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EESULTE OH STROMGLY ABSOLUTELY EXPEDIENT
LEARHING AUTOMATA

H. R. Heybodi

Computer Sclence Departmaent
Ohle Univeraity
Athans, Ohlo 45701

ABSTEACT

Hew results on Strongly Abscluely learning automata are
reported.

I. Introduction

The concept of learning sutomata was introduced by Taetlin
[T2). Ha investigated the learning behavior of finite automata
under stationary random environment and showed that finite
automata which have appropriate propartiea “behave well™ L1f
memory capaclity tends to infinity. A great deal of work in the
Soviet Unlon and alaswhara has followed the treand asst by this
source paper. The work of Taetlin was later followed in the
Sovelt Union by various authors: Krylov([kl], Krinski [K2] and
Fonomarev [pl). However, it i3 practically impossible to bulld
automata with unbound memory capacity. As an alternative,
Yarahavakil and Yorontaova introduced variable structure
automata(vl]. In thias setup, state transition probabllities or
state probabilities of the finite autcmata is updated in
accordance with reinforcement achems or learning alogorithm.

The theory of learning automatas is concerned with the
analysis and ayntheals of fixed or varlable structure automata
in a random environment.

Fized Structure Automata: A fixed structure automata is a
gquintuple <X,#,a ,F,G>»

I. X ia the input aset of the autcmata. The input of the
automata at the instant k denoted by x(k), i3 an
elemant of aat X. This set can be elther a finite aet
or an infinite aet, such as an interval on the raal
line ,then

snn -H.tu....is=m or X = [a,b])

wheare a,b ares real numbsrs.

I1. #» ia the set of states of the sutomata. The state of
the sutomata at any instant k, denoted by #(k), 1a an

sloment of the flolte set # = ﬁn_.mu.....t 1 (Z-3.w)
=

I1T. u is the output or resctlon set of the autonatas. The
actlon swt of the sutomats at the instant k, denoted

by a(k) ,is an element of finlte set a = .._..__...
(2<Hcea)

n..+..n:_

I¥. The transition function Fi# x X ~ + detersines tha
state at the instant (k+l) ln terms of the rtate and
cutput at time k,that ias,

#(hvl) = Fl+(k),X(k}].
Function F can be althar deaterministic or siochaatlc.

¥. The cutput function G: # + o determines the output of
the automata at any instant Iin terms of the state at
that instant,that is,

a(k) = G(e(k)).

G could be a stochastic function but there is not loas
of generality in assuming it to be deterministic [FZ].

HBumark 1: If the lnput set x of an automats contalns only two
alements 0 and 1 , it is called a P-model. If x takes more than
two but & finite number of values, sach with a positive
probability, thea we have s Q-model learning sutcomats. If x takes
on values in & contipum, say for esxample xE[0,1), then we have sn
S-model learning sutomat.

Bumark 2: The next state tranaltion function F , may bs specified

by & transitlion matrix Hu”uu for each x € X. If these matricea
contain only the elesanta O and 1 , the sutomata ia & fixed
structure deterministic sutomata, If the slements lie la the
interval [0,1], the sutomata is & fixed atructure stochastlic
automata. The Ilnput to the automata depends on the envircnment in
which the automats ils operating.

Hemark 3: The output behavier of a learning sutcmata for a given
lnput sequence can be obtained if the tranaition probabilitles
ara known. However, it may frequently be lmportant to know the
probabllity with which the sutomata is in a particular state at a
#lven lnstant. Thease probabllities are known aa state
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probabilities and an altarnative desciption of operation of the
automata can bs given in terms of these probabilities. At any
tima instant k, the automata being in state #(k) = :1{l] ia

govarned by the probability distribution nl{k} such that

3
M Hiik] = 1 for all k.
i=1
T
Let n(k) = lnltkj.nzikj. ,,nalhll s Where T denotea the
transpose and
.Llhl = Prob[+(k) = fllk}l-

One can alao conaider the action probabllity wector Pl(k) where

the ith component plik] is given by

p, (k) = Problx(k) = a 1
In fixed structure autocmata, the

probabilities of state transitlons are fixed. Variable structure
sutomata update either the state transition probabllitties or
equivalently the stats probabilitlies on the basis of ths output
from the anyironmept, The automata, in this case, is represented
by the sixtuple <x,#,a,p,G,T>, where x 18 the input set, # 1a the
set of atates, o is the action sast, and p is the state
probability wector governing the cholce of the state at sach

stage (L.e. , at each stage k, p(k) = {pltk}.pzik].....rnll}} ).

and G 18 the output mapplng. T is called an updating scheme or
learning algorithm which i1s used to modify the state probablility
vactor, that is, it generates p(k+l) from plk).

