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1. Introduction:

Learning algorithms have been extensively studied in Mathematical Psychology [13]

[14] [18] for decades and more recently in Learning Automata Theory and Mathematical
statistics [1] [2] [B] [1] [e].
stems from the desire to understand the observed animal

In Hathematical Psychology the interest in learning
Tearning and associated
changes in their behavior. However, in Learning Automzta Theory and Mathematical
Statistics the aim is to build algorithms that exhibit prespecified behawviour. OQur
interests, in this paper, are in the latter approach.

We study & new class of absorbing barrier algorithms of the reward-penalty

type with identical behaviour under the occurrence of success and failure. MNecessary

and sufficient conditions for strong absolute expediency of this class of algoriths

is obtained.
The concept of absolute expediency was originally introduced by Lakshmivarahan

and Thathachar [3] in 1973, Since then this concept has played 2 major role in the
[1] [2] [4] [5] [7]).
The results of this paper sheds further light on this concept. 1t should be interest-

analysis and design of c-optimal absorbing barrier algorithms

ing to note that c-optimal non-absorbing learning algorithas have also been recently
developed in [15] and discussed extensively in the book [21].

A number of learning algorithms of the reward-penalty type whose behaviour is
asymetrical with respect to the occurrence of success and failure have been
Fu [8],
HeMurty and Fu [9], Shapiro and Marendra [20].Viswanathan and Marendra [19],
Chandrasekaran and Shen [17], Lakshmivarahan and Thathachar [3]
[7] to mention a few.

extensively studied in the literature - Varshavskii and Vorentsova [0},

and Sawaragi and Baba
For a similar class of general learning algorithms discussed
in this paper Aso and Kimura [5] derived mecessary and sufficient conditions for
absolute expediency [3). Interestingly Aso and Kimura [5] call this class of
algorithms as "Stochastic Yector Automaton® algorithms. Recently for the same class
of algorithms considered in this paper Herkenrath, Kalin and Lakshmivarahan [6]
derived necessary and sufficient conditions for absorption at the vertices of the
unit simplex of proper dimension.

In section 2, the algorithm and the statement of problem are given. MNecessary

and sufficient conditions for strong absolute expediency and convergence of the




algorithm with probability one are established in section 3. c-optimality is derived
in section 4.

2. LEARNING ALGORITHM and STATEMENT OF PROBLEM

There are M (2 ¢ M < = ) cofns, At time instant k (= 0,1.2....} the coin i
{1« §< M) s chosen for tossing with probability P (k) where Plk) = {P]{k}. Pzik].
~-.PH{EJ}T¢p P(k) = 1, 0= P,(k) and T denotes transpose. In tossing, the 1th coin
falls head'[la11) with probability d; (cq = 1 - dq). It is assumed that (1) 0 < dy
t1,1=1,2,....M, [2) the di‘s are all distinct, that is, d, # d, for all
iand j. (3) dy's do not depend on k and (4) dy's are a1l unknown, The cutcome of
falling head s called success and falling tafl is called failure. Let D = {d,, d2
.,.dg}I and without Toss of generali{ty assume

dT:r I:IE:- dj“":\'dﬂ (1
Any vector D that satisfies the above conditions 15 called an admissible D. The
average probability of success at stage k denoted by o (k)is

o (k) T: (k) d, (2)

Our basic problem 1s to make the average probability of success as close to its

maximem |that 1s, d1} as possible. The primary interest in and the challenge of
this problem arise basically from the fact that the success probabilities {d!'5]
of the coln are unknown.

