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Abstract

Recently, a model known as cellular goore game (CGG) has been introduced, which
represents a hybrid approach combining principles from Cellular Automata theory,
Learning Automata from reinforcement learning, and Goore Game from game
theory. While this model has garnered attention, it has been noted that each cell
in the traditional CGG model is equipped with only a single learning automaton,
which may not be suitable for certain real-world scenarios. In this study, we aim
to enhance the traditional CGG model by introducing multiple learners within each
cell, resulting in the proposed model termed CGG-MLA (Cellular Goore Game
with Multiple Learning Automatons). We apply this extended model to address the
overlapping community detection problem in multilayer social networks, leveraging
its optimization capabilities. Additionally, we investigate the temporal behavior of
the CGG-MLA using a solution based on ordinary differential equations (ODEs)
and conduct a thorough performance analysis to validate its effectiveness. Our
experimental results demonstrate that the CGG-MLA-based approach surpasses
alternative algorithms, including Pure-Chance-CGG, GenLouv, mInfomap, PMM,
CLACD, and MLCD, in terms of metrics such as normalized mutual information
(NMI), modularity, MinMaxCut and Coverage, thus highlighting its efficacy in
overlapping community detection within multilayer social networks.

Keywords Cellular automata - Learning automata - Goore Game - Cellular Goore
Game - Overlapping community - Multilayer social networks

< Mohammad Reza Meybodi
mmeybodi @aut.ac.ir

Mohammad Mehdi Daliri Khomami
m.daliri@aut.ac.ir

Ali Mohammad Saghiri
saghiri@aut.ac.ir

Department of Computer Engineering, Amirkabir University of Technology, Tehran, Iran

Published online: 06 May 2025 &)\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11227-025-07249-z&domain=pdf

834 Page 2 of 47 M. M. D. Khomami et al.

1 Introduction

Cellular automata theory is widely applied in scientific research and simulation as a
discrete model. This model consists of simple, identical components known as cells,
arranged in a regular grid pattern. Each cell can adopt a state from a finite set of
possible states. The operation of a cellular automaton (CA) is governed by a specific
local rule, which depends on the cell’s immediate surroundings, including itself
and its neighboring cells [1]. A configuration represents the global state of a CA,
incorporating the states of all constituent cells. CAs adhere to local rules dictating
system evolution over time, where interactions between the initial configuration
and these rules determine subsequent changes [2]. Notably, CAs are effective for
modeling real social systems comprised of vast collections of simple, interacting
components. Conceptually, CAs resemble points in a lattice, adhering to a simple
local rule and characterized as cellular and automated [3]. This characteristic implies
predictable interactions among cells based on their lattice positions, enabling
autonomous system operation without centralized control.

However, the learning automaton (LA) serves as a fundamental agent for
decision-making in uncertain and stochastic environments. The LA functions as a
learning paradigm aimed at selecting an action from its set of possibilities based
on feedback from the environment. This model offers the advantage of constructing
complex structures using a simple unit, facilitating the design and management
of intricate learning tasks [4]. In numerous practical scenarios and applications,
local interaction among learning automata (LAs) proves essential. Local
interaction involves LAs exchanging information within a defined neighborhood
or proximity. Such interaction can be illustrated through various graph structures
like trees, meshes, or arrays. Employing a graph-based framework enables LAs to
communicate with neighboring automata, allowing for knowledge sharing, action
coordination, and collective contribution to decision-making. These local interaction
mechanisms enhance the efficiency and effectiveness of the learning automata
system, promoting cooperative behavior and optimizing learning outcomes across
diverse contexts [5].

Presently, the fusion of cellular automata and learning automata has birthed
novel models known as cellular learning automata (CLA). These composite
models encompass various criteria, including static and dynamic, open or close,
synchronicity or asynchronicity, as well as the configuration of either a singular
or multiple automata within each cell. Static cellular learning automata (SCLAs)
constitute one class, wherein the cellular structure of the CLA remains constant
throughout its evolution. Many CLAs, including those documented in [6],
fall into this category. SCLAs can be further categorized as closed or open. In
closed SCLAs, the action of each LA relies on neighboring cells, while in open
SCLAs, it depends on neighboring cells, a global environment, and an exclusive
environment. SCLAs can also be synchronous or asynchronous. In synchronous
SCLAs, all cells employ their local rules simultaneously, assuming the existence
of an external clock that synchronizes cellular events [7]. Conversely, in an
asynchronous SCLA, only some cells are activated at a given time, while the rest
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maintain their states unchanged [5]. Additionally, a model of SCLA featuring
multiple LAs within each cell was outlined in [8]. Depending on its structure,
SCLA can also be classified as regular [2] or irregular [9]. In an Irregular CLA,
the assumption of structural regularity is discarded, facilitating its application in
solving problems modeled by graphs with irregular structures, as demonstrated in
[10]. Dynamic cellular learning automata (DCLAs) form another category, where
one or more aspects of the CLA, such as its structure, local rule, or neighborhood,
may undergo changes over time. DCLAs can be further divided into closed
DCLAs [13, 14] or open DCLAs, based on their operational characteristics.
Moreover, DCLAs can be classified as either synchronous or asynchronous.
Notably, all documented DCLASs are characterized as closed and asynchronous
[11, 12].

The Goore Game has been extensively studied in the field of artificial
intelligence, as discussed in [15]. It has been shown to effectively simulate complex
decision-making processes and serves as a benchmark for Al research. Results
indicate its capability to accurately predict outcomes based on different strategies,
providing valuable insights into Al algorithm performance. Conceptually, envision
a large room with N cubicles and a raised platform where a Referee oversees voters
in each cubicle, akin to a voting system ensuring fair and accurate voting. Each
round involves voters independently casting "Yes" or "No" votes, with the Referee
calculating the fraction A representing the proportion of "Yes" votes. To optimize
the system, the referee uses a uni-modal performance function G(A) to precisely
match the fraction of "Yes" votes to a predetermined value A*. Following each
round, voters receive or lose a dollar based on probabilities determined by G(A),
influencing subsequent voting decisions.

The application of learning processes to cellular networks extends to addressing
various real-world issues, particularly those concerning social networks. With
this aim, a novel model, the cellular goore game (CGG), is proposed, integrating
multiple learning automatons (LAs) within each cell. The motivation for employing
cellular goore game (CGG) structures with multiple learning automata (LAs) in
each cell originates from the necessity for enhanced computational capabilities
and more adaptable decision-making processes. Through the incorporation of
multiple LAs within individual cells, CGGs acquire the capacity to manage
complex information more effectively. This configuration enables the simultaneous
consideration of diverse factors and strategies, thereby fostering the development of
sophisticated and flexible behaviors. Additionally, the interaction among multiple
LAs within the same cell promotes collaborative decision-making and enhances the
utilization of available information resources. Ultimately, the integration of CGGs
with multiple LAs per cell aims to achieve superior performance and resilience in
tackling complex problems compared to CGGs equipped with only a single LA per
cell. This paper focuses on investigating the behavior of the CGG with multiple LAs
in each cell, particularly its steady-state dynamics. The analysis reveals that, under
certain conditions, the CGG converges toward a globally stable state. Furthermore,
an illustrative application of this innovative model in the context of multilayer
overlapping community detection within social networks is presented.

In summary, our contribution can be summarized as follows:
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e The cellular goore game with multiple learning automata (CGG-MLA)
represents a recent advancement in modeling complex environments, such as
social and information networks.

e It extends the naive cellular goore game (CGG) by incorporating multiple
learning automata within each cell, providing applicability and adaptivity to the
model for solving complex network problems.

e The CGG-MLA opens a new learning paradigm for solving many real problems
in online, non-deterministic, dynamic, distributed or decentralized environments
such as online social networks, cloud computing, internet of things and
Blockchain technologies.

e The convergence behavior of the CGG-MLA model confirms that the algorithm
converges to near optimal solution.

e From an application perspective, the proposed model is applied to the problem of
detecting multilayer overlapping communities.

The remainder of this paper is organized as follows: Sect. 2 provides an overview
of related works. Section 3 briefly explains the concept of learning automata. In
Sect. 4, we introduce the definition of Cellular Goore Game with multiple LAs in
each cell (CGG-MLA) and discuss its steady-state behavior, convergence behavior,
and complexity analysis, respectively. Section 5 defines the application of the CGG
with multiple LAs along with some requirements. Section 6 presents the proposed
CGG-based algorithm for finding overlapping communities in multilayer networks.
Section 8 outlines the evaluation metrics for CGG-MLA. Numerical results are
presented in Sect. 9, and the paper concludes in Sect. 10.

