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It is also an active research area for more than 2 decades; therefore, many approaches
have been proposed in order to find an optimal structure based on training samples. In
this paper, a Particle Swarm Optimization (PSO)-based algorithm is proposed to solve the
BN structure learning problem; named BNC-PSO (Bayesian Network Construction algorithm
using PSO). Edge inserting/deleting is employed in the algorithm to make the particles
have the ability to achieve the optimal solution, while a cycle removing procedure is used
to prevent the generation of invalid solutions. Then, the theorem of Markov chain is used
to prove the global convergence of our proposed algorithm. Finally, some experiments are
designed to evaluate the performance of the proposed PSO-based algorithm. Experimental
results indicate that BNC-PSO is worthy of being studied in the field of BNs construction.
Meanwhile, it can significantly increase nearly 15% in the scoring metric values, comparing

with other optimization-based algorithms.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Bayesian networks (BNs) are popular within the Al probability and uncertainty community as a method of reasoning
under uncertainty [48]. From an informal perspective, a BN is a directed acyclic graph, in which nodes represent random
variables, and existence or lack of the arcs represents the dependence relationships between the variables. The relations
are further quantified by a set of conditional probability distributions, one for each variable conditioning on its parents.
Overall, a BN represents a joint probability distribution over a set of random variables; and provides an efficient device for
performing probabilistic inference.

Learning the structure of a BN from data is an important challenge and has been studied extensively during 2 last
decades. It is an NP-hard problem [9,11,30,54]; so, inferring complete causal models (i.e., causal BNs) is essentially impossible
in large-scale data mining applications with thousands of variables [78].

Generally, there are three main approaches for learning BNs from data: scored-based learning, constraint-based learning,
and hybrid methods. Algorithms following the first approach evaluate the quality of BNs structures using a scoring function
and select the one with the best score [2,13,32]. These methods consider the structure learning problem as a combinatorial
optimization problem. However they work well for small datasets, they may fail to find optimal solutions for large datasets.
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a BN structure that best fits those independent relations [7,20,23,64,81,89]. They rely on the results of local statistical tests,
so they can often scale to large datasets; however, they are sensitive to the accuracy of the statistical tests, and if there
are insufficient or noisy data they may badly work. In comparison, score-based algorithms work well even for datasets with
relatively few data points. Finally, hybrid algorithms integrate previous two approaches and use combinations of the score-
based and the constraint-based algorithms to solve the structure learning problem [1,17,69,84]. One popular strategy is to
use constraint-based learning to create a skeleton graph and then use score-based learning to find a high-scoring network
structure. For further information about BN structure learning, please refer to [45,47].

Recently, Particle Swarm Optimization (PSO) has been successfully applied in many researches and application areas;
structure learning of the BNs is one of these applications. However, the classical PSO only operates in continuous and real-
valued space, and some methods, which make it into discrete space to apply it for learning of the BNs, are necessary.
In [36,90] an alphabetic sequence has been used to represent a candidate BN (a particle in PSO), and then, some rules
have been defined to make the computations of the velocity and the position updating. These methods have also been
applied to dynamic BNs learning [91]. In [51] a memory binary PSO has been introduced to prevent and overcome premature
convergence for BNs learning. In [87] a binary encoding scheme has been used to represent a BN; and two modifications of
particle moving operations have been proposed. One is the velocity updating rule based on the binary representation, and
the other is the position updating rule based on stochastic mutation operation. In [22] a PSO-based approach has been used
to feature selection for filtering the irrelevant attributes of the dataset, resulting in a fine BN built with the K2 algorithm. In
[50] combining the immune theory in biology with PSO has been studied, but the actual method of BNs structure learning
in the article is not clear.

In this paper, we propose a score-based learning algorithm, which uses the PSO principles and called BNC-PSO. Two novel
formulas for velocity and position updating are also proposed; these formulas, which are completely new, use stochastic mu-
tation and crossover operations. By presenting these two formulas, we combine PSO with Genetic Algorithm. The structure
of the paper is as follows. In Section 2, we explain the BN preliminaries and review the problem of learning optimal net-
works focusing on the score-based approach; related works are also reviewed in this section. Particle Swarm Optimization
(PSO) is briefly introduced in Section 3. In Section 4, we describe that how PSO can be used for structure learning of BNs;
complexity analysis and convergence analysis of the proposed algorithm are also discussed in this section. Empirical results
obtained with simulations are presented in Section 5. Finally, discussion and conclusion are presented in Section 6 and
Section 7, respectively.

2. Bayesian networks and score-based structure learning

In this section, firstly, we provide a brief summary of BNs, and then score-based structure learning preliminaries and its
related works are discussed.

2.1. Bayesian networks

A BN is a directed acyclic graph (DAG), which describes the joint probability distribution over a set of random vari-
ables (Xi,...,Xy), with defining a series of probability independences and a series of conditional independences [57]. A
directed arc from X; to X; represents the dependence between two variables; and X; is identified as a parent of X;. We use
Pa(X;) to stand for the parent set of X;. The dependence relations between X; and Pa(X;) are quantified using a conditional
probability distribution, P(X;|Pa(X;). The joint probability distribution represented by BN is factorized as the product of all
conditional probability distributions in the network and it can be written according to Eq. (1).

