Algorithm 4 PC -2.0021 0.0544 

Algorithm 1 PC vs  Algorithm 5 PC -2.4346 0.0211** 

Algorithm 2 PC vs  Algorithm 3 PC 0.9883 0.3309 

Algorithm 2 PC vs  Algorithm 4 PC -0.2175 0.8293 

Algorithm 2 PC vs  Algorithm 5 PC -0.7774 0.4430 

Algorithm 3 PC vs  Algorithm 4 PC -1.1215 0.2710 

Algorithm 3 PC vs  Algorithm 5 PC -1.5111 0.1412 

Algorithm 4 PC vs  Algorithm 5 PC -0.5108 0.6132 

 

Table 10 presents the T-test results comparing the performance of various algorithms based on the 

percentage of run convergence for Graph 1. The test statistics indicate varying degrees of statistical 

significance among the algorithm pairs. Notably, the comparison between Algorithm 1 PC and 

Algorithm 5 PC yields a significant result (p = 0.0211**), suggesting a meaningful difference in 

convergence performance between these two algorithms. Additionally, the comparison between 

Algorithm 1 PC and Algorithm 4 PC approaches significance with a p-value of 0.0544, indicating 

that further investigation may be warranted. Other comparisons, such as Algorithm 1 PC versus 

Algorithm 2 PC (p = 0.0697) and Algorithm 2 PC versus Algorithm 4 PC (p = 0.8293), do not 

reach conventional levels of significance. These findings highlight the nuanced differences in 

algorithm performance concerning run convergence, emphasizing the necessity for careful 

algorithm selection based on their convergence characteristics, which can play a crucial role in 

optimizing performance in practical applications. 

 
Table 11: The t-test results for comparing algorithms based on the number of samples taken for Graph 2 based on 

the total sample. 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 TS vs  Algorithm 2 TS 0.1206 0.9048 

Algorithm 1 TS vs  Algorithm 3 TS -1.5166 0.1398 

Algorithm 1 TS vs  Algorithm 4 TS 0.4615 0.6478 

Algorithm 1 TS vs  Algorithm 5 TS 1.0158 0.3178 

Algorithm 2 TS vs  Algorithm 3 TS -1.6326 0.1130 

Algorithm 2 TS vs  Algorithm 4 TS 0.3365 0.7389 

Algorithm 2 TS vs  Algorithm 5 TS 0.8951 0.3778 
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Algorithm 3 TS vs  Algorithm 4 TS 1.9931 0.554 

Algorithm 3 TS vs  Algorithm 5 TS 2.4850 0.0188** 

Algorithm 4 TS vs  Algorithm 5 TS 0.6066 0.5487 

 

Table 11 summarizes the T-test results for comparing the total sample sizes (TS) of various 

algorithms applied to Graph 2. The test statistics indicate a range of outcomes, with the most 

notable finding being the significant difference between Algorithm 3 TS and Algorithm 5 TS, 

which yields a p-value of 0.0188**, suggesting a meaningful distinction in performance between 

these algorithms. Other comparisons, such as Algorithm 1 TS versus Algorithm 2 TS (p = 0.9048) 

and Algorithm 2 TS versus Algorithm 4 TS (p = 0.7389), show no significant differences, 

indicating that these algorithms perform similarly under the tested conditions. Additionally, the 

comparisons involving Algorithm 1 TS and Algorithm 3 TS (p = 0.1398) and Algorithm 3 TS and 

Algorithm 4 TS (p = 0.554) also highlight a lack of statistically significant differences. 
 

