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A Study on the Global Convergence Time Complexity of
Estimation of Distribution Algorithms

R. Rastegar and M.R. Meybodi

Computer Engincering Department, Amirkabir University, Tehran, ran
{rrastegar, meybodi}@ce.aut.ac.ir

Abstract. The Estimation of Disiribution Algorithm is a new cluss of
population based search methads in that o probabilistic model of individuals are
catimaied hased on the high quality individuals and wsed (o gencrate the new
individuals. In this puper we compute 1] some upper bounds on the number of
iterations required for global convergence of EDA 2) the exact number of
iterations necded for EDA o converge to global optima,

1 Intreduction

Genetic Algorithms (GAs) are a class of optimization algorithm maotivated from the
theory of natural selection and genetic recombination. It tries 1o find hetter solution by
selection and recombination of promising solution. It works well In wide verities of
problem domains. The poor behaviors of genetic algorithms in some problems, in
which the designed operators of crossover and mutation do not guarantee that the
building block hypothesis 15 preserved, have led 1o the development of other type of
algorithms. The search lor techniques 1o preserve building blocks has led 1o the
emergence of new class of algorithm called Probabilistic Model Building Genetic
Algorithm (PMBGA) also known as Estimation of Distribution Algorithm (EDA).
The principle concept in this new technique is o prevent disruption of partial
solutions contained in an individual by giving them high probability of heing
presented in the child individual. [t can be achieved by building a prohabilistic model
1o represent correlation between variables in individual and build medel w generate
next population,

The EDAs are classified inte three classes based on the interdependencies between
variables in individuals [9]. Instances of EDAs algorithm include Population-based
Incremental Learning (PBIL) [1], Univariate Marginal Distribution  Algorithm
(UMDA) [10], Learming Automata-based Estimation of Distribution Algorithm
(LAEDA) [14], Compact Genetic Algorithm (¢GA) [T} for no dependencies model,
Mutual Information Maximization for Input Clustering (MIMIC) [3], Combining
Optimizer with Mutual Information Trees (COMIT) [2] for bivariate dependencies
model, and Factorized Distribution Algorithm (FDA) [11], Bayesian Evolutionary
Algorithm {BOA) [13] for mehiple dependencies mode], 1o name a few.

Some researchers have studied the working mechanism of ERAs. Miihlenbein [10],
Gonzdlez et al [4][5], Hahfeld and Rudolph [6] have studied the behavior of UMDA
and PBIL. Miihlenbein and Mahnig [12] discussed the convergence of FDA for
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separable additively decomposable functions. In [15], Zhang and Mihlenbein proved
that EDAs with infinite population size globally converge. Despite the fact that
working mechanisms of EDAs has been sudied, the time complexity and the speed of
convergence of EDAs algorithm are not known. In this paper we propose some results
an the number of iterations needed for EDAs to converge globally when population
size is infinite. Our approach is proposed in two sections. Al first some upper bounds
on the number of iterations required for global convergence of EDA are calculated
and then in the second section the exact number of iterations needed for EDA o
converge to glohal optima is calculated,

The rest of paper is orgamized as follows. Section 2 briefly presemis the EDA
algorithm and its modeling when EDA uses an infinite popularion size, Scction 3 and
4 demonstrate some theorems abour nme complexity of EDAs. Conclusion is given in
final section.

2 Estimation of Distribution Algorithm with Infinite Population
Size

Given a search space [ and a positive and continuous function fix): O—%, find
max{ f{x}xe D} . (n

Let 2% be a set of all points at which function f reaches its maximum value (o, The
steps of the EDA algorithm for solving such an optimization problem are described
below,

I-Initialization: generate an initial population, £10), of N individuals.

2-Selection: choose Se (Se<N) individuals from population £(n) (ie. population in
iteration n) to form the parent population E,s{n) using a selection schema such as
truncation, tournament or proportional selection schema.

3-Updating: perform updating operations on individuals of parent population at
iteration m, g‘“(n}, and penerate new individuals 1o form the new population at time »,
Ein+1), e.g. &ln+ =E"(n).

4= IF ELUXN Eln+ 1) ]1=fnax then stop else go to step 2,

Condition of step 4 of the above algorithm is met when every individual in the
population is an optimal solution, that is, the EDA has globally converged.