n
P(Xi,.... Xn) = [ [P(xilPa (X)) (1)

i=1
After constructing a BN, it may be an efficient device to perform probabilistic inference; nevertheless, the problem of
constructing the BNs still exists. Given a training dataset D, constructing a BN is the task of finding a network that best
fits D, and it is usually considered as two learning subtasks: structure learning and parameter learning. Structure learning
determines the topology of the network, while parameter learning defines the numerical parameters (conditional probabili-
ties) for a given network topology. In this work, we focus on structure learning and use the score-based approach, which is
introduced in previous section. Algorithms, which are following this approach, have two main components: a scoring func-
tion and a search procedure. While a scoring function evaluates the quality of a BN structure, search procedure determines

S DR U TR I I T L T T T - DR R T L . T TR Y PR T



274 S. Gheisari, M.R. Meybodi/ Information Sciences 348 (2016) 272-289

data and inherent uncertainties [27,66]. Minimum Description Length metric is based on the assumption that the number of
regularities in the data, encoded by a model, is somehow proportional to the amount of data compression allowed by the
model. The Bayesian Information Criterion (BIC) is a criterion for model selection among a finite set of models, and it is based
on likelihood function. Since BIC metric is used in this study, below it is explained with more detail.

Given a training dataset D, of N samples each consisting of n variables, the likelihood function for a graph structure is
given in Eq. (2).

LL(D) = 11[ ﬁ F(Z;;i:]r.(xijk) Ti F(I\l{:]k + aijk) (2)
i=1 j=1 T(Nyj+ X0 i) o (otiji)

where, N;; is the number of samples in the dataset that have the jth value combination for the parent of the ith variable,
and likewise, Njj is the number of samples, in which the ith variable is in its kth state and its parents are in their jth
configuration. The number of different states of the ith variable is also given by r; and the number of possible configurations
for its parents is given by g;. I'(v) is the Gamma function, which for ve v is given by I'(v) = (v—1)!, and a;j; is Dirichlet
distribution parameter. Using Eq. (2), which is known as Cooper Herskovitz likelihood [13] has some practical difficulties;
therefore, the log likelihood (Eq. (3)), which is more practical, is used.

n T g N
LLoy=3%" ZN,»j,(tnN#’f (3)
ij

i=1 k=1 j=1

However Eq. (3) is more feasible than Eq. (2), it still cannot be directly used as a scoring function; because it will favor
complex graphs with many edges. To favor more simple graphs, a penalization is usually used and finally BIC [76] is defined
as follow:

BIC(D) = LL(D) — %(ln N)|6] (4)

where, 0] = 31, q;(r; — 1) is the number of required parameters to specify the model of a BN. Akaike’s Information Criterion
(AIC) [3] is another scoring metric, which replaces %(lnN) by N. Any other decomposable scoring functions can also be used
instead without affecting the search procedure.

2.3. Search procedure

Most of the score-based algorithms search the space of possible DAGs, which represent feasible BN structures. The num-
ber of possible DAGs for n variables is given by the following recursive function [74]:

S =3 (-1t (’})2"<"-">f<n i), f(0)=f(1)=1 (5)

It is obvious that searching this huge space for the optimal structure is NP-hard; therefore, a simple greedy algorithm
is usually used to build the network. The greedy algorithm adds an edge with the greatest improvement on the current
network quality in search step until no more improvement is possible. The initial network structure can be a graph with
no edges, or it can take advantage of using the prior information; for example, the best tree, which is computed by the
polynomial-time maximum branching algorithm [33,65,66]. Extensions to this approach include tabu search with random
restarts [30], limiting the number of parents or parameters of each variable [26], searching in the space of equivalence
classes [10], searching in the space of variable orderings [83], and searching under the constraints extracted from data [84].
Finally, the optimal reinsertion algorithm (OR), which has been proposed in [56], adds a different operator: a variable is
removed from the network; its optimal parents are selected, and the variable is then reinserted into the network with those
parents. The parents are selected to ensure that the new network is still a valid BN.

Also, stochastic search and learning methods such as, Markov Chain Mont Carlo, Quantum Annealing and Simulated
Annealing, and Learning Automata have been applied [19,29,32,37,59,61|. These methods explore the solution space using
non-deterministic transition between neighboring network structures, while favoring better solutions. Furthermore, in order
to escape local optima and find the best solution, the stochastic moves are used.

Other optimization methods such as Particle Swarm Optimization [36,51,87,90,91], Genetic Algorithms [38,48], and Ant
Colony Optimization [16,21,75] have been applied to learning BN structure as well. These population-based methods main-
tain a set of candidate solutions throughout their search, and at each step, they create the next generation of the solutions
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In this paper, PSO, which is an optimization method, is used to search the space of possible DAGs. It will be explained
in next section.

3. Particle Swarm Optimization (PSO)

Particle Swarm Optimization is a swarm intelligence method, which considers a swarm containing p particles in a
D-dimensional continuous solution space. Each ith particle has its own position and velocity. Assuming that the search

space is D-dimensional, the position of the ith particle is denoted as a D-dimensional vector: X; = (X1, Xj, ..., Xjp) and
the best particle in the swarm is denoted as Pg. The best previous position of the ith particle is recorded and repre-
sented as P, = (Pq,Py, ..., Pp), while the velocity for the ith particle can be defined by another D-dimensional vector:
Vi = (V1. Via. ..., Vip). According to the definitions, the particle position and velocity can be manipulated according to the
following equations:
Vit — W x Vit—l +c1m (P,‘t_l _Xit—l) + CoTy (Pgt—l _th_l); (6)
Xi[ — Xit—l +V’t (7)

where w is the inertia weight; c; and ¢, are acceleration coefficients; r; and r, are random numbers on the interval [0,1).

