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Estimation of distribution algorithms (EDAs) are considered to be a new class of
evolutionary algorithms which are applied as an alternative to genetic algorithms
(GAs). Such algorithms sample the new generation from a probabilistic model of
promising solutions. The search space of the optimization problem is improved by such
probabilistic models. In Bayesian Optimization Algorithm (BOA), the set of promising
solutions forms a Bayesian network and the new solutions are sampled from the built
Bayesian network. This paper proposes a novel real-coded stochastic BOA (rsBOA) for
continuous global optimization by utilizing a stochastic Bayesian network. In the
proposed algorithm, the new Bayesian network take advantage of using a stochastic
structure (that there is a probability distribution function for each edge in the network)
and the new generation is sampled from the stochastic structure. In order to generate a
new solution, some new structure, and therefore a new Bayesian network is sampled
from the current stochastic structure and the new solution will be produced from the
sampled the Bayesian network. Due to the stochastic structure used in the sampling
phase, each sample can be generated based on a different structure. Therefore the
different dependency structures are can be reserved. Before the new generation is
generated, the stochastic network's probability distributions are updated according to
the fitness evaluation of the current generation. The proposed method is able to take
advantage of using different dependency structures through the sampling phase just by
using one stochastic structure. The experimental results reported in this paper show
that the proposed algorithm increases the quality of the solutions on the general
optimization benchmark problems.
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Reviewer #1:

The authors would like to thank reviewers for their time, comments and constructive criticism, which
improved the paper. It should be noted that all result of the proposed algorithm is run again with the
maximum number of function calls, Maxyg:= 100,000.

1) The CEC 2005 benchmark suite is a *'suite,” which should be considered as whole. The authors should
not have chosen some of them to measure the algorithmic performance without appropriate reasoning.
If all the 25 functions cannot be adopted all together, at least F1-F14 should be used.

Thanks for your constructive criticism. You are right. So, we compared the proposed algorithm with functions
F1 through F14 in term of optimization values, statistical test, computation time, and convergence figures.
Also in order to have a fair compression, we also compared the proposed algorithm with the original rBOA
and GRS-BOA which is a recently proposed rBOA. The results of the proposed algorithm on these functions
show that this algorithm outperforms other related algorithms in most of the used test functions. Please refer to
Table 2, Table 3, Table 4, and Figure 2 in sections 5.1.2, 5.1.3 and 5.1.4 as given below

Table 2: Numerical results for rsBOA, Original rBOA, LA-rBOA and IrBOA

. Original rBOA IrBBOA LA-rBOA GRS-BOA rsBOA
Function
Mean Std Mean Std Mean Std Mean Std Mean Std
F1 -4.40E+02 2.55E-09 -4.42E+02 -4.45E+02 -4.45E+02 6.89E-11 -4.50E+02 0.00E+00 -4.50E+02 1.23E-15
F2 -4.14E+02 3.61E-08 -4.17E+02 -4.16E+02 -4.16E+02 1.14E-11 -4.45E+02 1.74E+01 -4.50E+02 1.51E-16
F3 -4,.17E+02 4.72E-36 -4.19E+02 -4.21E+02 -4.21E+02 2.04E-36 1.06E+06 1.06E+12 -4.50E+02 6.41E-36
F4 -4.16E+02 7.31E-25 -4.18E+02 -4.20E+02 -4.20E+02 2.76E-27 -4.07E+02 3.42E+03 -4.50E+02 4.72E-29
F5 -3.14E+02 3.16E-14 -3.02E+02 -3.03E+02 -3.03E+02 6.76E-17 -1.94E+02 5.98E+04 -3.07E+02 7.42E-19
F6 3.92E+02 7.26E-22 4.02E+02 3.75E+02 3.95E+02 6.29E-18 4.91E+02 5.13E+04 3.89E+02 2.71E-36
F7 -1.57E+02 4.27E-13 -1.62E+02 -1.75E+02 -1.75E+02 4.70E-15 -1.08E+03 1.38E-09 -1.82E+02 4.99E-27
F8 -1.39E+02 2.85E-10 -1.39E+02 -1.37E+02 -1.37E+02 1.81E-11 -1.19+02 1.37E-03 -1.39E+02 2.68E-22
F9 -3.06E+02 6.72E-14 -3.04E+02 -3.04E+02 -3.04E+02 2.63E-12 -3.28E+02 1.70E+00 -3.30E+02 6.21E-29
F10 -3.05E+02 7.25E-13 -3.02E+02 -3.03E+02 -3.03E+02 2.51E-12 -3.23E+02 4.46E+00 -3.09E+02 5.67E-29
F11 1.03E+02 5.19E-12 1.00E+02 9.80E+01 9.80E+01 1.20E-15 9.47E+01 3.22E+00 9.80E+01 9.32E-23
F12 -4.50E+02 1.73E-10 -4, 50E+02 -4.52E+02 -4.52E+02 4.67E-15 1.18E+02 4.07E+05 -4.56E+02 3.65E-19
F13 -1.20E+02 4.99E-12 -1.22E+02 -1.23E+02 -1.23E+02 5.83E-16 -1.29E+02 8.58E-02 -1.30E+02 3.89E-18
F14 -2.83E+02 1.18E-10 -2.85E+02 -2.88E+02 -2.88E+02 3.57E-15 -2.96E+02 1.37E-01 -2.99E+02 4.15E-17

Table 3: Outcomes of statistical test for the rsBOA, Original rBOA, LA-rBOA, the IrBOA, and GRS-BOA

Function Original rBOA LA-rBOA IrBOA GRS-BOA
F1 2.77E+10 1.74E+12 5.13E+11 0.00E+00
F2 7.05E+09 8.25E+12 2.11E+13 2.03E+00
F3 2.93E+37 2.73E+37 3.05E+37 7.07E-06
F4 3.29E+26 7.05E+26 7.68E+28 8.89E-02
F5 -157E+15 8.32E+16 4.18E+17 1.34E-02
F6 2.92E+22 2.45E-01 6.75E+18 1.41E-02
F7 4.14E+14 2.48E+16 1.05E+16 2.45E-01
F8 0.00E+00 0.00E+00 7.81E+11 1.03E+05




F9 2.53E+15 5.28E+13 6.99E+13 8.32E+00
F10 3.90E+13 6.13E+12 1.69E+13 -2.22E+01
F11 6.81E+12 1.06E+16 0.00E+00 -7.25E+00
F12 2.45E+11 2.91E+12 6.06E+15 9.97E-03
F13 1.42E+13 1.35E+16 8.49E+16 8.24E+01
Fl14 9.59E+11 4.07E+13 2.18E+16 1.55E+02

Table 4: Computation time (minutes) comparison

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 | F11 | F12 | FI3 | Fi14

rsBOA 5.1 5.6 5.0 5.3 5.3 5.6 6.3 6.7 6.8 7.4 6.9 7.2 8.3 9.2
LA-rBOA 5.3 5.9 5.9 6.3 6.5 6.5 6.8 6.6 7.3 5.4 7.9 7.5 85 9.5
IrBOA 8.5 8.2 10.3 | 10.0 9.8 9.2 10.2 9.5 115 | 122 | 128 8.1 126 | 126
Original rBOA 6.5 6.9 6.6 6.0 6.1 6.2 6.5 6.5 7.0 7.2 7.1 7.5 8.5 9.3
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Figure.2. The convergence speed for the rsSBOA, LA-rBOA and the IrBOA



2)

It is quite strange that two benchmark suites are adopted in different parts of this paper. The authors
should use only one benchmark suite for performance measurement. There is no good reason to change
the benchmark suite in this kind of study. The authors are suggested to use the CEC 2005 benchmark

suite (at least F1-F14) for both parts in the paper.