As a first step towards the solution to this problem, in this paper, we propose
to change p{k) in a learning algorithm., The key idea of the learning algorithm may
be stated in words as follows: Increase (decrease) the probability of choosing the
™ coin at time [k + 1), if 1t was chosen for tossing at time k and the toss
resulted in success (failure). In particular, Tet M

SeE LRRE (P, By P, 0 <P, IRt
be the M-dimensional unit simplex and let -
VysCe | S 1,2, ..M where e, = (0, 0,....1,...0)7

be the 1t

unit 1 vector of dimensfon M. Further, let 50 ={P|p = {r PZ‘“‘Pm}T
0 <P, P 1) Clearly, v

M
M corresponds to the corners of vertices of SH_

1 =1
Let f; P gl [.] be cuﬂt:nuuus functions such that

fs s 1001 0! s 100, 4 s w1, 2, o
Formally the above algorithm may be stated as follows
P (k+1) =P (k) -0 f: [Pk # 4 } if the toss of coin i

P, (k+1) = pi{k} +0 f: [Plk)] resulted in success

and (3)
P, (ke1) = Py(K) - @ 9} [P(K)] If the toss of coin 1
P (k+1) = Ps{k} +0 gl [P[k]],s F 1) resulted in failure

.“\\,
where O< @ < 1 1s called the step length parameter and the following cons
condition (4):

el ther f; [.] =0 for a1l p & S

or f1 [p] < P, s#i and f} [r] ] : 1 f; [r] (4}
and

elther g: [p] =D f'EH"+ all p e ;

or g: (p] =P, and g, [p] = 5 9 [r]
for a11 1, s = 1, 2, ...M,
imply that plk + 1) « 5y If plk) does. Hnueve: in order to make the algorithm
non trivial and interesting either fé : 0 or gg = 0 but not both.
Remark 1. I1f the coin i is chosen for tossing, it 1s clear from (3] that success
ifai!ure] increases (decreases) the probability of 1ts choice. The increase and
decrease are called reward and penalty and hence (3) is called reward-penalty
algorithm. If f: i 0 but qi 0 then {3) 1s called reward-inaction algorittm, 1f
f; = 0 but g: F 0 then it is called inaction- penalty algorithm ;

Since the vector D, of success probabilities and the functions f, [.] and

9] [.1 (for all i and s) are independent of k, (p(k)},k 20 fs clearly a discrete time
Markow process withstationary transitfon function over the state space 5. Ta
quantify the behaviour of the process {p(k}} , and hence ofin (k)1 we introduce the

following definitions. Let 1 = (1,2,....M } E = [success, Failure}. The algorfthm
(3) defines a mapping T: Sy x T x E » 5, where
Plk +1) = T [plk), i{k), e(k)] (5)

iik) «I is the coin chosen for tossing and e{k) - E is the outcome of the toss of

that coin at time k.

Definition 1: A state pc5y, 15 said to be absorhing state if and only if p =

T [p.ise,] with probability one (6}
Definition 2: A learning algorithm T is said to be absorbing ff and only if there
is at least one absorbing state.

For reasons that will become apparent im this paper our finterests are in the
class of learning algorithms for which VH iz the only set of absorbing states. We
call such an algorithm abserbing barrier algorithms
Definition 3: A learning algorithm T is said to be

a)  optimal if
Hm  E [a{k)] = d, (7
k....

b} « -optimal if for all p(o) = p :s:
Hm | E [ n{k)] - 4] <c . e >0 (8)
ke

c) absolutely expedient if
E [ nfk + 1) Jplk) = p] = nlk) with probability one (9)
for a1l admissible D (satisfying the assumptfons given at the beginning of this




section ]} and for all p. SH‘ with strict inpquality in {(9) holding good for all
pe Sy
d) strongly absolutely expedient if
EL[afk+ 1) plk) = p] » n (k) with probability one {10}
for all admissible D and for all ﬁ ! SH with strict inquality in (10) holding good
for all p ':ESH - UHJ.

STATEMENT OF PROBLEM: Our aim in this paper s to find conditions for e-nptimality
of the general class of learning algorithm qiven in (3],

Remark 2:  Algorithm {3) is a generalization of many known algorithms in the sense
that the functions in (3) wsed for updating the probabilities depend on the coin
chosen as well, Such generalized algorithms are considered in [5] and [6]. In
most of the earlier papers the functions that are used in updating are independent

of the coln that 1s chosen for tessing, [1] [2] [31 (41 (7] (8] (9] [10] (2] [13].