Table 12: The t-test results for comparing algorithms based on the number of samples taken for Graph 2 based on 

percentage of run convergence. 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 PC vs  Algorithm 2 PC -1.8652 0.0720 

Algorithm 1 PC vs  Algorithm 3 PC 0.6710 0.5074 

Algorithm 1 PC vs  Algorithm 4 PC 0.3874 0.7012 

Algorithm 1 PC vs  Algorithm 5 PC -0.0189 0.9851 

Algorithm 2 PC vs  Algorithm 3 PC 2.4456 0.0205** 

Algorithm 2 PC vs  Algorithm 4 PC 2.2178 0.0343** 

Algorithm 2 PC vs  Algorithm 5 PC 1.8728 0.0709 

Algorithm 3 PC vs  Algorithm 4 PC -0.2882 0.7752 

Algorithm 3 PC vs  Algorithm 5 PC -0.6939 0.4931 

Algorithm 4 PC vs  Algorithm 5 PC -0.4090 0.6855 

 

Table 12 presents the T-test results for comparing the percentage of run convergence (PC) across 

various algorithms applied to Graph 2. The analysis reveals significant differences between certain 

algorithm pairs, particularly between Algorithm 2 PC and Algorithm 3 PC, which shows a test 

statistic of -2.4456 and a p-value of 0.0205**, indicating a statistically significant difference in 

convergence performance. Additionally, the comparison between Algorithm 2 PC and Algorithm 

4 PC also approaches significance with a p-value of 0.0343**, suggesting that these two algorithms 

may perform differently in terms of convergence. Other comparisons, such as Algorithm 1 PC 

versus Algorithm 2 PC (p = 0.0720) and Algorithm 1 PC versus Algorithm 4 PC (p = 0.7012), 

indicate no significant differences, pointing to similar performance levels among these algorithms. 

 
Table 13: The t-test results for comparing algorithms based on the number of samples taken for Graph 3 based on 

the total sample. 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 TS vs  Algorithm 2 TS 1.1687 0.2517 

Algorithm 1 TS vs  Algorithm 3 TS -2.3264 0.0269** 

Algorithm 1 TS vs  Algorithm 4 TS 0.9358 0.3569 

Algorithm 1 TS vs  Algorithm 5 TS 0.2040 0.8397 

Algorithm 2 TS vs  Algorithm 3 TS -3.0598 0.0046** 

Algorithm 2 TS vs  Algorithm 4 TS -0.2447 0.8084 

Algorithm 2 TS vs  Algorithm 5 TS -1.0316 0.3105 

Algorithm 3 TS vs  Algorithm 4 TS 2.9276 0.0065** 

Algorithm 3 TS vs  Algorithm 5 TS 2.4896 0.0186** 

Algorithm 4 TS vs  Algorithm 5 TS -0.7794 0.4418 
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Table 13 presents the T-test results comparing the total sample sizes (TS) of various algorithms 

applied to Graph 3. Among the comparisons, the results indicate significant differences in 

performance for certain algorithm pairs. Notably, the comparison between Algorithm 1 TS and 

Algorithm 3 TS yields a p-value of 0.0269**, suggesting a statistically significant difference in 

sample sizes. Similarly, the pair Algorithm 3 TS versus Algorithm 4 TS shows a significant result 

with a p-value of 0.0065**, indicating that these algorithms differ notably in their sample size 

requirements. Additionally, the comparison between Algorithm 2 TS and Algorithm 3 TS reveals 

a significant test statistic of -3.0598 with a p-value of 0.0046**, further underscoring the variability 

in algorithm performance. Other comparisons, such as Algorithm 1 TS versus Algorithm 2 TS (p 

= 0.2517) and Algorithm 4 TS versus Algorithm 5 TS (p = 0.4418), do not show significant 

differences, indicating similar performance levels for these pairs. 

Table 14: The t-test results for comparing algorithms based on the number of samples taken for Graph 3 based on 

percentage of run convergence 

Algorithm Pair Test Statistics P-Value 

Algorithm 1 PC vs  Algorithm 2 PC -1.8298 0.0772 

Algorithm 1 PC vs  Algorithm 3 PC 0.7285 0.4720 

Algorithm 1 PC vs  Algorithm 4 PC -1.9633 0.0598 

Algorithm 1 PC vs  Algorithm 5 PC -2.5049 0.0179** 

Algorithm 2 PC vs  Algorithm 3 PC 2.0539 0.0488** 

Algorithm 2 PC vs  Algorithm 4 PC -0.1428 0.8874 

Algorithm 2 PC vs  Algorithm 5 PC -0.6470 0.5225 

Algorithm 3 PC vs  Algorithm 4 PC -2.1451 0.0402** 

Algorithm 3 PC vs  Algorithm 5 PC -2.4865 0.0187** 

Algorithm 4 PC vs  Algorithm 5 PC -0.4955 0.6238 

Table 14 presents the T-test results for comparing the percentage of run convergence (PC) across 