Thanks reviewer for this comment. It was very useful and helped us to represent the proposed method better.
So, we changed the used test function of experiment 2 to CEC 2005 (function F1 through F14). The results of
the proposed algorithm on these functions show that this algorithm outperforms other related algorithms in

most of the used test functions. Please refer to Table 10 in section 5.2 as given below:

Table 10. Numerical results for the rsBOA and other algorithms

Function UMDA EGNA EMNA SoD ECGA | CMA-ES rsBOA
F1 -4.40E+02 | -4.43E+02 -4 50E+02 -4.50E+02 -4.50E+02 -4.50E+02
F2 -4.05E+02 | -4.10E+02 -4.21E+02 -4 50E+02 -4.50E+02 -4.50E+02
F3 -4.04E+02 | -4.15E+02 -4.21E+02 -4 50E+02 -4.50E+02 -4.50E+02
F4 -4.01E+02 | -4.11E+02 -4.25E+02 -4 50E+02 -4.50E+02 -4.50E+02
F5 -2.90E+02 | -2.93E+02 -3.05E+02 -3.10E+02 -3.10E+02 -3.07E+02
F6 3.50E+02 3.61E+02 3.70E+02 3.84E+02 3.90E+02 3.89E+02
F7 -1.65E+02 | -1.70E+02 -1.72E+02 -1.80E+02 -1.80E+02 -1.82E+02
F8 -1.25E+02 | -1.30E+02 -1.40E+02 -1.20E+02 -1.20E+02 -1.40E+02
F9 -2.90E+02 | -2.95E+02 -2.97E+02 -3.30E+02 -3.30E+02 -3.30E+02
F10 -2.85E+02 | -2.92E+02 -3.00E+02 -3.22E+02 -3.30E+02 -3.09E+02
F11 9.01E+01 9.45E+01 9.90E+01 8.77E+01 8.91E+01 9.80E+01
F12 -4.11E+02 | -4.37E+02 -4.42E+02 -3.96E+02 -4.31E+02 -4, 56E+02
F13 -1.00E+02 | -1.13E+02 -1.29E+02 -1.30E+02 -1.29E+02 -1.30E+02
F14 -2.57E+02 | -2.69E+02 -2.91E+02 -2.97E+02 -2.97E+02 -2.99E+02




3) For the first part of comparison, the authors compare the results obtained by the proposed approach
with that by their own previous methods. The authors do not seem aware that there are other way to
make BOA working on the continuous domain via discretization. The authors are suggested to also
include the numerical results presented in

Chao-Hong Chen and Ying-ping Chen. (2014). Quality analysis of discretization methods for estimation
of distribution algorithms. IEICE Transactions on Information and Systems, E97-D(5), 1312-1323. doi:
10.1587/transinf.E97.D.1312.

to full assess the capability of BOA on the continuous domain and to justify the utility of the proposed
approach.

Based on your useful suggestion, we used the mentioned paper (BOA integrated with GRS descritization) to
compare with the proposed algorithm. This link very helped me to compare the proposed algorithm with a
recent similar method. The result of comparison is given in Table 2, 3 in section 5.1.2 as the following:

Table 2: Numerical results for rsBOA, Original rBOA, LA-rBOA and IrBOA

. Original rBOA IrBBOA LA-rBOA GRS-BOA rsBOA
Function
Mean Std Mean Std Mean Std Mean Std Mean Std
F1 -4.40E+02 2.55E-09 -4.42E+02 -4.45E+02 -4.45E+02 6.89E-11 -4.50E+02 0.00E+00 -4.50E+02 1.23E-15
F2 -4.14E+02 3.61E-08 -4.17E+02 -4.16E+02 -4.16E+02 1.14E-11 -4.45E+02 1.74E+01 -4.50E+02 1.51E-16
F3 -4.17E+02 4.72E-36 -4.19E+02 -4.21E+02 -4.21E+02 2.04E-36 1.06E+06 1.06E+12 -4.50E+02 6.41E-36
F4 -4.16E+02 7.31E-25 -4.18E+02 -4.20E+02 -4.20E+02 2.76E-27 -4.07E+02 3.42E+03 -4.50E+02 4.72E-29
F5 -3.14E+02 3.16E-14 -3.02E+02 -3.03E+02 -3.03E+02 6.76E-17 -1.94E+02 5.98E+04 -3.07E+02 7.42E-19
F6 3.92E+02 7.26E-22 4.02E+02 3.75E+02 3.95E+02 6.29E-18 4.91E+02 5.13E+04 3.89E+02 2.71E-36
F7 -1.57E+02 4.27E-13 -1.62E+02 -1.75E+02 -1.75E+02 4.70E-15 -1.08E+03 1.38E-09 -1.82E+02 4.99E-27
F8 -1.39E+02 2.85E-10 -1.39E+02 -1.37E+02 -1.37E+02 1.81E-11 -1.19e+02 1.37E-03 -1.39E+02 2.68E-22
F9 -3.06E+02 6.72E-14 -3.04E+02 -3.04E+02 -3.04E+02 2.63E-12 -3.28E+02 1.70E+00 -3.30E+02 6.21E-29
F10 -3.05E+02 7.25E-13 -3.02E+02 -3.03E+02 -3.03E+02 2.51E-12 -3.23E+02 4.46E+00 -3.09E+02 5.67E-29
F11 1.03E+02 5.19E-12 1.00E+02 9.80E+01 9.80E+01 1.20E-15 9.47E+01 3.22E+00 9.80E+01 9.32E-23
F12 -4.50E+02 1.73E-10 -4, 50E+02 -4.52E+02 -4.52E+02 4.67E-15 1.18E+02 4.07E+05 -4.56E+02 3.65E-19
F13 -1.20E+02 4.99E-12 -1.22E+02 -1.23E+02 -1.23E+02 5.83E-16 -1.29E+02 8.58E-02 -1.30E+02 3.89E-18
F14 -2.83E+02 1.18E-10 -2.85E+02 -2.88E+02 -2.88E+02 3.57E-15 -2.96E+02 1.37E-01 -2.99E+02 4.15E-17

Table 3: Outcomes of statistical test for the rsBOA, Original rBOA, LA-rBOA, the IrBOA, and GRS-BOA

Function Original rBOA LA-rBOA IrBOA GRS-BOA
F1 2.77E+10 1.74E+12 5.13E+11 0.00E+00
F2 7.05E+09 8.25E+12 2.11E+13 2.03E+00
F3 2.93E+37 2.73E+37 3.05E+37 7.07E-06
F4 3.29E+26 7.05E+26 7.68E+28 8.89E-02
F5 -1.57E+15 8.32E+16 4.18E+17 1.34E-02
F6 2.92E+22 2.45E-01 6.75E+18 1.41E-02
F7 4.14E+14 2.48E+16 1.05E+16 2.45E-01
F8 0.00E+00 0.00E+00 7.81E+11 1.03E+05
F9 2.53E+15 5.28E+13 6.99E+13 8.32E+00




F10 3.90E+13 6.13E+12 1.69E+13 -2.22E+01
F11 6.81E+12 1.06E+16 0.00E+00 -7.25E+00
F12 2.45E+11 2.91E+12 6.06E+15 9.97E-03
F13 1.42E+13 1.35E+16 8.49E+16 8.24E+01
F14 9.59E+11 4.07E+13 2.18E+16 1.55E+02




4) For the second part of comparison, the authors compare the results obtained by the proposed approach
with that by other EDAs. First of all, CMA-ES is NOT an EDA. Putting CMA-ES in the comparison is a
must because CMA-ES is one of the well-known methods on the continuous domain, while the authors
must clearly note that CMA-ES is NOT an EDA such that the readers will not be mislead. Secondly, the
authors can directly refer to the numerical results of different versions of CMA-ES presented at CEC
2005 on the CEC 2005 benchmark suite available at

http://www.ntu.edu.sg/home/epnsugan/index files/CEC-05/CEC05.htm

Thank you very much for your attention. You are right. So we explain that CMA-ES is not an EDA algorithm
in the following paragraph in section 5.2:

“Also it should be noted that CMA-ES is not really an EDA algorithm; it is an evolution strategy adapting the
full covariance matrix of the normal mutation search distribution. We have considered this algorithm in the
comparison of the proposed algorithm because CMA-ES is a well-known method for continuous global
optimization.”