Environment: The environment in which the automata operate ia
rapresented by the triple <a,x,D». The environment has random
reasponse characteristics. It has input ﬂtliﬁlal.nz.....wnl and

ouput belonging to the set x. In a P-model altutation, where
x({k¥{0,1) the environement 13 characterized by the succeas
probability wector D = ldl'dz""'duj whars

d1= Prob[x(k) = 1 | a(k) = al],

If the d 's don't depend on k, the environment ls sald to be

atationary , otherwise it ia monststionary.

Lat

PR A O
e dy (1)

and dlE (0.1) for all 1 = 1 to H. For them let D={ dl'dz""'dﬂl'

So far we have considered the structure and properties of the
anvironment and automats in iaclatlon. Flgure (1l represents a
fesdback connection of an automats and an environment. The
actiona of the automata from the inputs to the environment and
reaponses or outputs of the environment inm turn ere the lnputa to
the automata. Starting from an inltial state +(0), the automata
denerates the corresponding action a{0). The responas of the
environment to this input ia 2(0), which in turn changes the
atate of the automata to #({1). This sequence of oparations ia
Then repeated to result in a soquence of states, actions and
responses of the envircnment. In the case of Vriable Structure
Learning Automata, the action probabllity vector p(k) [or the
Btate transition matrix) gets updated at sach atate +(k).

i Te judge the learning procesa abjectively, it
i3 necessary to ast Up quantitative norms of behavior. Ons

quantity useful in Judging the behavior of a learning automata Ia
the average probabllity of success at time k given by

wik) = E[x(k) | pik)] = Prob(ltl, =11 pik)]
H

E: Froebix(k) = 1 | p(k),a(k) = “1] Froh[utl]=u1}
i=1

T‘

=2, 4,p (k).

i=1
If no prier information ias avallable, there 13 no basis on which
the differsnt action u1{1=1.2......H} can be distinoguiahed. In

such a case, one would chooss each action with equal probability
(i.8.,by pure cholce).In this case the value of average success
1s denoted by nn and is given

1=1
The uae of the term learning automata can be justified if the
avarage success ls made greater than “D a8t least asymptotically.

Such a behavior ia called sxpedient and was introduced for the
firat time by Tsetlin [T2Z2].
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Definition l: A learning automata i3 called esxpadient If
Limit E[w(k)] =
ko

Defigition 2: A lsarning sutomata i3 called goptimal IF

Limit E[(u(k)] = d

E=a

o'

1

Definition 3: A learning automata is asajid to be ¢« -pptimal 1f
Limit | E[w({k]}] - dll &
k-

for any arbitrary <> 0 by a proper cholce of the parameters of

automata.

Definition 4: A learning sutomata ia aald to be abaolulely
ir

E(w(k+1)! plkl]z wik)

with probabllity one for all p(k) € S‘ and for all D satiafying

o
(1) with astrict inequality holding good for all p= sﬂ whare

H :
SH = (gl P‘(PI-PZ--a--Pni . 0 < LA N
izl
and
H
0 T s :

Sy = (p ! p—tp:.pz.....pnl « 9By 4 2, Py * 1].

i=1

Definition 5: A learning automata is said to be atrongly
abaglutely cxpedient 4f ;

Efa(k+l) | pl(kl] = wik)
with probability one for all d satisfying (1) and for all p=5,
with strict inequality holding good for all p ISH-?H} where

¥ = 5 ' S
" luil i M}

th
whers ui= (0,0,0,0,.....1,....,0) ba tha 1 unit vector of

dimention M.

Learning Algorithm: Variable atructure automata updates either
the transition probabllities or the action probabilities on the
baasias of the cutput from the environment. It is evident from the
description of the learning automata that the crucial factor that
affects the performance is the reinforcement schema{learning
algorithm) for updating the action probabilities.