The PSO approach utilizes a cooperative swarm of particles, where each particle represents a candidate solution to the
problem, to explore the space of possible solutions to the optimization problem of interest. A population of particles with
random positions and velocities is initialized and then fly, evaluating the fitness at each step of optimization. The fitness
function can be defined in different formula according to different real applications. In this study, the BIC in Eq. (4) is used.
Each particle compares its current fitness value with the fitness value of its previous best position P;; if current value is
better, then updates P; with the current value and position. The particle also compares its fitness value with the fitness
value of the global best position Pg, and if it is better, then Pg is updated with current value and position of the current
particle. The velocity and position of each particle are updated according to Eqs. (6 and 7). If a predefined stopping criterion
is met, then Pg and its fitness value is returned, else evaluation step is done.

The classical version of the PSO algorithm operates in continuous search spaces. In order to solve optimization problems
in discrete search spaces, several binary discrete PSO algorithms have been proposed. In a binary discrete space, the position
of a particle is represented by an N-length bit string and the movement of the particle consists of flipping some of these
bits. The first binary version of PSO was introduced in [41]. Two other typical discrete PSO algorithms also exist; discrete
PSO algorithm for the travelling salesman problem (TSP) [12], and discrete PSO algorithm for the permutation flow-shop
sequencing problem with make-span criteria in [62].

As a swarm-based evolutionary method, the PSO, which was introduced in [24], has been proved to be a powerful opti-
mization tool. The advantages of the PSO over many other optimization algorithms are its simple implementation, and the
ability to converge to a reasonably good solution quickly. In the past several years, PSO has been successfully applied in
many researches and application areas such as, design of multi-machine power system stabilizers [88], solving non-convex
economic dispatch problem in power systems [70], solving optimal power flow problem [86], optimizing the advanced man-
ufacturing process parameters [53], predicting uncertain behavior and performance analysis of the pulping system in a paper
industry [28], optimal tuning of controllers in the power electric industry [4], solving multi-objective reactive power opti-
mization problem [8], and optimal economic operation method for islanded micro-grid [52]. It has been demonstrated that
PSO can get better results in a faster and cheaper way compared with other methods.

In this paper, an efficient PSO-based algorithm is designed to deal with the problem of learning BN structure.

4. Proposed PSO-based algorithm for structure learning of BN

In this section, firstly, we introduced our proposed structure learning algorithm, BNC-PSO, and then its complexity and
convergence are analyzed.

4.1. Notation and representation
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Algorithm 1
Mutation operator.

1: Input: Particle p
2: Output: New particle pyew
3: while true do

4 r = random (1, n x n); //n is the number of random variables and n x n is the size of particles
5: Dnew = inverse (r); //if r is equal to one, transform it to zero and vice versa.

6 if 'colored-DFS(pnew); |/ to check the existence of cycles

7: break;

10: end while

4.2. Update formulas of the particles

Since the BN structure learning problem is a discrete problem, we employ the novel discrete velocity and position up-
dating method based on genetic operations. The update formula of the particle is represented as:

Xt = (M (51 w). ). ) o

where w is an inertia weight; c; and c, are acceleration constants; N; denotes the mutation operation, and finally, N, and
N3 denote the crossover operations. Following Eqs., numbered (9-11), describe the mutation and the crossover operations.
In these equations rq, 15, and r3 are random numbers on the interval [0,1). The velocity of the particles is updated using Ny,
which is presented in Eq. (9).

M(X), r<w
X!=1, others

W = (i) = | )
where w denotes the mutation probability. In the process of the particle mutation, we randomly select one edge of the
particle to be muted. Algorithm 1 illustrates the pseudo code of mutation operator.

The N,, which is the cognitive personal experience of the particles, can be written as:

CP(WIF), I <

10
WE, others (10)

S =Na (W cr) = {
where c; denotes the crossover probability of the particle with the personal optimal solution. In the process of the particle
crossover with the personal optimal particle, we will generate the new particle, which composes of the common portion
between the two particles and the random portions from the two particles. The pseudo code of crossover operator is given
in Algorithm 2.

The N3, which is the cooperative global experience of particles can be written as:

G (St), r3 <
Xt =Ns(S}.c2) = {5?,( (I)zhe:s ’ (1n)
where ¢, denotes the crossover probability of the particle with the global optimal solution. The process of the particle
crossover with the global optimal particle is same to the process of particle crossover with the personal optimal particle,
and we no longer repeat description.

In the process of building a BN, the update operations take into account inserting/deleting the edges. The introduction of
edge inserting/deleting might lead to appear a loop and generate the invalid solution in the iterative process, which destroys

Algorithm 2
Crossover operator.

1: Input: Particle p and particle g
2: Output: New particle pyew
3: while true do
i=1,
while i <n xn do
if pli] = qli] =1

1 @ R
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the soundness of the particle encoding. In order to detect and remove cycles, the search procedure uses a modified version
of depth first search algorithm (DFS), named colored-DFS. In the edge removing process, after detecting all back edges, the
search procedure can remove all if it is necessary. This algorithm runs after three update operations, which are described in
this section (please see line 6 of Algorithm 1 and line 12 of Algorithm 2).

4.3. Parameter setting

Property 1. The setting of inertia weight affects the balance between local search ability and global search ability of the
particles.

As we can see from the velocity update formula, the first part provides the flight impetus of the particle in search space
and represents the effect of the previous velocity on the flight trajectory. Thus, inertia weight is a numerical value, which
indicates the extent of such influence.

Property 2. A larger inertia weight will make the algorithm have strong global search ability.