Also based on your useful suggestion, we used the CMS-ES “A Restart CMA Evolution Strategy with
Increasing Population Size” that is presented in CEC2005 and its results to compare with the proposed
algorithm. This link very helped us to present and compare the proposed algorithm easier. The result of
comparison is given in Table 10 in section 5.2 as the following:

Table 10. Numerical results for the rsBOA and other algorithms

Function CMA-ES rsBOA
F1 -4.50E+02 -4.50E+02
F2 -4.50E+02 -4.50E+02
F3 -4.50E+02 -4.50E+02
F4 -4.50E+02 -4.50E+02
F5 -3.10E+02 -3.07E+02
F6 3.90E+02 3.89E+02
F7 -1.80E+02 -1.82E+02
F8 -1.20E+02 -1.40E+02
F9 -3.30E+02 -3.30E+02
F10 -3.30E+02 -3.09E+02
F11 8.91E+01 9.80E+01
F12 -4.31E+02 -4.56E+02
F13 -1.29E+02 -1.30E+02
F14 -2.97E+02 -2.99E+02

Based on the presented results, our algorithm outperforms CMS-ES in most of the used test functions for
Maxygc= 100,000.



5) Also on the CEC 2005 benchmark suite, Extended Compact Genetic Algorithm (ECGA), one of the
EDAs, was made capable of handling real-coded decision variables by the same authors aforementioned:

Ying-ping Chen and Chao-Hong Chen. (2010). Enabling the extended compact genetic algorithm for
real-parameter optimization by using adaptive discretization. Evolutionary Computation, 18(2), 199-
228. doi: 10.1162/evc0.2010.18.2.18202. (SCI).

Their numerical results should be included in the second part of the comparison because other EDAS in
comparison are very old (more than 10 years.)

Thanks for your suggestion. The proposed paper is a good reference for comparison of the proposed algorithm.
Its result was presented very well and we used them in the experiment 2. The result of comparison is given in

Table 10 in section 5.2 as the following:

Table 10. Numerical results for the rsBOA and other algorithms

Function SoD ECGA rsBOA
F1 -4.50E+02 -4.50E+02
F2 -4.50E+02 -4.50E+02
F3 -4.50E+02 -4.50E+02
F4 -4.50E+02 -4.50E+02
F5 -3.10E+02 -3.07E+02
F6 3.84E+02 3.89E+02
F7 -1.80E+02 -1.82E+02
F8 -1.20E+02 -1.40E+02
F9 -3.30E+02 -3.30E+02
F10 -3.22E+02 -3.09E+02
F11 8.77E+01 9.80E+01
F12 -3.96E+02 -4.56E+02
F13 -1.30E+02 -1.30E+02
F14 -2.97E+02 -2.99E+02




6) Finally, perhaps I messed it, there seems no citation regarding the *'stochastic Bayesian network." The
authors should appropriately cite the work introducing the stochastic Bayesian network. If the
stochastic Bayesian network is in fact proposed in this paper, the authors should also made it clear, and
a dedicate section must be used to describe all the facets of this structure in detail.

Thanks reviewer for this suggestion. However, to the authors’ knowledge, the Stochastic Bayesian Network
has not been used so far such as we present in this paper. So based on your useful comment we define the
stochastic Bayesian network in Section 3 briefly as the following paragraph:

“As mentioned before, the BOA constructs a Bayesian network by using a set of promising solutions and
samples the next generation from the constructed Bayesian network (22). In the following of this section we
introduce a new structure for Bayesian network that is called stochastic Bayesian network:

A stochastic Bayesian network M = (,0) consists of a stochastic structure ¢ and a set of parameters 6. The
structure of the network is described by a stochastic graph where each edge has a probability of existence.
Because of stochastic structure, we must sample a new graph from the stochastic structure to construct a
Bayesian network. This stochastic structure is designed such that if the probability of an edge will be 1, this
edge appears in the sampled graph. On the other hand if the probability of an edge will be 0 then the
corresponding edge should not be appeared in the sampled graph. Finally in the sampled graph there is a set
of nodes that are corresponding to the problem variables and a set of edges that are corresponding to the
conditional dependencies between variables. The parameter 6 is a set of probability distributions that is
described as a product of probability density functions for the edges that are appeared in the network.
Generally, the procedure of finding a probabilistic model has two steps: first, a procedure to construct the
structure and second, a scoring metric that evaluates the built structure (28) (30) (31) (32). In this paper we
propose a new rBOA that uses a stochastic Bayesian network to generate the probabilistic model of promising
solutions. In the next section we will describe the scoring metric and the search procedure that are used to
learn the proposed stochastic Bayesian network.”



1)

Reviewer #3:

The authors would like to thank reviewers for their time, comments and constructive criticism, which
improved the paper. It should be noted that all result of the proposed algorithm is run again with the
maximum number of function calls, Maxyg:= 100,000.

In ""3. The Proposed Real-coded Stochastic Bayesian Optimization Algorithm™, the probability of each
edge at the start-up of the algorithm is set to p_i = 0.5, which may result in relatively dense networks.
How about setting the parameter such as p_i = k/n (or n-1) where k is the assumed number of the order
of links for each node, and n is the number of nodes, in order to control the parameter.

Thanks for your attention. Based on your suggestion we considered the initial value of p; as a parameter of the
proposed algorithm. So we rewrite this parameter as the following paragraph:

“The probability of each edge at the start-up of the algorithm is set to I/d, p; = I/d where I is the assumed the
maximum number of possible links for each variable, and d is the number of variables.”

Based on this definition p; is a parameter and d is the dimension of the optimization problem and it is fixed to
value 10. But the free value to determine parameter p; is the value of parameter I. So the impact of parameter |
on the performance of the rsBOA for some of the used test functions is exhibited in Table 9 where it is shown

that the best value of parameter I is 5 when d=10. So the best value for parameter p; is p; = % =05

Table 9: Sensitive analysis results for parameter |

Function 1 =2 1 =5 1 =8
F1 23.63E+02 26.68E+02 28.43. E+02
F2 99.74E+01 96.48E+01 98.38E+01
F3 16.62E+06 15.70E+06 22.74E+06
F7 31.35E+02 16.85E+02 18.42E+02
F8 -14.72E+01 -13.88E+01 -13.86E+01
F9 -29.27E+01 -29.43E+01 -28.04E+01
F10 -29.52E+01 -29.02E+01 -29.86E+01
F11 10.97E+01 99.60E+00 10.23E+01




2) In 4. Experimental Results", why don't you employ F4 - F6 as test functions? Add results on F4 - F6
(mandatory condition), and other CEC2005 test functions (if possible)

and

3) In "a. Experiment 1", add numerical results on the original rBOA in tables 2, 3 & 4, and figure 2.