A goneral schemsa for updating the action probabilitiea can
be represantad as followsa:

Lat L be the actlon chosen at time k a3 a sample

realization from the distribution plk). Then p(k+l) is doflned as
follows:

1
piliill = pitk} + ﬂfitpthll
1
Piikfll = Pj{h’ E ﬂfj[p{i]] J#1 1f success occurs
and (1)
(k+l) = p (k) - ﬂri[ (k)]
Pi =By L P
pjikfll = FJ{k] + ﬂflfp{k]] J#1  if failure occcura
1 1 i
wheare f : EH + [0,1] ., 'j : SH - [0.1], 1.3 % {1.2.....H} are

nonnegative continuous functions and 0:i8.1 ia called the alep
The following consistancy conditlion

i
alther IJ[P] = 0 for all p= SH

L
- A
ar J[P] Py J41 and
" " {C1)
ol |
llpl = 2, IJ[P]
J#1

and

i
alither IJEF] a0 for all p= S5
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) g
ar 'L[p] <Py and
(CZ)
i - i
‘1[91 L. HJ[P]

J1

for all L,) = 1,2,...H, impllies that p(k+l) € EH if plk) does.
Howaver, In order to make the algorithm nontrivial and

interesting slther !: = 0 gor ;: & 0 but mot both. The contlinulty

of Il and ;1 is one of mathematical convenlence. The fact that
both f and g are nonnegative maintains the reward and penalty

i i
nature of updating. If f # O but ‘J # ) then (1) 1s called the

J
i i
reward=inaction algorithm, if !j" 0 but ‘J # 0 then it 15 called
1 i
the inaction-penalty algorithm, and if both !J and 'j are NORZerc

then the algorithm is callsd the reward-penalty algoritha.

Let I= (1,2,3,...,H} and E = {succeas,fallurs}. The learning
algoritha (1) define a mapping

T: EH x IxE + EH N

whare
piktl) = T[p(k),i(k).a(k)] .

whars L(k}E 1 denctes the action chosen and e(k}= E the event
cccurring at time k. E i3 called the gyvent space , plk) and (k)

. L
are known as the state and avent seguence respectively. Let T
be an extention of T defined as follows:

L]
T Euxllxiln + 5 for all ni 1

M .
whera {I:E}n refers to the n-fold cartealan prnduﬁt of IxE and
.
1) T =T ftor n=1
.
z) T [P.{{iu 'HUJ'ill'ﬂll""'ﬁin'ﬂnj}]

= T[...TIT(TIp.4 nﬂulpl:-il].--..in.-“]],

0

where 1 € 1 and uJ Z E for all J = 0,1,2,....n and n-2. Define

K Euxtlulj-* [0,1]) as

Prob((i,e)! p] = k[p,(1.e)])

e Prob[(i(k+1),e{ke¢l)) | p(0) = p ,(L(1},e(1}) ,2=0,1,...k]
= k[p',(1(ktl),elktl)]]

whara

P'; Tt[n(ﬂ}.[iliﬂlan[ﬂll-iitll.-{ll]...,.liikl.!{hilll-
Claarly

K(p.(1,e)] = pd  if o = success

=plni it e = fallure

That is K(p..] i3 the event probabllity distribution. i

Dafipition B: A state pESH is ealled an abacrbing state of the
algoritha T 1Lf §

Tlpii.n] = p

for all (i,e) € IxE with probabllity one. A learning algorithm is

sald to be absorbing 1f and only if there ia at least ona
sbaorbibg state. If the absorbing states are the vertices of
abaorbing barrier

simplex EH , the algorithm is called the

algorithm,

The basic idea bshind a learning algorithm is a rather
simple one. [f the automata selects an action '1 at time k and

success (x(k) = 1) results, the actlon probabllity pi[ki is

increased and all the other components of vector pl(k) are
decreased. For fallure (x(k) = 0) Pltk] is decreased and all the

other componants are increased.

Learning algorithm are genoraly clasaified either on the
baais of the behavior of the automata using the scheme, e.g..
expedient, optimal, ete., or the nature of mapping T. That is ,
the nature of the function appearing in the algoritha,e.g..
linear, nonlinear. If p(ktil) i3 & linear function of the
component of pl(k), the learning algorithm is said to be linear,
otherwise 1t 18 nonlinear. It is alsoc posslble to clasalfy the
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learning algorithm depending on whether it is an absorbing
barrier algrithm or non-absorbing barrier algorithm(Ergodic
algorithm). The non-absorbing barrier algorithms result in a
Harkov process with mores than one absorbing barrier. Initial
values of action probabilitlies do not affect the asymptotlc
behavior in the case of ergodic achems, wheresas in the cass of
absorbing barrier algorithm, the behavior of pik) for large k is
very much a function of initial walues of the action
probablilities. It can be shown [L3Jthat the distribution of plk)}
generated by an ergodic algorithm after suitable normalization ia
normal; in other words, in the case of ergodic algorithm pl(k)
converges in distribution, but p(k) when generated by an
absorbing barrier algorithm converges with probabllity one to a
random vector whose range is a discrete{finite)set. It may be
noted that a systematic study of <-optimal Ergodic Algorithm 1a
relatively new and for the first time dlacussad in the book by
Lakshmivarahan [L3]. In [L3] a time varring algorithm where &
changes in time is discussed. Analysis of this latter claas of
algorithm depends on the stochastic approximation methods.