2 Related works

This section provides a short overview of three aspects: first, recent applications of
the Cellular Goore Game; second, a learning model based on CLA; and third, the
application of overlapping community detection in multilayer social networks.
Recently, the cellular goore game (CGG) model has been studied extensively
across various domains, leading to the development of numerous algorithms based
on its framework. In [16], the cellular goore game (CGG), a novel extension of
the Goore Game (GG), was introduced to model network problems in domains
such as computer networks, grid computing, and social networks. Unlike GG,
CGG forms a network of GGs where each node acts as a referee, participating in
local GGs with its neighboring players. To showcase the model’s potential, the
CGG-Clique algorithm was proposed for solving the maximum clique problem
in networks. In this algorithm, cells independently select optimal actions based
on gains and losses from adjacent referees. The complexity of the CGG-Clique
algorithm was analyzed, demonstrating its scalability. Extensive experiments on
the DIMACS benchmark validated the algorithm’s effectiveness by comparing it
with seven existing methods, highlighting its superiority in efficiently identifying
larger cliques. Future work includes introducing new evaluation metrics for CGG
behavior and applying the model to identify maximum cliques in multilayer social
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networks. Ameri et al. [17] studied the CGG model through extensive experiments
and demonstrated its applicability by developing two QoS control algorithms for
wireless sensor networks (WSNs) with overlapping clusters: one for clustered WSNs
and another for WSNs with multiple sinks. These algorithms dynamically regulate
the number of active sensor nodes to maintain QoS parameters effectively. The
proposed methods were evaluated using ns3 simulations and compared with existing
QoS control protocols, including those based on Goore Game models and other
approaches. The results indicated that the proposed algorithms outperformed or
were comparable to existing methods in terms of QoS performance metrics. In [18],
the cellular goore game consensus protocol (CGG-CP) was extended to propose an
enhanced consensus algorithm, ICGG-CP, aimed at improving fault tolerance and
reducing communication complexity. This protocol retains the three primary roles
of CGG-CP—referee, player, and owner—but introduces mechanisms to address
owner and referee failures. A secondary owner is selected among referees to ensure
operational continuity in the event of owner failure, and referee fault tolerance is
improved through a reporting mechanism for referee misconduct. To enhance block
validation, ICGG-CP uses a weighted average reward system, prioritizing nodes
with higher credibility. Additionally, the protocol reduces communication costs
by allowing players to inform referees of action convergence, avoiding redundant
communication. The study provides a theoretical analysis of the CGG’s convergence
behavior and demonstrates its effectiveness through comprehensive experiments,
which show significant improvements in fault tolerance and communication
efficiency. Future work includes methods to accelerate CGG convergence, further
reducing communication costs and increasing throughput. The integration of Al
techniques, such as outlier analysis and clustering, is also planned to enhance the
cognitive engines of the consensus algorithm. Khomami et al. [19] introduced six
CGG-based algorithms utilizing learning automata to estimate network measures
specific to stochastic multilayer graphs. These algorithms effectively model user
behavior dynamics in multilayer networks, offering more accurate representations
of relationship complexities and behavioral uncertainties. They also analyze
how user behavior influences network measures, enhancing the understanding of
social network structures. The proposed framework shows significant potential for
applications in online social networks, such as modeling human activity and user
behavior. Future research aims to extend these measures and algorithms to broader
applications, including multilayer network sampling and identifying influential nodes
for viral marketing. In [20], a novel stochastic multilayer shortest path algorithm
was proposed, addressing the complexity of analyzing multilayer graphs with
stochastic elements. Built upon the CGG framework and leveraging reinforcement
learning with learning automata, the algorithm efficiently determines the shortest
path between nodes in stochastic multilayer graphs—a task not previously explored
with this approach. Each graph cell is equipped with a learning automaton and a
referee, which collaborate to optimize the learning process. The automaton performs
two actions—designating membership or non-membership in the shortest path—
to identify candidate paths. A referee evaluates these paths by calculating their
length and expected value, providing reinforcement signals to guide the automaton
toward the optimal solution. The algorithm has demonstrated effectiveness across

@ Springer



834 Page 6 of 47 M. M. D. Khomami et al.

various types of stochastic multilayer graphs, making it applicable to domains such
as biology, economics, engineering, and social networks. Its adaptive learning
capabilities and ability to function in dynamic environments highlight its potential
for advancing our understanding of complex systems and their interdependencies.

A learning automaton (LA) is a simple decision-maker designed to learn actions
that yield higher rewards. There is a wide array of networks of learning automata
(LAs) documented in the literature, including DLA [21], eDLA [22], WCLA
[23], Adaptive Petri Net [24], and CLA [2], among other structures highlighted in
[25]. These publications focus on diverse designs for networks of LAs. We have
thoroughly studied all these to underscore the unique stance of our model. The CLA
has previously been introduced as a hybrid model in [1] because it encompasses
a specific structure of LA that emphasizes the local interactions of cells—a trait
common to some cellular automata (CA) systems—and operates under a local rule
derived from the theories of LAs and CAs. For more clarification, in the revised
version for the paper, Fig. 1 give a classification on CLAs that has been reported in
the literature.

Cellular learning automata (CLAs) emerge from the fusion of Cellular Automata
(CAs) and learning automata (LAs) [2]. CAs are models composed of numerous
cells arranged in a lattice structure. In a CA, each cell adopts a state from a finite
set of states. The subsequent state of each cell is determined by the prior states of a

Static CLAs

Changes

Dynamic CLAs
Open CLAs

Global Environment

Closed CLAs
CLAs — Synchronous CLAs

Synchronous activation

Asynchronous CLAs

CLAs with one LA in each cell

Number of LAs

CLAs with multiple LAs in each cell

Fig. 1 A classification of cellular learning automata
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designated set of cells, encompassing the cell itself and its neighboring cells [26].
In a CLA, every cell within the CA is endowed with a learning automaton to govern
its state selection. Within the CLA framework, a local rule, termed as the local rule,
dictates the response of each cell’s learning automaton. Each cell employs this local
rule to elicit the response of its learning automaton, taking into account information
pertaining to itself and its neighboring cells. Reported models concerning cellular
learning automata (CLAs) can be categorized into two distinct classes, as elucidated
as follows:

Cellular learning automata (CLAs) with one LA in each cell, constitute a distinct
class, wherein the cellular structure of the CLA comprises one LA per cell. Many
CLAs, including those documented in [10, 27-29], fall into this category. CLAs with
one LA can be further categorized as closed or open. In closed CLAs, the action of
each LA relies on neighboring cells, while in open CLAs, it depends on neighboring
cells, a global environment, and an exclusive environment. CLAs with one LA
can also be synchronous or asynchronous. In synchronous CLAs, all cells employ
their local rules simultaneously, assuming the existence of an external clock that
synchronizes cellular events [1]. Conversely, in an asynchronous CLA, only some
cells are activated at a given time, while the rest maintain their states unchanged [5].
In an Irregular CLA with one LA in each cell, the assumption of structural regularity
is discarded, facilitating its application in solving problems modeled by graphs with
irregular structures, as demonstrated in [33]. Dynamic cellular learning automata
(DCLAs) form another variation in which using one LA in each cell, where one or
more aspects of the CLA, such as its structure, local rule, or neighborhood, may
undergo changes over time. DCLAs can be further divided into closed DCLAs [30,
31] or open DCLAs, based on their operational characteristics. Moreover, DCLAs
can be classified as either synchronous or asynchronous. Notably, all documented
DCLAs are characterized as closed and asynchronous [30, 32].

A model of CLA featuring multiple LAs within each cell was outlined in
[8]. Depending on its structure, CLA with multiple LAs in each cell can also be
classified as regular or irregular [33, 34]. Cellular learning automata (CLA) with
multiple learning automata (LA) in each cell represent a variation where multiple
LA entities coexist within a single cell. This approach allows for more complex
decision-making processes and enhanced adaptability within cellular networks. With
multiple LAs, each cell can simultaneously consider and evaluate multiple actions,
leading to a richer exploration of the solution space. The interactions between
multiple LAs within a cell can introduce dynamics and emergent behaviors that are
not present in CLAs with a single LA per cell. This approach has been explored in
various contexts, including optimization, network routing, and pattern recognition,
where the parallel decision-making capabilities of multiple LAs can lead to more
efficient and effective solutions.

In recent years, notable progress has been achieved in learning models and the
detection of multilayer overlapping communities. The identification of communities
within intricate social networks has garnered substantial scholarly attention owing to
its diverse applications. Traditional algorithms like modularity optimization,
spectral clustering, or hierarchical clustering can be extended to handle overlapping
communities in multilayer networks. Evaluation metrics such as modularity,
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normalized mutual information (NMI), or F1 score are used to assess the quality of
detected communities, comparing them with known ground truth or evaluating
internal cohesion and external separation. Post-processing and visualization
techniques refine identified communities and remove potential noise, aiding in
interpreting and visualizing resulting overlapping communities in multilayer social
networks. Mucha et al. [35] introduce Infomap to detect overlapping communities in
multilayer networks, revealing dynamic patterns of community organization over
time. Jia et al. [36] proposed an algorithm that utilizes trust relationships to
transform multilayer social networks into a single-layer trust network by merging
overlapping communities. Their experimental results demonstrated improvements in
modularity and harmonic mean. In [37], an algorithm employing non-negative
matrix tri-factorization is presented to detect communities in multiple heterogeneous
networks. This method leverages alignment matrices, yielding enhanced
performance on datasets such as Twitter and Instagram. Wang et al. [38] introduced
a community detection method for Social Internet of Things (IoT) systems,
addressing multiple relationship layers. Their algorithm aggregates communities,
resulting in improved success rates in experiments. Similarly, Rani et al. [39]
proposed a community detection approach for Social IoT systems, focusing on
multilayer relationships. The algorithm aggregates communities and enhances
experimental success rates. In [40], a hierarchical algorithm for overlapping
community detection using weighted aggregation is developed, achieving higher
accuracy and reduced computational costs. Finally, Zhang et al. [41] applied matrix
tri-factorization to detect communities in multiplex networks, effectively identifying
coherent communities across layers. Huang et al. [42] offers an exemplary review of
community detection techniques in multilayer social networks and their
corresponding applications. They begin by discussing various formats of multilayer
networks and introduces two fundamental mathematical models. Then, it reviews
quality evaluation measures and several common community detection algorithms,
such as label propagation-based algorithms, non-negative matrix factorization,
random walk methods, and multi-objective optimization methods. The analysis
suggests that existing methods are primarily designed for multiplex networks, where
nodes in each layer are aligned, limiting research on more universal multilayer
network formats. Additionally, the algorithms tend to have high computational
complexity and struggle to produce meaningful partitions in large-scale multilayer
networks. They also explore applications of multilayer community detection in
diverse fields such as social networks, biological networks, and transportation
networks. In [43] proposes a novel community detection method tailored for
multilayer networks, which considers both intra-layer and inter-layer similarities to
construct a dendrogram capturing the network’s unique topology and interplay. By
introducing a new community density metric, the dendrogram is partitioned to
identify overlapping communities accurately. Experimental results on synthetic and
real-world datasets demonstrate the effectiveness of the proposed method in
discovering overlapping communities in multilayer networks. Huang et al. [44]
discuss the limitations of existing approaches for detecting overlapping community
structures in multi-view networks and introduces a novel method called oComm.
This approach incorporates a community membership strength vector for each node
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in each view to model overlapping community structures and utilizes a network
generative model to measure within-view community quality. Additionally, a cross-
view community consistency model is established using Jaccard similarity to assess
consistency across different views. By solving an objective function through the
alternative coordinate gradient ascent method, optimal community membership
vectors are generated, allowing for the identification of multi-view overlapping
community structures. The effectiveness of the proposed method is demonstrated
through comparisons with existing approaches using EEG data from 147 subjects,
highlighting its superior performance. In [45] discusses the challenges in community
detection within real-life networks, particularly weighted temporal text networks,
focusing on modeling edge weights and leveraging temporal information. They
stated that existing methods often overlook edge weights or handle them using graph
measures like modularity, which lacks scalability. Moreover, temporal information
is commonly handled through time discretization, leading to various issues. To
address these challenges, the custom temporal community detection (CTCD)
method is proposed, which incorporates a probabilistic generative model to encode
edge weight and temporal information. CTCD utilizes network, semantic, and
temporal data to extract temporal community affiliations, influence strength, and
temporal interests. The method offers efficient inference and parallel implementation
to handle large datasets, enabling the identification of individual user community
shifts and tracking community development over time. Experimental results on
large-scale weighted temporal text networks demonstrate CTCD’s significant
improvement over existing methods across various tasks. Gupta et al. [46]
investigated the importance of identifying community structures within growing
networks across various domains, emphasizing the need for robust community
detection algorithms to reveal disjoint, overlapping, and nested community patterns.
To address this, the paper introduces an algorithm for overlapping community
detection leveraging granular link information and principles from rough set theory.
The algorithm begins by utilizing neighborhood links to create initial link subsets
and iteratively computes constrained linkage upper approximations until
convergence. These upper approximation subsets are then constrained and merged
based on mutual link reciprocity. Experimental results on ten real-world networks
validate the effectiveness of the proposed algorithm, as demonstrated through
comparative evaluations against state-of-the-art community detection methods. In
[47] discusses the complexity of multidimensional networks and the challenges in
detecting overlapping communities within them. With the aid of existing methods in
which overlook inter-layer interactions and unique topological structures, focusing
solely on non-overlapping communities. To address this gap, they proposed a novel
approach leverages edge behavior within and between layers to calculate similarities,
which are then used to construct a dendrogram capturing both structural and
transactional aspects. By introducing a new community density metric, overlapping
communities are identified effectively. In [36] introduces a novel algorithm for
detecting overlapping communities in multilayer social networks, addressing the
issue of lacking user social attribute characteristics during the process. The proposed
algorithm utilizes trust relationships by integrating structural trust and social
attribute trust, thereby converting the multilayer social network into a single-layer
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trust network. Community structure is then obtained using a trust-based community
discovery algorithm, followed by the merging of communities with higher overlap.
Experimental evaluations conducted on synthetic and real networks demonstrate the
algorithm’s superior performance in terms of harmonic mean and modularity
compared to other algorithms of similar nature. In [48] suggests the significance of
multilayer complex networks in representing heterogeneous systems, emphasizing
their relevance in the era of big data. It highlights the impact of inter-layer
connections on community structures, making community detection in multilayer
networks a crucial research area in data mining. They introduce a modified particle
competition model tailored for multilayer network community detection, which can
handle weighted and directed networks. Additionally, a localized measure is
proposed to determine the optimal number of particles for detecting communities.
Computer simulations demonstrate the superior performance of the proposed
technique compared to existing methods. In [49] proposes an efficient algorithm for
Markov Clustering (MCL) based on the principles of belief propagation. It
introduces a novel approach to improve the performance of traditional MCL
algorithms by incorporating belief dynamics. The method involves iteratively
updating the belief of nodes in the network, leading to faster convergence and better
clustering results compared to standard MCL algorithms. They demonstrate the
effectiveness of the proposed approach through experimental evaluation on various
datasets, showing significant improvements in both speed and clustering accuracy.
In [50] explores the dynamics of the Prisoner’s Dilemma game on signed networks,
drawing from the principles of structural balance theory. It investigates how the
evolution of cooperation unfolds in social networks characterized by positive and
negative links. Through computational simulations and analysis, the study delves
into the impact of various network structures and dynamics on the emergence and
sustainability of cooperative behavior among individuals. In [51] presents a method
for characterizing fuzzy community structures within link graphs by optimizing
likelihood. It introduces a novel approach that leverages the concept of likelihood
optimization to identify fuzzy community memberships of nodes in a network. By
optimizing a likelihood function, the method assigns soft memberships to nodes,
allowing them to belong to multiple communities simultaneously with varying
degrees of membership strength. The paper demonstrates the effectiveness of the
proposed method through experiments on various real-world networks, showcasing
its ability to accurately capture the fuzzy nature of community structures in link
graphs.