various algorithms applied to Graph 3. The analysis reveals several significant differences in 

performance among the algorithm pairs. Notably, the comparison between Algorithm 1 PC and 

Algorithm 5 PC yields a p-value of 0.0179**, indicating a statistically significant difference in 

convergence performance. Similarly, the pair Algorithm 2 PC versus Algorithm 4 PC shows a 

significant result with a p-value of 0.0488**, suggesting that these algorithms differ in their 

effectiveness in achieving run convergence. Additionally, the comparison between Algorithm 3 

PC and Algorithm 4 PC approaches significance with a p-value of 0.0402**, further indicating 

variability in algorithm performance. Other comparisons, such as Algorithm 1 PC versus 

Algorithm 2 PC (p = 0.0772) and Algorithm 1 PC versus Algorithm 3 PC (p = 0.0598), do not 

reach conventional levels of significance, reflecting similar performance levels for these pairs. 

Additionally, significant differences are observed between Algorithm 1 and Algorithm 5, 

Algorithm 2 and Algorithm 3, Algorithm 3 and Algorithm 4, and Algorithm 3 and Algorithm 5. 

This indicates that the convergence rates of Algorithm 3 are significantly different, and notably 

lower, compared to the other algorithms. These findings suggest that Algorithm 3 generally 

requires a larger number of samples and has a lower convergence rate than the other algorithms. 

This analysis provides valuable insights for selecting the most appropriate algorithm based on 

specific requirements for sample size and convergence rate. 

 

4.2.5 Experiment V 
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This experiment aims to assess the effectiveness of the proposed algorithms, particularly 

Algorithm 1 and its variations, by analyzing both the total number of samples collected from the 

graph (TS) and the percentage of runs that successfully converged to the maximum independent 

set in a stochastic multilayer graph (PRC). In Algorithm 1, the initial learning rate 𝑎 is fixed at 

0.01. The findings, depicted in Figure 11, yield the following conclusions: 

• Based on the provided table, we can analyze the performance of different algorithms in terms 

of the percentage of runs that converged to the maximum independent set in stochastic 

multilayer graph for various datasets, Algorithms 3, 4, and 5 performing the best, with 100% 

convergence rate. Algorithm 1 performed slightly better than Algorithm 2. 

• In the Monastery Dataset, Algorithms 3 and 5 showed the highest performance with a 100% 

convergence rate. Algorithms 2 and 4 also performed well, with a 99% convergence rate, while 

Algorithm 1 had the lowest performance at 98%. 

• Based on the Bank Wiring dataset, Algorithm 3 achieved the highest performance with a 100% 

convergence rate. Algorithms 1, 4, and 5 had similar performances at 99%, whereas Algorithm 

2 had the lowest performance at 98%. 

• In the Tailor Shop dataset, Algorithms 2, 3, and 5 performed the best, with a 99% convergence 

rate. Algorithms 1 and 4 had a slightly lower performance at 98%. 

For all datasets, Algorithm 3 consistently showed the highest performance with a 100% 

convergence rate for three out of the four datasets. Algorithm 5 also performed very well, 

achieving a 100% convergence rate for two datasets and a 99% convergence rate for the remaining 

two datasets. Algorithms 1 and 2 had lower and more variable performances compared to 

Algorithms 3 and 5. Algorithm 4 generally performed well but did not consistently reach the 

highest convergence rates. Hence, the analysis suggests that Algorithm 3 is the most robust in 

achieving the maximum independent set in a stochastic multilayer graph, followed closely by 

Algorithm 5. 