Thanks for your constructive criticism. You are right. So, we compared the proposed algorithm with functions
F1 through F14 in term of optimization values, statistical test, computation time, and convergence figures. So
in order to have a fair compression, we also compared the proposed algorithm with the original rBOA and
GRS-BOA, a recently proposed rBOA. The results of the proposed algorithm on these functions show that this
algorithm outperforms other related algorithms in most of the used test functions. Please refer to Table 2,
Table 3, Table 4, and Figure 2 in sections 5.1.2, 5.1.3 and 5.1.4 as given below

Table 2: Numerical results for rsBOA, Original rBOA, LA-rBOA and IrBOA

Function Original rBOA Ir BOA LA-rBOA GRS-BOA rsBOA
Mean Std Mean Std Mean Std Mean Std Mean Std
F1 -4.40E+02 2.55E-09 -4.42E+02 -4.45E+02 -4.45E+02 6.89E-11 -4.50E+02 0.00E+00 -4.50E+02 1.23E-15
F2 -4.14E+02 3.61E-08 -4.17E+02 -4.16E+02 -4.16E+02 1.14E-11 -4.45E+02 1.74E+01 -4.50E+02 1.51E-16
F3 -4.17E+02 4.72E-36 -4,19E+02 -4.21E+02 -4.21E+02 2.04E-36 1.06E+06 1.06E+12 -4.50E+02 6.41E-36
F4 -4.16E+02 7.31E-25 -4,18E+02 -4.20E+02 -4.20E+02 2.76E-27 -4.07E+02 3.42E+03 -4.50E+02 4.72E-29
F5 -3.14E+02 3.16E-14 -3.02E+02 -3.03E+02 -3.03E+02 6.76E-17 -1.94E+02 5.98E+04 -3.07E+02 7.42E-19
F6 3.92E+02 7.26E-22 4.02E+02 3.75E+02 3.95E+02 6.29E-18 4.91E+02 5.13E+04 3.89E+02 2.71E-36
F7 -1.57E+02 4.27E-13 -1.62E+02 -1.75E+02 -1.75E+02 4.70E-15 -1.08E+03 1.38E-09 -1.82E+02 4.99E-27
F8 -1.39E+02 2.85E-10 -1.39E+02 -1.37E+02 -1.37E+02 1.81E-11 -1.19E+02 1.37E-03 -1.39E+02 2.68E-22
F9 -3.06E+02 6.72E-14 -3.04E+02 -3.04E+02 -3.04E+02 2.63E-12 -3.28E+02 1.70E+00 -3.30E+02 6.21E-29
F10 -3.05E+02 7.25E-13 -3.02E+02 -3.03E+02 -3.03E+02 2.51E-12 -3.23E+02 4.46E+00 -3.09E+02 5.67E-29
F11 1.03E+02 5.19E-12 1.00E+02 9.80E+01 9.80E+01 1.20E-15 9.47E+01 3.22E+00 9.80E+01 9.32E-23
F12 -4.50E+02 1.73E-10 -4.50E+02 -4.52E+02 -4.52E+02 4.67E-15 1.18E+02 4.07E+05 -4.56E+02 3.65E-19
F13 -1.20E+02 4.99E-12 -1.22E+02 -1.23E+02 -1.23E+02 5.83E-16 -1.29E+02 8.58E-02 -1.30E+02 3.89E-18
F14 -2.83E+02 1.18E-10 -2.85E+02 -2.88E+02 -2.88E+02 3.57E-15 -2.96E+02 1.37E-01 -2.99E+02 4.15E-17

Table 3: Outcomes of statistical test for the rsBOA, Original rBOA, LA-rBOA, the IrBOA, and GRS-BOA

Function Original rBOA LA-rBOA Ir BOA GRS-BOA
F1 2.77E+10 1.74E+12 5.13E+11 0.00E+00
F2 7.05E+09 8.25E+12 2.11E+13 2.03E+00
F3 2.93E+37 2.73E+37 3.05E+37 7.07E-06
F4 3.29E+26 7.05E+26 7.68E+28 8.89E-02
F5 -1.57E+15 8.32E+16 4.18E+17 1.34E-02
F6 2.92E+22 2.45E-01 6.75E+18 1.41E-02
F7 4.14E+14 2.48E+16 1.05E+16 2.45E-01
F8 0.00E+00 0.00E+00 7.81E+11 1.03E+05
F9 2.53E+15 5.28E+13 6.99E+13 8.32E+00
F10 3.90E+13 6.13E+12 1.69E+13 -2.22E+01
F11 6.81E+12 1.06E+16 0.00E+00 -7.25E+00
F12 2.45E+11 2.91E+12 6.06E+15 9.97E-03
F13 1.42E+13 1.35E+16 8.49E+16 8.24E+01




F14 9.59E+11 4.07E+13 2.18E+16 1.55E+02
Table 4: Computation time (minutes) comparison
F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14
rsBOA 5.1 5.6 5.0 5.3 5.3 5.6 6.3 6.7 6.8 7.4 6.9 7.2 8.3 9.2
LA-rBOA 5.3 5.9 5.9 6.3 6.5 6.5 6.8 6.6 7.3 5.4 7.9 7.5 8.5 9.5
IrBOA 8.5 8.2 10.3 | 10.0 9.8 9.2 10.2 9.5 115 | 122 | 128 8.1 126 | 126
Original rBOA 6.5 6.9 6.6 6.0 6.1 6.2 6.5 6.5 7.0 7.2 7.1 7.5 85 9.3
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Figure.2. The convergence speed for the rsBOA, LA-rBOA and the IrBOA

4) In "a. Experiment 1", comparisons of the obtained Bayesian networks and discussion on their
differences should be necessary to illustrate the effectiveness of the proposed algorithm.

Thanks for your attention. You are right. So, we have provided a detail description about why the new
proposed method is better than two other methods (IrBOA and LA-rBOA) in the end of section 5.1.2 as given
in the following paragraph:

“The major different between IrBOA and the proposed algorithm is that IrBOA clusters the population using
an adaptive clustering method and generates a Bayesian network for each cluster; but based on the nature of
evolutionary algorithms, the diversity of population is decreased over time, so the number of Bayesian
networks is also decreased over time. While in the proposed algorithm, we use only a stochastic Bayesian
network and there is a possibility of generating different Bayesian networks until all edges probability
converge to some value. In other words the proposed algorithm can preserve multi Bayesian networks in one
structure a longer time than IrBOA without using any clustering method that results in a lower computational
complexity and running time. On the other hand the major different between LA-rBOA and the proposed
algorithm is that LA-rBOA uses a learning automaton for each possible edge in the network without any idea
to preserve multi Bayesian networks in one generation. The LA-rBOA only uses a fast method to learn the
Bayesian network. So, the proposed algorithm is superior to the LA-rBOA in most of used benchmark
functions. Generally, according to the obtained results it is reasonable to say that the rsBOA presents evidences
of better performance than similar algorithms such as Original rBOA, LA-rBOA and IrBOA.”



5)

In ""b. Experiment 2.", why are test functions different from those in Experiment 1? Use CEC2005
functions same as Experiment 1 to compare the algorithms.

Thanks reviewer for this comment. It was very useful and criticism. So, we changed the used test function of
experiment 2 to CEC 2005 (function F1 through F14). The results of the proposed algorithm on these functions
show that this algorithm outperforms other related algorithms in most of the used test functions. Please refer to

Table 10 in section 5.2 as given below:

Table 10. Numerical results for the rsBOA and other algorithms

Function UMDA EGNA EMNA SoD ECGA | CMA-ES rsBOA
F1 -4.40E+02 | -4.43E+02 -4 50E+02 -4.50E+02 -4.50E+02 -4.50E+02
F2 -4.05E+02 | -4.10E+02 -4.21E+02 -4 50E+02 -4.50E+02 -4.50E+02
F3 -4.04E+02 | -4.15E+02 -4.21E+02 -4 50E+02 -4.50E+02 -4.50E+02
F4 -4.01E+02 | -4.11E+02 -4.25E+02 -4 50E+02 -4.50E+02 -4.50E+02
F5 -2.90E+02 | -2.93E+02 -3.05E+02 -3.10E+02 -3.10E+02 -3.07E+02
F6 3.50E+02 3.61E+02 3.70E+02 3.84E+02 3.90E+02 3.89E+02
F7 -1.65E+02 | -1.70E+02 -1.72E+02 -1.80E+02 -1.80E+02 -1.82E+02
F8 -1.25E+02 | -1.30E+02 -1.40E+02 -1.20E+02 -1.20E+02 -1.40E+02
F9 -2.90E+02 | -2.95E+02 -2.97E+02 -3.30E+02 -3.30E+02 -3.30E+02
F10 -2.85E+02 | -2.92E+02 -3.00E+02 -3.22E+02 -3.30E+02 -3.09E+02
F11 9.01E+01 9.45E+01 9.90E+01 8.77E+01 8.91E+01 9.80E+01
F12 -4.11E+02 | -4.37E+02 -4.42E+02 -3.96E+02 -4.31E+02 -4 56E+02
F13 -1.00E+02 | -1.13E+02 -1.29E+02 -1.30E+02 -1.29E+02 -1.30E+02
F14 -2.57E+02 | -2.69E+02 -2.91E+02 -2.97E+02 -2.97E+02 -2.99E+02




6)

In ""b. Experiment 2.", it is necessary to discuss the reason why CMA-ES outperforms rsBOA.