3 Learning automata

The concept of learning automata (LA) revolves around the process of randomly
selecting an action from a finite set of actions and subsequently executing that selected
action within an unknown and stochastic environment. To accomplish this, a probability
distribution is employed to randomly choose an action from the given set, which is then
utilized as input within the random environment. As a result of the executed action, the
environment generates a reinforcement signal in response. The LA then proceeds to
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update its internal state based on the selected action and the received signal, ultimately
determining the subsequent action it should undertake.

The primary objective of a learning automaton is to choose the appropriate
action from a set of actions in order to minimize the average penalty it receives
from the environment. The learning automaton’s environment is described as a

triple £ = {a, f,c}, where a = {al, ,ar} denotes the set of inputs (action sets),
p=1{p,....P,} represents the set of possible output values for the reinforcement
signal, and ¢ = {cy,....,c,,} signifies the set of penalty probabilities determined

by the environment response. c¢; represents the penalty probability for action a; .
The environment can be categorized into three distinct types, namely P-model,
Q-model, and S-model, based on the characteristics of the reinforcement signal. In a
P-model, the reinforcement signal exhibits binary behavior with values limited to 0
and 1. In a Q-model, the reinforcement signal is capable of assuming a finite range
of values between 0 and 1. In an S-model, the reinforcement signal is characterized
as a continuous random variable that spans the interval [0, 1]. If the probabilities of
penalties change with time, the random environment is categorized as nonstationary;
otherwise, it is classified as stationary. Figure 2 shows the dynamic interplay between
the learning automaton and its corresponding environment. It visually captures the
intricate relationship and information flow between these two entities throughout the
learning process. By analyzing Fig. 2, one can gain a comprehensive understanding
of how the learning automaton adapts and responds to the environmental cues and
feedback it receives.

The quadruple {(«, B, Z, X(¢)) is defined as a representation of the Learning Automata
(LAs), where « indicates a finite set of actions denoted by a = {al. .a,}, f stands
for the set of all possible inputs or reinforcements signal for the LAs, [J represents the
learning algorithm responsible for updating the action probabilities, and X(¥) describes
the action probability vector at a given time t. The action probability vector is adjusted
by the learning algorithm through the use of a recurrence relation.

X(t+1) = X;(1) +a(1 - X))

X+ 1) = X0~ aX(0%) # i o

Environment Response

Random Environment

Selected Action Evaluation

Learning Automaton

Reinforcement signal

Fig.2 Learning automata

@ Springer



834 Page 12 of 47 M. M. D. Khomami et al.

X+ 1) = (1 - b)X,)

X(+1) = % + (1= DX,V # i 2)

At instance t, a learning automaton selects action «; from distribution X(¢). In
a linear learning algorithm, Eq. (1) determines the updating of probability vector
X(t) for a favorable response (#=1), and Eq. (2) for an unfavorable response
(f=0). The probability of receiving an unfavorable response for action «; is
represented by ¢; = Pr[f = 0|a;].

The probabilities of receiving a favorable or unfavorable response by the
LA are not known. The parameter a determines the extent to which the action
probability vector increases, while the parameter b determines the extent to
which it decreases. Equations (1) and (2) are referred to as (Li_p) when a equals
b, (Lg_.p) when a is much greater than b, and L,_; when b is equal to zero. In
Ly_;, the action probability vectors remain unchanged despite penalization by the
environment. Figure 3 provides the pseudocode of a learning automata and its
policy in algorithmic shape.

Learning has become a vital optimization tool in complex and dynamic
environments with significant uncertainty or limited environmental knowledge.
Numerous instances of successful integration of learning automata can be found
across various domains, including graph problems [52], Petri net[53], image
processing[54], Internet of Things [55], cloud computing [56], wireless sensor
networks[57], p2p networks[58] and complex networks[59].

Input: Action set &
Output: Action probability vector
Assumption
Initialize r-dimensional action set @ = {ay, @, ..., @,.} with r actions.
Initialize r-dimensional action probability vector p(t) = {py, P2, oo, Pr} = {%%, %} at instance t
Let i denotes the selected action by the automaton
Let j denotes the current checking action
Begin
Repeat
The learning automata selects an action based on the action probability vector p.
The environment evaluates the selected action and gives the reinforcement signal § € {081} to the
learning automata
Update the probability vector p(t)
For each action j € {1, ...,7} Do
IF(5=0)
The selected action by learning automaton is rewarded based on equation (1)
ElseIF 5 = 1)
The selected action by learning automaton is penalized based on equation (2)
EndIF
End For
Until (automaton does not converge to action)
End Algorithm

Fig. 3 Pseudocode of a learning automaton and its policy
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4 Cellular Goore Game with multiple LAs (CGG-MLA)
This section starts by defining the Cellular Goore Game with Multiple Learning
Automata (CGG-MLA). It then proceeds to explain the updating process of CGG,

followed by a description of two evolution metrics used to analyze this process.
Moreover, Table 1 provides notations applied for CGG-MLA.

4.1 The Definition of CGG with multiple LAs

The CGG with multiple LAs in each cell is network of GG in which each cell
comprises several LAs. This model can be formally defined by 6 tuples as follows:

Definition 1 A cellular goore game(CGG) with multiple LAs can be defined by
6-tuple.

Table 1 Table of symbols and abbreviations

n, The number of LAs that is adjacent to cell; and select “Yes” action
a Action Set

c penalty probabilities

N Input network of Cellular Goore Game

1% Represent the set of vertices

E The set of edges

P The set of player

R The set of referee

A The set of learning automata

F The set of mapping function

G The set of uni-modal performance function

x;(0) The probability of selection of first action by learning automaton i at instance ¢
M Multilayer network

g Set of networks

C Set of edges

L Number of layer

p Reinforcement signal

G; Uni-modal performance function

/lf. The function that counts number of LAs that select the first action aﬁ .
oM Multilayer modularity

NMI Normalized Mutual Information

60'(0) The density of community i at iteration ¢

gl_’ ) The sparsity of community i at iteration ¢

K ’"; [€9) The input degree of node i in layer / to community g

Kﬁl‘"(g) The output degree of node i in layer / to community g

F The set of mapping function where F, is associated with cell;
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CGG=(N, P, R, A, F, G), where.

I. The input network, denoted as N = (V, E), represents the structure of CGG.
Here, V refers to a set of vertices represented by {celll.cellz. ....cell, }, and E
represents the set of edges.

II. P={P, ..., P,} where P, is a subset of players assigned to cell,.

II. R={R, ..., R,} comprises as a subset of V playing the role of referees.

IV. A={A, A, ... A,} is aset of LAs where A; = {LA;|{i,j} € E} is the set of
learning automaton residing in cell; and each learnlng automaton has two
actions “Yes” or “No”.