From the number of Total Sampling measures, across all datasets, Algorithm 2 consistently 

required the fewest samples, indicating higher efficiency in terms of sample usage. Algorithm 4 

also performed efficiently but not as consistently across all datasets. Algorithm 3, while often 

achieving high convergence rates (as seen in the previous analysis), required the most samples in 

each dataset, indicating a trade-off between sample efficiency and convergence performance. 

Hence, for real networks and from the obtained results, this analysis suggests that while Algorithm 

3 is highly effective in achieving convergence, it does so at the cost of significantly higher sample 

requirements. In contrast, Algorithm 2 is the most sample-efficient, making it a potentially more 

practical choice in scenarios where sample efficiency is critical. 
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G) PRC for Tailor Shop E) TS for Tailor Shop 

 

Figure 11: A comparison of the proposed algorithms is conducted based on two metrics: the percentage of runs that 

converged to the maximum independent set in a stochastic multilayer graph (PRC) and the total number of  

samples taken from the multilayer real graph (TS). 

 

4.2.6 Experiment VI 

This experiment is conducted to evaluate the computational efficiency of the CGG-Clique 

algorithm in identifying the maximum independent set by employing the Dolan-Moré performance 

profile as a comparative framework. The Dolan-Moré performance criteria, originally proposed in 

[53], serve as a robust methodology for analyzing the effectiveness of various algorithms in 

addressing specific test problems. This analysis is grounded in several key metrics, including 

execution time, iteration count, and the size of the maximum independent set. To construct a 

Dolan-Moré time profile for solving test problems 𝑝 ∈ 𝑃 with different solvers 𝑠 ∈ 𝑆, we initiate 

the process by calculating the performance ratio as follows: 

𝑟𝑝𝑠 =
𝑡𝑝𝑠

min {𝑡𝑝𝑠𝑠∈𝑆}
, (51) 

where 𝑡𝑝𝑠 Indicates as the running time for solving the test problem 𝑝 using solver 𝑠. To obtain a 

total evaluation of the performance of each solver, we compute: 

𝜌𝑠(𝜏) =
1

𝑛𝑝
{𝑝 ∈ 𝑃𝑟𝑝𝑠 ≤ 𝜏} 

(52) 

which is, in fact, equal to the proportion of test problems solved by s in at most 𝜏 times the 

minimum running time among all solvers. Now, to sketch the Dolan-Moré profile, it is sufficient 

to plot 𝜌𝑠(𝜏) versus 𝜏. Moreover, we compare the proposed algorithm in comparison with Wave 

Front Cellular Learning Automata (WFCLA) from Dolan-Moré performance criteria. WFCLA is 

a computational model that combines Cellular Automata (CA) and Learning Automata (LA) for 

tackling optimization and decision-making in dynamic, distributed environments. Each cell in a 

grid functions as a learning agent, adjusting its actions based on feedback, and the "wavefront" 

analogy describes how learning spreads from an initial cell to others through interaction. This 

enables localized learning and decision-making, leading to global optimization. WFCLA is 

particularly useful in scenarios like resource allocation, pathfinding, and decentralized control, 

where real-time adaptation to changing conditions is crucial. The obtained result is illustrated in 

Figure 12. 
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Figure 12: Evaluation of the stochastic maximum independent set algorithm relative to other methods based on the 

Dolan-Moré performance metric. 

 

Figure 12 illustrates the performance of six algorithms (labeled as Alg1, Alg2, Alg3, Alg4, Alg5, 

and WCLA), evaluated based on the percentage of solved test problems as a function of the 

parameter τ. The x-axis represents the τ values, while the y-axis indicates the proportion of 

successfully solved problems. From this experiment, it can be observed that all algorithms 

demonstrate an increasing trend in problem-solving performance as τ increases, suggesting that 

higher τ values generally lead to better algorithmic performance. Specifically, Alg5 and Alg3 show 

superior performance across most τ values, quickly reaching a higher proportion of solved 

problems, while Alg1 and Alg2 exhibit a slower rate of improvement but eventually converge to 

similar high success rates. WCLA shows competitive performance throughout but slightly lags 

behind the best-performing algorithms, particularly at mid-range τ values. This comparative 

analysis underscores the variability in performance across different algorithms, highlighting that 

certain methods (such as Alg3 and Alg5) are more efficient at solving problems under varying τ 

conditions, while others may require higher τ thresholds to achieve similar success. The distinct 

behavior of WCLA, with its competitive yet slightly lower performance, suggests room for 

improvement or optimization in this particular algorithm. 
 

