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The hydraulic analysis of water distribution networks (WDNs) is crucial for ensuring efficient management of
water resources, a key aspect of sustainable urban development. Formulation and steady-state hydraulic analysis
of these networks have been conducted using both numerical and non-numerical methods. WDN hydraulic
equations are complex and non-linear, requiring multiple executions, making their hydraulic analysis compu-
tationally demanding and energy intensive. This paper introduces an energy-efficient parallel computing
approach using learning automata to significantly enhance the speed and energy efficiency of hydraulic analysis.
By employing a cellular automaton framework that reflects the WDN structure, and a solution methodology
based on the Taylor series enhanced with learning automata, we propose a system that reduces computational
time and energy consumption. We compare the performance of our proposed approach with the EPANET soft-
ware across networks of varying complexity and topologies. The results suggest our parallel algorithm not only
accelerate the hydraulic analysis process up to 60 times compared to existing methods, but also significantly

decrease the energy consumption, highlighting its potential for sustainable water management practices.

1. Introduction

Sustainable management of water distribution networks (WDNs) is
increasingly recognized as pivotal for the ecological and societal well-
being of communities. The steady-state analysis of WDNs plays a
fundamental role in the design, optimization, leakage detection, and
maintenance of these systems [1-3]. Over the past few decades,
numerous algorithms have been developed to solve linear and
non-linear equations associated with steady-state hydraulics [4]. Nu-
merical modeling is one of the most effective algorithms for this anal-
ysis. However, these methods often face challenges due to uncertain
modeling parameters, which make them complex, time-consuming and
energy intensive. Additionally, many applications necessitate the anal-
ysis of WDNs’ dynamic behavior over time, requiring a large number of
times to solve the network equations at each step. Therefore, developing
methods that can accelerate hydraulic analysis is crucial.

Numerous problems associated with WDNs can be addressed through
steady-state hydraulic analysis, for which a variety of formulations have
been proposed. Two major types of these formulations are local and
simultaneous. The local approach addresses one equation at a time,
continuously modifying flows to satisfy energy equations with
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acceptable accuracy, and is commonly used for simple networks due to
its simplicity but is inefficient for larger networks [5]. In contrast,
simultaneous approaches tackle multiple equations at once, such as
using the Jacobian matrix for solving Q equations, and are used in
commercial software like KYPIPE [6,7].

Newton-based Global Gradient Algorithm (GGA), introduced by
Todini et al. [22], is a popular method for computing steady-state hy-
draulic variables. It determines the pressure in the nodes and the flow in
the pipes by repeatedly solving a system of non-linear equations using
the conjugate gradient method [8]. Commercial software like EPANET
and WATERGEMS [9] utilize this algorithm for analyzing WDNs.
Despite being the fastest method for such analysis, GGA becomes
increasingly slow as the network and the population grow in size. The
time-consuming matrix inversion process is the main issue with this
method. Therefore, researchers have attempted to speed up the simu-
lation by using clusters of personal computers (PC), multi-processor
platforms, graphics processor units (GPUs), and field-programmable
gate arrays (FPGA).

Guidolin et al. accelerated the numerical solution of hydraulic
equations of WDNs using a single instruction, multiple data (SIMD)
paradigm on a GPU, but no significant speed-up was achieved [10].
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Peinado et al. focused on parallelizing matrix-vector multiplication to
reduce the execution time of the CG algorithm, which only improved the
speed of parallel multiplication operations [11,12]. Diao et al. presented
a systematic approach using the Schiir domain decomposition method to
significantly reduce the computational complexity of a system,
improving hydraulic modeling efficiency [13,14]. Iveti¢ et al. investi-
gated the feasibility of accelerating a hydraulic engine by simulta-
neously solving simplified loop flow equations using the AQ method,
demonstrating its efficiency in WDN optimization [15]. Vasilic et al.
proposed improving the AQ method with a new TRIangulation BAsed
Loops (TRIBAL) identification algorithm, which performs fewer com-
putations over GGA [16].

Suvizi et al. [17] proposed a parallel computational architecture
named "CA_Linear RTL" rooted in the concept of CA to accelerate the
numerical solution for steady-state hydraulic analysis of WDN. In their
study, a WDN is divided into several independent cells, following the
rules of CA neighborhoods. Subsequently, the non-linear hydraulic
equations for these cells are formulated based on H equations and
linearized in parallel using a Taylor series expansion. Each cell performs
a series of small, finite calculations simultaneously. This parallel
CA-based architecture is implemented on FPGAs, as CA-based algo-
rithms are notably compatible with hardware platforms that feature
parallel architecture.

This paper proposes a novel approach to accelerate the hydraulic
analysis of WDNs by utilizing a parallel architecture using learning
automata (LA). This method modifies the traditional hydraulic analysis
to enhance its energy-efficiency and reduce computation time. The WDN
is divided into small sub-networks called cells, each consisting of a
central node and its neighboring nodes. Mass and energy conservation
laws are simultaneously solved for each central node and its neighbors.
This process is facilitated by applying a set of rules based on the current
state of each cell and its neighboring cells [18]. The proposed algorithm
combines cellular automata (CA) and LA. CA allows each cell to behave
independently, determining its next state based on a set of rules and the
current states of neighboring cells. Conversely, LA introduces a learning
capability to adapt and improve decision-making within each cell. By
incorporating LA in each CA cell, the hydraulic analysis of WDNs can be
performed more efficiently.

The final step to solve the non-linear hydraulic equations of WDN
involves the linearization method with the Taylor series. This method
linearizes the set of non-linear equations, enabling parallel and efficient
computation. By integrating LA and CA with the parallel computation
process and the linearization method, this paper proposes a significant
step towards integrating sustainability into the computational analysis
of water distribution systems.

The structure of this paper is as follows: An introduction to the
fundamental concepts of WDNs is presented in Section II. Section III
details our proposed approach for speeding up the solution of equations
in hydraulic system analysis. The methodology is then exemplified in
Section IV. The description of the experimental results and application
of the method to a WDN is discussed in section V. Finally, Section VI
draws the primary conclusions from our research and suggests possible
future developments.

2. Material and methods
2.1. Model of WDN analysis

Link-node model is a widely used and efficient method for repre-
senting WDNSs. In this model, a node consists of junctions, reservoirs, and
tanks. Junctions are the places where water is consumed and reservoirs
are unlimited sources of water like groundwater or lakes, while tanks
can store water with a limited capacity. A link represents pipes, pumps,
or control valves. This paper focuses on networks comprising pipes,
junctions, and reservoir to show the main concept, as many WDNs are in
this format. This model calculates pressure heads and flows at nodes and
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links using the laws of mass and energy conservation, respectively [19].
The crucial components of this model are detailed below [20,21].

2.1.1. Head

The hydraulic head refers to the equivalent water height corre-
sponding to a specific pressure exerted by the water column at the base
of the container. Water pressure in WDNSs refers to the force exerted by
the water within the distribution system’s pipes.

2.1.2. Head-loss

In pipes, head loss occurs due to friction between the flow and the
pipe wall. Head loss in water pipes can be modeled with the Hazen-
Williams model. Eq. (1) represents the Hazen-Williams head-loss
relationships.