Thank you very much for your attention. Based on your suggestion, we denoted that CMA-ES is not an EDA
algorithm in the following paragraph in section 5.2:

“Also it should be noted that CMA-ES is not really an EDA algorithm; it is an evolution strategy adapting the
full covariance matrix of the normal mutation search distribution. We have considered this algorithm in the
comparison because CMA-ES is a well-known method for continuous global optimization.”

Also based on another reviewer suggestion, we used the CMS-ES A Restart CMA Evolution Strategy with
Increasing Population Size normal mutation search distribution” to compared with the proposed algorithm. The

result of comparison is given in Table 10 in section 5.2 as the following:

Table 10. Numerical results for the rsBOA and other algorithms

Function CMA-ES rsBOA
F1 -4,50E+02 -4.50E+02
F2 -4,50E+02 -4,50E+02
F3 -4,50E+02 -4,50E+02
F4 -4,50E+02 -4,50E+02
F5 -3.10E+02 -3.07E+02
F6 3.90E+02 3.89E+02
F7 -1.80E+02 -1.82E+02
F8 -1.20E+02 -1.40E+02
F9 -3.30E+02 -3.30E+02
F10 -3.30E+02 -3.09E+02
F11 8.91E+01 9.80E+01
F12 -4.31E+02 -4.56E+02
F13 -1.29E+02 -1.30E+02
F14 -2.97E+02 -2.99E+02

Based on presented results, our algorithm outperforms CMS-ES in most of the used test functions for
Maxyrc= 100,000.



7) In References: 2., | could not find the 2nd edition of the book.

Thanks for your attention. You are right. The reference was written wrong. We corrected it. The 2nd edition of
the book was published in year 2010 and it is available from the following link.
http://www.amazon.com/Genetic-Algorithms-ThE-Design-Innovation/dp/0387353747 (2010)



8) In References: 15, ""bayesian™ -> ""Bayesian
And

9) In References: 18, "..... AAAI Press, 2." -> ""....AAAI Press, 2013"
And

10) In References: 19, "....pp.201-204, 20." -> *""... pp.201-204, 2000.""

Thanks for your attention. You are right. So, we correct them.
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Abstract. Estimation of distribution algorithms (EDAS) are considered to be a new class of evolutionary algorithms
which are applied as an alternative to genetic algorithms (GAs). Such algorithms sample the new generation from a
probabilistic model of promising solutions. The search space of the optimization problem is improved by such
probabilistic models. In Bayesian Optimization Algorithm (BOA), the set of promising solutions forms a Bayesian
network and the new solutions are sampled from the built Bayesian network. This paper proposes a novel real-coded
stochastic BOA (rsBOA) for continuous global optimization by utilizing a stochastic Bayesian network. In the proposed
algorithm, the new Bayesian network take advantage of using a stochastic structure (that there is a probability
distribution function for each edge in the network) and the new generation is sampled from the stochastic structure. In
order to generate a new solution, some new structure, and therefore a new Bayesian network is sampled from the
current stochastic structure and the new solution will be produced from the sampled Bayesian network. Due to the
stochastic structure used in the sampling phase, each sample can be generated based on a different structure. Therefore
the different dependency structures can be reserved. Before the new generation is generated, the stochastic network’s
probability distributions are updated according to the fitness evaluation of the current generation. The proposed method
is able to take advantage of using different dependency structures through the sampling phase just by using one
stochastic structure. The experimental results reported in this paper show that the proposed algorithm increases the

quality of the solutions on the general optimization benchmark problems.
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1. Introduction
Genetic algorithms are natural stochastic optimization algorithms which in each generation a set of promising

solutions will be selected according to some fitness evaluations and the new generation will be produced using
promising solutions, and recombination (crossover) and mutation operators (1) (2).

Estimation of distribution algorithms (EDAS) are defined as a subset of evolutionary algorithms which estimate a
probability distribution model from the set of candidate solutions to help a given problem’s search space (3). Like GAs,
these start with a set of promising solutions and create a probabilistic model according to the solutions that are selected.
The new generation is sampled from the produced model. EDAs will do these steps over and over until a stopping
criterion is satisfied. The main different between EDAs and GAs is the fact that EDAs use probabilistic models rather
than the crossover and mutation operators in order to sample new solutions. Mutation and recombination operators in
the GAs regularly result in the absence of using building blocks and lead to a convergence to local optima (2) (3).
Building blocks are the sub-problems of the optimization problem in terms of the interrelations among variables. Such
algorithms are effectively applied to many optimization problems. EDAs have many applications in different areas (4)
(5) (6) (7) (8). For further reading on the application of EDAs please refer to (9).

There are two major categories of EDAs: discrete EDASs and real-valued EDAs (9). For instance, extended compact
genetic algorithm (ECGA) (10), factorized distribution algorithm (FDA) (11), and Bayesian optimization algorithm
(BOA) (12) (13) (14) (15) (16) (17) (18) for discretE-value variables as well as the estimation of Gaussian networks
algorithm (EGNA) (19), mixed Bayesian optimization algorithm (MBOA) (20), (mixed) iterative density-estimation
evolutionary algorithms (mIDEASs) (21), real-coded Bayesian optimization algorithm (rBOA) (22) and Bayesian
networks as well as Gaussian mixture model (BNGMM) (23) for real-value variables are offered.

The Bayesian optimization algorithm (BOA) is one instance of EDAs which uses Bayesian networks for modeling
the promising solutions (12). A Bayesian network is a kind of acyclic directed graph with one node for each variable in
the optimization problem, while the edges indicate the conditional dependencies among variables. In the BOA, a
Bayesian network is built from the set of promising solutions and the new solutions will be sampled from the built
Bayesian network. The experimental results of the BOA show that it is able to identify correct linkages among the
optimization problems’ variables.

This paper proposes a novel stochastic Bayesian network with the aim to obtain a novel real-coded stochastic
Bayesian Optimization Algorithm (rsBOA) for continuous global optimization. In the rsBOA, the Bayesian network is
characterized by a stochastic structure. The stochastic Bayesian network exhibits a probability distribution function for
each possible edge within the network and such stochastic structure is used for sampling the new generation. After
generating new generation, the fitness of the population will be evaluated and the probability distributions of the
stochastic Bayesian network updated according to the fitness evaluations of the current generation. So, in the rsBOA,
various structures of dependencies are preserved only inside one stochastic structure. To generate a new solution during
the model sampling phase, a new structure is sampled according to each edge’s probability distribution function.
Following that, a new solution will be sampled from the generated Bayesian network. The proposed rsBOA is capable

of taking advantage of using different structures during the sampling phase since each new solution can be sampled
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according to a different structure. Therefore, the proposed algorithm is able to search the problem space for a variety of
dependency structures and to realize the building blocks.

The rest of the paper is organized in the following way. Section 2 will explain the related works on the continuous
EDAs. Section 3 will introduce stochastic Bayesian network. Section 4 will present the proposed real-coded Stochastic
Bayesian Optimization Algorithm (rsBOA) and section 5 reports the experimental results obtained with the proposed

algorithm. Finally, the paper ends with a conclusion in section 6.