1, Convergence with probabhility one;

A a First step towards e-ptimality, in this section we derive conditions on the
algorithm such that the Markov process [ﬂ[k}} k=0 converges with probability
one.  To this end we beqin he rewriting the consistency conditions (4) in a form
more suftable for our analysis. Let
(.1 e} o) = L8001 - py)y 1] (0D = # 4y 5. 0] by
and
v [is 5o plpg =0 [iup] O - py)

s¥i
and .
(c.2) g; [p1 = «[8.0] By, u (p] = *[iusap] (1 - p,)
and
] T.'it P]’ "175;”' [11 54 I"] {1'|1q:|
where o, + : D x Sy [0, 10 and ¢y ¢t T x T xSy [o.1].

The basic rule that governs the chofce of functions in the above form is that if
a term is substracted from pj then 1t is made proportional to p, and if a term is
added to ns then it is made proportional te (1 - nJ} ireaspective cf which coin is
chosen for the toss and whether the tusrrwaults in success or failure,
Remark 3: Our choice of the functions q [.] is quite untraditional in the s#nﬂr
that in all mast all the papers in Hathpmatica1 Psychology [18] [17] [13] [14] q [r]
is made proportional to pg for all § and s, 5 ¢ . Also in almost all the
panpra on Learning Mutomata [3] [4] [5] [7) u] [p] is made proportional to (1 - p,}
and u [p] is made proportional to Pe for all = /7 i. Because of this there is a
ﬂ1ﬁnﬁritf in the behaviour of the nﬁanithm (3) under success and failure. However,
our present cholce of functions qs [.] for all i and s given in [C.2) induce
identical behaviour of the algorithm (3) under success and failure,

)
"
The following theorem is immediate
Theorem 1: The learning algorithm (3) 15 an ahsorhing barrier learning a
and only 1f (A1) and (A.2) hold true.
{A.1) For all PeSy - Vy there exists 1 < s < M
such that [« [s,p] + +[s. p)]p = O
(2] For all 1 .se M,y [=, Es] = 0

Proof: Refer [6]

A typical choice of functions in the algorithm {3) that satisfies the conditions
(C.1) - {€.2) and (A1) = (A.2) are given in the following example.

Let O <« t1, tz % ],

e [1,s.]=Cy (0 -pg) (1 -p)s ali, p] "€y o by P 0 - p.)

s[4y sep]l = Cyopy pZ (1-p)s oIV, p) = C, (1 - ) . ; ; e, (1-0,)
for ety 4, &8 =1, & o.M
Remark 4: The demonstration of the symmetry in the properties of the algofithm
{f] under suecess and failure alluded to inremark 3 is evidenced by theorem 1.
Notice that (3) is an absorbing barrier Tearning algorithm if - [i.,p] 7 0 and +[1.p]

0or [1,p] ~ 0 andv [i,p] 7 0 or both a[i,p] and +[i,p] F 0. This is in sharp

contrast with the properties of the currently available ahsolutely expedient Tearning
algorithm [3] [4] [5] [7] wherein  the reward-pemalty and reward-inaction algorithms
arp ahsorbing barrier type but the inaction-penalty is not. In fact in all the
inaction-penalty algorithms of the absolutely expedient type known so far [3].
eyery state in '5 {5 an absorhing state. Our medified definition of stromg
absolute p:ppdipncy is in fact motivated by the existence of the absorbing harrier
aloorithms of the reward-penalty, reward-inaction and inaction-penalty types.
Remark 5: For some | J <M if P [k} = 0, then it follows from {3) and {C.1) - (C.2)
that p.{k‘] 0 for all k > k. [n other words, during learning process 1f plk)
reaches the boundary pj = 0 of the simplex SH. then plk) will continue to reamin in
that boundary.

Hencoaforth in this paper we will only he concerned with the ahsarbing barrier
learning algorithms, that is, algorithm (3] under the conditions (A.1] - (A.2) of
thearem 1.