Various learning algorithm == linear and non-linear, have
been reported in the literature. The linear reward-penalty (L. .}

acheme 13 one of the earliest schema conaldered in mathematical
psychology. Tha propertiss of this scheme have been atudied in
detall by & number of researchears ln this fleld [B1,¥1,H4,C1,¥2].
It i3 known that an automats using linear reward-penalty acheme
is expedient in all stationary sandom environment. The linear-

inaction {LH_ } scheme ia another linear acheme which 1a derived
by a modification of the LR-P

first in mathematical paychology [Bl] but was later independently
concelved and Llntoduced into the englneering literatura by
Shapiro and Warenda (51,53]. The characteriatics of the achems ia
that 1t doea not change the actlon probablilities whenever an

unfavorable response resulted from the environment, following a
favorable reaponae, however, the probabllity of the actlon ia
increasad as in LR—F scheme. Becauses of this property, a learning

aschema. Thils acheme was conaldered

automata uaing this schemea haa been called a "benevolent
automata”™ by Taypkin and Poznyak [T4]. Tha LR-I schemea was
ariginaly reported to be optimal in all staticnary random
environsent, but it 13 pow known that it is only <-optimal [V¥3.
LE) LRrF and LR—I schemes can be considered as prototypes for the
behavior sncountered in many other complex achemes that have besan
investigated. Other posalble comblpnations such as LR-R*LP-P'

and LI-P have been studied in [V4]. It ia shown that LI—F schema
i3 always expediant only when an action is less penalized when it
causes a nonpenalty responss than the case when 1t causes a
penalty response from the environmant. Lﬂ—ﬂ schema is sxpedient
if an action is more rewarded when it produces a penalty than iIf
it produces a non-penalty.

The firat nonlinear acheme for two state automata by
Varshvakii and Vorontsova [¥1] was in terms of tranasition
probabilitiea. This can be used in the action probability verslon
of the schesa. This scheme is {-optimal in a restricted random

1 1
d < -« T
sovironment satisfying either 1 3 dZ or dz 2 £ dl.

Saveral nonlinsar acheme which are <-optimal in all random
anvironment have been suggested by Viswanthan and Harenda [VZ] ,
Sawaragl and Baba [52], HcHurtry and Fu [F2), Fu [F3] , and
Lakshmivarahan and Thathacher [L2]. Inatesd of purely nonlinesr
and purely linear schema, it is possible to combine them to get
what is called hybrid acheme [V5].

In [Al], Aso and Kimura extended the class of the absolutely
expadient learning algorithm. In the earlier works, the way of
updating the probabilities used in salecting an action depended
on reactions and dichotomy of actions: the selected and not
selected; that is ,the functiona that are used in updating are
independent of the action chosen [MZ,H1-H3,L2,L4,52,¥1]. In [Al]
updating depends on which action is selected as well (Algorithm
{1)). Interestingly, Aso and Kimurs called this claas of learning
algorithm as “Stochastic Vector Autemata”™ algorithm. The class of
learning algorithmas repressnted by acheme (1) is quite a general
one and subsumes most of the known scheme avalabla. We glve below
some of the early schemes in term of general learning algorithas
(1).
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Seheme 1 (Linear Reward-Insction Schemal: In algeritha (1) 1f we

ast IL{p] = ep and i:[p] 0 for all 1, J., 1#), where O:g<l, we
J

geat the linesr reward-inaction algorithm. This achems ia <=
optimal.

: This schame which was originally proposaed
by Lue [L1] in mathematical paychology as an alternative to Bush
and Mosteller's LR-P scheme (referred to as the a-mocdel) can be

obtalned by settling

(b=1)p [l'PJ}

1 3
I 4 Z — .,
e b(I-p) + P,
‘el = i A0
R — .
3 (1) + bp,

whera b » 1. This scheme i3 expedient in a reatricted
environment.

Goheme 3 (Yorontaoyal: Thia schemes can be obtained by setting

rt : ol
JEP] =av (P2 pI} Py pJ "
‘el = b -39 ¥ taa-p )’
IJ[FJ =k # lpl. N PJ P, i
whare
* {pl.l-pll = {1-91.511

This schems applies only to a two-action automata. It is ,
howaver, the firast nonlinear absolutely expdient acheme put
forward, though at that time the concept of absolute sxpediency
was unknown. This schemes ia also <-optimal.