V. F={F,, F,, ... F,} is the set of mapping function where F; is associated
with cell;. The function F; takes the set of index of neighbors and assign
its corresponding learning automata in that cell. For example, if cell; is the
neighbor of the cell; then LA;; assign to cell;

VL. G= (G1 ,Gy ... Gn) determine a set of unimodal performance criteria for the
referees, where G,; is the performance criterion for cell;.

A Cellular Goore Game with multiple LAs is a connected structure in which each
cell contains multiple LAs and each LA has two action within each cell as similar as
GG. In this model each cell contains a set of learning automata. Moreover, each cell
has a referee to evaluate the selected action by LA’s. The number of LAs which are
resided in a cell is equal to the number of neighbors that cell.

Figure 4 illustrates the system configuration of the Cellular Goore Game
with multiple learning automata (LAs) in each cell, focusing on the microscopic
perspective of cell; and its neighborhood structure. In this model each LAs may
be activated synchronously or asynchronously. In contrary to original GG, exist
a mapping function F to generate LAs for a cell and each referee has its own
players to playing GG. Let cell; is adjacent to cell;, then the mapping function
F takes a learning automaton and return a learnlng automaton LA; in cell i and
a learning automaton LA; in cell j simultaneously. Based on the output of the
mapping function F a set learnlng automaton is obtained for each cell. Figure 3
shows the initial local structure of cell; and its neighborhood cells, which contains
a set of learning automata and a referee in each cell. The operation of CGG with
multiple LAs takes place in a discrete time steps. Let a;; and a;, are the first and
second actions of automaton LA, respectively. Moreover, p;(7) = [p,-l(t), p,-z(t)]
is the probability of first and second action of LA;. At round 7 of the game,
each LA; selects one of its action a;(7) from two available actions. After the
action selection, each LAs send the selected action to its corresponding referee
concurrently. Let LA,_»i is a learning automaton that resided in cell;, after the action
selection is done, the learning automaton send its selected action for the referee
R;. The referee R, receives the selected actions from all current neighboring cell
and computes the fraction of LAs that select its first action to the total number
of LAs participate in GG for that cell. Let 4; is the fraction of LAs that select
its first action. Then, based on the value of performance criteria G; (/1 ) referee
R;, each LAs generates a random number in order to reward or penahzed of
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Fig.4 System model of Cellular Goore Game with multiple LAs in each cell by relying on the
microscopic view of the cell; and its neighborhood structure

selected action based on learning algorithm. Based on the performance criteria,
if each of the learning automata (LAs) selects the first action and the generated
random number is less than the performance criteria value, then the first actions
of all LAs are rewarded. Likewise, if the selected action is the second one and
the random number is less than the performance criteria value, then the second
actions of all LAs are rewarded. Figure 5 shows the action selection by LAs that
associated with cell; and generate reinforcement signal by referee R;.

Remark 1: The number of LAs resided in each cell corresponds to its direct
neighbor degree.

For enhanced clarity, Figure 6 illustrates the flowchart depicting the operation
of CGG with multiple LAs.

4.2 Convergence behavior of CGG with multiple LAs

In this section, we assume that the following assumptions hold for each cell; of
the CGG-MLA. Subsequently, we delve into the behavior of the CGG in the
remainder of this section.

Definition 1 The configuration of the CGG-MLA with multiple LAs at iteration

t is denoted by X(t) = (X,(1),X,(0), ..., X, (1)) where X;(t) represents the action
probability vector of learning automaton A,.
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Reinforcement Signal Calculation

Fig.5 The structure of Cellular Goore Game with Multiple LAs (CGG-MLA)

Definition 2 A configuration X is referred to as deterministic when the
action probability vector of all LAs forms a unit vector. Conversely, when the
action probability vector deviates from being a unit vector, it is referred to as
probabilistic. Hence, we define two sets: k¥, representing the set of all deterministic
configurations, and X, representing the set of probabilistic configurations. * is
defined as follows:K* = {X |x;, € {0- 1}Vy- i}. On the other hand, /X is defined as:

K = {X|x, € [0- 11¥y- i}, where 37 _ x,, = 1.
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Cellular Goore Game with Multiple Learning Automata

Process

H | @y — Each LA;; selects one of its action based on
1 Initialization : its action probability vector 4]
1
[ e S o e :
: I
1
Assign t h cell; f R; 1 . .
: SSign €0 each cetsy a reteree By 1 lj « Each referee j count and compute its
1 : number of players that select “Yes” over total
: l 1 number of players.
1 1
: Compute degree of each cell : 1
1
: i B ; — Compute for each referee j a uni-modal
>
: l 1 performance function G;( A;) and generate
1 . .
: Assign to each cell; a learning 1 reinforcement signal.
1 automaton based on the : l
: mapping function F; 1
: l E ry; < Each LA;; ates a rand b
1
: Assign % percent probability as :
1 initial value to each learning :
: automaton ]
' i
! -

If the selected
action by LA;; is
the first action

LA;j updates its second action of
LAs based equation (1) LA;j updates its first action of

LAs based equation (1)

Stopping
condition
is met?

P e e ——T

Fig. 6 Flowchart of the CGG-MLA

Definition 3 The dynamics of the CGG are described by a mapping G : K — I,
which represents the global behavior of CGG with multiple LAs.

Definition 4 The evolution of the CGG with multiple LAs from a given initial
configuration X(0) € K is a sequence of interpolated process {)_((t)}t>0, such that

Xt +1)=a®(X(®) + X®.
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Our focus will be on investigating the asymptotic behavior of CGG, where
the Ly_; learning algorithm is employed by all learning automata. The process
{X(t)}m), evolutions based on the L,_; learning algorithm can be describe by the
following differential equation:

X+ 1) =X +a-0(X0)- f0)) ®

Definition 5 Let AX,(¢) indicates as the conditional expectation of X;(f) and be
defined as follows:

AX (1) = E[X,(t + 1) — X,()| X (0)] “4)

Equation (4) is applied to study the asymptotic behavior of the X,(f) in the
expected sense.

Definition 6 Let P(NE(i).i) be the finite sub set of LAs that does not contain i and
defined as follows:

P(NE(@).i) = {LA|Vj : (i) € E} 3)

Additionally, w(P(NE(i).i)) indicates the subset node form P(NE(i).i) LAs and is
defined as follows:

w(P(NE@) - ) = {W : W C PINEQ) - )} (6)

Assumption 1 The reinforcement signal f;(¢) is non-negative and bounded. For the

sake of generality, we assume, f; € [0.1].

Assumption 2 The expected value of G;:[0.1] — [0.1]is continuous for Vi € N. This
continuity is essential as G; should not exhibit discontinuities for any given number
of players.

Assumption 3 The referee function G; for Vi € N is a unimodal function which is
computes by Eq. (7).

n;

where n, is the number of LAs that is adjacent to cell; and select “Yes” action.

Assumption 4 In CGG with multiple LAs, there are not isolated learning automaton
that do not participate in action selections in each iteration.

Assumption 5 In CGG with multiple LAs, all referees use same unimodal
performance function to generate reinforcement signals.
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Hence, the probability of choosing the first action and the second action k times is
given by:

Pr (n (1) = kIX.a:(0) = ;) = > qIxm  [] (-x.)

WeP(NE() 0| W|=k—1 meW new(NEG).)-W
3
And
Pr (n,(t) = kIX.a;(t) = o) = 2 (H X1 (2) H (1-x,1)
WeEP(NEQD).i);|W|=k meW new (NEG).i)—W
©

Since {X(¢) : t > 0} is Markovian and f(¢) depends only on X(¢) and not on ¢, then
Ax; can be expressed as follows: -

Ax; = bH,(X) (10)
Hence from Eq. (10) for each cell;, Ax; is computed by Eq. (11):
Ax; = E[x(t + 1) — x,(1)|X] (11)
Assume the independence of x;(z + 1) from x,(¢), Eq. (11) is replaced with Eq. (12):
Ax; = E[x,(t + DIX] = x,() (12)

Furthermore, by substituting Ly_; learning algorithm into Eq. (12) we derive
Eq. (13):

Ax; = x; + Xy [aE[ﬂlai = ail.X]] [1 —xﬂ] +xp [—aE[ﬂIa[ = a;z-X]xn] - X
(13)
After some mathematical manipulation, Eq. (13) is transformed into Eq. (14)

Ax; = x;y + ax; [1 _xn] [aE[ﬁlai = ail.XH —ax, (1 —xil)[aE[/i'|ai = ail.XH - X
(14)
Applying assumption (3) to Eq. (14) yields Eq. (15):

Ax; = axy (1= x ) E[fla; = @ X]| = axyy (1= x;y) E[Blo; = 0. X] = ey (1 = x;y ) H(X(0))
(15)
Utilizing assumption (3) in Eq. (14), we substitute £ [ﬁlai =aqa; X] with Eq. (14) and
H;(X) is calculated using Eq. (16)

H(X(0) = Ai(X(0) + By(X(1)) (16)

where A;(X(?)) is obtained by Eq. (17)

n—1
AX(0) = 2 Gy X ( Z <H X1 (1) H (1- xnl(t))>)
WeEP(NEQ).);| W|=k

k=0 mew neS(NE(i).i)—W
a7

And B;(X) is obtained by Eq. (18)
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Bi<X(r>)=—§Gk><< Y <men<f> [1 “‘xnl(’))))

WEP(NEQ).i;| W=k \meW neSINE().i)-W
(18)

After some mathematical simplification, Eq. (15) can be derived as Eq. (19):

n—1

HX®) =Y (Gryr = Gy) > (H a0 [ (- xnl(t))>
k=0 WeP(NE(®).i);|W|=k \meWw neS(NE(®).i)-W

v '

1 2
(19)
In Eq. (17) and (18), when ¢t — oo, the probability of LAs choosing the first
action converges to unity. Therefore, using Egs. (19), we obtain:

lim x,, (1) = 1 (20)
And at the same time
lim x,, (1) =1 21)

By utilizing the outcomes of Eqs. (18) and (19), the second part of Eq. (19)
approaches the sum of the product of the probabilities to 1, leading to the
derivation of Eq. (22).

n—1

H(X)= Y (G - G) (22)
k=0

Definition 7 Let u; be initially defined as a real value within the range u; € (0,1)
where j e {1,...,|NE;|} indicates the neighborhoods for cell;, Moreover, U is

defined as a vector U; = [ul]] Ix|NE,| for each cell;. Additionally, for each cell;, the

initial value of H,(14;) s set to zero because we consider G, to be equal to Gy in the
first part of Eq. (19), denoted as zero.