10.67xL; * Q;' 552
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In this equation, for a pipe j, C; is the stiffness coefficient, d; is its
diameter, L; is its length and Q; is the water flow in the pipe.

2.1.3. Mass and energy conservation

According to the law of mass conservation in water distribution
networks, the algebraic sum of input and output flow of water to node j
must be zero. Eq. (2) represents the law of mass conservation:

> =g )
k

In this equation, g; represents the demand of node j, and Q, repre-
sents the flow of each node k which is connected to node j. The law of
conservation of energy is represented by Eq. (3).

h = H; — Hy = i Q" 3

In this equation, H; and H; are the head values at the beginning and
end of the pipe k, ry is the resistance coefficient of pipe k, n = 1.852, and
Q is the flow of pipe k. To ensure energy consistency across the network,
particularly in loops where multiple paths connect two nodes, the loop
energy conservation equation is also considered.

> hyi=0 C))
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In this equation, hy; represents the head loss in each pipe segment
within the loop, ensuring that the total energy around any closed loop is
conserved.

2.2. Hydraulic analysis of WDN

Hydraulic analysis of water distribution networks is performed using
two methods: demand-driven analysis and pressure-driven analysis.
Demand-driven model is a classical problem of WDS analysis, assuming
that all nodal outflows are equal to the required demands regardless of
the actual nodal pressures. This model is commonly used and integrated
into various software tools, such as EPANET [22]. Consequently, this
study focuses on water network analysis using this model. In this model,
the water requirements of the nodes are fully satisfied, regardless of the
pressure levels at these nodes. Consider a WDN including n, pipes and n;
nodes with n, fixed-head nodes. In this network, the flow in the n, pipes
and the heads of the n, = n; — n, nodes are unknown. By applying the
laws of mass and energy conservation, a non-linear system represented
by Eq. (5) can be derived [23]:

-

In this equation, Q" = {Qh Q, -, an] is the pipe flow vector,
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H' = [H;, Hy,-,

d2,", Qn,) is the set of nodal demands that are not dependent on the
nodal head and H," = [H,.1, H,] is the known heads
vector. Aj; and A;q  are called edge-to-non-source-node and edge-to-
source-node connectivity matrices, respectively. In these matrices,
each entry a[i,] is set as:

H,,] is the unknown pressure head vector, ¢" = [q1,

Hpz, -,

1 if pipe i leaves node j
afi,jl =¢ 0 if pipei is not connected to node j (6)
-1 if pipe i enters node j

Ay is also obtained from the equation Ay, = AT1,.
Matrix A;; is a diagonal matrix whose elements are obtained from
Eq. (7).

k\Ql\”’l 0

0w KQy!

In this equation, n, is equal to the number of pipes in the network for
which the required flow rates are unknown, n = 1.852, and k is the
resistance coefficient in the Hazen-Williams model. One of the most used
methods for solving hydraulic network equations in WDNs is the GGA
[22]. GGA creates a system of non-linear equations represented by a
positive definite matrix. This method analyzes the non-linear equation
system and efficiently determines the pressure and flow values at nodes
and pipes, respectively. It is an iterative algorithm that will execute and
calculate the head and flow values until achieving negligible change in
values between iterations. The number of iterations may be very high,
especially in complex networks. Moreover, matrix inversion may play a
major role in the run time of the algorithm leading to high time
complexity in each iteration.

Ay = (@)

2.3. Taylor series

Utilizing Taylor expansions is one of the most efficient methods to
linearize nonlinear equations. Taylor’s expansion results in a linear
relationship when we take the first two terms of the series into account.
Eq. (8) presents Taylor’s expansion in a linear format, while Eq. (9)
demonstrates the calculation of *x” using this expansion.

F) = f(xo) +fP (x0) (x — x0) ®

f(xo)

if f(x) = 0—x =xo 7f(1)(xo)

9

where f1) (xo) is the first derivative of f at xo.

2.4. Cellular and learning automata

2.4.1. Cellular automata

John von Neumann conducted the first studies on CA in the late
1940s, motivated by biology [24]. Each individual cell comprises a finite
state machine and a set of neighbors defined in relation to it. The
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neighborhood of a two-dimensional array can be defined in various
ways. The most well-known definitions are Moore’s neighborhood and
Neumann’s neighborhood. In the Moore’s neighborhood, all the eight
cells adjacent to the central cell are considered as the neighborhood.
However, the Neumann neighborhood includes only the top, bottom,
left, and right cells [25]. The common CA neighborhoods are illustrated
in Fig. 1.

To model a system using CA, four essential components are needed: a
cell, the cell’s state, the cell’s neighborhood, and an updating rule that
changes the cell’s state in each iteration. CA are characterized by their
parallelism, display representation, and homogeneous local structure.
Parallelism implies that the states of all the cells change simultaneously
with each update occurring in parallel. The local structure of CA means
that a cell’s new state is determined solely by its previous state and the
states of its neighbors. The homogeneity feature involves rule-based
updating of all cells [26,27]. There are generally two types of updat-
ing rules: ad hoc and analytical. Various updating rules have been
explored in relation to optimization problems. Experimental results
suggest that CA models using ad hoc updating rules are typically more
flexible. In contrast, CA models employing analytical rules are faster and
more suitable for computationally time-intensive situations. [28].

2.4.2. Learning automata

A learning automaton, an adaptive decision-making unit [29,30],
enhances its performance by learning to choose the best action from a
finite set of alternatives in a random environment. Each action in the set
is assigned a probability distribution, and the chosen action is given as
input to the environment. In response to the selected action, the envi-
ronment provides a reinforcement signal. The probability vector of the
action is adjusted according to this reinforcement feedback from the
environment. A learning automaton aims to identify the optimal action
among the set to minimize the average penalty it receives from the
environment.

The environment can be described by a triple E = {q, 3, c}, where a
= {a1, ay, ..., a;} denotes the set of inputs, f = {f1, B, ..., fm} denotes
the set of values that the reinforcement signal can take, and ¢ = {cy, cz,
..., Cm} represents the penalty probability set, with each element ci
representing the given action o;.

An environment is referred to as stationary random if the penalty
probabilities remain consistent. Conversely, an environment that
changes over time is known as non-stationary environment. Environ-
ments can be categorized into P-model, Q-model, and S-model based on
the reinforcement signal p. A P-model environment only accepts two
binary values: 0 and 1. In the Q-model environments, the reinforcement
signal can assume a finite number of values within the range of [0,1]. S-
model environments allow any reinforcement signals within the range of
[a, b]. Fig. 2 illustrates the learning automaton within its random
environment.

The learning automata are divided into two main categories [31]:
fixed structure learning automata (FSLA) and variable structure learning
automata (VSLA). There are three components of VSLA (4, a, T), where
is the set of inputs, « is the set of actions, and T is the learning algorithm.

Smith Cole

Neumann Moore

Fig. 1. Common neighborhood structures in cellular automata.
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Fig. 2. Learning Automata in a random environment.

The learning algorithm modifies the action probability vector by using a
recurrence relation. Let a(k) and p(k) indicate the selected action at
instant k and the probability vector based on which it is selected,
respectively. A linear learning algorithm updates the action probability
vector p using the recurrence equation shown in (10) and (11). Let a(k)
be the action chosen by the automaton at instant k.