2. Related Works

Here we will review the related works about the real-coded EDAs. In EGNA, a Gaussian network is created in each
generation using a scoring metric and the new generation is sampled from the network that is constructed (19). The
EGNA uses only one singlE-peak Gaussian model, therefore not appropriate for complex optimization problems (19).
The IDEAs make use of the joint normal kernels distribution, in which each selected solution is surrounded by a single
normal distribution. Each normal distribution’s variance may be either fixed to a relatively small value, but it must be
preferable to adapt variances based on the current search status. The mixed Bayesian optimization algorithm (mBOA)
models continuous variables vectors and it uses an extension of Bayesian networks with local structures (20). A model
used in mBOA is composed of a decision tree for each of the variables. In a decision tree, the leaves will correspond to
the sub regions of the search space and each leaf models a singlE-variable mixture of normal distributions as centered
on the correspond variable’s values.

The mixed IDEAs are an extension of IDEAs which use some mixture of normal distributions as a way to model
each of the variables. The mIDEAs cluster the candidate solutions to utilize a mixture of normal distributions (21). In
the sampling phase then, mIDEAs select a distribution (or cluster) of a mixture of normal distributions and thereby
generate the new individuals. Thus, these algorithms are not able to realize the building block except that one cluster
includes most of the building blocks.

In rBOA, the promising solutions will be selected from the current population by using a parent selection method,
and a Bayesian network is then constructed in order to model the promising solutions’ distribution (22). The new
individuals are then sampled from the constructed Bayesian network through the following procedure. In the sampling
phase, the sub-trees (building blocks of the problem) of the Bayesian network will be extracted. Then, the entire
solutions of each sub-tree are clustered to model with a mixture of normal distributions. The new partial solutions of
each sub-tree are then sampled from the related mixture of normal distributions. Finally, the new individuals will be
merged into the main population and replaced some of the old ones. The mentioned steps are repeated up to the time
when some stopping criterion is satisfied (22). Unlike mIDEAs, which recognize a mixture of normal distributions from
the population in the model sampling phase, rBOA make use of a mixture of normal distributions of each building
block at that stage. Therefore, rBOA can do better preserving the building blocks as compared to the mIDEAS in
continuous optimization problems.

Bayesian networks and Gaussian mixture model (BN-GMM) is an evolutionary algorithm for continuous
optimization which uses a Bayesian network for modeling the dependencies among the variables of the problem. Then,

one Gaussian mixture model will be adopted to model the probability distribution for each sub-problem and the new
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generation will be produced from the Gaussian mixture model of each sub-problem (23).

In (24) (25) (26), we have proposed some improved version of real-coded Bayesian optimization algorithm, called
IrBOA. The IrBOA utilizes an adaptive clustering method to break the problem space into multiple Bayesian networks.
Each Bayesian network has its own structure and parameters. The adaptive clustering method leads to searching the
problem space efficiently in the initial generations of the algorithm. Also, it improves the quality of the solutions by
realizing the building blocks in the following generations of the algorithm. The utilization of adaptive clustering brings
about the realization of the building blocks; also when the diversity of solutions is decreased, the number of clusters
will be decreased in the same manner. Therefore, a smaller number of Bayesian networks are generated and more
building blocks will be amassed in one Bayesian network (25) (26).

In our previous work (27), we have offered a new real-coded Bayesian optimization algorithm which is based on a
team of learning Automata (LA-rBOA) that uses a team of learning automata in order to construct the Bayesian
network. There, there is one learning automaton for each possible edge in the Bayesian network, and each learning
automaton tries to learn the existence or non-existence of the corresponding edge. In each generation, one Bayesian
network will be constructed according to the actions of the learning automata. The next generation is then sampled
from the built Bayesian network and each learning automaton then updates its action probability based on the quality
of the Bayesian network that has been built. The experimental results indicate that the algorithm proposed is superior
to other related algorithms in terms of quality and performance measures.

Reference (28) has proposed a quality measure of discretization method for EDAs and utilizes it to analyze fixed-
width histogram (FWH), fixed-height histogram (FHH), and greedy random split (GRS). Then they integrated rBOA
with FWG, FHH, and GRS. The experimental results show that using these discretization methods in the rBOA
improves the continuous global optimization using standard benchmark test suite.

In many EDAs, generating the dependency model of the problem variables is seen as a bottleneck; for example
finding the best structure of a Bayesian network is an NP-hard problem (29). Also, in many optimization problems, the
dependency structures of each sub-space can differ from other sub-spaces. Thus, the chance to use some techniques for

generating different structures with an acceptable complexity is a valuable context in EDAs.
3. Stochastic Bayesian networks

As mentioned before, the BOA constructs a Bayesian network by using a set of promising solutions and samples
the next generation from the constructed Bayesian network (22). In the following of this section we introduce a new
structure for Bayesian network that is called stochastic Bayesian network: A stochastic Bayesian network M = ((, 6)
consists of a stochastic structure ¢ and a set of parameters 8. The structure of the network is described by a stochastic
graph where each edge has a probability of existence. Because of stochastic structure, we must sample a new graph
from the stochastic structure to construct a Bayesian network. This stochastic structure is designed such that if the
probability of an edge will be 1, this edge appears in the sampled graph. On the other hand if the probability of an
edge will be 0 then the corresponding edge should not be appeared in the sampled graph. Finally in the sampled graph
there is a set of nodes that are corresponding to the problem variables and a set of edges that are corresponding to the
conditional dependencies between variables. The parameter 6 is a set of probability distributions that is described as a
product of probability density functions for the edges that are appeared in the network. Generally, the procedure of
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finding a probabilistic model has two steps: first, a procedure to construct the structure and second, a scoring metric
that evaluates the built structure (28) (30) (31) (32). In this paper we propose a new rBOA that uses a stochastic
Bayesian network to generate the probabilistic model of promising solutions. In the next section we will describe the

scoring metric and the search procedure that are used to learn the proposed stochastic Bayesian network.

4. The Proposed Real-Coded Stochastic Bayesian Optimization Algorithm

This section of the paper proposes a new real-coded stochastic Bayesian Optimization Algorithm (rsBOA) for
continuous global optimization. The design of this algorithm is based on a stochastic Bayesian network. This stochastic
Bayesian network has a probability distribution function for each possible edge in the network. The algorithm proposed
here starts with some random population. The probability of each edge at the start-up of the algorithm is set to 1/d,
p; = I/d where | is the assumed maximum number of possible links for each variable, and d is the number of variables.
In the model building phase, in each generation of the rsBOA a set of promising solutions is selected with regard to
fitness evaluations, and after that a tree Bayesian network (a Bayesian network with tree structure) that maximizes the
data likelihood is calculated for the set of promising solutions. In order to find a tree Bayesian network, the rsBOA
makes use of the Chow-Liu algorithm that generate a tree that maximizes the data likelihood (33). After that, the
probability distribution function of each edge in the stochastic structure will be updated in accordance with the
existence of the corresponding edge in the tree Bayesian network by utilizing an updating rule. In the model sampling
phase of rsBOA, to sample a new solution, a new Bayesian network will be sampled from the current probabilistic
model. This Bayesian network exhibits its own structure and parameters. Thus, each new solution within the new
population can be sampled from a different structure. After generating the new population, the fitness evaluation will be
applied on the new population and the new population will merge into the old one. Finally, the new generation is
selected through a replacement method. These procedures are repeated until some stopping criterion is satisfied. The
overall process of the rsBOA can be seen in Figure. 1. The proposed rsBOA can take advantage of different structures
in the sampling phase such that, each new solution can be sampled from a unique structure. So, the proposed algorithm
is capable of searching the problem space for a variety of dependency structures as well as realizing the building blocks
only by using one stochastic structure. You can see the pseudo-code of the rsBOA in Algorithm 1. In the following

sections the model building and the model sampling phases will be described in detail.
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Algorithm 1: Pseudo code of the proposed algorithm (rsBOA)

1

Let d be the dimension of the optimization problem, Np be the population size and | be the assumed maximum number

of possible links for each variable;

2: Let t be the generation counter and initially set to 0 and Maxygc be the total number of generations.