Definition 8 Let k represent a combination of solutions for each cell; of the CGG,
with the matrix U = [U,, ... ,U,]. For each cell; % = £(U;), where:

AU) =uy(1—uy)HX) j € {1.....|NE]|} (23)
. . . kW)
Lemma 1 The maximum value of Eq. (23) is attained by solving = 0.

Proof 1t is an optimization problem, and to finding the maximum value, we need to
compute the derivative with respect to k [65]

@ Springer



Cellular goore game with multiple learning automata in each... Page 210f47 834

In CGG with multiple LAs (CGG-MLA), each cell plays GG with its own
environment simultaneously. Therefore, to examine the convergence behavior
of CGG with multiple LAs in each cell, we analyze the convergence behavior of
individual cell.

Theorem 3 Considering all assumptions for CGG with multiple LAs, Eq. (24) is
satisfied for each specific cell such as cell,.

NE;
MAXF (x;) = ) E[|x)] 24)
i=1

Subject to:

NE; r

YD xy=1r=12

i=1 j=1

i=1,...n

0<x; <1Vij

where F (xi) is the function that takes the probability vector of x; and generates the
reinforcement signal f,.

Proof To proof this theorem, using lemma 1, the problem reduces to the classic GG,
where we have:

U (1 )/i(ui)..#. 25

duy; — % i du;; w# >
dU, .

= (1= 20 4()if =0 (26)
Uy

The only stable point of CGG is obtained when the eigenvalues of the matrix %
is negative, where 1 <i < |NE;| and 1 <j < [NE,|. For each cell;, we consider |NE,»|
bit binary strings, with u; € {0, 1}, for all j which are neighborhood of i. Therefore,

we have:

du .
s O;forallj #i 27)

ij
And for j which is equal to i.

au; [(ui.) ifu; =0
duy { — Alug) f ;= 1 @)

/] 4
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Consider a solution string with k ones, with u;; is equal to one when i = j. For this
combination, it is easy to verify from Eq. (23) that,

du;

dT, =—(G,—G,y) (29)

Similarly, if there are k ones where u;; equals zero wheni = j.

du

dT, =—(Giy1 — Gy) 30)

Hence for such a string, the matrix ;ﬂ becomes a diagonal matrix with

—(Gy = G,_,) for I diagonal entries and —(G,, — G;) for (n — 1) diagonal entries.
Therefore, only for the value of k as indicated in remark 3, both eigenvalues are
negative. Consequently, only those solutions containing k ones are asymptotically
stable [60].

Proposition 1 In CGG with multiple LAs, the maximum expected value of
reinforcement signals is obtained using Eq. (31):

0 = argmaxF(X) (31)
where F(X) represents the total estimation of reinforcement signals. Based on
assumption 3, in each cell, the referee utilizes the unimodal performance function to
generates reinforcement signal. Hence, Eq. (31) for each cell, may be equivalent by
Egq. (32):

F(X) = F(X;)i 1,...,
X) ar}%ren;ix (X)) i€ n} 32)

Equation (32) implies that total expected value by CGG-MLA is equivalent to the
maximum expectation p; for each cell;, which can be rewritten as Eq. (33):

F(X;) = E[p,1X]] 33)

Proof Since the proposed model employs the same unimodal functions in each cell,
the problem is thereby simplified as the expected maximization for a cell. To clarify
further, maximizing the expected value of the proposed algorithm merely requires
optimizing the unimodal performance function for a cell. In the following theorem,
we provide a proof sketch demonstrating that CGG-MLA converges to a unit vector.

Theorem 4 In CGG with multiple LAs, if the learning algorithm is L,_,, the entropy,
denoted by Z, approaches zero as follows:

n |NE;|

MinZ(t) = )" ) x;() log, x;(1) (34)

i=1 j=1

Subject to:
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O0<x;n<1ij=1.N (35)
INE; 2

=1j=1,..,N
Z Z X =1j= (36)
l= {1,2}
xii(t) ={0,1} Xij = {0,1} (37)

In (34) Z(1) is total entropy of the CGG with multiple LAs, where x;; is the action
probability vector of the learning automaton residing in cell;, and cell; is adjacent to
cell;. Moreover, NE; is defined as the number of adjacent cells for a cell,.

Proof As a result of Eq. (17) and (18), when t - oo, x;; tends toward a unit vector.
Therefore, by taking the limit of Z(), we obtain Eq. (38)

n  |NE;]

lim Z(1) = lim DD xy(0)log, x;(0) (38)

t—00 4
=1 j=1

After some mathematical manipulation of Eq. (38), Eq. (39) is obtain:

|n| |NE;| |NE;|
lim D x(0log, x,(0) = Z lim D' (x;(1) log x;(1) (39)
i=1 j=1 i j—

Based on the limit theorem and using the associative property, Eq. (39) is
transformed into Eq. (40):

n |NE;| |n| INE;|

tlirg z (xi]-(t) log, xij(t)) = Z Z tlirg (xij(t) log, xl-j(t)) (40)
i=1 j=1

i=1 =1

When ¢t — oo, the action probability of LAs falls into two cases. In case 1,
the action probability of learning automaton approaches to one; thus, for this
scenario, by substituting the value of 1 — e, where ¢ is close to zero, Eq. (41) is
approximated.

am_, (50 log xy(0) = 0 (1)

In case 2, the action probability of learning automaton approaches to zero;
therefore, by substituting the value of 0 + £, where ¢ is close to zero, Eq. (42) is
approximated.

i, (a0 logy 1,(0) =0 “2)

From Eq. (39) and (40) the obtained result for theorem 4 is straight forward.

O
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4.3 Complexity analysis

From a computational complexity perspective and in terms of space complexity,
consider a scenario where the maximum and minimum degrees of the graph are
both equal to n-1 and 1, respectively. Consequently, in the worst-case scenario, for
a graph with n memory cells, a total of n> — n LAs are required, whereas in the best
case, only n LAs suffice. Given that each automaton possesses a single probability
vector containing two actions, it becomes feasible to store this probability vector
using a single memory unit and derive the second probability through subtraction
from one. Hence, the CGG-MLA algorithm demonstrates a time complexity of
O(nz) in the worst case and O(n) in the best case. However, when considering time
complexity, it primarily revolves around the LAs response to environmental stimuli
and the learning rate influencing convergence. Determining the optimal learning
rate remains an ongoing challenge in automaton theory[25]. In the context of the
CGG-MLA model, the interplay between the behaviors of multiple LAs complicates
this matter, rendering it a complex problem without a precise optimal solution.
Addressing this challenge is identified as a potential avenue for future research.

5 Applications: an algorithm for overlapping community detection
in multilayer social networks.

This section introduces a novel algorithm, CGG-OCD, based on Cellular Goore
Game, designed to address overlapping community detection in multilayer social
networks. The CGG-OCD algorithm operates locally and independently, with each
cell making decisions autonomously. Additionally, the algorithm is fully distributed,
ensuring it avoids local optima. The objective of this research is to explore the
potential of employing Cellular Goore Game with multiple learning automata per
cell for efficient community detection. To achieve this objective, we outline the
algorithm’s structure.

Definition 9 A multilayer network M is defined as M = (G,C), where
g= {Gili e{1,2,... ,L}} represents the set of networks, with |L| denoting the
total number of layers. Each, G; = (Vi, E;) denotes a network in layer i, where G; is
termed the layer of M. Furthermore, C = {E,_-i cV;x V] cnje{l,2,...,L},i #j}
represents the set of interconnections between nodes across different layers G; and
G;, where i # j. The edges within the E; set are known as intra-edges. Elements of
C are referred to as crossed layers, while elements of each E; are termed inter-layer
edges of M, in contrast to E;, which are termed cross-layer edges.

Definition 10 The set of communities, denoted as S = {Cl, G, ....C, }, comprises
individual communities represented by C; = (g, /), where g is a subset of G and [ is a
member of |L|. In order to establish a formal definition for multilayer communities,
we have expanded upon the definition provided in [61] for simple networks.
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Definition 11 A multilayer strong community refers to a group of nodes where,
in each layer, the internal degree of the nodes surpasses the external degree. This
condition can be mathematically expressed using Eq. (43):

VieL:ieg: K";(g) > Klfjl‘”(g) (43)

where Klf"}(g) indicates as the input degree of node i in layer / to community g and
Kl.”;” (g) indicates as the output degree of node i in layer / to community g

Definition 12 A multilayer weak community can be defined as a collection of nodes
where, in each layer, the total internal degree of the nodes exceeds the total external
degree of the nodes. This condition is mathematically determined by the following

Eq. (44):
DKM > YD KM () (44)

i€l jeg i€l jeg

where K’"(g) indicates as the input degree of node i in layer / to community g and
K"”’(g) indicates as the output degree of node i in layer / to community g

Definition 13 The density of a community i in a multilayer network is the number of
all the edges connecting the all members of C; for all vf € C;. It is defined as follows:

den(C;) = {(vaf) € E},v; € Ciandv; € C,-} (45)

Definition 14 The disconnectivity of a community i is define as the number of all
the edges outside of community C;.

The disconnectivity of community C; is denoted by Sep (Ci) and defined by
Eq. (46):

dis(C,) == { (Vi) € Cv € Canav! ¢ €, } (46)

The primary objective is to compute a partitioning in which communities
exhibit compactness and separability. However, it is important to note that the
notion of disconnectivity does not imply complete isolation, as overlaps between
communities are allowed. All these concepts are taken into consideration in our
objective function, termed the ‘‘Index of connectivity,”” which is defined as
follows.

Definition 15 To determine the quality of connectivity of a community is based
on the idea of maximizations of the internal edges to a community. The objective
function is defined as the difference among the density and disconnectivity,
normalized by the sum of the density and disconnectivity of the considered one as
defined as follows:
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G(C) = den(c‘? (47)
den(C,-) + dlS(Cl-)

The objective function G(Ci) is maximal, when the density of community is high
and disconnectivity is low. In other words, the vertices included in community have
strong connection among them and are loosely connected with nodes outside this
community.

Definition 16 Based on definition (10), we denoted a community as C; = (g, 1),
where g represents a subset of G, and / is an element of [M|. In the context of
Multilayer Overlapping Communities detection, the communities C; = (gl, ll) and
C, = (gz,lz) are identified as multilayer overlapping communities if and only if
{ll =LAgNg# ﬂ}. Hence, it is crucial to note that even if two communities
share common nodes across different layers, they do not qualify as overlapping
communities due to this conceptual distinction. Two instances of simple overlapping
communities within a multilayer network are depicted in Fig. 7 as follows.