B -k)+a{1fp-(k)] j=ioa
pilk+1)= {pj( J _ if action gets reward (10)
' (1 - a)p;(k) Vi #i

(1 —b)p;(k) j=i
b if action gets punish

pik+1) = .
1) T -bpk) V£

(
(1)

An automaton can choose up to r actions, and a(k) and b(k) are
reward and penalty parameters that determine how much the proba-
bility of an action increases and decreases. If a(k)= b(k), the recurrence
Egs. (10) and (11) are called the linear reward-penalty (LRP) algorithm.
If a(k) = eb(k) where 0< e<1, then the learning algorithm is called the
linear reward-e-penalty (LReP). Finally, if b(k) = 0, the equations are
called linear reward-inaction (LRI).

3. Theory and calculation

The complexity and nonlinearity in the head-flow equations of WDNs
not only increase the modeling execution time but also amplify energy
consumption, thereby reducing modeling accuracy and efficiency.
Recognizing these challenges, this section introduces a parallel algo-
rithm that uses CA and LA for the numerical solution of the hydraulic
model, aiming to solve WDN difficulties efficiently.

The proposed method employs a demand-driven model, which re-
mains highly relevant for systems where the pressure typically suffices
to meet demands. This approach is particularly advantageous in sce-
narios where an initial analysis is needed to identify potential pressure
inadequacies before a more detailed pressure-driven study is conducted.
By focusing on demand-driven analysis, our model streamlines the
computational process, enabling a clearer focus on enhancing compu-
tational efficiency and energy savings.

Each WDN node in our model is considered a cell, with the head of
nodes defined as the cell state. Applying Neumann’s neighborhood rule
to a cell simplifies the complex and non-linear equations related to the
hydraulic model of the water distribution system, thus accelerating the
equation-solving processes. The environment of the proposed algorithm
is based on the P-model, where the reinforcement signal p can only be
zero or one. According to the updating rules, a probability vector with
ten entries ranging from zero to one is assigned to each cell. The length
and values of this vector are finely tuned for optimal balance between
time and accuracy considerations, with initial values set at 1/n, which
are then updated based on the LReP algorithm in accordance with Egs.
(10) and (11).

By using this demand-driven approach, we are able to maintain
simplicity and focus on computational efficiency and energy savings
without the added complexity of pressure-responsive modeling. This
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foundational method not only provides a basis for immediate applica-
tion in suitable scenarios but also sets the stage for future extensions to
include pressure-driven analysis, thereby broadening the applicability
and enhancing the realism of our simulations.

Summary of contribution:

> Hydraulic Equations Linearization: The method applies Taylor series
expansions to linearize the non-linear hydraulic equations of the
WDN. This mathematical approach simplifies the equations, making
them easier and faster to solve.

> CA for Network Segmentation: The network is divided into segments
called cells, each representing a node and its immediate connections.
This segmentation allows for parallel processing where each cell
calculates its state independently, enhancing computational speed.

> Writing and Solving Mass Conservation Equations: Mass conserva-
tion equations are written for each node and solved simultaneously
across the network, ensuring that the inflows and outflows at each
node are balanced. This process is crucial for maintaining the phys-
ical accuracy of the network model.

> Flow Calculation and Convergence Analysis: At the end of each
iteration, flow rates in each pipe are calculated, and the mass con-
servation at each node is checked. Energy conservation is also
monitored to assess the convergence of the system towards a steady
state, demonstrating the effectiveness of the model in simulating
real-world hydraulic conditions.

> LA for Iterative Optimization: LA is employed to dynamically adjust
the calculations within each cell based on feedback. This adaptive
mechanism not only optimizes convergence and accuracy but also
significantly reduces the number of iterations needed to reach a
solution.

3.1. Equations of a cell

A water distribution network is taken as input and divided into n,
cells, where n, represents the number of non-reservoir nodes. Following
the Neumann’s neighborhood rule, each cell comprises a central node
and a minimum of one to a maximum of four adjacent nodes associated
with the neighboring pipes of the central node. These cells can be pro-
cessed simultaneously to calculate the node heads and pipe flows. Per-
taining to this, the mass conservation equations for the nodes are
derived based on Eq. (12). In contrast, the head-loss equations for each
pipe and between the two interconnected nodes are derived based on Eq.
(13).

S ->Qr-gi=0 Vie(l,n) 12)
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In these equations, n, is the number of nodes, H;"* and HJm denote the
head values for the two ends of the pipe between nodes i and j in iter-
ation m, respectively, Q" represents the flow rate of pipe [, k;  stands for
the resistance coefficient of pipe [, q; represents the demand of node i,
jin is the set of inlet flow pipes, j,. represents the set of outlet flow pipes,
and n = 1.852.

According to the proposed computational architecture in [17], which
is based on the CA concept used in solving WDNs and by adding the LA
principle, the next state of a central node in each cell is determined by its
current state and the states of its neighboring nodes. In our algorithm,
the state of a cell is considered the *head’ of a node, and its value is
derived from the current ’head’ values of the neighboring nodes.
Consequently, while we know the head’ of the neighboring nodes and
the demand of the central node, the "head’ of the central node and the
pipe flow remain unknown. The ’heads’ of the central nodes are
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calculated iteratively and simultaneously using the cells’ non-linear Eqs.
(12), (13).

3.2. Parallel calculation of WDNs

This stage involves formulating the equilibrium equations of mass at
the node and energy equilibrium in the pipes in terms of heads, which
simplifies the calculations by reducing the number of unknowns. This
approach enables easier and faster equation-solving. Based on the pro-
posed algorithm, the WDN is segmented into several cells according to
the CA. Each cell operates on the LA logic. Taking into account the
environment, this logic facilitates the updating of the probability vector,
action selection, and the receipt of the environment response signal.
Fig. 3 illustrates a cell following Neumann'’s neighborhood rule, which
consists of a central node and its neighbors.

In this figure, the central node is N1. The neighboring nodes with
known heads are N2, N3, N4, and N5. By utilizing Eqs. (12) and (13), we
can formulate the mass conservation equation for the central node. Eqs.
(14) to (17) are the head-loss equations in the pipes between the node
pairs.

Qu = signf™ | a4
Qu=sign e 15)
Qu = signi | (16)
Qszﬂmﬁﬁifﬁﬁ a7

Eq. (18) states that the sum of the input and output flows to and from
node N1 is proportional to the flow’s direction in each pipe. It shows the
mass conservation equation for the central node.

G+E+BE+QG -1 =0 18)

The final equation for the central node will have one unknown var-
iable remaining after substituting the head-loss equations of pipes into
Eq. (18). The flow’s direction is taken into account when determining
the sign between expressions in this context.

(Hp—HP\n _ (HU-H'\n _(H}—HT
sign| = +stgnT +szgnT

1
. (Hy —HM\n
+slgn(%) - ¢ =0

EXE

19)

Local Rule

OO O
O 0@ 0O
00 e

OO0 @O0
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Fig. 3. A cell based on the Neumann’s neighborhood.
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This equation will be written for all cells (central node and its
neighbors) using CA, and by using LA and Taylor series, it will be solved
simultaneously. By solving this nonlinear equation using the Taylor
series and the head values from the previous iteration, the head value of
each cell (H’i"“), which represents the head of node i in the iteration,
m+1 is obtained.