Theorem 2: Mecessary and sufficient conditions for the ahsorbing barrier learning
algorithm (1) to be strongly absolutely expedient are:
p, " (1, 3,01 =% p #[Js 140l

[3.‘” JIH J : i J
and
(5.2} shiooy O - py) * 04 Jup) e PTLILECT [3. 1. p]

for a1 4 =1,2, ....M
Sufficiency: Define & x(k} = wlk + 1) - a(k]) and let
b (kb = E [ (k) [ p (1)) =" €L, (k)] p(K)] dy (10)

1=1




It can be seen by direct computation that
E[ny [H] p (k) = p]=p, (1-p)d; efip) - rliz P A

= J;iﬁj n1 dj F [1.1.p] ¢ J¥1pj [1‘n1} fj [dvip] (12)
Substituting (12) in {11) and inview of {C.1) and (C.7) we nhtain
i (k) = nny (k) 4 (k) (13)
where
W L T " gaiy wne
P P M T L1 T IR PRI AR RS {14)
and M "
tmg (k) ;4“F51jHW“L”[“NJQH“*NﬁHﬁfIUJN1‘“]
nfter simplification it can he shown that [73]
PP U3 IR V7 B S N U PO LR € 10 IO A S X
1=1 §=
= o with equality halding only 1f p e¥, [16])
Similarly it can be shown that [23]
tny (k) * 1;215] EY (1P d -9 )7 1o TH.50] + 8L33 0 (17)
=0 with equality holding good only iF p ||'m
From (16} and (17) sufficiency follows.
Mecessity: +o (k) can be represented as a guadratic amd linear term in the vector
D as follows:
k) =0 apenn (18)

5 = T
where A [n'i_j'] and R [H1 i [!21 ....Elm] with

fyg 8 Py (1=F) al10] 2 p2, 1.0)

Agj " .[n1pj [(4.4.0] + (1-P) Pj [i.i.n1]
and
B - ni ) 4 (-P) P [isin)

iri
for all i.j = 1,2,...M

From the definition of strong absolute expediency it follows that + (k) attains its

= Since avery menher of
v, Is absarbing, on L it 1% easfly seen that,.. (k) attains ite minimum value for
Aall admissible O vectors.

mimimum value zero either when all d'i are equal or when pe ¥

In the following we shall derive conditions for the

mimimum of [k} when rI.l =d for all 1 = 1,2,..... M, Deed 1, Hecessary conditions
for minimum are ohtained by setting the derivative of (k) (with respect to ﬂl} at
the point dl =d for all 4 = 1,2,.....,M equal to zero, that is,
| =0 for all 4 =1,2, ....M (1a)
«f d,=d
i i

From (1A), the pquation (19) take the form

(AsA Y di+Beo {70}

™

where 1 = {l'.'l,....l}1r i an M dimensional column vector of all ones,
Rewriting (20) we get
d H1 + l1 =0
For all 4 =1,2,.....Mand all o < d &1
where ;
1[i.ﬂ] + Fi' -[1.ﬂ]

Py ldain]

= F1 - p1J

" P, ofd.d.p] - (1-
F'jfi P [1.4,0] - (1-p) o
and

L;* 91? (1,01 + (1-p;) Py aldfepl

i
. - l |a---|H-
{21) 4% true for 211 0 < d <« 1 only if L, @ 0and £, =D for all 4 = 1,2
L., = O leads to the condition
1

? i - " i i {Eﬂ
P 4[hp] = (1 =Py 3 LP ERLRL)
Using [C.2),from {22) we obtain
P, (1-P)) (1,301 = {1 =P & Py s[.4:0) (23)
ETTI jri

which in fact is (5.2), Substituting (23} in K, = 0, we obtain

P, (1-p.} (1) =P = P lditap)
] 1 J’.i ol

Once again, using (C.1) we get PL_;1PJ [1.4.p] * pij;1pj [§.1.p]

which is the same as (5.1). Hence the theorem.
Cornllary 1: The Markov process ip{k)y k-0 as generated by the algorithm (3] under
the conditions (C.1} - (C.2}, (A1) - (h.2) and (5.1} - (5.2) converges to Vi with
probability one.
Proaf: Sincefp (k)] is a Markov process, from theorem (2] we qet

