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Abstract— Maximal clique finding is a fundamental problem
in graph theory and has been broadly investigated. However,
maximal clique finding is time-consuming due to its nature and
always returns tremendous cliques with large overlap nodes. In
this paper, we have focused on the relaxed version of the clique
called k-clique, which follows up the subset of vertices with size
k such that each pair in this subset has an edge. The k-clique
problem has several applications in different domains, such as
motif detection, finding anomalies in large graphs, and
community structure discovery. In this paper, an algorithm
based on learning automata is proposed for finding k-clique
called (KC-LA) to apply communities in complex social
networks. In (KC-LA), a network of learning automata is
considering to the underlying networks. Then, select the proper
action from a set of allowable actions, the reward and penalty
guide KC-LA to detect the k-clique. Also, we applied the k-clique
in terms of finding communities in complex social networks. To
show the algorithm's effectiveness, several experiments have
been designed on real graphs and synthetic graphs, and the
results demonstrate the high efficiency and effectiveness of the
algorithm.

Keywords—Complex Social Nawork, K-Clique, Clustering,
Learning Automaton.

L INTRODUCTION

Maximal clique finding is a crucial graph problem noticed
in many domains of real applications such as protein-protein
interactions, regular motif, link spam detection, and complex
social systems. In a graph, a clique looking for a subset of
nodes such that each node is connected pairwisely. A clique
with maximum cardinality is called the maximum clique.
Maximum clique finding has been extensively noticed in the
literature, especially for finding communities in complex
social networks [1]-[3]. Community detection in networks
points out to clustering the nodes into clusters such that the
connections within clusters are dense, but between them are
sparse. [4]. The maximum clique finding is NP-hard, due to
the clique's size can exponentially grow by the number of
nodes in the graph [5].

The complexity of finding maximum clique as a possible
solution is k-clique, following the clique with size k instead of
finding the largest clique among all cliques. Like the clique
problem, the k-clique is applied for finding dense subgraphs
or communities in social networks. For these reasons, some
theoretical and empirical work on detecting k-cliques in social
networks [5]. In general, the algorithms proposed for k-clique
are classified into three main categories: deterministic,
heuristic, and approximation algorithms. The deterministic
algorithms generally used the branch and bound technique to
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solve, but these algorithms are not applicable in real because
of high computational complexity. Approximation algorithms
provide a bound for optimality of the solutions, and the
heuristic algorithm produces a feasible solution in a reasonable
time. Since clique structure reflects a strict kind of commumnity
structure in networks, some researchers attempted to utilize
the concept’s clique for community detection [6].

In [7], Adamcsek et al. proposed a fast and scalable C-
Finder algorithm to detect communities in the networks.
Kumpula et al. [8] have run the clique percolation algorithm
sequentially to enhance community detection. However, their
algorithm improves poor results on networks on networks due
to the exastence of overlapping structures. In [9] defined the k-
clique community first, and then the founded K-clique 1s
studied as the communities. Saito et al. [10] introduced a new
concept called k-dense communities, which selected a subset
of densely connected nodes and proposed an algorithm for
finding dense communities in the networks. Duan et al. [11]
applied k-clique as k-clustering with the combination of DFS
search in the context of dynamic social networks to reveal
dynamic communities. They also proved theoretically that the
algorithm is superior compared to spectral clustering in terms
of time complexity. Hao et al. [12] proposed an intelligence
computational technique FCA to find cliques and, with the aid
of cliques, detect communities in social networks. The FCA
utilizes formal context to create a modified adjacency matrix
initially. Then, by introducing a new notion called k-
equiconcept, they proved that the k-clique detection problem
1s equivalent to finding the k-equiconcepts. Besides, their
algorithm 1s applied to find communities in the networks.

In recent vears, several learning automata-based
algorithms are presented to solve the graph problem. Some
successful algorithms using learning automata have been
reported in the literature: positive influence dominating set,
independent set, vertex cover, and community detection.

This paper provides a new distributed learning automata-
based algorithm to solve k-clique called (KC-LA) n social
networks. In the KC-LA algorithm, a network of LAs is
mapped to a given graph. Then, by collaboration between L. As
and learning mechanisms for each LA, the algorithm can guide
solutions.

The rest of the paper is organized as follows: In section 2,
learming automata and distributed learming automata are
introduced briefly. The proposed algorithm based on
distributed learning automata for finding k-clique is discussed
in section 3. The performance of the algorithm 1s evaluated



through the zimulation in zection 4. Furthermore, zection 5
concludes the paper.