3: Create a random population P of Np individual.

4: Set the initial probability distribution function of each possible edge j to be p; = I/d.

5: While t< Maxygcdo

6: Select t % individuals S from population P based on the fitness evaluations.

7 Generate the tree Bayesian network using Chow-Liu algorithm.

8: Update the probability distribution function of each p; based on the network that is generated in the previous step.

9: Sample m new Bayesian networks using the probability distribution functions.

10: Remove the cycles in the Bayesian networks using DFS algorithm.

11: For n=1to mdo

12: Extract all trees (sub-problems) in the Bayesian network indexed by r.

13: Forj=ltordo

14: Generate the % partial solutions for % individuals based on the conditional normal distribution of promising
solutions

15: End for

16: Merge all partial solutions together to create a new individual.

17: End for

18: Merge the new generation and the old generation.

19: Evaluate population based on the fitness function and choose the best Np individuals as the new generation.

20: Sett=t+1

21: End while
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Return The Best Individual

v
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Figure 1: The pseudo code of the proposed algorithm (rsBOA)

4.1. Model building

Throughout the following sub-sections we will describe the scoring metric and the search procedure that are used

in the proposed algorithm:

4.1.1. Scoring metric

There are a variety of metrics proposed for the evaluation of Bayesian networks. For instance, Bayesian metrics
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measure the quality of the Bayesian network through computing a marginal likelihood of the Bayesian network with
respect to the given data and the inherent uncertainties (29) (30) (31). Minimum description length metrics operate on
the assumption that the number of regularities in the data that are encoded by a model is somewhat proportional to the
amount of data compression that the model allows (32). The Bayesian information criterion (BIC) is some criterion for
model selection within a limited set of models. It works based on the likelihood function (30). This paper uses the
Chow-Liu algorithm which tries to estimate the optimal dependence tree for the given problem. In the Chow Liu
algorithm, there is a complete undirected graph G of d nodes where d is number of variables in the optimization

problem that is concerned (33). If x; and x; are taken to be the variables of the optimization problem, the weight of

edge(i, j) is then calculated following the equation below:

o
edge(i,j) = Z P(i'j)'og% @

Xi,Xj (i,j)eD
here P(i, ) is the joint probability distribution of x; and x;. Also, P(i) and P(j) are the probability distributions of x;
and x;, respectively. After calculating the weight of each edge(i, ), the maximum spanning tree of graph G is

calculated as the problem’s dependence tree (19).

4.1.2. Search procedure
As was mentioned before, the problem of learning a Bayesian network’s structure according to some scoring metric

is an NP-complete problem. Therefore, there is no known polynomial-time algorithm for finding the best network
structure that corresponds to most scoring metrics (29). To overcome this problem two simple methods are often used:

1) A simple, greedy algorithm is used in order to build the network structure (30) (31): The greedy algorithm
will add an edge with the greatest improvement in the current network quality in each step until no more improvement
is possible. Since Bayesian networks are acyclic graphs, the graph structure has to be validated following each
operation (22) (34) (35). The initial network structure can be some graph with no edges. It can also take advantage of
the prior information such as the best tree computed by the polynomial-time maximum branching algorithm (9) (30).

2) The structure of the Bayesian network is limited to a simpler one (such as tree or chain) that can be
constructed optimally or near optimally in a polynomial time. For more information about these limited models please
refer to (9), (12).

In the algorithm proposed here, the structure of the Bayesian network is defined as the following: Let d be the
dimension of the real-valued optimization problem. Thus, the corresponding Bayesian network has d nodes. Because
the Bayesian network is a directed graph, the maximum number of edges in the network with d nodes will be D=dx(d
—1). For each edge j at time t, there will be a probability distribution p;(t) which determines the existence probability
of the corresponding edge in the Bayesian network. Probability p;(t) = O means that the corresponding edge does not
appear in the Bayesian network, while value p;(t) = 1 indicates that the corresponding edge occurs in the network.
Since there is no prior information about the dependencies of problem variables at the first iteration, we will use the

uniform probability distribution for each edge, p;(0) = I/d (for j = 1,2,...,d). The initial probability vector of each

edge j can also be configured according to the prior information on the variables dependency of the problem.
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The main goal by using the stochastic structure in the rsBOA is that the stochastic structure is able to model
multiple structures in one model. So, different structures are able to be sampled from the main structure. This
characteristic enables us to model different dependency structures at a time and further to sample new solutions
through the different structures. The main problem about such a structure is how the probability distribution function
of each edge is updated in the structure. In order to solve this challenge we will use the following procedure: in each
iteration of the rsBOA, the 7% of the population is selected according to the truncation selection as the candidate
solutions. Then a dependence tree is built for this set of promising solutions by using the Chow-Liu algorithm which
was described earlier in this section. In order to calculate the probabilities of equation (1) in the form of a continuous
domain, we model the optimization problem’s probability distribution by a Gaussian mixture of normal distributions.
When the dependence tree of the candidate solutions is found, the probability distribution function for each edge j will
be updated according to the existence or lack of edge j in the generated dependence tree according to the following
equation:

p;(t +1) = Max(p;(t) + Ap;(t),1) edge(j) € Dependence Tree 5
p;(t + 1) = Min(p;(t) — Ap;(t),0) edge(j) ¢ Dependence Tree @)

in which p;(t) is denoted as the probability distribution function for edge j at time ¢t and A is a constant factor.
p;(t + 1) is updated in a way that it remains a probability distribution function. Therefore, if edge j exists in the
dependence tree, the probability distribution function of edge j, p;, must be increased; by contrast, in the case that edge
J does not exist in the generated dependence tree, the probability distribution function of edge j, p; must be decreased.
After updating the probability distribution function for each edge in the network, we can sample a new Bayesian
network structure by using this information. To determine whether an edge occurs in the Bayesian network, the search
procedure will use the probability distribution function of the corresponding edge. By this time the constructed
Bayesian network structure may have some cycles. In order to remove the cycles, the search procedure will use a depth
first search algorithm (DFS) with a random start node in order to navigate the current structure and mark the entire
back edges which point from one node to one of its ancestors. After it has detected the back edges, the search

procedure will remove all cycles. Finally, this network is used for sampling a new solution at the sampling phase.

4.2. Model sampling
The proposed algorithm should generate Np new solutions in the model sampling phase. With the aim to generate N

new solutions through different structures with some acceptable complexity, we will sample m Bayesian networks

from the stochastic model that is described in the previous sections. Following that, for each Bayesian network X

P
m
solutions must be generated. This sub-set of solutions are then merged together to produce a set of Np solutions. In
order to generate a new solution from a Bayesian network, all maximal connected sub-graphs are first extracted from
the constructed Bayesian network. These sub-graphs will determine the sub-problems whose variables has interactions.
With the aim to simplify the presentation, the promising solutions related to a sub-problem are called partial solutions
of that sub-problem. In order to generate a partial solution that corresponds to sub-problem r, the rsBOA will employ a

mixture of Gaussian normal distributions to the selected partial solutions of the set of promising solutions and it then
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generates the new partial solutions from the distribution (22) (26) (27):

1 _Wommp)?
FURIN Vo o) = e 70 @
y[A

where Y, is the partial solution which must be produced, Y;,Y,,...,Y,, are parents to Y,, and i represents the selected
normal distribution of the Gaussian mixture model; and

1
Ojp = 77—
JE D00 @
= e — I = u)E 0 (5)
o C oo

where y;, is the mean of Y; and > " represents the inverse of covariance matrix for (Y,|Y;,Y,, ..., Y,) of the selected

solutions.