Elem (k)] PUr): 0-roKkl=EQw k)P (K]0
This fnturn implies that 1. (k)1 k<D i5 a submartingale [22]. By martingale theorem
13mit ~[k) exists and hence ];T!t pik)] = p* exists with probability one. As . (k) =
ntﬁnly on ¥, 1t follows that Pt Ny with probabhility one.
4, - Dptimality: In the previous section it was established that P* .V, with proh
bility one, [n this section we set out to quantify the distribution of P*.
To this end,define ', (p} = prob [P = e | P (D) = P]
1.2,.004 M. My {p} = 1 for ﬂ]]n,SM

(24)

Mnticf-_

In view of the corollary 1 ;;L (24) we ohtain, for all pi0} = p -5:
Jim E [ «lk)] 'ifl ry(p) d,

for 1

{25)
ip] we need the following: Let © [Sy] be the class of all continuous

To compute r,
1f £ {.) «C[Sy) define the operator U as Follows:

functions from 5, to the real Tine,
uF dpl s ELF Ip [k +10) ] p (k} = p]
Clearly the operator Ul s Vinear and positive [12]

Definition 4: A function f: .5, real Vine is called super regular (regular, sif



regular) if
F(pd > (=.2) U T {p)
For all po ‘1"
With these preliminaries, we now state twe Important propositlons that lead an
algorithm for quantifying F' ir).
Meoposition 1: Iy fp) s the only continueus aolution of the functienal equation.
ury «p) - 1'1-{D} (26)
satlsfving the boundary conditlon

r

rg ['F[J = 1 and g tr"] =0 for all 1,],14)

Hotlce n (p) matialfying (26) hy definltion 1s & regular Tunctlon. This functional
cquatlon 18 extremely difflcult to solve. Hence In the (ollowing we establish
upper and lower bounds on !'I (p).

Fropoaltion 2:  let Fi {pl l[fIFH| he auper (sub) regular funct lon with I"{{r’} = ]
Al £ (e} =0 for all 1,), L ¥ | then

1
L= (<} n im
The proof of these propositions are rather Invelved and we refer the reader to Norman

[12] Ffor an elegant proof .,

2}

Thus, If we can find two Tunctliona h {p) and h: (p) which are =super and suh-

(1)
1
regular functions respectively and satisfving the boundary condltlons

hﬂ}&*}-hﬂ'wi}-r.hﬂ}wj}=u for all j # 1, La4,2.
then [rom proposition 2 It fallows thdit ht“['l-.} T ( f'l" = |-|=:t:| il
Coasglder a Funct lon

Wix . pl = ExP [- x p /@l
L (|
where 11" D Is a parameter and FExP | y ] = et

Recognilzing the fact that = FxP | I
P4 -*IF{. III'E

&A% a) U= ExF [ 78T
Ia sub (super) regular wvhenever g i [Kj, Pl 1= super (sub) repular, {t follows from
propoasitions 2 that
¢ vPl <P te) = 01z, p)
where 'f'[, ?.l are two conatants such that @ [‘r‘[, pl and ﬂi[; T p'J are
subk amd super regular Tunctlon respeetively.  Note that Tunct fon lﬂi['x'. |ﬂ depends
on Just ene compenent of P oamd thus leads to conservat ive resolts,  Wowever, Lt plves
riae to expressions which are easily manapgrerable,
The problem of getting hounds on | !{p] now reduces to one of Tinding two
posit lve constants 'I'[ and ?! such that 'Il' 1‘|'I_ rl 1s sub and repular and Ili {Zl,p]

iz super regular.  Further, from (25) and the fnequality (1) It 18 elear that for

o= optimality we need to eoncenteate only (on the Tower bond ) en rl{-p],
It con he seen that (hy dropping the suhseript 1 from %, for convenlence)
oot %, = % i = - ¥ ¥ :
p eyl R EN N LT Rt I

whore

F, [x,p] = |'I|-.II tll.pl {l—1-1} Vol=x g l1,p) tL.p1}|

_\\

-pII:l v (1,p) " v [x v [1.p] F'1_1

-Ep eld.0.el pe ¥ Ix eflilapl pyl
i?“bd'l [1:1.r] Py 1

+ alp ¢, f1Le] (-pp) ¥ [-x +1].1,p] (1=p 3]
ond V [m] = (FxP (m) = 1)/m IF = d 0 and 1 LFf m=0.
Clearly, F‘1 [%,p] =0 implies 'il,l |=,pl regular.