II. LEARNING AUTCMATA

Leaming automaton (LA) iz a reinforcement leaming
model. Thiz model can find an appropriate action from an
action zet during repeated interaction with a random
environment [13]. LAs can be claszified into two clazzes:
Variable Structure Learning Automata (VSLAz) and fixed
structure Learning Automata (FSLAz). Figure 1 shows the
relationship between the LA and itz random environment.
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Action Response

Learning Automata

Fig. 1. Therelationship between the LA and its probabilistic environment

WSLAs can be described with quadruple {a, 8, P, T} where
« o ={a&,...a,} denotes the finite set of actions
« B ={B,...5,}) denotes the zet of input values that
can be taken by reinforcement zignal
» P ={p,....p.} denotes the probability vector of the
action set.
» T iz a learning algorithm where P(n+ 1) =
Tla(n), p(n). p(n)].
Equations (1) and (2) illustrate changes in the probability
vector in each step. LA updates itz action probability vector
baszed on equation (1) for favorable responzes as:
p;(n+1)=p,(n)+ a[l —p,(n)] (1)
pj(n ot 1) = (1 5 Q)Pj(n)
And equation (2) for unfavorable onexs:
p(n+1)=(1-aym

b

P+ 1) = (=) + - bpy)
Where 1 denotes the number of actions, the learning rates
a and b denotes the reward and penalty parameters. If a = b
learning algorithm is called linear reward penalty (Lz_,), if
h « a given learning algorithm iz called linear reward-e
penalty (Lg_.,), and finally, if b = 0 it is called linear reward

inaction (Lo_;) [14], [15].

(2)

A. Distributed Learning Automata

A learning automaton is a zimple agent for doing zimple
things. The full potential of learning automata is realized when
they are interconnected to cooperate. A distributed learning
automaton is a network of learning automata that cooperate to
solve a particular problem. In this work, just a learning
automaton iz activated. The number of actions performed by
automata iz equal to the number of learning automata
connected to it. By choosing an action of automata in this
network, the connected automata on the other side will be
activated. The model of DLA denotes a graph in each vertex
iz an automaton [16].
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Fig 2.

Component of distnibuted leaming automata.

The connection between LA, and L4, in the networks means,

zelecting action a’} cause activation of LA; by LA,.

III. PROBLEM DEFINITION AND PRCPOSED ALGORITHM

This section provides the preliminaries related to KC-LA
for finding the k-clique problem. Before presenting the KC-
LA algorithm, we first define some necezzary definitions and
notions used in this section.

A. Social networs, Cligue and K-cligue

Definition 1: A social graph & is defined by a couple: & =
(V,E) where V = {v, ..., 1, }iz a set of nodesz and edge zet
E = {uv|u, v € V} denotes the connection between entities.

Definition 2: A clique iz a subset § € V such that any pair of
nodes v, v; € §, there exist an edge (v,,v;) € E.

Definition 3: k-clique iz defined as a subset § € V and |§| =
k such that any pair of nodes v;,v; €S, there exist an
edge (v, v;) EE.

B. KC-LA based jor k-Cligne

This section represents the detail of the KC-LA algorithm for
finding k-clique in a social graph. For this goal, the input
graph & and parameter k iz given as input for the KC-LA
algorithm. The algorithm returns the k-clique of the graph.

Initially, a network of LA iz mapped by assigning
automata to each vertex. The set of actions taken by each LA
correzponds to the edges connected to the vertex of the graph.
Let LA; is selected and activated automata and {L4;|j €
N (LA,)} indicate the set of action which is taken by the L4,
and N(LA,) is the neighborhood nodes of LA.

Let it is suppozed that all leaming automata which are
mapped to the network are disabled initially. At first, to
starting the algorithm, a learning automaton iz selected
randomly and activated. The selected automata added to the k-
clique zet and zelect one of itz actions. Let the set of activated
automata kept the candidate nodes az k-clique, which iz called
K-Set.

Let the selected action by automaton LA, be L4;, the
algorithm checks whether adding learning automaton L4; to
K-Set then L4; is added; otherwise, the algorithm rescaled the

action zet to select and formed the proper actionz. After action
selection, the activated automata dizables the activated

Destination Node (1)



automaton belonging to K-Set. The process of action selection
and checking the selected action proceeds until there are no
automata for activation.

When all learning automata are disabled, the cardinality of
K-Set 1s evaluated with the cardinality of the optimal set,
which is set empty initially. If the cardinality of K-Set is
greater than the optimal set, the selected action by the learning
automata is reworded; else, the selected action is penalized.
Moreover, if the K-Set's cardinality is greater than the k-clique
size, the algorithm greedily removes the nodes to reach the
clique with size k.