3.3. Linearizing with Taylor series expansion

The hydraulic equations were reduced to one equation (Eq. 19) for
each node in the previous section. This is a nonlinear equation, which is
linearized using the Taylor series based on Eq. (9). The only unknown
value in the equation (H™'!) is determined as follows:

1 1 1
HJ' — H"\n HY — H"\n H? — H™\n
Fyn :sign(i2 5 1) +sign(75 1) +sign( 3 1)

k k
. ° ’ (20)
Y
+s1¢gnT —q
1\ [H—H'[" |HT—HP HD - HT
e ()5 [
L ° ; @1
MR
ks
F
H = H —w () (22)

DFyn

In this equation, HY' is the value of the central node in the previous
iteration, and HT"'! is the value of the central node in the current iter-
ation. In the following, a is briefly used in the equations instead of 1.

3.4. Steps for solving hydraulic equations

The approach to solving the hydraulic equations starts with each
central node in cells of WDN being associated with Eq. (19), which in-
tegrates potential differences with neighboring nodes. These differences
drive the flow between nodes under hydraulic gradients. Due to the
nonlinear nature of the equation, a Taylor series expansion is employed
for linearization, centered around the head value from the previous
iteration H". This simplifies the nonlinear equation into a linear form
that approximates the behavior of the nonlinear system under small
changes in head.

Subsequently, the derivatives of the nonlinear function with respect
to the central node head values, shown in Eq. (21) as derivative DFyn are
calculated. This equation is essential for understanding how changes in
one node’s head affect another and facilitates the application of iterative
solvers. Using the previous iteration’s head values, the linearized system
is solved iteratively. The update Eq. (22) adjusts the head based on the
gradient of the solution landscape, defined by the Fy»  and DFyr, and a
step size w, progressively moving towards the system’s equilibrium
state.

At the end of each iteration, the change in head values (AH) is
calculated. This difference is used to check for convergence; if (AH) falls
below a predetermined threshold, the solution is considered stable, and
the iteration process is halted.

3.4.1. Integration of dynamic hydraulic components

In the pursuit of refining the simulation of WDNSs, our study extends
beyond the static calculations of the network hydraulics to incorporate
dynamic elements such as pumps and tanks, which are pivotal in real-
world applications. This section builds upon the foundational method-
ologies discussed earlier, particularly focusing on how these components
are seamlessly integrated into our parallel computation framework for
WDNs and its limitations.
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Dynamic hydraulic components like pumps and tanks introduce
variable behaviors based on operational conditions and time, necessi-
tating a more detailed approach to accurately model their impact within
a demand-driven analysis framework. Pumps, which enhance hydraulic
head and thus influence flow rates across the network, and tanks, which
serve as reservoirs with fluctuating water levels affecting the network
pressure, are crucial for the realism and applicability of hydraulic
models.

Given the complexity and the dynamic nature of these components,
this section will delve into the mathematical formulations used to
represent their functionality. It will further discuss the integration of
these formulations into the existing parallel computational architecture,
emphasizing the modifications necessary to accommodate the non-static
characteristics of pumps and tanks.

Our current research primarily emphasizes steady-state simulations
to validate the parallel computational architecture we’ve developed.
Although our model’s structure—featuring modular design, cell inde-
pendence, and learning capabilities—is well-suited for dynamic condi-
tions like those found in Extended Period Simulations (EPS), we have
initially focused on steady-state conditions. This focus aimed to establish
a robust and fast computational system before exploring the complex
dynamics of EPS. Moving forward, we plan to expand our methodology
to include EPS, which will allow us to leverage the full dynamic po-
tential of our system for simulating real-time network behaviors over
extended periods. This expansion is expected to significantly enhance
the scope and utility of our model, as outlined in the discussions of
current limitations and future research directions.

Tank: To incorporate a tank into our existing hydraulic model
equations, it is needed to treat it as a node with a variable head that
depends on the stored water volume. Eq. (23) shows its head calculation.

m
Vwater

H.™ = H_elevation + —a (23)

In the given equation, Hepyarion i the initial head of tank, Vi qe. is the
volume of water in the tank, and A is the cross-sectional area of the tank.
In order to incorporate this equation into our hydraulic equations, we
must write the mass conservation equation for each tank, similar to all
other nodes. Using the head-loss equation, we then rewrite the mass
conservation equation in terms of heads. The mass conservation equa-
tion for the tank is shown in Eq. (24).

1
sign "t~ M g _ g @4
i=neighbor nodes L

In this equation, HJ., is the tank head in the m™ iteration, H" is the
head value of its neighboring node, q is demand and k; stands for the
resistance coefficient of the connected pipe, with n = 1.852. In each
iteration, after head calculation for junctions, we need to calculate flow
of pipes, especially those connected to the tank and use that flow to
update tank volume based on Eq. (25). This updated tank volume will
then be used to update the tank head using Eq. (23) for the next
iteration.

V@ = VO 4 Qi — Quu) At 29

In the given equation, V is the volume of water in the tank and Q;,
and Q,, are net flow into or out of the tank, respectively.

Pump: To incorporate a pump into our existing hydraulic equations
for WDN:, it is need to account for the way a pump influences the hy-
draulic head between its inlet and outlet. A pump adds a specific head
increase (AHpunp) that is typically dependent on the flow rate passing
through the pump. This relationship can be defined using a pump curve,
which describes how the head increase varies with flow.

More commonly, pumps are treated as links between two nodes. In
this case, the head at the downstream node is the head at the upstream
node plus the head increase provided by the pump. To incorporate a
pump into the existing hydraulic balance equation, we can modify the
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flow equations between nodes where the pump is installed. Assuming
the pump is between nodes i and j, the modified equation for node i is
shown in Eq. (26).

1 1
Hy — HY|r "
ki

(H™ 4+ AHpyp) — H'
) - (@) =0

> s

k=junctions

+ (sign‘

(26)

In this equation, AH,,n, is the head increase due to the pump, which
can be calculated from the pump curve based on the flow rate Q and
H" is the hydraulic head at the pump’s inlet node in the mt iteration.
The first element of this equation represents the main mass conservation
for node i with all its neighbors excluding the node that has a pump
between it and node i. The second element is the equation for nodes i and
j that have a pump between them. In each iteration of computation, it is
needed to update the AH,,, based on the flow rate calculated in that
iteration. Eq. (27) shows how to perform this update by the end of each
iteration.

AI_Ipump :f(Q) =a— bQ - CQ2 (27)

In this equation a,b and c are coefficients determined by the pump’s
characteristics and Q is the flow rate through the pump. By adjusting
these coefficients, we can calibrate the pump curve.

3.5. LA calculation in CA’s cell

In complex systems with uncertainty and limited information, LA
introduces a specific approach for reinforcement learning. LAs are sto-
chastic models that make decisions based on past experiences and in-
teractions with the environment.

The learning algorithm is formulated as follows [32]:

1. Initialization: Initialize the probabilities of selecting actions. A vector
typically represents these probabilities.

2. Action Selection: Select an action based on the current probabilities.

3. Environment Interaction: Interact with the environment by
executing the selected action and receiving a punishment/reward
signal.