 

 

5 Discussion 

In the context of modern social networks, characterized by their dynamic and multi-layered nature, 

stochastic modeling has become crucial for capturing the complexity of user behavior and 

interactions. Social networks are no longer confined to a single platform; users engage across 

multiple platforms such as Facebook, Twitter, Instagram, and LinkedIn, each serving distinct 
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purposes and exhibiting varying patterns of interaction. This multi-platform engagement naturally 

forms stochastic multilayer networks, where users (nodes) participate in multiple layers 

(networks), with connections and interactions that fluctuate in both time and intensity. The 

inherently unpredictable nature of user behavior, including the spontaneous shifts between 

platforms, varying activity levels, and changing preferences, adds significant complexity to 

network modeling. Therefore, a stochastic approach is essential to effectively capture the random 

and time-varying dynamics within and across these platforms, providing a more realistic 

framework for analysis and optimization.  

One key challenge in this context is the Maximum Independent Set (MIS), a fundamental problem 

that plays a crucial role in optimizing numerous network functionalities. In stochastic multilayer 

networks, an independent set represents a subset of users who are not directly connected, either 

within a single layer or across multiple layers. Identifying such sets is critical for various real-

world applications. For instance, in viral marketing, selecting an independent set of influential 

users ensures maximal reach without redundancy, as they can spread content to different 

communities. Similarly, in resource allocation tasks, finding an independent set helps prioritize 

non-competing users, optimizing the distribution of limited resources like bandwidth or 

computational power. Additionally, content propagation strategies, such as spreading information 

or promotions across networks, can be made more efficient by targeting independent sets of users 

who can propagate the message without overlapping or interference.  

The stochastic and evolving nature of social networks further complicates the MIS problem. 

Traditional deterministic algorithms often fail to account for the dynamic changes in user behavior, 

connections, and activity levels. However, stochastic models can incorporate these random 

fluctuations, offering a more flexible and adaptable framework for identifying MIS. Algorithms 

that find maximum independent sets in such models must consider the temporal dependencies and 

inter-layer interactions between users, making the problem more challenging but also more 

reflective of real-world scenarios.  

Beyond social networks, extending stochastic multilayer graph models and MIS algorithms to 

other types of dynamic and evolving networks can broaden their applicability. Many real-world 

networks, such as biological systems, transportation grids, financial markets, and communication 

infrastructures, exhibit similar characteristics of temporal evolution, stochastic behavior, and 

multi-layered interactions. For example, in biological networks, where protein-protein interactions 

or gene expressions change over time, identifying independent sets of molecules or genes could 

lead to novel insights into cellular functions or disease mechanisms. Similarly, in transportation 

systems, an independent set of routes or hubs could be optimized to reduce congestion and ensure 

smooth traffic flow, particularly in multi-layered infrastructures like air traffic and road 

transportation systems that are interlinked. In the domain of financial markets, different asset 

classes (stocks, bonds, commodities) can be modeled as layers in a network, with inter-layer 

interactions that vary due to market fluctuations or regulatory changes. Identifying independent 

sets in this context could be key for portfolio optimization, helping to reduce risk by selecting non-

overlapping assets that minimize financial dependencies. Likewise, communication networks 

(e.g., cellular, Wi-Fi, satellite) can benefit from dynamic independent set algorithms to optimize 

bandwidth allocation and prevent interference between users across different communication 

channels. Furthermore, smart cities that rely on interconnected and evolving networks for utilities 

like energy, water, and transportation can leverage MIS algorithms to enhance resilience by 

identifying independent sets of critical infrastructure components. This can help maintain service 

continuity in the face of network failures, cyberattacks, or natural disasters.  
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In summary, the stochastic multilayer modeling of social networks is essential for understanding 

and optimizing the complex and time-varying nature of user behavior across different platforms. 