Scheme 4 [Yiawanathan and Harendra): This scheme can be obtalnaed
by setting

|
f el =p [l1+n

8 + 1 )
(1= ] ] §
3 s P P

") J

L 1 ]
th = (1-p ) '

i
IJ{P] 3

whara the poaltive constants -1 .12 and b are to be chosen

properly to satlafy conslstency conditions (C1}-{CZ). This schema
is abaclutely expedient.

gcheme 3 ( Lakshmivarshan and Thathacher): By setting

i i
fj[P] = 11PJPJ and IJ[n] & 0 for all 1 and J, 1#), where 0:a(p):]
, and assuming that functlionm x(p) = 0 only If p i3 a unit vector
wa gat the nonlinear reward-inaction reported in [LZ]. This

scheme ia <-optimal and absoclutely expedient.

Aso and Kisura derlved necesasary and sufficlent conditions
for learning algorithm (1) to be abaclutely expedient. Conditiina

on functiona 11 and f; given by Aso and Kimurs do not guarantes
that ?H ia the only ast of absorbing barriers for the automats,

and aoc they do not guarantes <-optimality for the sutomata. At
proseant there are a variety of algorithas which are <-optimal. It
is interesting to note that almost all of thess algorithss have
asymmetric behavior with respect to the ccourreacce of success and

fallure. It should be mentloned that the cholce of functions r;

i
and g conaldered by Asc and Kimura do alwars induce identical

behavior by the algorithm (1) under success and fallure. Very
recently Herkanrath ot al. [Hl1] have derived oecessary and
sufficient conditions for the same class of learning algorithm
conasldered by Aso and Kimurs to be absorbing barrler slgoriths.
Heybodi and Lakshmivarahan [M3] derived necessary and sufficlent
conditions for a learning automata to be strongly absolutely
expedient, and as a consequence they cbtalned a clasa of learning
algorithm which has identical beshavior under the cccurrenca of
succeas and fallure. The cholce of functiona given in [M3] induce
identical behavior of algorithm 1 undar the cccurrence of success
and failure. In this report more results on stroagly abacluely
expedlent learning sutomat are reported. A number of computer
simulation results are alasc given.

Z. Convergence with Probabllity Cne

In this secticon conditiona on algorithm 1 are discussed such
that the HMarkov proceas {(p(k)) k:0 converges with probablility
cna. At firat the conalastency conditions (1.2) are rewriltten in a
form more suitable for the analysis. Let

f (gl = a[l.PJtl-Plikll ’

f

[

(p] = &{I.J.plpjlh}. {C.1)

=N

] « 3 k) = 1. 1-p (k}) .
P A pith ¥ o= afl.pll Py

141
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minld

1

lllp]

i, »
w[ p]Plth

i
ljrp] = 5[1.1.9][I-p1(h11 ' (c.2)

*lLple (k) = 3 SULLpl0-R (kD)
Jel

whare a,x : lxﬁ. = [0,1] and &,5% ; IxIxS -+ [0,1). In view of
L]

conditiona (C.1) and (C.2), the calss of updating scheme which is
considered in this chapter is defined as follow:

Lat ai be the sction choaen at time k as a samples

realization from the distribution p(k). Them p(k+l] ia defined
as follows:

Plikfll = Pllll + Eﬂ[i.P]tl‘PI{k}I .

k+l) = -
PJE ) ijkl 9ﬁ[1.J.FJFJIkI ' J#L
if the action chosen resultad in success, and (2)
plikill = Pi(k] = ﬂk[l.p]pltl} .
pJIk+ll = PJ(N] + “JII.J.P](i=leh11 . L5 N

1t the action chosen resulted in failure, whers 0 = & . | ia step
length parameter,

The basic rule that governa the cholce of fuctions in the
above algorithm (algorithm 2) is that if & term is subtracted
from p , then it is made proportional to pj , and 1f a term ia

added to pj. then it 1s mada proportinal to :ij irrespective of

which action is chosen and whether the acticn results in success
or fallure. :

The following theorem gives a set of nncn:lr;'nnd
sufficlent conditions for the algorithm (2) to be an absorbing
barrier learning algorithm.