Property 1 and Eq. 6 show that inertia weight decides how much previous velocity will be preserved. Thus, a larger
inertia weight can strengthen the capability of searching the unreached area. It is conductive to enhance the global search
ability of the algorithm and jump out of the local optima. A smaller inertia weight suggests that the algorithm mainly search
near the current solution. It is conductive to enhance the local search ability and accelerate convergence.

In [77], the researchers have proposed a PSO algorithm based on linear decreasing inertia weight. In order to ensure a
stronger global search, they employed a larger inertia weight early in the program, and a smaller one in the later stages to
guarantee the local search. Simulation on four kinds of different benchmark functions showed that such strategy of param-
eters setting actually improved the performance of PSO.

Property 3. Larger acceleration coefficients ¢; may cause wandering in local scope. Larger acceleration coefficients ¢, may
make the algorithm prematurely converge on a local optimal solution.

Acceleration coefficients ¢; and ¢, are used in communicating between particles. In [73] a kind of strategy was proposed,
which employs a larger ¢; and a smaller ¢, in the early phases and the opposite in the later. In this way, the algorithm will
guarantee detailed search in local scope, not have to directly move to the position of global optimal in early phases, and
speed up convergence in the later stages. Similarly, the experiments achieved great results.

Based on the above analysis and the obtained experimental results in sensitivity analysis, in our proposed algorithm,
parameters are set as follows: population size is 50, w decreases linearly from 0.9 to 0.35 according to Eq. (12), c; decreases
linearly from 0.84 to 0.52 according to Eq. (13), and finally, ¢, increases linearly from 0.38 to 0.81 according to Eq. (14).

Wstare — W_end

. ewval (12)
evaluations

W = Wstart —

c —cy_end

1 = cp_start — 1St~ 21277 o eyl (13)
evaluations

Castare — C2_end

C) = Cz_StaTt — i
evaluations

x eval (14)

where, eval represents the current iteration number and evaluations represents the maximum number of iterations.

4.4. Procedure of the proposed algorithm

Using the concepts and the basics, which are mentioned above, the detail procedure of the proposed algorithm, BNC-PSO
can be summarized as follows:

Step 1: Randomly generate the initial valid population.

e - P DR PR Y - P . R TR D 1 e YIS/ Lt T~ 7 AN
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4.5. Complexity analysis

Lemma 1. Assume that the population size is p, the number of iterations is iters and the number of random variables is n. The
time complexity of the proposed algorithm is O(iter x p x n?).

Proof. The inner loop of the proposed algorithm, from Step 3 to Step 6, includes mutation, crossover and BIC computing. In
the mutation and crossover operations, the storing steps determine those operations’ time complexity, O(nlog n), because
the time of cycle removing is just more than linear. Besides, the time complexity of computing the BIC is O(Mn?), where M
is the number of training samples. Therefore, the complexity of the inner loop is O(n log n+ n2) = 0(n?). The outer loop is
related to the number of particles p and the number of iterations iters, consequently, the time complexity of the proposed
algorithm is O(iter x p x n?).

4.6. Convergence analysis

Definition 1. (Finite Markov Chain) Let X, (X =X, k=1,2, ...) be the stochastic process of discrete parameters defined
in probability space (2, F, P) over a finite state space S. If X has Markov properties, i.e., for any non-negative integer k and

state ig, iy, ..., i_q €S, then X is a finite Markov chain when,
P(Xi11 = ik1lXo =0, X1 =11, ..., Xpe=1)) = P(Kpyq = lis1 [Xi = i) (15)
P(X()Zio, X1 =i1, ey XkZik) > 0.

P(Xyym = jIX, =1) is called m-step transition probability of X, which is the conditional probability of process from state
i at time k, after the mth step, to state j at time k+m, denoted as Fjj(k, k+m). For i, j €S, if Pj(k, k+ 1), B; for short,
does not depend on the time k, the Markov chain is said to be homogenous. P=[P,;] is called transition matrix with B;
as the element of ith row and jth column. The long-term behaviour of the homogeneous finite Markov chain is completely
determined by its initial distribution and first step transition probability.

Theorem 1. The Markov chain of BNC-PSO is finite and homogeneous.

Proof. In its global search, BNC-PSO obtains the global and individual optimum through updating the positions of the par-
ticles by stochastic mutation and crossover operators. Judging from the process of global searching, the generation of a new
population depends on the current population. Thus, the conditional probability of the search process, from a state to a
certain specific state, satisfies Eq. (15). That means, it satisfies the property of Markov. Therefore, the Markov chain of BNC-
PSO is finite and homogeneous. In this algorithm the set constituted of all the populations {p, py, ..., pm} is finite. That is,
events occurring at time k=0, 1, ... all belong to a finite countable event aggregate; thus, its Markov chain is finite as well.
Hence, the analysis theories and methods of Markov chain can be directly applied to the analysis of this algorithm.

Theorem 2. Transition probability matrix of the Markov chain, made up of BNC-PSO, is positive define.

Proof. While searching, the population transits from state i; € S to state i; € S, through mutation operator and crossover
operators with the global optimum and the individual optimum. The transition probabilities of these three operators are
my;, g, Dy, respectively. And the stochastic matrixes, what they consist of, are M={m;}, G={g;}, D={d;;}, respectively, let
P=MGD, then my; > 0, 35 cpmij =1; 8i; = 0, 3 cp8ij =15 dij = 0, 3 e dij = 1.