Let the underlying probability distribution functions for the individuals of £(n) and
E_,s{n} be P{XIE(n)) and P(XI E*(n)). respectively. By the famous Glivenko-Canteli
theorem [17], the empirical probability density functions induced by individuals in
E(n) and E¥(m) will converge to P(XIE(n)) and P{XI E‘_s{njj respectively, as the sizes of
E(n) and £%n) tend 1o infinity. Therefore POXIE(n)) and P(XI £%(n)) can be thought of
as the population and the parent population at iteration # in EDA with infinite
population [15]. Below we describe the selection schemes used in this paper.

The Truncation Selection Schema: Truncation selection ranks all the individuals in
pqpulaliun E(n) according to their [Tiness and selects the best ones as the set of parents
£5(n). In truncation selection with threshold O<p=<1 only the 100p% of best individuals
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are selected to become the parems for the next generation. When the population size
15 infinite, it can be modeled as [15];

[PX= x1&(n))
) | i R =
P{K:xlé"“[ruj:{ i .r{x}—ﬂ(MJ ) 2

[ .
Y atherwise

Where:
= '[m_wm P(X =x1&(n)).

The Two-Tournament Selection Schema: In the two-tournament selection madel, 2
individuals are chosen from the current population £(n) and the best individual is
selected to be a parent. This selection must be repeated Se times o generate the sct of
parents E%(n). When the population size is infinite then this schema can be modeled as
[13)116],

P(X=xl gv.';{pij} =2P(X=xI| f(lr}J‘[”Eﬂ“ FiX=vyl (;'fn:l} : (3

Remark 1. In [I5] Zhang and Mihlenbein have proved thar EDA with truncation, or
mwa-towrnament selection schema, when using infinite population size, will plobally
COMVErge,

Let 4(£) be the ratio of the number of individuals in population £, that do not
!-"ﬁ]'ﬂﬂg to I}, 1o the size of £ . The sequence [eE(n)); n=0,1,2,...] generated by EDA
i5 a random sequence in general. IF G{E) is 0, then all individuals of population £, are
members of (%, 1f the population size tends to infinity, then according to Glivenko-
Canteli theorem [17] (50} can be computed as follows,

difmn= Y P(X=xI&m)=1-3 P(X=xI&n)) . @)
e Lh- i g

Define  the  global  convergence  stopping  time  of  EDA  as
‘Im.m'.!r:::rlﬂ{ﬁ}ﬂl.';{nj}=j;,m; where for every 1= ¢ E[fXNEH =l According to the
definition of it, 7is the first time thar EDA globally converges, 7can be infinite or
finite. In the same manner, we define ¢ as minfald{E(n1)=0]. In the following we state
two lemmas to show the relationship between ¢ and ¢
Lemma 1. The global convergence stopping time of EDA, 7 is equal o 7'=
minfnlad{E(n =),

Proof. We prove this lemma by contradiction. First assume that <7, by the
definition of 7' we have {5 1})=0 i.c. there exists at least one y=Z(9 that doesa’t
belong to DF (e, vk} and POX=yEER)=h=0. Thus we have
ELF(XED) =D fOPX=x E(D)S B (y)+ [0 (1-b) . ﬁj
e )

Using (5} and the fact thar E{AX) & 1) }=f we can conclude that f,.< My} and
hence a contradiction. Second, assume that 7>7¢. Using definitions of tand ¢, and
{41 we have
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dErn= Y P(X=xI5r)=0. @
e 3= 14

Using (6) and 0 < P(X = xI E(T'1) = 1. we have,
P(X=x|&rN=0 if xeD-D*. (7

By definition of ELFX)IE(T )} we can write

ELFXNEE =2 FPX =xI(r") =

wi [ i . @
3 FEPX =xI1EEN+ X PX =xIE(T)
L] xe -0

Using (7 and {8) we have

ELfF(X)ET) = fr D+ D 0% f(X)=f, -

woex (32"

Which contradicts the assumption that =7 and hence the prool. QUE.D.
Lemma 2. If ¥ = minfnl £iZ(n)) = 0}, then for every ¢ 54 500 =0,
Proof. Proof is done by contradiction. Assume that (5010 = 0. then there exists at
least one ye S0 that doesn’t belong 10 2% (e, Ay and PX=y 3 = b > 0. So
we have,

E{(f(X)IEO) =D FOPX=xEUNS B (¥} + frn (1-8) . (0
e

Using (9 and E{AX) &) =fpa (By lemma 1), we have f.= fiy} and hence a
contradiction, Q.E.Ix.