One of the essential parts of the learning automata-based
algorithm 1s how to select an action properly. Let & =
{aq, a5, ..., @} be the action set of automaton LA4; and p =
{p1. P2, -, Pr} corresponds to the probability of selecting each
action from the action set. Let suppose that the activated
automata select an action from the available action set andn =
{1,702, ... M} € a indicate the set of allowable action which
1s taken by the automata. A common choice to select action 1s
formulated in equation 3.

' Ejzl..k q;

where § = {§,. 42, ..., §x} 15 the probability of selecting
each action. However, the selection may not properly guide
the learning automata for finding the solution. Another policy
used in this paper is to modify action probability instead of
using the actual action probability vector described. Let
{v, V3, ..., ¥ } indicates a possible action that can be selected
by . The modified probability action vector Mg =
{mq,, mq,, ..., gy + 1s defined as:

(n -1 _qéega(vi))ﬁ

| q; B
21:1,...,k(n —1- degg(”j))

mq; =

(4)

where deg;(v,) indicate as the degree of v; and # > 1 1s
a normalized factor. These strategies, by considering the
degree of nodes and selecting nodes with high degree and high
probability, the chance of choosing these nodes is increasing,
and the chance of choosing nodes with a lower degree
decreases. The pseudo-code of the algorithm is directed in
figure 3.
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Fig. 3. The flowchart of the proposed algorithm

IV. SIMULATION RESULTS

For evaluation of the proposed algorithm, experiments are
applied to some popular social networks. The description of
popular social networks [17], [18] 1s listed in Table 1. We note
that we have used the Lp_; learning algorithm with a 0.02
learming rate for the experiments.

TABLE L SPECIFICATION OF THE DATASETS FOR THE EXPERIMENTS
Data sets Nodes Edges
1 Karate 34 78
I Dolphins 62 159
111 Jazz 198 2700
v Yeast 1500 1900

The topology of Zachary’s karate club and dolphin
network 1s presented in figures 4 and 5, the most popular social
network datasets.



Fig.4. Zachary's Karate Club social networks
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Fig. 5. Bottlenose Dolphins social networks

We compare and run our algorithm on a computer with 2.5
GHz Intel Core [ 5 CPU and 4G memory running on Windows
7 Operating system. The experimental result is compared with
existing works CPM [7], GN [19], and CDPM [20],
respectively. Also, we have used the k-Clique problem in the
application of community detection for detecting real
communities.

A. Evaluation Measure

The F-measure is used to evaluate how well an algorithm
can detect the k-clique from a complex social network. F-
measure is calculated as follows:

F — measure =

recall + precision

where recall indicate the fraction of nodes pair pairs
belonging to the same k-clique, which are also in the same
community, and precision is the fraction of node pairs in the
same community, which are also present in the same k-
community.

B. Experimenis

The experiment's goal is to find the k-clique for different
parameters of k, which 1s varying {from 2 to 7 with astep length
of one. To perform this experiment, we plot the different
values of k versus the algorithm's runming time. The obtained
result is depicted in figure 6. From the result, we may conclude
that the proposed algorithm detects the clique with different
size properly. Moreover, the algorithm's execution time is very
low for small networks, and other networks are negligible.
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Fig. 6. Consuming Time for different networks

This experiment is conducted to evaluate the proposed
algorithm's performance in terms of F-measure value
compared to other algorithms. As shown in figure 7, we may
conclude that the DL A-based algorithm outperforms other
algorithms in all networks due to searching for finding
communities. In other words, the algorithms, with the aid of
learning mechanisms and interaction with the external
environments, try to find different cliques as communities.
Therefore the algorithm can reveal network cliques as
communities.
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Fig. 7. Comparing the different algorithms in terms of F-measure value for
evaluation of the performance on four data sets.

V. CONCLUSION

In this study, an algorithm called KC-LLA based on
distributed learning automata for finding the k-clique problem
1s proposed. In KC-LLA, the network of leaming automata is
mapped to the network. Then, the algorithm selects a node
randomly, and the corresponding LA is activated The
activated LA is select as an action and added to the candidate
clique set. This procedure is continued until there is no
activated automaton or the clique's size reaches k. To show the
effectiveness of the algorithm, several experiments have been
conducted on well-known datasets. Simulation result on
popular social networks datasets shows the proposed
algorithm's effectiveness in terms of evaluation measure.
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