4. Probability Update: Update the probabilities based on the received
reinforcement signal. The updating procedure uses a learning rule
that adjusts the probabilities towards higher rewards.

5. Repeat Steps 2-4 until convergence or a predefined stopping crite-
rion is met.

The formulation of the learning algorithm in CA for calculating the
head of nodes can be described as follows:

1. Neighborhood Selection: Select a neighborhood for each node. The
neighborhood defines the set of neighboring nodes that influence the
value of the current node.

2. Value Calculation: Calculate the new value for each node based on
the values of its neighboring nodes. In the learning algorithm, the
value calculation is performed using a function that combines the
values of the neighboring nodes.

3. Update: Update the values of the nodes based on the calculated
values in step 2. The update is typically performed simultaneously
for all nodes in the cellular automaton.

4. Repeat Steps 1-3 until convergence or a predefined stopping crite-
rion is met.

The objective of the learning algorithm in CA is to learn the optimal
values for each node in the automaton. The algorithm aims to capture
the relationships and dependencies between nodes by considering the
values of the neighboring nodes in the value calculation process in each
iteration.
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This formulation leverages the principles of CA, where nodes interact
locally with their neighbors to determine their own state or value. The
learning algorithm in each cell introduces a function that combines the
values of the neighboring nodes to calculate the new value for each
node. In addition, a weighted parameter (w) is considered for updating
the value of the heads in Eq. (22).

The concept of "weight" refers to the value assigned to each neigh-
boring node based on the value difference between the current node and
its neighbors. Using weights allows the algorithm to consider the
importance or influence of each neighbor’s value when calculating a
node’s new value.

LA is utilized to calculate the optimal value for the weight parameter
(w) in each cell, using an algorithm that selects actions based on past
experiences from the environment [33].

The proposed algorithm defines the updating rule based on Eq. (28).

H,—-H,<e¢ (28)

In the given equation, H, and H,_; represent the node’s head values
in the last and penultimate iterations, respectively. The equation illus-
trates the difference between the node’s value in the n'" iteration and its
value in the (n—l)th iteration, to be less than a certain threshold (¢). A
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selected action is rewarded if the parameter values for this condition
decrease with each iteration relative to the prior one. This implies that
the head value in each cell remains nearly constant across two consec-
utive iterations. Conversely, if the condition is not met, the selected
action is penalized.

The learning automaton receives updated action probabilities as
input and generates the weight parameter (w) as output. It is assumed
that the value of (w) is chosen based on a random number generation
procedure f (f € [0,1]). With Eq. (29) as a constraint, the algorithm
identifies a w that has a cumulative probability equal to or exceeding the
generated random number.

Y P>f (29)
j=1

This iterative process is repeated until the convergence condition is
met. The convergence condition is achieved when one entry in each
probability vector exceeds 0.9. The pseudocode for the described
method is presented in Algorithm 1.

Algorithm 1. LA in CA

[Input]: Parallel cells, heads, and pipe characteristics, stopping criterion &

[Output]: H

1. While (at least one entry in each probablity vector exceeds 0.9)

2. For each cell j with n,; neighbors
3. For each neighbor i of cell j
np;i—1
Yico  sign(H'-H")
4. F]-=[ 0 iy J ]a_qj
"pl |Hm_Hm|

5. DFj = (—a) *

kyj
6. End for
7. if (iteration! = 0)

T T T
;. [LAguy]” = [+ — O]
9. if |LAxugy| < €
10. Receive Reward_Signal from Environment
11. else
12. Receive Punish Signal from Environment
13. W = Choose_action ()
1 _ Fj

14. H;n = Hlm — W (D_F})
15. Update H;’s in all cells (j € /1, n])
16.  End for

17. End while
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Fig. 4. The flowchart of the proposed algorithm for hydraulic analysis using LA.

Fig. 4 outlines the steps of the proposed algorithm. The system’s
input is the characteristics of the WDN, and the nodes’ head values are
generated as output. Initially, the network is partitioned into j cells, each
representing a node with an unknown head value, based on Neumann’s
CA neighborhood. Then for each cell, the corresponding hydraulic
equation and a unique LA are specified.

Each LA uses the head equations from each concurrent cell in the
hydraulic analysis stage. An action representing the (w) parameter is
chosen for every cell. The difference between the head value in the
current and previous iterations is then calculated and compared with e.
A reward is issued if the difference is less than ¢; otherwise, a penalty is
given as a reinforcement signal p.

Subsequently, the action probability is updated based on p. The value
of a successful action increases while the value of other actions de-
creases. This process repeats until all cells converge. Convergence is
achieved when at least one entry in each probability vector reaches 0.9.
Upon meeting this convergence condition, the final head values are
reported.

In this architecture, each node, along with its four neighbors, forms a
cell, and the hydraulic equations for all nodes are solved concurrently
using the Taylor series, enabling each cell to adjust its decision-making
process based on local conditions. After making a decision, each cell

Cells of Cellular Automata

( Hydraulic Analysis Cell N1

( Hydraulic Analysis Cell_N2 )

Q Hydraulic Analysis Cell Nn }

Environment

Local Rule

u(Actionl B(Signal)

\

‘,‘ Learning A
|

v

e~ [

Fig. 5. LA-based steady-state hydraulic analysis of WDN.

evaluates the result and measures its performance against predefined
goals or optimization criteria. The cell subsequently updates its internal
parameters, such as decision probabilities, based on the feedback
received and its decision’s success (reward) or failure (punishment).
This decision-making, interaction with neighbors, and learning process
are iteratively repeated for each cell. The cells modify their decision-
making strategies and parameters through this iterative process,
continuously refining the WDN hydraulic analysis. Fig. 5 illustrates the
general structure of the proposed architecture, showing its components.
Each component, numbered from 1 to n, represents a node in the
network with an unknown head, and each consists of an environment

and learning automata where hydraulic analysis is executed using LA
logic.

3.5.1. Convergence analysis

In this section, we explore the convergence characteristics of our
method, where the WDN is segmented into various sub-networks. The
head of the central cell in each subnet is determined using Eq. (19). It’s
observed that zero flow in any pipe during steady state can lead to
instability, as noted in [34]. However, our method, LA in CA, demon-
strates robust convergence even in the presence of zero-flow conditions
within the network. This resilience is attributed to our CA’s update
mechanism, where the head value calculations for a central cell incor-
porate the previous head values from adjacent cells at either end of the

pipe. Consequently, the flow in such pipes does not reach zero until the
model fully converges to a stable state.

We validated the convergence of our algorithm through two distinct
approaches. Initially, we conducted simulations on a network consisting

Iteration Distribution
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80
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40
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Number of iterations

Fig. 6. Distribution of iterations required to reach convergence for
different WDNs.
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of five nodes and seven pipes, aligning our methods with the conver-
gence analyses presented in [8], which examined various algorithms
including GGA, LT, H (the Newton-Raphson nodal algorithm), and L (the
simultaneous loop algorithm). The results of these simulations are
depicted in Fig. 6, demonstrating that the number of iterations required
to reach convergence varied from 50 to 132. This variation underscores
the adaptability and effectiveness of our updating technique across
different network scenarios.