Lemma 1 indicates that = 1 and Lemma 2 and Remark 1 state that 7 is the
stopping time of {#(&(m) n=0.12,...). That is the stopping time of {E[AX)
Em)pin=0.1,2,...] is the same as the stopping time of {&(E0m)); n=0,1,2,...] and for
this reason in the rest of the paper we study the time complexity of d(20n)) rather
than the time complexity of [ETXN Sinklwm=012,.. }.

Using above notations and lemmas the EDA algorithm can be described as follows.

1- Indtialization: P(X = x| &(00) = 0 for all x (That is P{X=xIZ(0)) = p for all x where
O<p<l). :

2- Selection: generate PIX IF,“{.«AJ] fram P{XIE(n}) according 1o a selection schema,

3- Updating: P(X) Ein+ 1Y) is set to POX | E¥n)),

4= if d{E(n+ 1) =0 then stop; otherwise go w step 2.

3 Upper Bounds on Time Complexity of Global Convergence

The Results for upper bounds on time complexity of global convergence of EDA
reported in this paper can be summarized by the following two theorems.

Theorem 1. If an EDA with infinite population size and runcation selection schema
is used for aptimizing function f, then the termination condition is met at most after
(i SOOI I-pe K T -al{ (0 + T iterations,
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It is obvious that D=p<1 is an important parameter for the stopping Hme of EDA
when EDA use truncation selection schema. Lower values for g will impose a lower
upper bound on the stopping time and higher values for g will exert a higher upper
bound on the stopping time of EIXA.

Theorem 2. 1f an EDA using infinile population size and 2-lournament selection
schema is considered for optimizing f, ot most afier (af SO0 - a7 500004 F ierations
the termination condition is met,

Before we give the proafs of the sbowve two theorems we state ane usefil lemma,

Lemma 3, If diZ)=hy, b0, Tor any given population & and [EfdiEn)) - diEin+7l
afEn)) =0} = (14 )} then starting from any initial population £00) with J(E(000) = 0,

E{71 d(&(0)) > 0) < hyh, . (10}
Proof’. Since {EfAEmD) - En+T3) | eiEinh=0) = (1R] we have {diEinih

n=0.1.2,...} a8 a super-martingale. Since fip 2 d(§(n)) = O it ulimately converges, that
[ 13

lim E{d(S(n)) 1 d(£(0) = 0} =0 .

From the definition of stopping time £ we have (& 711 = (. Therefore,
Eldi&znldi&i)=0i=0.
Fore z 1, we have
Eld(&(n))1d(£(0) =0) =
ELE(d(En—1)+d(E(n) —d(Eln—10 1 Ein - DY d{EOpn =01
Since Efd(Z(n)) - d(En+ 10 1 d(EZm)) =03 201000, for n-f < T we have
E{d(G{n -1} +d(E(n)=d(En-101E(n—1)) f?f“é:(n—l}:l—i . an
1

From {11} we can write
i - 1
Eld{E(nn1d(E0) =00 = E[d{Ein=1)) —;—Jd(f{{}}J =0} . {12}
Y
Using (12} and by induction on s, we can get

E{d(S(m) | d (00 =0} £ E{d(E(0)) - ;—II dEDN =0} and
p

i
(13}

D=E{d{E(en 1 (5000 = 0 = Eld(£100)) - IL Elrl (&0 =0)
h
From (13 and o E) £ Ay, we have
E{T1d(£000) =0} < E{d{E0 1y, < .

and hence the proof. QUE.D,

" The idea of the proof is borrowed from |8].
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MNow we are ready to prove theorems | and 2, To do this we first prove that
conditions of lemma 3 stand and then using lemma 3 we conclude the theorems.