Therefore, M, G, D are all stochastic and M is a positive definite. We can prove that P is a positive definite too. Let B=GD;
for Vij € S, ij €S, we have bj; =37 ¢ 8ixdyj > 0, then 3o cpbij = 30 cp 23 ek 8ikkj = Xi ek Sik 2o ek dkj = 2 ek 8ik = 1-
Hence, B is a stochastic matrix, similarly, we get d;; = Z)\keE bymy; > 0.

Theorem 3. (Limit theorem for Markov chain) Assume that P is a positive stochastic transition matrix of definite homogeneous
Markov chain, then:

(1) There exists a unique probability vector PT > 0, which satisfies PTP = PT. )
(2) For any initial state i (e] as its corresponding initial probability), we get klim el Pk =pT.
— 00
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Proof. At the tth time, the jth state probability distribution of population X(t) is:

Pi(t) =Y R(DPY, t=1,2, ... (16)
jes

According to Theorem 3, we can get the formulation as following:

Pj(c0) = lim (ZB(UEE-”) =Y R(P™ >0, Vjes. (17)
ieS ieS
Definition 2. Suppose a stochastic variant Z; = max {f (x,(f) (i)|k=1, 2, ..., N}, which represents individual best fitness at
the tth step and ith state of the population. Then, the algorithm converges to the global optimum, if and only if,
lim P{Z: =Z*} = 1; (18)

where Z* = max{f(x)|x € S} represents the global optimum.
Theorem 4. For any i and j, the time transiting of an ergodic Markov chain from the ith state to the jth state is limited.
Theorem 5. BNC-PSO algorithm can converge to the global optimum.

Proof. Suppose that i €S, Z; <Z* and P(t) is the probability of BNC-PSO algorithm at ith state and tth step. Obviously,
P{Z; # Z*} > P.(t); hence, we can know that P{Z; =Z*} <1 - PB(t).

According to Lemma 2, the ith state probability of the operator in BNC-PSO algorithm is P,(c0) > 0, then,
tlim P{Z; =7} <1 —PB(c0) < 1. (19)
—00
Observe a new population, such that X" ={Z,X;},t = 1,x; € S denoting the search space (which is a finite set or a
countable set), where Z;, the same to that in Definition 2, represents individual best fitness in current population, and X;

denotes the population during the search. As it is easy to prove that the group shift process {X;",t > 1} is still a homoge-
neous and ergodic Markov chain, we can know that,

PH(t) = S B (DPE(D):
ieS

PJ >0(VieS, VjeSy);

PJ =0(VieS, Vj¢S. (20)
So

(PJ)t — 0(t = o0);
P} (00) = 0(j ¢ S0):
[lim P{Z =Z*} = 1. (21)

5. Experimental results

In order to test the behaviour of BNC-PSO, several algorithms and networks are selected. All the algorithms have been
implemented and executed in .Net framework in a PC, which has a single CPU of Intel(R) Core™ 2 Duo 3.33 GHz and a
1 GB memory.

5.1. Databases

To show the feasibility and flexibility of the proposed algorithm four well-known networks are selected. Selected net-
works are mainly obtained from real-decision support systems that cover different range of real-life applications, such as
medicine. Selected networks are: ALARM [5], INSURANCE [6], ASIA [49], and BOBLO [72]. The ALARM is a medical diagnostic
Alarm messace svstem for pnatient monitorine and it contains 37 nodes and 46 arcs The INSIIRANCFE network which con-
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5.2. Algorithms and parameter settings

We have carried out an empirical comparison of BNC-PSO and some other algorithms; they are, Genetic Algorithm [48]
(GA), Greedy Equivalent Search [10] (GS), Ant Colony Optimization [21] (ACO), max-min hill climbing [84] (MMHC), previous
PSO-based algorithm [87], and finally, an HC algorithm with the standard operators of arc addition, deletion and reversal
[34] (HCST). Notice that HCST is a deterministic algorithm, and we use it as a comparison reference.

As mentioned in 4.3, parameters in the proposed BNC-PSO algorithm are given as follows: population size is 50, w
decrease linearly from 0.95 to 0.4 according to Eq. (12), ¢; decreasing linearly from 0.82 to 0.5 according to Eq. (13), and
finally ¢, increasing from 0.4 to 0.83 according to Eq. (14).

The GA uses the following parameters: population size (A) is equal to 50, crossover probability (p.) is equal to 0.9, and
mutation rate (pn) is equal to 0.01. Experiments are done without assuming ordering between the nodes and with local
optimizer as in [49].

The ACO algorithm has been used with following parameters: number of ants (m) is equal to 10, the parameter that
determines the relative importance of exploitation versus exploration (qg) is equal to 0.8, p which controls the pheromone
evaporation and  are equal to 0.4, and the importance weight of pheromone () is equal to 2.0; according to [21].

GS and MMHC algorithms use their operators of addition, deletion and reversal of arcs as mentioned in [10] and [84],
respectively.

Parameter settings of the previous PSO-based algorithm are: population size is equal to 50, C; = C, = 2.0, Weight = 0.9-
0.4; according to [87].

Finally, stopping criteria is defined as, if the score of the constructed network does not improve for a pre-defined number
of iterations, Ityax, the run will be stopped.

5.3. Measures of the performance

To evaluate and compare the performance of different algorithms, we have employed several performance metrics, which
measure the quality of the results or the complexity of the algorithms. They can be listed as below:

« The value of BIC, Eq. (4). Its interpretation is: the higher this parameter, the network is better. In the origin implementa-
tion of some selected algorithms, MDL or K2 are used as scoring metrics, which have equivalent computation as BIC.
» The NI [62], defined as:
NIGID) =3

21, Page)zn | i PACXD) (22)

Where I(., .) is the measure of mutual information. It can be said that NI(G|D) is a decreasing monotonic transformation of
Kullback distance [46] between the probability distribution associated with the database, and the probability distribution
associated with the network. NI's interpretation is: the higher this parameter, the network is better.