and na
Since a[l,pl., wil.pl. Ail.§.pl and gl1,),p] are all bounded above by unity

the ¥V [.] 1s strictly momotonleally Inereasing, 1t follows

F1 [u,p] =0 Af ;
¢ =1V [-= {I-p_l'h] l‘] € '[""]'__j;'lplrjﬂ p [1.t.r]

& - e ™ o st t — ey
v r]T T g p (e €, [ite] + py (1-pp) o) P
1#1
It can he showm using the properties of the ¥ [.] function [4&] [12] that
1
G=pl 2
v =]
Further, using (C.1) = (C.J) and (5.1} = (5.2) It can he seen that
2 ¥ i
2 : l.pl +.5 p.d, pll.1.p)
o SR, NG vILP T P
C A+d e T A1) 0.p) SN ENEUE
f.Hﬁble 1:‘1|!t1n!!11 [§.1.pl " 1 1
; =T L.pl
where A =1 Py {'I'rlll l.1 5 [1,1,p] and B wlrlrlid,l al) "
141 .
In view of the inequality (17 Lt Tollows that a* =1 From (27) and (2R)
L )]
Fi fx,pl = 0 U7 _L__ > e* {2
v [x]
Since e* - 13 ¥ [x] = 1 has an unique golution x = v ~ 0 so that $lv.p] I auhregular

d3
P
{refer remarkl) e* reduces te — and
Remark 7: For the rewnrd-incation alporithm {re A :
elther nf these
for the inaction - penalty algorithm et reduces to oo Thus In

1
apecial cases there exlats an unique solution x=y > 0 for the equation ¥V [x] = o, oo,

F . Thia i= In
hencr in hoth these special cases there exists a lower bound on 1 (e

E n=
sharp contrast with the exlating results in the titerature where in for the Inact e

penalty (absolutely expedlent) algorithms 14] mo lower hound en I"1 {p) haa been

eatnhlished, fne of the reasons for this anamoly is that none of the current 1y

avallable inact lon=penalty {absolutely pupedfenty algor thms [4] are of the abaorbing

harrler type. l
- . ] {(p) we now atate our main result.
Having eatablished the lower bhoweral on 1 "

¢ 82 there eaists 0 A% « 1 such that for

Thearem 3: For every osn and p(0y = p
o {c.2), (A1) = (A2}

0+ B+« @v, the learning algorithm under the conditlons (C.1) =
and (8.1) = (5.2} is auch that "
tim | ETn (k3] = 4] < &
oo -

t hand side of (0] exigt
pranf: From eoroliare 1 1t follows that the limit in the left b

From (25}



—

Ilim K| nik))= T, ¢ } ¢
o 1 F}d‘l+ | r} (p) I.l

Thak ba,

fla, B[00 -dl | (- () @,= dy)
Blmow @ [7,p) = r {p), Combining this with the ahove,

La,  [Eln () -d) |< (18, Iyipll |4, = d)) |
wir know that 1

1im “1 [,p]l = 1
B

o

For any p ¢ SH‘

Combining these we see that for any ;- 0 there oxiﬁ[;cl} « B% . 1 guch that Tor all
0« @< g

Lim, lE 1 atd)=d, ) e

fea, - a 3|
The theorem follows by ch . !
y choosing & = ';ltdz-dl”-

5., Conclusions: A new class of absorbing harrier ahsolutely expedient learning
algorithms, whose behaviour under the action of success and fallure are ldentlcal, is

introduced. Conditions for the ¢ - optimallty of this class of learning algorithma
are derived,
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