Proof of theorem 1: We first show that conditions of lemma 3 hold and then use
lemma 3 to conclude the theorem.
Using the definition of &{E(n}) and steps 2 and 3 of EDA algorithm we can write

Eld(£(n))~ d(&(n+ D) d(E(m) >0} = E{ 3 P(X=x| &n+1)) -

> PX=x|&Em)) d(E(n)) >0} = ! (14)
=l
E[ D PX=xI&* (n))— 3 P(X=xIEmNId(E(n)) >0}

wo XG (*

Using (2) and the fact that for all xeD* we have fx) = f., = fn), (14} can be
TEWTIllEn as

E{), af it 1L 3 P(X = x| Em) d(E(n)>0) =

KE D w0

(15
B -1 T P(X = x 1 £ d(E(m) > 0} = (- = 131 — (S
i e [ré M
Using (15} and induction on nm we have
d(En) < d(E0))=h, . (16)
From {16} we have,
E{d(&in))—d(En+ 1)1 d(&(n)) = 0) = fi— D1 - (g0 =
1 i : {17y

(1= @)1 - d(EO))

From (16) and (17) we conclude that conditions of Lemma 3 are satisfied and
therefore we can write,

pd(EO)
E(r1d(E(0)) > 0} < hyh, =— L)
tela GO s (1— gX1—d(E0)))

Hence the proof. QUE.D.

Proof theorem 2: Using the definition of d{&(n)) and steps 2 and 3 of EDA algorithm,
WE can write,

E[d(&(n)—d(S+ D) Em)) = EL Y PIX=x1&(n+1)-
> PIX=xI&(n)1&(m)} = E > PX=xIE ()= 3 AX=xIEm) I En))

w3 e el
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Using (3} and the fact that for all ye D we have §.=fy), we can rewrite (18} as
(Y (2P(X=x|£0n) | P(X =y | &) - 3 P(X = x| E£(n))| £(m)
= T

(Tl
! (19
E{Y PX=xX| ()| §(m)] = (1-d(£(n))

N

= Finie i)

Using (19) and induction on » we can write
d{&(n))y = d{&N=Ah, . (20
Uszing the (18), (19 and (20} we have

Eld(g(n)—d(Sn+ D) Em) 2 (1 - (50N = :-:- :

Since comditions of Lemma 3 are satisfied and we have,
d(&(0)

: £l Ol =hy = '
E{71d(£(0) >0} = hyh 1~ d(&())

Hence the theorem, QUE.D.

4 Computation of Global Convergence Stopping Time

In this section, some strong results about the convergence of EDA are derived. As
stated before {diE(n)): n=0.02....) is a random sequence in general and when
population size tends o infinity this sequence becomes a deterministic sequence. In
other words by knowing oiE(n-7}) we can compute the exact value of #(E(n)). We can
use these properties to derive some strong results about the convergence of EDA,

Definition 1. (Convergence Rate). Let {a; n=0./2_.} be a sequence that
converges o a® If we have

then {ag; n=0,1,2,...} converges 1o« with convergence rate 5.

The resulis for the exact number of iterations needed for EDA o converge to
global optima reported in this paper can be summarized by the following two
thearems

Theorem 3. If we use an EDA with infinite population size and truncation selection
method having threshold g then a) After J+{logf I-ai &0 ¥op 1) flerations the
condition of termination is met. b) [HE(n): n=01.2,...] converges o O with
convergence rate 1/ o,

Theorem 4. If we use an EDA with infinite population size and 2-tornumant selection
method, then a) After f+(log(l-adi&0)ae 0.5} iterations the condition of
termination is met. by [di&in)); n=0,1.2,.. ) converges 1o 0 with convergence rate 2.

Before we give the proofs of theorems 3 and 4, we state two lemmas for the
computation of d(Ele)).
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Lemma 4. For EDA algorithm with infinite population size and truncation selection
method d(E(n)) can be computed as follows,

1
d(§(n))=1-(1- d{nfmn:n{;}" :
where Q=) is the selection threshold.

Proof. We the definition d(E(r)) and (2] we have,
dign+D)=1-) PX=x1&n+1)}=1- D P(X=x1£"(n))

wa O e

(21}
1 g
=1-1 T P(X = x1 &) = 1 -~ (1~ d ()
JHRF.I' .u
From {21} we have
d(E(n+ 1) ~—d(Em) = (1-—) . (22)
P H

Characteristic equation of (22) is,

Podanrrleo. (23)
H #

By solving (23) we have
AEm) =1-(1- dt&{ﬂm(f;}” :

Q.E.D.
Lemma 5. For EDA algorithm with infinite population size and tournament selection
method we have

d(&(n)) =1-(1-d(GONR".
Proof. By the definition of a(E(r)).and (3) we have,

d(En+ 1N - 245N +1=0 . (24)
The characteristic equation of (24} is,
Pl =3r+2=0, (25}

By solving (241 we have

d(&(m) = 1-(1-d(gom2" .