Iheorem 1: Heceasary and aufficlent copditions for the learning
n1nn:LLhn_121_Ln_hnxn_1u_n1_Lhn_nn1x_;aL_nl.nh:n:hln:.;ﬁn&n;.ﬂ::i

(A.1) For all piﬁh-?H thers exiata 1:i a < M auch
Lthat

[=[a.p] + 1[:.?]]9‘ g |
(A.2) For all 1. a < H , L[g.ql 1=0.
Erogf: Refer to [M9].

Beaark 4: From thecorem 1 it can be obasrved that Af p € vH then

P is an absorbing state if and only 1if f:[.l} = l: [G‘]'= ]

for all 1 = J i M; Af p € SH o ?H . then p ia absorbing if and
8 o=l
E = 0 for all 12 s, J:ZM.
only Lf fJ[P]P’ IJ[r]Ps or a 8, JH
The typlcal cholce of functions in algorithm (2) that
satisfles the conditions (C.1) - (C.2) and (A.l) and (A.2) are
given in the following examples.

Exsgple 1:
&(L,a,p) = lltl-plltl-pﬁl

hown |
all, = > (l1-p )
[i.p] “14‘ P= P‘
arl

S(1,3,p] = a_p

2
2P1 Py (1-p 1}

1

- _2
Ai.pl = oa,)(lmp ) 2, P 1P )
LT3

for all 1,3 = 1,2,...,4 where 0O« nl.lzfl.
Exemple 2:

n
. = 1- 1-
Lli.s.p) . { pll ( p=1
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a[1,p]

dfil,a.p)

“[i.p] =

for all 1,8 = 1,2,..

Example J:

&(L,m.p])

afi,p] =

5[1,8,2])

»i,p] =

for all 1,8 = 1,2,.

Exomple 4 ¢

-

n-1
u1{1 pll 2y P=(1 pal
ar)

m-1 - 2
1- 3 1-
a_p (t-p) 2, p (1°p)

i
ari

1"2

n 1
= Ilti Pil (1 P‘I

n-1 n
a (imp, ) 20 (1p )R,
ari
a~l =
=ap P (1°R)
*21-51) T . "1-p)
0P L o Mty
a¥ i

.+ +H where 0< 11.12<1 '

Lfi,a,pl2 0 for all i.,s

afi,a) 0 for all 1

f1,8,p]

w(i.p) =

i -
i (1 F1}P.

"

1-p
i o i
—;—— 2 I’ Fltl F=|
i
ari
1]

.+M where O:a_ ,a_=1 , m,n

0

n,m 0

it p

i Pi

for all 1,8 = 1,2,...,H, where 0 ¢ nal +1 for all 1,s and

LiLl,3,p] = & (1-p )
1 3

En-pﬂana
«
s k-
i
afl.p]l = (
0 it s 1
i
dfL,8,p] = 0
x[l.p)l =0
for all 4,3 = 1,2,...:H whers D*nltl.
Example fi:
L[l,a,p) = O for all i;s
afi,p) = 0 for all 1
i 1
§[1,8,p) = L Il—pllnaﬂi
™ 1 1
. 1= B
2 aa { pllp’ =
a#l
----------------- it plk Q
|
»i.p] =
0 itp =0

i
for all 1,8 = 1,2...,H wvhere b! I:IxSH = [0,1] and



1 i
Il * h: U for all 1,3 ,and 0O- n. 1 and 1. - a: for all s

#
and 1

Example T:
£(1.).p1 2 @
w[(i,p] = 0
501.3.0) = o t1-p,)p,[blp, (1-p ) + bl (1-p. 1
R SN R Ry " s
- i 1 J
= 5 = -
(1-p.)2, .J’J[b Jil PR, * hlpJ{I el
=1
P, if p »1
w[i.,p) = {
V] =0
it i"_1
L L
for all 1,3 = 1,2,....H whaera 0O ‘j . hJ © 1 for all 1.) and
a: = .: for all 1,4, 1¥}.

Theorem: Heceasary apd sufficient conditions for the learping
_algorithe (2) to be atropgly abolutely expedient are

¥ Prl1.3.p] = ijr:-u.l.pl (5.1)
J#1 J=1
and
2,0 (17p )501.3.9) = i@ (1-p 5(4.1.0)  (5.2)
31 Jet
for all 1.3 = 1,2,....M.

Among the T examples given above , examples 1,3,4.6 and 7 not

only saisfy conditions (C.1)-(C.2) and (A.1)-(A.2) but they

satisfy conditicus (5.1)-(5.2) and hence they are strongly
abaclutely expedient. Examples 2 and 5 are examples of of non
absolutely expedlient but absorbing learning algorlithms.