» Normalized Hamming Distance between the learned and the original network (HD). We define the Hamming Distance
between two DAGs as the number of the following operators required to make the DAGs match: add or delete an undi-
rected edge, and reverse the orientation of a directed edge. The lower HD indicates the better network.

Mentioned measures evaluate the quality of the constructed network; however, there are other measures, which evaluate
the complexity of the algorithms:

- Execution time (Ext). As mentioned before, all algorithms are implemented and executed in .Net framework in a PC which
has a single CPU of Intel(R) Core™ 2 Duo 3.33 GHz and a 1 GB memory. To measure the computation time, algorithms
run with no prior limitation in the number of iterations, until more repetition does not increase the score.

« Total number of calls to test of the independence (TI). It can be also called the number of statistical performed by an
algorithm.

« The number of iterations, where the best individual was found (It).

5.4. Experimental results and analysis

5.4.1. Performance analysis of the BNC-PSO
To study the performance of BNC-PSO, we use it to construct the BNs, which are introduced in Section 5.1 . The training
datasets with 5000 training samples are used, and results are summarized as below. The constructed network for ALARM is
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Experimental results of BNC-PSO performance for constructing the ALARM network using
different number of samples.

ALARM

500

1500

3000

5000

BIC

NI
HD
Ext
TI
It

9842.72 + 12.61
(9850.03)

6.821

8.1

543

12.50E06

80

1227356 + 6.75
(12278.30)
7.221

45

5.00

70.11E05

615

1573012 + 145
(15731.50)
9.421

2.0

331

61.12E05

49.0

15902.48 + 1.02
(15903.00)
9.473

2.0

3.01

49.26E05

47

Table 2

Experimental results of BNC-PSO performance for constructing the INSURANCE network using
different number of samples.

INSURANCE 500 1500 3000 5000
BIC 30298.05 +10. 61 45433.23 £5.55 54225.77 + 1.22 56970.36 £ 0.50
(30307.55) (45438.20) (54226.12) (56970.80)
NI 5.70 6.00 8.45 8.52
HD 14.0 9.0 0.11 0.0
Ext 6.12 5.20 4.02 3.83
TI 10.03E06 58.12E05 31.56E05 29.75E05
It 191.6 143.4 73.2 71
Table 3

Experimental results of BNC-PSO performance for constructing the BOBLO network us-
ing different number of samples.

BOBLO 500 1500 3000 5000
BIC 6756.67 +£14.41  9191.17+10.35  11500.61 £2.25  11891.82 & 1.50
(6767.88) (9199.45) (11502.86) (11893.05)
NI 5.015 5.981 7.492 7.518
HD 8.5 4.0 0.03 0.0
Ext 6.07 5.10 4.66 3.45
TI 69.67E05 48.19E05 30.01E05 29.12E05
It 213 190 147 40
Table 4

Experimental results of BNC-PSO performance for constructing the ASIA network
using different number of samples.

ASIA 500 1500 3000 5000

BIC  54507+712 214533+445 344328+072  3613.54+0.20
(551.15) (2149.77) (3443.98) (3613.56)

NI 8.920 9210 9.510 9.510

HD 40 1.0 0.0 0.0

Ext 276 2,01 135 127

Tl 30.08E05 19.87E05 12.21E05 10.01E05

It 70 49 32 30

best result found along the experimentation. This information helps us to show the robustness and reliability of BNC-PSO.
The results indicate that by using 3000-5000 cases, BNC-PSO shows good performance; while, the constraint-based learn-
ing methods need larger training datasets to show such results. For example, the proposed algorithm in [20] needs at least
10,000 training samples to achieve such results for the ALARM network. The sensitivity of the size of the training datasets
on the scores of the constructed networks (BIC) is also shown in Fig. 1.
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Fig. 1. The sensitivity of the size of training datasets on the constructed networks’ scores.
Table 5
Experimental results of the performances of different algorithms on the ALARM network.
ALARM BNC-PSO Prev. PSO GA ACO MMHC GS HCST
BIC 15902.48 + 1.02 14327.02 +£22.01 14401.43 +16.21 14399.55 + 8.98 14304.03 + 35.44 14058.28 + 62.12 14420
(15903.00) (14330.11) (14417.09) (14406.50) (14338.50) (14100.30)
NI 9.473 9.230 9.231 9.230 9.229 9.230 9.220
HD 2.0 2.50 21 212 2.73 2.62 2.50
Ext 3.01 4.78 3.29 4.04 5.34 9.37 2.99
TI 49.26E05 72.812E06 71.08E05 75.48E05 80.75E05 18.89E06 154637
It 47 72 56 70 87 385 -
Table 6
Experimental results of the performances of different algorithms on the INSURANCE network.

INSURANCE BNC-PSO Prev. PSO GA ACO MMHC GS HCST
BIC 56970.36 £ 0.50  47833.02 +12.22 4771722 £10.25  48084.49+6.06  49925.15+22.34  47008.05 +40.74 56191
(56970.80) (47839.23) (47726.12) (48090.00) (49945.44) (47048.55)

NI 8.52 8.430 8.446 8.440 8.450 8.401 8.231

HD 0.0 0.5 0.3 0.2 0.0 1.0 0.0
Ext 3.83 4.55 3.98 4.34 512 7.77 3.01
TI 29.75E05 44.016E05 43.07E05 43.45E05 38.25E05 44.80E06 7.66E04
It 71 95 90 98 107 238 -
Table 7

Experimental results of the performances of different algorithms on the BOBLO network.
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Table 8
Experimental results of the performances of different algorithms on the ASIA network.