Additionally, we employed the energy balance equation, a robust
method to ensure the accuracy and stability of our simulations. This
approach involves verifying the consistency of total power within the
system between iterations, ensuring that the sum of internally dissipated
power and the power delivered to users aligns with the total input
power. This dual validation strategy not only reinforces the reliability of
our algorithm but also showcases its capability to handle diverse and
dynamic hydraulic conditions effectively within water distribution
networks.

We rigorously apply the energy balance equation derived from
Todini’s research [35] to assess the convergence of our numerical model
in hydraulic simulations. This method is a pivotal tool in verifying the
efficiency and accuracy of the simulations within WDNs.

Convergence Analysis Using Energy Balance Equation:

The energy balance equation based on Todini’s paper [35] is repre-
sented as Pyyy = Pint + Pexr. This equation helps us understand how the
total power input into the system (from sources like reservoirs) is
distributed within the network. Pj, represents the internal power
dissipated within the pipes due to friction and other resistances, while
P,,. reflects the power used effectively to deliver water to the end-users
(nodes).

To ensure that our model provides reliable and stable solutions, we
verify that the total energy across the network remains consistent be-
tween iterations. This involves checking the sum of P;,; and P, against
Py, for all pipes and nodes in the WDN to ensure they balance within a
small tolerance ¢. A decreasing trend or stabilization in the difference
between consecutive iterations of P indicates that our model is
approaching a physically realistic solution, demonstrating convergence
and modeling accuracy. Egs. (30) and (31) show the formulation for Pj,,
for each pipe and P, for each node in the WDN, respectively.

Py = Hf (30)

Paxt.node = Hd.node * (qnode) (31)

In these equations, Hy is each pipe’s head-loss that is calculated using
Eq. (1), Hyq is the hydraulic head at each node and g is the node
demand.

In order to check the quality of convergence, it is needed to sum up
the energy losses due to head losses across all pipes (3_y pipesPint) and

Plot of Convergence
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Fig. 7. The convergence of our method using energy balance equation for
Todini WDN.
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sum up the total power delivered to all nodes (3" nogesPext) and check
its equality with total available power at the entrance in the WDN, which
can be calculated using Eq. (32).

Pt = ZHiQi (32)
i=1

In this equation, Q; and H; are the flow rate and the head, respec-
tively, for each reservoir i.

In each iteration, this equality suggests that the total energy inputs
are consistent between iterations, indicating model stability. It shows
that the numerical solutions are converging correctly, and the model is
reliable for simulating the physical system. Utilizing the previously
described formulations, we conducted extensive experiments to ensure
that our convergence criteria were met for every WDN. This is particu-
larly important as it highlights the effectiveness of our method in quickly
achieving steady-state conditions, thereby validating the reliability and
robustness of our computational approach in handling the complex
dynamics of water distribution networks. Fig. 7 shows the convergence
analysis using energy balance equation for Todini WDN [36].

The figure illustrates the progression of convergence in our simula-
tion by plotting the difference between Py, and (Pint + Pex) OVer suc-
cessive iterations. Each iteration shows a reduction in this difference,
demonstrating that the system’s energy balance is progressively
improving. By the final iterations, the plot stabilizes near zero, indi-
cating that the model has reached a steady state with well-balanced
energy dynamics.

4. Numerical example

The previous section provided a thorough investigation of cellular
and learning automata as well as hydraulic equations. The first row of
Table 2 contains a figure illustrating a water distribution network, called
Todini network which was selected from [36]. The proposed method is
used to solve the hydraulic equations. This network comprises four de-
mand nodes, seven pipes, and one source node. The resistance coeffi-
cient K of a pipe can be calculated using its diameter, length, and
stiffness coefficient, as shown in Eq. (1). Table 1 provides the values of K
and the nodal demands.

Based on the proposed LA-based method and Neumann’s neighbor-
hood structure in cellular automata, each node can have a minimum of
one and a maximum of four neighbors. Consequently, the number of
equations matches the number of non-source nodes. Table 2 provides a
schematic representation of the Todini network, illustrating the process
of forming parallel cells and their resolution using the Taylor series. The
numbers with blue color are selected action in each probability vector in
each iteration.

According to the proposed algorithm, each non-reservoir node and
its neighbors are considered a cell; as a result, this WDN has four cells.
All cells are simultaneously solved in each step based on the neighbor’s
current state. Then, the head values of the central nodes in all cells are
updated. This process is repeated until head convergence is obtained for
all nodes.

5. Results and discussion

Table 3 shows the calculated heads for the EPANET, CA_Linear RTL
[17], and LA in CA. The results of EPANET and LA in CA were obtained
on a system with a 2.4 GHz processor and 4 gigabytes of memory, while
the results of [17] were obtained on FPGA chip. The first column shows
the node’s number in the "Todini" network. The second and the third
columns show the final values of the heads calculated by EPANET and
CA_Linear RTL architecture in [17], along with the calculation time for
each. The fourth column shows the final head values calculated by the
proposed method in this article, as well as the calculation time involved.
The two last columns also show the accuracy of calculations in the



A. Suvizi et al.

Sustainable Computing: Informatics and Systems 46 (2025) 101135

Table 1
Characteristics of junctions and pipes for the example.
Nodes Head (m) Demand (L/S) Pipes Length (m) Roughness Diameter (mm) K
1 100 —100 1 1000 100 500 61.6851
2 1 10 2 1000 100 500 61.6851
3 1 20 3 1000 100 500 61.6851
4 1 30 4 1000 100 500 61.6851
5 1 40 5 1000 100 500 61.6851
- 6 1000 100 500 61.6851
- 7 1000 100 500 61.6851

proposed algorithm (head and flow balance errors) and the speed-up of
calculation time compared to EPANET. The mass conservation (flow
balance error) is calculated for each node using Eq. 2, based on the head
value from the last iteration. Additionally, flow rates at each node are
measured alongside the heads, providing a comprehensive view of the
network’s hydraulic performance. These flow measurements are crucial
for confirming the functionality of the network under simulated condi-
tions. Table 4 shows the calculated flows for the EPANET, [17], and LA
in CA and energy conservation values for each pipe (Eq. 3). Moreover,
Table 5 demonstrates the loops in the WDN and the energy conservation
in loops (Eq. 4).

The energy conservation across each loop was evaluated using Eq. 4,
which calculates the sum of head losses around each loop to ensure they
approximate zero. This methodology confirms that the network adheres
to the fundamental principles of hydraulic continuity and energy con-
servation, crucial for the stability and accuracy of hydraulic models in
water distribution systems. Additionally, the total energy balance within
the water distribution network (WDN) was rigorously analyzed and is
detailed in Section 3.5.1, with results depicted in Fig. 7. This analysis
verifies that the overall energy within the system is conserved across
multiple simulation iterations, further substantiating the model’s accu-
racy and stability in replicating realistic hydraulic conditions.

As part of the study, steady-state hydraulic analysis was applied to
multiple WDNs from the University of Exeter site benchmarks [36]. In
addition to evaluating the runtime and the number of iterations required
to deliver results for three different algorithms, we also meticulously
obtained the energy consumption associated with both our algorithm
and EPANET. This comprehensive analysis allowed us to not only assess
the computational efficiency but also evaluate the energy efficiency,
highlighting the sustainable computing advantages of our method. By
quantifying energy usage alongside runtime and iteration count, we
offer a more holistic view of the performance benefits, further empha-
sizing the potential for significant energy savings in water distribution
network analysis.