Bemark & Deflne 3x(k) = x{(k+l) - x(k), and let
M
au(k) = E[5w(k)l p(k}] = E[sp, (k)| p(k)]d

i=1
It can be seen by direct computation that

2
E[&pithllplkl=p] = 91[1*p Idlutl.pl-ﬂlcilli.pl

i

=
e
J#1

pid L().1.p]

] k)

(3)
Y - 5 :
th PJfl FI}GJ (d.1,p]
J*1

Bemark §: By setting §(1,J.p]= 0 and £[1.J.p] & ¢ (0ie'l) fo
all 1,), where ¢ la conatant, we get linear reward-inaction
achems,. It i3 easy to verify that this ias the only linear ach
that satisfies conditiona (C.1)-(C.2),(A.1)-A.2) and (S.1)-(5
In fact this acheme is the only one among all the linear ach
which ia strongly absolutely expadient. Linear reward-inactio.
schems can be cbtalned by setting n=0 and lz=0 in example 3.

Bemark T: By setting £(1,J).p] = ¢(p) and 5[1,),p)] 20 for all
where O oiml< 1y and assuming that the function o(p) = 0 onl:
P i3 a unit vector, we get the reward-inaction acheme reporte
[L2Z]. This scheme satisfles the conditiona (C.1)-(C.2) and
conditionas of theorem 1 and 2, and therefor ia srongly absolu
vupedlient.

Bemark B: If &[1.,).p] = (l-p}]ll-pliﬂljlp] and 5[1,).,p) @ O
for all 1,3 = 1,2,....H, vwhere ﬂljip} = njltp} and pljtpl -

[0,1] and 1f for all P£EH = ?H there exist 1 and 3 such pljlp

then algorithm 2 i3 strongly absclutely expedient.

Proof of this remark is iemediats from theorem 1 and 2.
Clearly (C.1)-(C.2) and (5.1)-(5.2) are satisfisd and (A.l1l} 1
satisfied LIf for all pc SH = vH there exist 1 and ) auch that
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Theorem 2 satablished the equivalence of strong absclute
expadiency and conditions (5.1)-(5.2). Thea following theorem in
turn proves the squivalence of conditions (5.1)-(5.2) and the

sign definitnesa of dpl and apﬁ, bpi ia defined to be

apitkl = E[spltklt plk)]

and « and a are the actions assoclated with the largeat and

amalleat success probabllity, reapectively.

Iheorem J: Hhon a learning automata uses learnipg slgorithm 2
~and oparatea in any stationary random eovironment, cooditiona
I8.11-15.2) are pecesaary and sufficlent conditions for aplm 0

and pr{H"-IJ lor all pilk) = SH - H'H :

Sufficlency: Usipng (5.1)-(5.2}) ,(3) canba rewritten aa

cp (k) = 3 (4, - d
3

lHl

1)

where

HIJ = pjlI:]f-u.J.plpitklj[J.i.plurpi{kn

The aufficlency is lmmediate, since for any J, dl-dJ 201414 =1
and for any J, d1 - dj = 0 1f 1= H and Hu 1 0 for all 1,3 = 1,
- —

Heceaalty: (3) cen be rewritten as

ap ik) = -r * (r, *a3,)d4 + ), '-”1-"‘_1] H“
J=1
whare
= K)S a[i.4.p101- =% pafd.i.pli-p (k
rl plt IS & T I ) pJ[kII & pJJ[J 1.pll Pl{ 1)
Jri J=1
and

s, = P, (k) 2] (204.3.21(1-p (K)) + £[4.3.8)P (k)
Je1

- Eﬂnjthiiti.:.chi—pitkjj + eld1,p1p (k)]

Jei
L:;jul fl:::?n subscript 1. Conaider twe envircnments
2 (1) (1) (2) (2) (2) (2)
D = {d A ]
{ 1 .dz ' .dH ) and D = ld1 .d2 ....,dH ]
(1) _ (2) 1
such that dl = dl = x, dj{ ) =¥ (J#1) , and dJ:2}=zIJr1}
where l:y:x33:0 . Let the corresponding bpl'n be denoted by
(1)
ﬁPl (k) and ﬂpl[zltk]. Then
Lp ll]:ki = - r o+ (r+ + 5
L 0 rtex ), (xr) H”
Jny
(4)
(2) _ -
énl (k) = r, + Ir1 + !111 + ), t;-:lﬂlj
Jai

From (4) it follows that bplik] > 0 and ﬂPHij £ 0 are equivalent
to

“ly-z) .'L Hl} % r!. i “1*311 . {:"}ﬁ_’a 13 q
J#y J#i

Since the inequality holds for any x.y,£, it should hold if y-x
and z+x. Hence we have rl - tr1+ :1]: = 0. In particular, thls

implication should hold for x=0 and x=1. Then wa have mn 0 and
31=ﬂ a8 x=0 and %=1 respectively. Since the above holda for anrl,
the proof 1s ilmmediate.