6 Proposed algorithm

This section presents the CGG-based algorithm for detecting overlapping
communities in multilayer social networks named CGG-OV. The CGG-OV
algorithm operates locally and independently in each cell to identify communities
with overlapping structure within these networks. We delve deeper into the process
of detecting overlapping communities using the Cellular Goore Game (CGG)
with multiple Learning Automata (LAs) in each cell. To elucidate this objective,
we initially outline the algorithm’s whole structure in brief. The CGG-OV

Fig.7 An illustration of multilayer overlapping communities depicts subsets of nodes characterized by
dense interconnections within the same subset of layers and sharing common node membership
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algorithm comprises of five steps. Let M = (G,C) denote a multilayer network,
where G = {Gili € {1,2,...,L}} represents the set of networks and L is total
number of layers. Each network G; € G, defined as G; = (V;, E;) consist of a node
set V; = {v;,...,.v;,} and an edge set E; C V; x V,, respectively. We note that, if
C = (Vi, li) and C; = (Vj, lj) are two multilayer overlapping communities, then /; = /;
and V; n'V; # @. Initially, a CGG with multiple LAs is isomorphic to each cell of the
multilayer networks. Subsequently, CGG-OV utilizes leaning automata tries to find
candidate dense communities. In the subsequence step, these candidate communities
are evaluated by uni-modal performance function, referred to as F, employed by
a referee. Based on the referee’s evaluation of the communities, reinforcement
signals are generated for each neighborhood LA, and each LA updates its action
accordingly. This process of community identification, evaluation by the referee, and
action probability vector update continues until a predefined criterion is met or no
changes occur in the action probability.

6.1 Initialization

To initialize the algorithm, a CGG with multiple LAs in each cell is created, which
is isomorphic to the input network. This resulting network can be described as
N = (A.a), where A = {Aj]i € {1,2,... .M} }and A, = {A],A%, ... A"} denote the
set of learning automata assigned to network in layer i, and Ajl: represents the
learning automaton assigned to cell j in layer i. Moreover, a = {al,az, ,aM}
represents the set of action which is assign to LAs where ag; = {al.l,al.z, ,a;‘}
indicate the set of action of automaton in layer i in which a{ represent the set of
actions that is taken by automaton j in layer i. To assign LAs to each cell of this
network, a mapping function exists which maps each learning automaton to the cells
of the input network based on following assignment. Let G; = (V;, E;) where Vi,
v, € Viand (v}, v))€ E;and i € L then LA; is assign to cell v, and LA], to cell v, in
layer i. Additionally, if C={E;CV,XV,:ij€{1,2,....L},i#}) where
ViV, v; C V; and o, v;)e E,; for each i < j then LA;J. is assign to cell v/ in layer i
and LA;i is assign to cell vj in layer j. Moreover, each LA;. has two actions
corresponding to a;, a;, representing “Yes” and “NO”, respectively. At the initial
step, the value of each action has equal probability. Additionally, in each cell v C V;,
a referee R; resides, which counts the fraction of “Yes” over total number of LAs
participating in this game.

6.2 Community formation

In this step, each cell simultaneously constructs its own local communities based on
internal density and external disconnectivity found by the algorithm. To create such
local communities, each learning automata LAi.i, which is assigned to cell v; in layer

i, selects one of its possible actions. Let a’l:l be the first action corresponding to “Yes”
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selected by LAfj. Then, each referee le. residing inside cell j in layer i counts the

fraction of “Yes” of its corresponding learning automata in the neighborhood of the
adjacent cells to total LAs that participate for local communities formation. Let ﬂﬁ be

the function that counts number of LAs that select its first action agl in layer [,
defined by Eq. (48):

1
Ll 9

A=Y 1{ (1) = ay } (48)
=1 j=1
where df,(";) is the number of LAs that are resided in the adjacent cell of v; and /
stand stands for the indictor function.

6.3 Community evaluation

In this step, the candidate communities are evaluated based on reinforcement signal
generated by the algorithm. Let 95 and Cil denote the density and disconnectivity of
community C; in layer [/, respectively. Then, the expected value E [ﬁil Iﬂf , Cil]is defined
by Eq. (49):

den(C;
E[p'0)160). 0] = ¢, enlG0) (49)
core den(C,(1)) + dis(Cy(1))
where ¢ is defined by Eq. (50)
B0/, 1) = 0.2 + 0.8 (401D 0 1-) (50)

where |9l( (t)| and |Ci’ (t)| represent the cardinality of density and cardinality of sparsity
of the community C; at round ¢, respectively. Additionally, |6*| and |{*| are the
cardinality of complete and sparse community, respectively. It should be noted that,
due to the nature of the GG, the function ¢, is a uni-modal performance function

which is optimized when |9;(t)‘ is equal to |6*| and |Ci’(t)| — &%

6.4 Update action probability vector

In this step, for each cell i, if the selected action by LAs forms dense community,
the value of the function ¢, is computed to generate reinforcement signals based on
Eq. (49). Let ﬂf(t) denote the reinforcement signal generated by cell i in layer / at
iteration ¢. Then, each LA associated with this cells updates its internal states based
on Ly_; learning algorithm. The updating of internal states are occurs based on the
value of /3[.’ (t) and ¢, for each cell i. In this step, each LAs generates its own random
number independently to update its action probability vector. If the selected action
by LAs is equal to afl and the random number generated by each learning automaton
is less than the value of ¢;, then the probability vector of the associated LA updates
based on Eq. (51):

@ Springer



Cellular goore game with multiple learning automata in each... Page290f47 834

A+ D =xO+a(l-x0)

51
x4+ 1) = xLy (1) — axky (1) GD
where a determines the learning rate of the learning algorithm. Also, if the selected
action by LAs is equal to aﬁz and the random number generated by each learning
automaton is greater than the value of ¢;, then the probability vector of the
associated LA updates based on Eq. (52):

xh(t+ 1) = xL @) +a(1 - x,0))

52
X, (t+ 1) = X, (1) — ax;, (1) 62

If the conditions are not satisfied for updating based on Eq. (51) and (52), then
algorithm does not perform any updates and next iteration starts.

6.5 Stopping condition

The proposed CGG-OV stops when the number of iterations exceeds a predefine
maximum iteration 7, or when the value of entropy defined by Eq. (53) reaches a
predefine value.

2
) _ ) 1
EN(xij> = 214 x, log xl (53)
j:

where xf“ is the probability of selected action j in cell i in layer [/ and EN (x’..) is the
y i

entropy value of its counterpart. The pseudo-code of the CGG-OV algorithm is
demonstrates in Fig. 8.

7 Evaluation metric

A comparison of the proposed CGG-OV algorithm with different methods is made
on both synthetic and real network datasets in order to evaluate its effectiveness
(Figs. 9 and 10).

7.1 Normalized mutual information

The Normalized Mutual Information (NMI) [62] is a measurement that assesses
the extent to which nodes in two layers, a and f, of a multiplex belong to the same
community. It quantifies the similarity between the community structures of these two
layers. When the NMI value is high, it indicates that the community structures of the
two layers are quite similar. In other words, if the NMI value is high, it suggests that
both layers have a comparable distribution of communities, meaning that they possess
similar community structures. This information is valuable for researchers interested
in understanding how different layers interact and the similarities or differences in
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Cellular Goore Game with Multiple LAs in each Cell for Overlapping Community Detection

Inputs: The input multilayer Graph M = (G, C), Tppq, maximum iteration number, Mingy minimum value of entropy.
Output: The set of overlapping communities

Initialization

Let N = (A, a) is the networks of learning automata Which is isomorph to the input multilayer network.

Let A = {A;li € {1,2, ..., M}} is the set of learning automaton that is assign to network in layer i.

Let A; = {A}, A?, ..., A"} indicates as the set of learning automaton that is assign to network associated with layer i and
A{ is the learning automaton that is assign to cell j in layer i.

Let a = {ay, ay, ..., ay} denotes the set of action which is assign to LAs associated with its LAs.

Let a;={a},a?, ..., al} indicate the set of action of automaton in layer i in which a{ represent the set of actions that is
taken by automaton j in layer i.
Let x is the probability of selected action j in cell i into layer [ and the initial value is 0.5.
Begm
Let t is the iteration number and initially set to 1.
Let EN(x{;) is the entropy value of action j in cell i that associated with layer I and the initial value is 1.
Repeat
For each cell! in G do in parallel
LAli selects one of its action a%j from two available actions “Yes” or “NO” based on its action probability vector
= (x, xb).
End For
For each cell! in R! do in parallel
Referee R} count the fraction of “Yes” to determine its own communities based on neighborhood LAs.
IF the number of “Yes” forms community based on equation (44) then
Compute density of community C} based on equation (45)
Compute dis-connectivity of community C} based on equation (46)
End IF
End For
For each cell! in G do in parallel

Let ¢; (Bl(t) {f(t)) is defined as reward probability at iteration t that is computed by referee R}

IF (rnd ) < ¢; (9 ), (' (1)) and select action is a | then

A J update its action probability vector based on equation (51)
End IF
IF (rnd!(t) > qbi(eﬁ(t), (f(t)) and select action is @/, then
LA/ update its action probability vector based on equation (52)
End IF
Calculate information entropy
Set t=t+1
Until t > Tyq, and EN(x};) > Mingy
end

Fig. 8 The pseudo-code of CGG-OV is outlined

their structures. By comparing the NMI values of various layers, researchers can gain

insights into the relationships between these layers and their community structures. Let

gl[.kJ and,gl.[q] represent two community assignments, indicating the communities ¢ = g[.kJ

[q]

to which the replica node (i, k) belongs ¢ = 1,2, ..., P™¥, and the communities 6 =

to which the replica node (i,q) belongs, with ¢/ =1,2, ... , P The communlty
structure can be captured using the NMI, as given by Eq. (54).

[ka]
Pikl yPlal plkaly o (X
N1 (9, gl i 54
- 54
l [a]
PLK] pIk] Plq] [q] Ny
Yoo No 1og( ) 2o N, log| —=-
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Fig. 9 The plot of average entropy value versus iteration number for different learning rate
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MinMaxCut Values Across Networks
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Fig. 10 The results for MinMax Cut for real multilayer networks

where N} (Kl and N, L4] determine the number of nodes belong to community ¢ in layer

k and in the community ¢’ in layer g, respectively. Moreover, N L& ] shows how many
nodes have rephcas in layer k in community o and their replica node in layer g in the
community ¢’.