The Foss_Poly network, used as a key case study in our analysis, is
illustrated in Fig. 8. This network representation helps visualize the
complex structure and flow dynamics discussed.

This diagram of the Foss_Poly network shows all 37 nodes, including
one reservoir (represented by node 37 as a red square), and the 58 pipes
that interconnect these nodes. The nodes are labeled with identifiers,
and arrows indicate the flow direction within the network. Notably, this
network, typical of many WDNs, lacks pumps, tanks, and valves, which
often simplifies the hydraulic analysis but also presents unique chal-
lenges in managing flow and pressure through design and operational
strategies alone. This visual aid is fundamental for understanding the
specific network dynamics and optimizing the discussed hydraulic
models.

Since the main evaluation criteria of this research are the execution
time and energy consumption, we have presented the execution time of
EPANET, the computational architecture of CA_Linear RTL presented in
[17], and the architecture proposed in this article in one table and the
energy consumption of EPANET and our algorithm in another table.
Considering that the execution platform in the article [17] is an FPGA
chip, with a different architecture and clock frequency, its runtimes and
energy consumption may not be comparable with that of a
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general-purpose computing system. Therefore, we have compared the
execution time, energy consumption, and acceleration rate of our
approach with those of the EPANET on the same workstation.

Moreover, to provide a comprehensive evaluation, we have executed
our proposed algorithm in both serial and parallel modes. This approach
allows us to not only demonstrate the inherent efficiency of our algo-
rithm’s design but also showcases its scalability through parallel
computation. The seventh column of Table 6 presents the runtime re-
sults for the serial implementation of our algorithm, enabling a direct
comparison with the parallel execution times in the eighth column, thus
highlighting the performance enhancements achievable through
parallelization.

On the other hand, since the algorithm proposed in this article and
the article [17] are both iterative, we have compared the proposed al-
gorithm with the article [17] in terms of the number of iterations. The
results show that by using the logic of LA in each cell of CA, we have
been able to greatly reduce the number of iterations, which leads to
reducing runtime and energy consumption. The first four columns of
Table 6 show the characteristics of WDNs. Additionally, the combined
runtimes of EPANET, CA_Linear RTL, and our methods are presented
under the Runtime category. The nineth column shows the maximum
speed-up obtained compared to EPANET.

The proposed methods were evaluated for efficiency and accuracy
using standard performance metrics. The results indicate that our (LA)-
based methods accelerate the hydraulic analysis up to 60 times when
used in the CA algorithm. Thanks to the parallel implementation of the
cells, the proposed methods have significantly reduced execution time.
As the accuracy evaluation reveals, the proposed methods yield results
nearly identical to those obtained by EPANET, with our algorithm
showing an error rate of 0.01 for head values.

Serial Implementation:

For the serial execution of our algorithm, we confined the compu-
tation to a single core. This was achieved by setting the concurrency
settings in our computational environment to restrict the processing to
only one processor. This method served as a baseline to assess the
inherent efficiency of the algorithm’s design without the advantages of
multi-threading or parallel processing. The single-core execution
allowed us to directly measure the performance impact of the algo-
rithm’s logic and computational structure in a constrained environment.

Parallel Implementation:

In contrast, the parallel implementation was facilitated through the
use of a thread pool in Python, which effectively manages multiple
threads across available CPU cores. This setup allows the operating
system to allocate tasks dynamically to different processors, thus
maximizing computational efficiency. By distributing tasks across mul-
tiple cores, the algorithm can perform multiple calculations concur-
rently, significantly reducing the overall execution time compared to the
serial approach.

The thread pool approach is particularly advantageous for our CA
based algorithm, where each cell of the CA operates independently. This
independence is crucial for leveraging parallel processing, as it allows
each cell to execute without waiting for other cells to complete their
tasks. Consequently, this reduces idle time and enhances resource uti-
lization, showcasing the scalability of our approach in handling larger
and more complex network simulations.
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Table 2
Todini WDN and concurrent sets of equations to be solved.

Demands qHD =0 | q(H2) =001 | q(H3)=002 | q(H4) =003 q(H5) = 0.04

Heads H1 =100 H2)® =3 WO =4 HHO =5 H5HO =6

Probability Vectors (iteration 0):
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N3 =1[0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1, 0.1, 0.1]
N4=[0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1, 0.1, 0.1]
N5=10.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1]
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Convergence Condition: At least one entry in each probablity vector > 0.9

Probability Vectors (iteration n):
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Table 3
Todini Network Head Calculation Results.
EPANET CA _Linear RTL LA in CA Difference Mass
[17] (EPANET - Conservation
LA in CA)
#  Head (m) Head (m) Head (m) AH Flow Balance
Error
1 100 100 100 0 0
2 99.757 99.752 99.748 0.009 0.00022
3 99.762 99.759 99.753 0.009 0.00016
4 99.696 99.676 99.685 0.011 0.00013
5 99.701 99.698 99.689 0.012 0.00019
Runtime Runtime (ms) Runtime Speed-up Average
(ms) (ms) Accuracy
114.5051 0.145 3.81 30 0.0001
Table 4
Todini Network Flow Calculation Results.
EPANET CA_Linear RTL LA in Difference Energy
[17] CA (EPANET - Conservation
LA in CA)
#  Flow(L/ Flow (L/S) Flow AQ Energy
S) (L/S) Balance Error
1 50.271 50.272 50.247 0.024 0.252
2 49.728 49.729 49.700 0.028 0.247
3 —6.067 —6.067 —6.051 0.016 0.005
4 22.613 22.612 22.621 0.008 0.063
5 23.726 23.727 23.727 0.001 0.064
6 23.660 23.660 23.698 0.038 0.004
7 —6.273 —6.274 —6.276 0.003 0.068
Table 5
Todini Network Loop Energy Conservation.
Loop Path (Node Head loss Loop Energy
Number) Conservation
1 2-51-53-2 0.252 — 0.247 + 0.005 0.010
2 3-5-2->3 0.064 —0.059 + 0.005 0.010
3 3-1-4->3 —0.247 + 0.315 —0.068 0.000
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Performance Metrics:

The execution times recorded for both serial and parallel imple-
mentations, as presented in Table 6, illustrate the substantial speed
improvements achieved through parallel processing. The comparative
analysis not only highlights the effectiveness of employing multi-core
environments but also underscores the potential for our CA-based al-
gorithm in scalable, high-performance computing scenarios.

In this paper, we conducted thorough analysis of energy consump-
tion for our algorithm, labeled "LA in CA", and performed a comparative
analysis with the EPANET software, a standard in the field, across a
variety of water distribution networks (WDNs). Our evaluation of energy
consumption encompassed both package energy and DRAM energy
consumption, providing a detailed assessment during the hydraulic
analysis of several benchmark WDNs for both algorithms. This
methodical evaluation allowed us to capture a comprehensive under-
standing of the energy efficiency inherent in each algorithm. The first
column of Table 7 shows the names of the WDNs. The second and third
columns present the energy consumption for hydraulic analysis using
EPANET and LA in CA, respectively. The results indicate that incorpo-
rating LA in each CA cell can significantly reduce energy consumption.