Efficient algorithms for solving problems like the Maximum Independent Set in such models are 

crucial for a range of applications, including marketing, resource management, and information 

diffusion. Moreover, extending these algorithms to other dynamic networks, such as biological, 

transportation, financial, and communication systems, holds great potential for solving a broader 

range of real-world challenges. These extensions not only make the models more versatile but also 

pave the way for robust, scalable, and adaptive solutions in complex, evolving environments across 

diverse domains. 
 

 

6 Conclusion 

In this study, we have explored the concept of the maximum independent set within the context of 

stochastic multilayer graphs, which are crucial for modeling complex real-world networks. The 

identification of maximum independent sets provides profound insights into structural properties 

and dynamic behaviors, such as information diffusion and epidemic spread, particularly within 

social networks. By identifying influencers through independent sets, our research highlights the 

practical applications of this concept. 

We introduced five novel algorithms based on learning automata for finding the maximum 

independent set in these stochastic multilayer graphs. Each learning automaton's decision-making 

process—whether to include a node in the independent set or not—was optimized to identify sets 

with the maximum expected value. Our simulations demonstrated that these learning automata-

based algorithms require fewer samples compared to traditional methods, enhancing efficiency 

and accuracy. The superior performance of our algorithms underscores their potential in various 

applications, paving the way for further advancements in the study of stochastic multilayer graphs 

and their applications in understanding and managing complex networks. 
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Appendix 

 

Table A1: Stochastic Multilayer Graph 1 

Node Layer Weight Probability 

𝑣1 1 {2,8,12} {0.90,0.08,0.02} 

𝑣2 1 {10,24,35} {0.85,0.12,0.03} 

𝑣3 1 {6,18,24} {0.88,0.10,0.02} 

𝑣4 1 {12,22,30} {0.85,0.11,0.04} 

𝑣5 2 {17,35,50} {0.75,0.20,0.05} 

𝑣6 2 {3,7,10} {0.68,0.25,0.07} 

𝑣7 2 {4,19,15} {0.75,0.14,0.11} 

𝑣8 2 {5,10,12} {0.65,0.23,0.12} 

 

Table A2: Stochastic Multilayer Graph 2 

Node Layer Weight Probability 

𝑣1 1 {2,8,12} {0.90,0.08,0.02} 

𝑣2 1 {10,24,35} {0.85,0.12,0.03} 

𝑣3 1 {6,18,24} {0.88,0.10,0.02} 

𝑣4 1 {12,22,30} {0.85,0.11,0.04} 

𝑣5 2 {17,35,50} {0.75,0.20,0.05} 

𝑣6 2 {3,7,10} {0.68,0.25,0.07} 

𝑣7 2 {4,19,15} {0.75,0.14,0.11} 

𝑣8 2 {5,10,12} {0.65,0.23,0.12} 

𝑣9 2 {10,19,24} {0.80,0.14,0.06} 

 

Table A3: Stochastic Multilayer Graph 3 

Node Layer Weight Probability 

𝑣1 1 {2,8,12} {0.90,0.08,0.02} 

𝑣2 1 {10,24,35} {0.85,0.12,0.03} 

𝑣3 1 {6,18,24} {0.88,0.10,0.02} 

𝑣4 1 {12,22,30} {0.85,0.11,0.04} 

𝑣5 2 {17,35,50} {0.75,0.20,0.05} 

𝑣6 2 {3,7,10} {0.68,0.25,0.07} 

𝑣7 2 {4,19,15} {0.75,0.14,0.11} 

𝑣8 2 {5,10,12} {0.65,0.23,0.12} 

𝑣9 2 {10,19,24} {0.80,0.14,0.06} 

𝑣10 2 {18,27,36} {0.94,0.05,0.01} 
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