Q.ED.
Mow we use Lemmas 4 and 3 and prove theorems 3 and 4.

Proof of theorem 3. (a) By definition of stopping time and Lemma 4 we have

AN =1-(1 —dtr:mmr.#luf = 26)

Using (26) we conclude,
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7 =log(1—d(E0N) log it . (27

By (27} after f+{logl!-df &) eg g iterations the condition of tecmination is met.
{b) By lemma 4, we have

A dE R+ =01 1
lime——— = .
== ld(Enn-0I £
From definition 1, {#(5(n}): r=01.2,...} converges 1o 0 with convergence rate 1/ .
Q.E.D.
Proof of theorem 4: (a) By definition of stopping time and lemma 5 we have

A&y =1-(-d(&0n2* =0 . (28)
Using (28) we have,
T =log {1 -0 log (0.5) . (29

By (2%} after J+{logi {-ai&0)}¥leg 0.5) iterations the condition of lermination is met.
(b) By lemma 5, we conclude that

Iimﬁ:m—-ﬂn_m =2
worm L d(En)y -0

According to definition 1. [a(5(r)); n=0.1,2,...} converges to 0 with convergence rate
2. Q.E.D.

5 Conclusion

This paper presented some new results for global convergence computation time for
EDA algorithms. The following quantitics were computed: 1) some upper bounds on
the number of iterations required for global convergence of EDA 2) the exact number
of iterations needed for EDA to converge to global optima.
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Abstract. We propose a new algorithm to find minimal rough seq
reducts by using Particle Swarm Oplimization {PS0}, Like Genatic Al
gorithm, PS03 alse a type of evolutionary algorithm. But compared
with GA, PSO does not need complex aperatars as crossover and muta-
tion that GA does, it requires ondy primitive and simple mathematieal
operators, and s ;-I'.Irl|F)I]|.€|,1_ir_"“}1|_|__l',' 'i|'|éx|_|1"\;r|55|1.t\- im terms of both ey
and tirmes, The experiments on some UCT data compare our algorithm
with GA-based, and other deterministic rough set reduction algorithms,
The results shaw that PS0O is efficient to minimal rough set reduction.

1 Introduction

Rough set reduction method has been used for feature selection {1,2]. It is worth
to find minimal reducts, with which we can generate more general decision rules
and better classifieation quality of new samples. However, the problem of finding
& minimal reduct is NP-hard [3]. So some beuristic or approximation algorithms
have to be considered.

X.Hu gives a rough set reduction algorithin using positive region based at-
tribute significance as heuristics [4). G. Y. Wang develops a conditional infor-
malion entropy reduction algorithm [5]. These hill-climbing methods, however,
do not guarantee to find a plobal optimal or minimal reducts, Using the at-
tribute significance discriminate between candidates may lead the search down
a non-minimal path. )

Wroblewski and Bazan et al. [6,8) use genetic alporithms to find minimal
reducts. One of their methods uses classical genetic alporithm with individuals
represented by bit strings to short reducts Gnding, This method, sometimes
Fails to find the global optimum, Another is the hvbrid algorithm that exploits
advantages of both genetic and heuristic algorithms. Cenetic algorithm is used
to produce proper attributes order, and heuristic algorithm finds the minimal
reducts. Although this method is much hetter, it incresses the computation
complexity [6]. One of the most widely used hybrid algorithm is the order-based
genetic algorithm (7). Slezak and Wroblewski [10] extend it to search approximate
entropy reducts,

We propose a new algorithm to find minimal rough set reducts with Particle
Swarm Optimization (PS04 PSO is a new evoluticnary computation technique

0. Slgzak et al, {Bds.): REFDOMT 2005, LNAT M1, pgr AB1-AED, 006,
& Springer-Verlag Berlin Heidelberg 505