7.2 Modularity

The generalized modularity quantifies the quality of the multilayer community
assignment by measuring how tightly connected the multilayer communities are
with respect to the random hypothesis. Specifically, the generalized modularity QY
is determined by equation:

k”‘] [q]

k
Z Ay = 7 e + @iy 5(g§1,g,[”]) (55)
1,/kq

where A, is the supra-adjacency matrix, u = ZA,k wto Z A, ., and 5(x,)

ik.jg iq.jq

indicates as the kronecker delta.

7.3 MinMaxCut
In the context of overlapping community detection in a multilayer network with

L layers, the concept of cuts between communities’ C; and C; defines the edges
connecting these communities. The MinMaxCut of a partition P of the multilayer
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graph is the ratio of overlapping inter-community edges to the total number of
edges associated with the different communities separately, mathematically
expressed as:

K

E .1
MinMaxCut(P) = 2 EE (56)

i=1 i

where E g/ is the number of overlapping edges between community C; and other
communities, and E; is the number of edges of community C;, Minimizing the
MinMaxCut, as shown in Eq. (56), results in well-separated and dense communities.

7.4 Coverage

The coverage of a partition P for overlapping community detection in a multilayer
network with L layers is defined as the ratio of interior edges within the
communities to the total number of edges, mathematically defined as:

K ¢
Coverage(P) = Z Fm (57)
i=1

where E,; is the number of edges community of C;. Maximizing the coverage, as
shown in Eq. (57), results in dense communities.

7.5 Adjusted rand index

The adjusted rand index (ARI) is a widely used metric to measure the similarity
between two clustering results while correcting for random chance. In the context
of multilayer social networks, ARI can be adapted to compare the detected
community structure across multiple layers with a given ground truth or another
benchmark clustering. Given two partitions C (the detected communities) and C'
(the ground truth or benchmark clustering), ARI is defined as:

5 (%)-(=(9)s (1))
= (8) = (D))= ()= (D))(5)

where N is the total number of nodes, n; is the number of nodes common to both
community i in C and community j in C’, g; is the sum of all nodes in community i

of C, b; is the sum of all nodes in community j of C" and <ai = @

ARI = (58)

) is the

binomial coefficient counting the number of ways to choose two elements from a;.
For multilayer networks, ARI can be adapted as follows:
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SF  w.ARI
AR, = HL— (59)
=1 Wi

where w; is the weight of layer / based on edge density or significance.

8 Experiment setting

In order to assess the effectiveness and efficiency of the CGG-OV algorithm in
detecting overlapping community structures, a series of experiments is conducted
on both real networks (Florentine, Monastery, Bankwiring, Tailorship) as presented
in Table 2, and synthetic networks (MLFR benchmark [14]). In the MLFR networks,
various parameters are considered for characterization: “—Orig” represents the
number of nodes in the original network, “L” denotes the number of layers, “N”
signifies the number of nodes, “K” indicates the average degree, “MaxK™ represents
the maximum degree of nodes, “u” relates to the mixing parameter, “z,” represents
the negative exponent for the degree sequence, “z,” signifies the negative exponent
for the community size distribution, “MinC” denotes the minimum community size,
“MaxC” represents the maximum community size, “ON” refers to the number of
overlapping nodes, and “OM” represents the number of memberships assigned to
overlapping nodes.

Additionally, the performance evaluation of the CGG-OV algorithm includes
the utilization of the well-known computer-generated network, MLFR [63].
For the synthetic modular network, specific parameters are set according to the
MLFR benchmark guidelines. These parameters include “—Orig = 1”7 to specify
the number of the original network, “L = 3” indicating the number of layers,
“N=1000" representing the total number of nodes, “K = 1000” signifying the
average degree, “MaxK = 50" denoting the maximum degree, “y = {0 — 0.8}”
specifying the range of the mixing parameter, “r; =2” representing the

Table 2 Characteristic of multilayer networks

Networks ~ Nodes  Edges Layer Description

Florentine 15 35 2 Network of politically prominent families in Florence

Monastery 18 510 10 Network of three choices of a group of monks on four pairs
of relations

Bankwiring 14 110 6 Network of employees that work in the bank wiring room

Tailorship 39 552 4 Network of work and friendship interactions among workers
in a tailor ship

Acus 61 620 5 Network of relationships and interactions among professors
and other staff

Ff-Tw-Yt 6407 74,862 3 A network of anonymized users from Facebook, Twitter,
and YouTube

Friendfeed 510,896 20,330,701 3 Network of social interaction with commenting, liking, and
following
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negative exponent for the degree sequence, “r, = 1” indicating the negative
exponent for the community size distribution, “MinC=20" representing the
minimum community size, “MaxC = 50" denoting the maximum community
size, “ON = {0—200}" specifying the range of overlapping nodes, and
“OM = {1 —4}” signifying the range of membership values for overlapping
nodes. By performing experiments on both real and synthetic networks while
considering a wide range of parameter settings, a comprehensive evaluation of
the CGG-OV algorithm’s capabilities in detecting overlapping communities is
achieved. This ensures a thorough analysis of its performance under various
network configurations and enhances our understanding of its efficiency and
applicability.

To evaluate our proposed algorithm, our first experiment conducted on
synthetic networks.

8.1 Experiment results
8.1.1 Experiment |

This experiment provides the impact of varying learning rates on modularity
across different network structures and reveals several key observations. A
consistent trend is observed across all networks, where an increase in the
learning rate leads to a decline in modularity scores. This suggests that higher
learning rates may introduce instability in the learning automata, ultimately
affecting the quality of detected community structures. Notably, smaller
networks such as the Monastery and Tailorship networks exhibit a steeper
decline in modularity compared to larger and more complex networks like Acus
and Ff-Tw-Yt. This implies that smaller networks are more sensitive to variations
in learning rates, likely due to their limited connectivity and fewer well-defined
clusters, whereas larger networks maintain relatively stable modularity values
despite an increase in the learning rate. The Acus network, which initially
demonstrates the highest modularity score, experiences a decline similar to
other networks but remains more resilient, suggesting that denser connectivity
structures help preserve community integrity even at moderate learning rates.
In terms of parameter selection, the results indicate that lower learning rates
(£0.03) generally yield better modularity performance across all networks,
ensuring that the learning automata can effectively capture community structures
without excessive parameter fluctuation. Moderate learning rates (0.04-0.06)
present a balance between modularity retention and convergence speed, whereas
higher learning rates (>0.07) result in significant degradation of modularity,
indicating that aggressive updates may disrupt the stability of learned partitions.
Consequently, an adaptive or network-specific learning rate adjustment strategy
is recommended to optimize modularity while maintaining convergence
efficiency. In the following experiments, we used 0.01 as the learning rate for the
automata. The results are shown in Table 3.
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Table 3 Impact of varying learning rates on modularity across different multilayer social network
structures

Learning rate ~ Florentine ~ Monastery — Bankwiring  Tailorship  Acus  Ff-Tw-Yt  Friendfeed

0.01 0.592 0.419 0.526 0.515 0.801 0.498 0.586
0.02 0.578 0.402 0.512 0.503 0.788  0.485 0.572
0.03 0.563 0.390 0.500 0.491 0.775 0.472 0.560
0.04 0.550 0.375 0.487 0.475 0.760  0.460 0.547
0.05 0.537 0.360 0.475 0.466 0.745 0.448 0.535
0.06 0.523 0.345 0.462 0.453 0.730  0.435 0.522
0.07 0.510 0.330 0.450 0.440 0.715 0.422 0.510
0.08 0.495 0.315 0.438 0.428 0.700 0.410 0.498
0.09 0.480 0.300 0.425 0.415 0.685 0.397 0.485
0.1 0.465 0.285 0.412 0.402 0.670  0.385 0.473

8.1.2 Experiment |

The experimental analysis of the proposed CGG-based overlapping community
detection algorithm demonstrates its effectiveness across different multilayer
social network datasets, including Acus, BankWiring, Florentine, and Friendfeed.
The results indicate that in networks with well-defined community structures,
such as Acus, BankWiring, and Florentine, the algorithm converges rapidly, with
the Average Referee Value (ARV) stabilizing close to 1 within approximately 200
iterations, while the Average Entropy Value (AEV) declines swiftly, indicating
minimal uncertainty in community assignments. In contrast, the Friendfeed network,
characterized by its larger size and potentially overlapping communities, requires
significantly more iterations (over 200,000) to stabilize, suggesting a more complex
underlying structure.

Similarly, for Monastery (small-scale), Tailorship (medium-scale), and
Ff-Tw-Yt (large-scale) networks, the ARV increases monotonically and stabilizes
near 1, while the AEV declines rapidly, approaching zero, signifying effective
community optimization. The Monastery network exhibits the fastest convergence,
stabilizing within~100 iterations, implying well-defined communities with
minimal uncertainty. The Tailorship network follows a similar trend but requires
approximately 500 iterations, reflecting a moderately complex structure with minor
fluctuations in community definition. The Ff-Tw-Yt network, being significantly
larger, demands~20,000 iterations to achieve stability, with entropy decreasing
more gradually due to its high sparsity and intricate interactions.

These trends indicate that smaller networks converge faster, whereas larger
networks require more computational effort due to increased structural complexity.
The consistent decline in AEV across all datasets validates the algorithm’s ability
to minimize uncertainty and refine community assignments over time. Furthermore,
the near-optimal ARV suggests strong intra-community connectivity across
different network topologies. Therefore, these findings confirm the effectiveness
and scalability of the CGG-based algorithm in detecting communities, though
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larger and more intricate networks necessitate extended learning phases for optimal
performance.

8.1.3 Experiment Il

The experiment was conducted to compare the MinMaxCut values, Coverage, and
adjusted rand index (ARI) across multiple multilayer networks. The MinMaxCut
metric, which quantifies the quality of partitioning by minimizing inter-community
edges while maximizing intra-community connectivity, produces lower values
for smaller datasets such as Florentine and BankWiring, indicating well-defined
community structures. In contrast, large-scale networks such as Friendfeed exhibit
relatively higher MinMaxCut values, likely due to the complexity of their dense and
diverse interactions.