As demonstrated in Table 7, the energy consumption metrics for
various network sizes clearly indicate the advantages of our LA in CA
approach, especially in larger and more complex network scenarios.
This data underscores the significant energy efficiency improvements
achieved by our method compared to traditional approaches like EPA-
NET and serial implementation of ours. For instance, while smaller
networks exhibit modest energy savings, the results from larger net-
works such as Jilin, BLA, and Foss_Poly show that our method can
achieve substantial reductions in energy consumption. These findings
are particularly relevant as they highlight the scalability of our
approach, where the benefits become increasingly pronounced as the
network size and complexity grow. This scalability is critical for urban
and regional water distribution systems where energy efficiency can
translate into significant cost and resource savings over time. Our
approach not only reduces the computational time but also enhances
energy efficiency without compromising the accuracy or the effective-
ness of the hydraulic analysis.

By integrating LA in each CA cell, our method reduces the number of
iterations required for analysis, further contributing to energy savings.
This underscores the potential of our method to contribute to more

Fig. 8. Schematic Diagram of the Foss_Poly WDN.
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Table 6

Sustainable Computing: Informatics and Systems 46 (2025) 101135

Benchmark Characteristics, Runtime achieved by the EPANET, CA_Linear RTL, and our approach.

Runtime (ms)

LA in CA
WDNs # of nodes # of pipes # of reservoirs EPANET CA_Linear RTL [17] Serial Parallel Speed-up
Noflow 4 3 2 110.56 0.241 12.33 2.77 39
Todini 5 7 1 114.50 0.145 13.07 3.81 30
Cheung 5 4 1 113.16 0.487 19.91 5.14 22
Example 5 5 1 116.53 0.350 13.09 1.94 60
Schur 6 7 1 115.11 0.174 12.75 3.87 29
Elhay_Zeroflow 8 11 1 113.04 0.250 13.67 4.96 22
Jilin 28 34 1 124.10 1.230 43.49 20.32 6
BLA 30 35 1 124.43 0.980 38.25 29.10 4
Foss_Poly 37 58 1 128.04 0.507 90.23 25.59 5
MOD 272 317 4 154.43 2.05 141.42 51.48 3
efficiency and energy savings, and assists in optimizing network per-
Table 7 .
i . formance. However, the current demand-driven model may not accu-
The Energy Consumption achieved by EPANET and our approach. . is . -
rately simulate conditions in networks where pressure variations are
Energy (J) significant, such as in high elevation areas. Future developments will
WDNs EPANET LA in CA focus on integrating a pressure-driven analysis to improve the model’s
Noflow 083 0.21 robustness and address non-uniform demand distributions. These en-
Todini 1.29 0.59 hancements will expand the model’s applicability to more complex
Cheung 17.63 0.41 scenarios, including EPS and incorporating dynamic components in the
Example 15.65 0.26 model as detailed in previous sections.
Schur 6.24 0.33
Elhay_Zeroflow 26.41 0.59 o X L X X
Jilin 146.56 2.30 5.1.1. Validation of conservation principles in network modeling
BLA 179.68 1.99 In our research, we have meticulously adhered to both mass and
Foss_Poly 240.81 4.34 energy conservation principles within the framework of CA and LA. Our
MOoD 389.42 789 methodology leverages the iterative capabilities of CA, enhanced by the
adaptive mechanisms of LA, to refine the solution accuracy over suc-
cessive iterations.
Table 8

The number of iterations achieved by the CA_Linear RTL and our approach.

No. of Iterations

WDNs CA Linear RTL [17] LA in CA
Noflow 3869 74
Todini 2524 83
Cheung 2638 124
Example 2746 59
Schur 2520 50
Elhay_Zeroflow 5486 90
Jilin 5811 80
BLA 6124 132
Foss_Poly 6032 127
MOD 13587 261

sustainable water distribution network analysis practices by optimizing
energy consumption without compromising on the accuracy or effi-
ciency of the analysis. Based on this, Table 8 provides a detailed
comparative analysis of the iterations required for hydraulic analysis
using the CA _Linear RTL method versus our LA in CA method. As
detailed in the table, the application of LA in each CA cell leads to a
notable reduction in the number of iterations needed to reach conver-
gence, showcasing the effectiveness of our method in optimizing the
computational workflow. The first column of Table 8 shows the names of
the WDNSs. The second and third columns present the number of itera-
tions for hydraulic analysis using CA_Linear RTL and LA in CA, respec-
tively. The results indicate that incorporating LA in each CA cell can
significantly reduce the number of iterations.

5.1. Discussion

Our parallel computational method with learning automata is highly
applicable to various real-world scenarios, particularly in urban water
management and emergency response planning. It offers computational

Mass Conservation: Our model ensures mass conservation (Eq. 2)
by validating that the algebraic sum of inflows and outflows at each
node balances to zero, accounting for any external inflows or demands.
This is achieved through iterative recalculations within each CA cell,
adjusting the flow rates until the mass conservation equation is satisfied.

Energy Conservation: Our methodology rigorously adheres to en-
ergy conservation principles across the network. This is demonstrated
through Section 3.5.1, where we detail the iterative process leading to
energy balance across the network. Fig. 7 illustrates the convergence of
energy values to zero, showcasing the effectiveness of our method in
maintaining energy conservation within the Todini network. The itera-
tive updates facilitated by the LA help in fine-tuning these values to
reflect accurate energy states. Furthermore, Table 4 and Table 5 show
the energy conservation for pipes and loops in the WDN.

Iterative Convergence and Accuracy: Utilizing the CA’s capability
for simultaneous equation solving within network cells, combined with
the LA’s reward-punish mechanism, our model efficiently linearizes and
solves the network equations. This approach not only accelerates the
computational process but also maintains high accuracy levels compa-
rable to traditional methods like EPANET.

Accuracy Validation: We have enhanced our model validation by
including additional columns in Tables 3 and 4 that report the mass
conservation metrics at each node and energy conservation at each pipe.
Moreover, Table 5 demonstrates the energy conservation in the loops of
the network. This allows us to quantitatively demonstrate the conser-
vation accuracy within our simulations, further substantiating the reli-
ability of our reconstructed equations.

6. Conclusion

The development and validation of an efficient parallel computing
algorithm utilizing LA and CA propose a significant advancement in the
sustainable hydraulic analysis of water distribution networks. By parti-
tioning WDNss into a set of cells based on CA principles and solving them
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in parallel using LA alongside Taylor series linearization, this study has
demonstrated substantial reductions in computational time and energy
consumption. Our method achieves up to 60 times faster analysis and
with lower energy consumption compared to traditional methods such
as EPANET. Experimental results show that our method delivers faster
results and reduces energy consumption across networks of varying
complexity. While smaller networks show modest energy savings, larger
and more complex networks exhibit significant reductions. This dual
advantage of speed and energy efficiency enhances the sustainability of
computing resources, enabling rapid, precise, and effective analysis of
water distribution networks without sacrificing quality. This study has
validated and refined the demand-driven analysis approach. Future
research will extend this methodology to encompass pressure-driven
analyses and explore implementation on FPGA chips for further en-
hancements in speed and efficiency. This approach underscores the
potential of sustainable computing to improve the environmental and
societal impact of computational water resource management.
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