Bemark 8: The algn definitensas of -f-pll.'.'l.j (6p (k)) implies that
E[nlttll {E[phtkl]} ls monotonically increasing (decreasing) with
reapect to k. Theorem 2 thus states that by using absolutsly

expodlent achemes pl{kj and p"{kj wa move in the right directlion

at least Iin an expected-value sense.
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Corgllary l: The learning algorithm (2) Is strongly abaolutely
wxpedlent LIf and only 1if

hupﬂku » 0 and bﬂzﬁrb v 0

for all p = m: = ﬂz.

Ergpf: The proof is abvicus from Theorem 2 and 3.

Bemark 10: Making Dvuhru > 0 and bvzaxw “ 0 implies that v—nwb is

a sub-martingle and uznrw is super-martingle.

In view of wartingle thecorem[Dl] we can conclude that

*®

1 ]
imit uunr_ vu

| ]

and

limit p (k) = p

H H
]
exist with probablility one. Since Duwﬁru = 0 when vpn 0 or 1,
*
ﬂ“ and uk approaches 0 or 1, each with positive probablility.

Corcllary 2: Ihe Markov grocesa {p(k)} k20, a3 generated by the
algoriths ﬁmwﬂlbhnbhlnnnnphhnnh (A.1)=(A.2), aod (5.1)=(5.2)
H —#iih probabllliy cos.

Broof: Let Flx(1),x(2),....,x(k)] be the v-algebra generated by a
random sequence x(1),x(2),...,x(k). As w(k) is a linear function
of pl(k), it easlly follows that
Flw(l)w(2)....,m(k)]) C Flp(1).pl(2},....P(K]]. (5]
Further :
Flpik)] < Flp(l).p(2),.... . p(k)]. (5a)

From theorem (2Z) we know that

H
™ Lo 2
» b, e id = d ) {#[1.0.p) *

1
ElSwik)l p(k)) 3 Smik) = 2 5, 2, P, ~ g R |

izl Jsi
H
1 = I
wl3.0.00) + 5 20 20 e (1op ) (308, 4.p)
1=1 j4i
+504.4,p1) -0 . (6)

Using (5a) we get
E[v(kt1)1 Flp(l),p(2),....p(Kk}]] 2 nik) .

How taking conditional sxpectation on both sides of (6) with
reapact to Fn(l),w(2),...,m(k)] from the law of ilterated
conditional expectations and from (5) we get

E(w(kel )l fln(1),w(2),...,m(k)]] = wik) .

This in turn implies that w(k) i3 a non-negative Uoﬁbw-n
sub-martingle and by martingle theory wik) converges to a rand.

I )
variable n with probabllity one, and hence limit p(k) = p

v
exists with probability one. As Su(k) = 0 only on V it foll.

3 L]
that unm q: with probablility one. Thia implies that the set of

all unit vectors are the only absorbing barriera for the procas
{pik)}.

The above theores stated that {p(k)} corresponding to
algorithm (2) under conditions (A.1)-(A.2)and (5.1)-(5.2) lis a
procesas with mors than on absorbing barriers, that is

limit plk) £ _nu i1 =1,2,...,H) with probabllity one.

k=

out of all these M unit vectors only one correaponda to the
optimal or desired action. In fact, the Harkov process (pik))
converges with a positive probability to each ona of these unl
vectors, Therafore , strong absolute sxpedisncy implies that t
algorithes (2) converges to the optimal action with a poaltive
probability less than one.

The following theorem atatesa that strong absolute expedic
is & sufficlent condition for <-optimality.
- |
Icorvm 4° For svery - 0 _apd p(0) = p € mz Lhere exlata 0

"
auch that for all 0 ¢:¢ , _the learning algoeriths under the
conditions (C.1)=-(C.2), (A.1)-(A:2), and (5.1)-(5.2) _la auc

that
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Limit | E[w(k}] - dl | I

=
Erogf:Reier tw [M3]).

1 A i5: The algorithm (2) was simulated for the cholee of

the functions given in example 1. The average value of w(k)
averaged over 20 sample runs for varlous values of ¢ are given in

figure 2.
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