The Coverage metric, which measures the proportion of correctly clustered edges,
remains consistently high across all datasets, signifying the effectiveness of the
learning automata-based approach in capturing network structures. Notably, simpler
social structures, such as Acus and BankWiring, achieve near-optimal coverage,
whereas massive networks, such as Friendfeed, display marginally reduced coverage
due to their inherent sparsity and noise. Moreover, the Adjusted Rand Index (ARI),
which evaluates clustering accuracy relative to a ground truth, follows a similar
trend: small to medium-sized datasets (e.g., Florentine and Tailorship) exhibit near-
perfect ARI, while large-scale and highly complex datasets, such as Friendfeed,
show comparatively lower ARI values. This suggests that the proposed approach
effectively identifies communities in structured networks but may be affected by
the increasing complexity and sparsity of larger networks. Thus, the results validate
the efficacy of the learning automata model in detecting community structures,
particularly in networks with well-defined relationships and moderate inter-layer
dependencies.

8.1.4 ExperimentV

This experiment investigates the convergence behavior of the proposed CGG-OV
algorithm compared to other algorithms in terms of Normalized Mutual Information
for multilayer social networks (MNMI). To conduct this experiment, we explored
the impact of different mixing parameters (p) generated for multilayer LFR networks
and their corresponding NMI values. Additionally, we studied the influence of the
number of memberships for the overlapping nodes, which varied from 1 to 4 in
these networks. The obtained results are depicted in Fig. 11. From the results, it is
observed that by varying the mixing parameters, the proposed algorithm successfully
identifies overlapping communities for communities with lower mixing parameter
rates. However, as the mixing parameter rate increases, leading to less clarity in the
communities, all algorithms exhibit similar NMI values. The CGG-OV algorithm
outperforms other algorithms due to its utilization of learning mechanisms. In other
words, by employing learning automata and leveraging the objective function, the
proposed algorithm effectively guides the discovery of overlapping communities in
the networks (Figs. 12 and 13).
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36 Coverage Across Networks
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Fig. 12 The results for Adjusted Rand Index for real multilayer networks

8.1.5 ExperimentVI

The aim of this experiment is to assess the performance of the CGG-OV algorithm
in detecting overlapping communities based on modularity. The obtained results
are compared with those of well-known algorithms for overlapping community
detection, such as EMCD [64], GenLouv[65], mInfomap[66], PMM[67], CLACD
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Fig. 13 Comparison of quality of the obtained results in terms of NMI on synthetic multilayer networks
by varying number of memberships nodes OM = {1-6} in different mixing parameters
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[10] and MLCD [68]. The evaluation presented in Table 4 demonstrates the
effectiveness of various algorithms in maximizing modularity (Q) across real-world
networks, with the performance assessed based on maximum (Max) and average
(Avg) modularity. Among the algorithms, CGG-OV consistently outperforms others,
achieving the highest Max modularity across most networks, including Florentine,
Monastery, Bankwiring, Tailorship, and Acus. This indicates its strong capability
in optimizing community structures. Additionally, CGG-OV exhibits robust
Avg modularity scores, often matching or exceeding competitors like GenLouv
and MLCD, highlighting its stability and reliability. In comparison, the baseline
Pure-Chance (CGG) algorithm achieves significantly lower modularity values,
emphasizing the improvements introduced by CGG-OV. GenLouv performs well in
Avg modularity and is competitive in Max modularity but is slightly outperformed
by CGG-OV in key networks. On the other hand, M-Infomap struggles with both
Max and Avg modularity, particularly in networks like Acus and FF-Tw-Yt, where
its values are notably lower than other algorithms. PMM, CLACD, and MLCD
show mixed performance, with MLCD being competitive in some networks but
generally unable to surpass CGG-OV. In network-specific trends, CGG-OV excels
in larger, complex networks such as Friendfeed and FF-Tw-Yt, achieving the highest
modularity scores, while maintaining consistent results across simpler networks
like Florentine and Monastery. These findings suggest that CGG-OV is not only an
improvement over its baseline but also a robust and effective alternative to other
state-of-the-art methods. The CGG-OV algorithm provides superior performance,
particularly its ability to maximize modularity across diverse networks, and position
it as a reliable solution for community detection tasks. Moreover, the table provides

Table 4 Evaluation of CGG-OV algorithms on real-world networks based on maximum (Max) and
average (Avg.) modularity

Networks Q Pure- GenLouv M-Infomap PMM CLACD MLCD CGG-OV
Chance(CGG)
Florentine =~ MAX 0.411 0.530 0.548 0.456 0.546 0.591  0.592
AVG 0405 0.527 0.542 0.452  0.542 0.589  0.591
Monastery MAX 0.211 0.411 0.241 0.241 0.398 0416 0419
AVG 0.204 0.402 0.238 0.238 0.397 0.413 0418
Bankwiring MAX 0.371 0.526 0.919 040 0512 0.526  0.526
AVG 0371 0.521 0.908 0.394 0511 0.522  0.526
Tailorship MAX 0.141 0.358 0.174 0.174 0491 0.358  0.515
AVG  0.135 0.348 0.168 0.172  0.489 0.353 0514
Acus MAX 0.324 0.633 0.826 0.372  0.799 0.633  0.801
AVG 0319 0.621 0.824 0.368 0.792 0.631  0.801
Ff-Tw-Yt MAX 0.390 0.497 0.286 0.238 0.488 0.497  0.498
AVG  0.357 0.478 0.282 0.234 0.487 0.493  0.496
Friendfeed MAX 0.529 0.582 0.482 - 0.512 0.582  0.586
AVG 0.523 0.578 0.478 - 0.508 0.581  0.581

The best-performing values for each metric or comparison row
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evidence of the challenges faced by algorithms like M-Infomap and PMM, which
tend to underperform in modularity metrics, further underscoring CGG-OV’s
advantages in this domain (Tables 3 and 5).

8.1.6 ExperimentVII

The statistical analysis of community detection algorithms using the t-test
reveals significant variations in performance across different methods. Among
the evaluated algorithms, GenLouv (p=0.002), CLACD (p=0.020), MLCD
(»=0.001), and CGG-OV (p=0.008) exhibit statistically significant results,
indicating their effectiveness in capturing community structures. Notably, MLCD
achieves the highest statistical significance (T=5.636, p=0.001), suggesting
superior performance in the given experimental conditions. Conversely, M-Infomap
(p=0.165) and PMM (p=0.869) fail to achieve significance, implying that their
performance may be more variable or less distinguishable from the null hypothesis.
The results indicate that modularity-driven and learning-based approaches, such as
MLCD and GenLouy, tend to outperform other methods, while certain algorithms
may require more favorable conditions to exhibit meaningful results. Then, the
findings validate the effectiveness of specific community detection techniques
while highlighting the potential limitations of others, guiding future refinements in
multilayer network analysis.

9 Discussion

A significant challenge associated with the proposed model lies in its extensive
parameterization, particularly the integration of multiple learning automata with
independent learning rates. While this level of flexibility enhances adaptability
and enables fine-grained decision-making, it simultaneously introduces substantial
difficulties in parameter tuning. The process of selecting optimal parameters, such as
learning rates and automata configurations, is inherently dependent on the structure
of the underlying network, making it difficult to establish a universal guideline
applicable across various network types. In practical implementations, the optimal
parameter settings are influenced by multiple factors, including network topology,

Table 5 Statistical significance

! . ! Algorithms T-Statistic P Value Significance (a = 0.05)
analysis of community detection

algorithms using t-Test GenLouv 5.192 0.002 Significant
M-Infomap 1.582 0.165 Not Significant
PMM 0.174 0.869 Not Significant
CLACD 3.136 0.020 Significant
MLCD 5.636 0.001 Significant
CGG-OV 3.935 0.008 Significant

The best-performing values for each metric or comparison row
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connectivity patterns, and the dynamic behavior of agents. The combinatorial nature
of the parameter space further exacerbates the complexity of optimization, rendering
it computationally demanding.

From a theoretical perspective, determining the optimal parameter values
constitutes an NP-hard problem, as it necessitates exploring an exponentially
large space of potential configurations. This complexity arises due to the intricate
interplay among multiple interdependent factors that influence the convergence
properties and whole performance of the learning automata. Furthermore, the
inherent nonlinearity of the learning process complicates direct analytical derivation
of optimal parameter settings. While heuristic approaches, such as grid search and
metaheuristic optimization techniques (e.g., genetic algorithms and particle swarm
optimization), offer potential solutions for identifying near-optimal parameter
values, these methods often entail significant computational overhead and may not
generalize effectively across diverse network structures.

Given these challenges, a promising avenue for future research involves the
development of adaptive or self-tuning mechanisms capable of dynamically
adjusting learning parameters based on observed performance metrics. Machine
learning-based meta-optimization techniques, such as reinforcement learning and
Bayesian optimization, could be employed to automate the parameter selection
process, thereby mitigating the reliance on manual tuning. Additionally, a rigorous
investigation into theoretical bounds on parameter sensitivity across different
network classes could provide valuable insights into the design of more robust and
efficient learning automata frameworks. Addressing these challenges would not only
enhance the practical applicability of the proposed model but also contribute to the
broader theoretical understanding of parameter selection in learning automata-based
systems.

10 Conclusion

In this paper, we propose a new model of Goore Game called Cellular Goore Game
with multiple learning automaton in each cell (CGG). We extended the primary
definitions of covergence in the theory of learning automata for Cellular Goore
Game with multiple LAs and therefore based on the new definitions some studied
were conducted. The analytical studies confirmed that the CGG with multiple LAs
aid of L_, learning algorithm is converges. Moreover, we have provided an entropy
metric to study the players’ behavior in each cell of the models and show that as
the algorithm processed, the total entropy of the player’s approach to zero. The
numerical experiments were provided to support the theoretical results. To show the
potential of this model in designing algorithms, an overlapping community detection
problem called CGG-OV has been studied. Moreover, to show the superiority of
the CGG-OV, the algorithm compared with six different algorithms which are two
different learning automata based algorithms CLACD, Pure-chance and the obtained
results shows the superiority of the proposed model in terms of Normalized mutual
information and Modularity value.
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The proposed model aims to tackle complex learning scenarios within specific
application domains, resulting in inherently greater complexity compared to naive
cellular Goore Game model. However, a critical concern in the CGG-MLA model is
its fully-parameterized system, stemming from multiple automata and independent
learning rates. This aspect is particularly significant in convergence performance, an
area that remains relatively unexplored within this context. The presence of learning
automata in the CGG-MLA model suggests that a low learning rate may slow
convergence, while a high rate can lead to local minima. Therefore, future work
will focus on investigating new policies for tuning the learning rate of CGG-MLA
through mathematical analysis.
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