ASIA BNC-PSO Prev. PSO GA ACO MMHC GS HCST

BIC 3613.54+0.20 3080.38+7.40 3082.74+8.70  3095.22+4.06 311031+16.13  3078.62+22.27 3340

(3613.56) (3085.33) (3090.11) (3098.82) (3125.48) (3100.00)
NI 9510 9.230 9321 9331 9.410 9.210 9.450
HD 00 0.0 0.0 0.0 0.0 0.0 0.0
Ext 127 178 139 154 2.03 337 120
I 10.01E05 12.81E05 12.12E05 12.85E05 14.54E05 19.02E06 17312
It 30 42 53 58 62 80 -

clear that HCST is the fastest. Notice that HCST is a deterministic algorithm and only one execution was carried out. Fig. 2
illustrates the score convergence of the algorithms on different networks.

The experimental results reported here show that the proposed algorithm is superior to other related algorithms based
on the quality and performance measures. All in all, BNC-PSO improves the score of the constructed networks 15.30% com-
pared with GA, 14.76% compared with ACO, 11.97% compared with Max-Min HC and 17.29% compared with GS. In general,
the proposed algorithm has improved the score of the constructed networks 14.83% compared with other score-based algo-
rithms.

5.5. Predictive ability of the proposed algorithm

A constructed BN is an efficient device to perform probabilistic inference, whereupon, predictive and estimation [40]
ability in different applications is one of the important issues in the field of BNs. Classification is one of the prominent
applications of the BNs, which is used in varied fields such as, recommender systems for estimating users’ ratings based on
their implicit preferences, bank direct marketing for predicting clients’ willingness of deposit subscription, disease diagnosis
for assessing patients’ breast cancer risk [25], and simultaneous fault diagnosis [31,67]. In order to show the productivity
of the proposed algorithm, in this section, we briefly explain about BNs classifiers and then, choosing datasets of different
applications, we evaluate the classification accuracy and classification time of different algorithms.

5.5.1. BN classifiers

Suppose that each training sample is a vector of attributes (X;, X5 ... Xy-1, C). The goal of classification is predicting the
right value of class variable ¢ = x, having (xy, x5 ... xy-1). If the performance measure is the percentage of correct predictions
on test samples (classification accuracy), the correct prediction for (xq, X5 ... Xy-1) is a class that maximizes P(c|xq, X5 ... Xy-1).
If there is a BN over (xq, X3 ... Xy_1, C), we could compute these probabilities by inference on it. After the structure of a BN is
specified, estimating the parameters, so that the network can provide the best prediction for the value of the class variable
in the test samples, is important; however, it is out of the scope of this study, and we simply use Maximum Likelihood (ML)
to estimate the parameters’ values.

5.5.2. Comparison of the classification accuracy of BNC-PSO against other classifiers

In order to evaluate the classify accuracy of BNC-PSO compared with other algorithms, 15 datasets from UCI repository
[58] and [42] are used. Table 9 shows a brief description of these datasets.

All implemented classifiers are described as follows:

« BNC-PSO-based classifier,

- Naive Bayes classifier (NB),

« TAN-based classifier (TAN),

« Hill climbing-based classifier (HC),

«» Genetic algorithm-based classifier (GA),
- And finally, ACO-classifier (ACO).

In order to construct more efficient classifiers, another scoring function is used, which is proposed in [68], named clas-
sification rate:

1 D
D N '</p (vm \ ~m\ 99\
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Fig. 2. The score convergence of different algorithms on: (a) the ALARM, (b) the INSURANCE, (c) the BOBLO, and (d) the ASIA networks.
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Table 9
Datasets and their samples.
Dataset Number of Number of Number of Dataset Number of Number of Number of
classes attributes samples classes attributes samples
Australian 2 14 690 Letter 26 16 15,000
Breast 2 10 683 mofn-3-7-10 2 10 300
Chess 2 36 2130 Pima 2 8 768
Crx 2 15 653 shuttle-small 7 9 3866
Flare 2 10 1066 soybean-large 19 35 562
Glass 7 9 214 Vehicle 4 18 846
Heart 2 13 270 Vote 2 16 435
Iris 3 4 150
Table 10
Experimental results of classification error rate and standard deviation on different datasets.
Datasets Algorithms
BNC-PSO NB TAN HC GA ACO
Australian 0.1149 + 0.008 0.1489 + 0.010 0.1751 + 0.012 0.1391 + 0.010 0.1296 + 0.008 0.1488 + 0.009
Breast 0.0411 + 0.004 0.0245 + 0.017 0.0351 £ 0.010 0.0668 + 0.008 0.0425 + 0.006 0.0339 + 0.008
Chess 0.0469 + 0.002 0.1266 + 0.003 0.076 + 0.011 0.0966 + 0.006 0.0522 + 0.004 0.06 + 0.004
Crx 0.1401 + 0.004 0.1505 + 0.003 0.1631 + 0.003 0.167 + 0.007 0.158 + 0.005 0.1505 + 0.004
Flare 0.174 + 0.007 0.2024 + 0.010 0.178 + 0.010 0.181 + 0.016 0.1804 + 0.012 0.1813 £ 0.012
Glass 0.3992 + 0.003 0.4412 £ 0.006 0.4578 + 0.006 0.4412 + 0.007 0.4173 + 0.007 0.422 + 0.005
Heart 0.1751 + 0.008 0.155 + 0.016 0.1847 £ 0.012 0.2221 + 0.012 0.1874 £ 0.010 0.155 + 0.010
Iris 0.0411 + 0.001 0.0699 + 0.003 0.0763 + 0.003 0.0414 + 0.004 0.042 + 0.002 0.0485 + 0.002
Letter 0.1061 + 0.003 0.3068 + 0.003 0.1752 + 0.003 0.1896 + 0.005 0.183 + 0.004 0.3068 + 0.003
mofn-3-7-10 0.0866 + 0.004 0.1328 + 0.003 0.085 + 0.004 0.0859 + 0.008 0.0859 + 0.006 0.1367 + 0.006
Pima 0.1823 + 0.008 0.2571 + 0.012 0.2384 £ 0.010 0.255 + 0.016 0.2666 + 0.010 0.2505 + 0.010
shuttle-small 0.0041 + 0.000 0.014 + 0.004 0.0093 + 0.003 0.0145 + 0.008 0.0077 + 0.003 0.0083 + 0.003
soybean-large 0.0786 + 0.004 0.0852 + 0.008 0.0644 + 0.010 0.0922 + 0.012 0.0754 + 0.008 0.092 + 0.008
Vehicle 0.2907 + 0.008 0.3892 + 0.008 0.2758 + 0.016 0.3451 + 0.016 0.2922 + 0.010 0.3453 £ 0.010
Vote 0.0374 + 0.001 0.0991 + 0.003 0.0509 + 0.003 0.0467 + 0.005 0.0417 + 0.003 0.047 + 0.002
Averages 0.128413 + 0.004 0.173547 + 0.007 0.149407 + 0.007 0.158947 + 0.009 0.144127 + 0.006 0.159107 + 0.006
Table 11
Classification execution time of different algorithms.
Datasets Algorithms
BNC-PSO NB TAN HC GA ACO
Australian 38.32 52.12 50.00 55.40 41.67 46.33
Iris 14.50 19.90 17.50 22.53 15.30 17.88
vehicle 4047 62.13 61.22 65.72 4750  54.67
glass 20.00 32.40 30.75 35.27 27.04 29.14
soybean-large 72.36 101.00 98.41 112.05 85.95 92.84

5.5.3. Comparison of the classification time of BNC-PSO with other classifiers

Finally, classification execution time of BNC-PSO is compared against other algorithms. All algorithms are implemented
and executed in .Net framework in a PC, which has a single CPU of Intel(R) Core™ 2 Duo 3.33 GHz and a 1 GB memory.
Table 11 shows the results after the 50 independent runs for five chosen dataset. The chosen datasets for these experiments
are: Australian, Iris, vehicle, glass, and soybean-large. The results indicate that BNC-PSO needs less time for classification, in
comparison with other algorithms. For a better comparison of different algorithms, Fig. 4 is added, which presents the bar
chart of the classification execution time.

6. Discussion
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particle flies in the candidate problem space, adjusts their velocity and position according to the local best and the global
best; so, all the particles have a powerful search capability, which can help the swarm find the optimal solution. While, for
most of the optimization algorithms, after finding a sub-optimal solution, they cannot find a better one.
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Fig. 4. The bar chart of classification execution time of different algorithms.

Future works: BNs have also been used to model time-series data; a choice for modelling time-series data is to use
directed graphical models, which can appropriately capture the forward flow of time. If all arcs of the model are directed,
both within and between different time slices, while the structure is unchanged, the resulting model is called Dynamic
Bayesian networks (DBN). An interesting future work that can complete this work is to apply proposed PSO-based algorithm
for DBN such as [15,55,63,91]. The writers are also enthusiastic to study more about the behaviour of the BNs, which reflect
the dependency between continuous variables [82], or investigate about structure learning in super-structure BNs and its
requirements [85]. Finally, we plan to apply the BNs obtained by our model, as learning and reasoning tool in cognitive
networks [71], which are an attractive research area in the field of computer communications.

7. Conclusion

Bayesian networks (BNs) belong to an important class of probabilistic graphical models, which have been proven to be
very useful and effective for reasoning in the uncertain domain. One of the important challenges in the field of BNs is
constructing the network topology from data; in this paper, we have proposed an efficient algorithm for structure learning
of BN using Particle Swarm Optimization (PSO). Stochastic crossover and mutation operations and also a cycle-removing
procedure are defined to make the evolutionary process more effective. Time and convergence analysis are carried out and
the convergence of the proposed algorithm to an optimal solution is proven. Using simulations of some benchmark net-
works, we carry out a performance analysis on the proposed BNC-PSO algorithm. Experimental results, which are reported in
Section 5.4.1, show the acceptable performance of the BNC-PSO algorithm. BNC-PSO is also compared with some other score-
based algorithms such as Genetic Algorithm (GA), Ant Colony Optimization (ACO), Hill-Climbing (HC), and Greedy Search
(GS) algorithms. The experimental results reported in Section 5.4.2 show that the proposed algorithm is superior to the
other algorithms based on the quality and performance measures. On average, BNC-PSO has improved the score of the con-
structed network 15.30% compared with GA, 14.76% compared with ACO, 11.97% compared with HC, and 17.29% compared
with GS. Moreover, in order to examine the predictive ability of BNC-PSO in classification, we have also evaluated the clas-
sification accuracy and the classification time in Section 5.5. Experimental results show that BNC-PSO classifies data with
less error rate and in less computational time.
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