5. Experimental Results
In this section, the performance of the proposed algorithm has been evaluated through some computer

experiments conducted. The performance of the proposed algorithm will be compared with some related algorithms
on the standard benchmark test functions. In each of the experiments we consider the quality of solutions,
computation time, and convergence rate as criteria for performance. In the initial experiment the performance of the
proposed algorithm will be compared with some related rBOA algorithms. In the second one the performance of the

proposed algorithm will be compared with some related evolutionary algorithms.

5.1. Experiment 1: Comparison of The rsBOA with some Related rBOA Algorithms
In this section, we will compare the outcome of the proposed rsBOA with some related rBOA. In the first

subsection, the used benchmark functions will be introduced and in the second subsection, the results of comparison
between the proposed rsBOA and other related algorithms will be presented. In the third and fourth experiments the
convergence rate and computation time of the proposed algorithm are compared with those of other related algorithms.

In the fifth experiment then the parameter sensitivity of the proposed algorithm will be analyzed.

5.1.1. CEC2005 Test Functions
This set of test functions is chosen from the benchmark functions that are used in CEC2005 (36) as presented in

Table 1. This set includes five uni-modal (F1 — F5) plus nine multi-modal (F6 — F14) functions and the quality of the
solution is used as the measure for performance. Each function in this test suite stands for a real-value function which
must be minimized. Information related to this test suite is presented in Table 1. For additional information on this
benchmark please see the Reference (36). The experiment in this section is conducted based on the assumption that
dimension d = 10 and the parameter m (The number of Bayesian networks that is sampled from the stochastic model)
is set to 10.
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Table 1: The CEC2005 benchmark functions

Function

Function Name

Range

Optimal Value

Property

F1

Shifted Sphere Function

[-100 100]

-450

Uni-modal
Shifted

Separable

F2

Shifted Schwefel’s Problem

[-100 100]

-450

Uni-modal
Shifted

Non Separable

F3

Shifted Rotated High Conditioned Elliptic

Function

[-100 100]

-450

Uni-modeal
Shifted
Non Separable
Rotated

F4

Shifted Schwefel’s Problem 1.2 with Noise

in Fitness

[-100 100]

-450

Uni-modal
Shifted

Non Separable

F5

Schwefel’s Problem 2.6 with Global

Optimum on Bounds

[-100 100]

-310

Uni-modal

Non Separable

F6

Shifted Rosenbrock’s Function

[-100 100]

390

Multi-modal
Shifted

Non Separable

F7

Shifted Rotated Griewanks Function

without Bounds

[0 600]

-180

Multi-modal
Shifted
Non Separable
Rotated

F8

Shifted Rotated Ackleys Function with

Global Optimum on Bounds

[-32 32]

-140

Multi-modal
Shifted
Non Separable
Rotated

F9

Shifted Rastrigins Function

[-59]

-330

Multi-modal
Shifted
Separable
Rotated

F10

Shifted Rotated Rastrigins Function

[-59]

-330

Multi-modal
Shifted
Non Separable
Rotated

F11

Shifted Rotated Weierstrass Function

[-0.5 0.5]

90

Multi-modal
Shifted
Non Separable
Rotated
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Multi-modal
F12 Schwefel’s Problem 2.13 [- x) -460 Shifted

Non Separable

Expanded Extended Griewank’s plus Multi-modal
F13 [-31] -130 Shifted

Rosenbrock’s Function
Non Separable

Multi-modal
F14 Shifted Rotated Expanded Scaffer’s F6 [-100 100] -300 Shifted

Non Separable

5.1.2. The Comparison of Optimization Results
In this part, rsBOA is compared with the original rBOA (22), the learning automata based rBOA (LA-rBOA) (27)

and the improved real-coded rBOA (IrBOA) (26) and BOA integrated with GRS discritization (GRS-BOA) (28) on the
test functions which was introduced in earlier section. Based on No Free Lunch theorem: “for any algorithm any
elevated performance over one class of problems is offset by performance over another class” (37). Thus, the rsBOA
tries to solve a class of benchmark functions in terms of accuracy and efficiency. For the entire conducted experiments
the parameters of the rsBOA are chosen empirically according to the sensitivity analysis which is given in the last sub-
section. Also, two points have to be reminded: (1) the initial population in all algorithms is created according to the
uniform distribution on the boundary values for each function, and (2) in order to make a comparison, the maximum
number of function calls, Maxygc, will be set to 100,000.

In this experiment, the parameter settings for Original rBOA, LA-rBOA and IrBOA are borrowed from (27) (26).
Also the result of GRS-BOA are borrowed from (28). The results for the rsBOA, Original rBOA, LA-rBOA, GRS-
BOA, and IrBOA on the used test functions are summarized in Table 2. For each function the mean error values as
well as the standard deviations of the obtained fitness values on the 50 independent runs are presented. It must be
mentioned that for the tables given down in this section, the best results are highlighted. Also, to have a better
comparison, a set of two-tailed t-tests were given; because the t-test clarifies the difference between the means of two
independent samples. The t-test to check if the two algorithm means are different can be calculated by the following
equation:

X; =X, 6
t — test(Al,A2) = ——=2 ©)

si_ s3

ny nz
in which X, sZ, and n; represent the means, standard deviation, and the number of runs for algorithm i, respectively. In
this experiment we consider the rsBOA as algorithm A2. The statistical differences among the experiments obtained
with the rsBOA, Original rBOA, LA-rBOA, GRS-BOA, and IrBOA for the test functions are shown in the Table 3.
Tables 2 and 3 indicate that in the most used test functions, rsBOA clearly outperforms Original rBOA, LA-rBOA and

IrBOA. Also the result show that rs-rBOA outperforms GRS-BOA in most of used test function.
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Table 2: Numerical results for rsBOA, Original rBOA, LA-rBOA and IrBOA

FBiction Original rBOA Ir BOA LA-rBOA GRS-BOA rsBOA

7 Mean Std Mean Std Mean Std Mean Std Mean Std

231 -4.40E+02 2.55E-09 -4.42E+02 -4.45E+02 -4.45E+02 6.89E-11 -4.50E+02 0.00E+00 -4.50E+02 1.23E-15
18:2 -4.14E+02 3.61E-08 -4.17E+02 -4.16E+02 -4.16E+02 1.14E-11 -4.45E+02 1.74E+01 -4.50E+02 1.51E-16
11F3 -4.17E+02 4.72E-36 -4,19E+02 -4.21E+02 -4.21E+02 2.04E-36 1.06E+06 1.06E+12 -4.50E+02 6.41E-36
12F4 -4.16E+02 7.31E-25 -4,18E+02 -4.20E+02 -4.20E+02 2.76E-27 -4.07E+02 3.42E+03 -4.50E+02 4.72E-29
}:1‘?35 -3.14E+02 3.16E-14 -3.02E+02 -3.03E+02 -3.03E+02 6.76E-17 -1.94E+02 5.98E+04 -3.07E+02 7.42E-19
IéZG 3.92E+02 7.26E-22 4.02E+02 3.75E+02 3.95E+02 6.29E-18 4.91E+02 5.13E+04 3.89E+02 2.71E-36
167 -1.57E+02 4.27E-13 -1.62E+02 -1.75E+02 -1.75E+02 4.70E-15 -1.08E+03 1.38E-09 -1.82E+02 4.99E-27
17Fs -1.39E+02 2.85E-10 -1.39E+02 -1.37E+02 -1.37E+02 1.81E-11 -1.19E+02 1.37E-03 -1.39E+02 2.68E-22
}gﬁ:g -3.06E+02 6.72E-14 -3.04E+02 | -3.04E+02 | -3.04E+02 2.63E-12 -3.28E+02 1.70E+00 -3.30E+02 6.21E-29
26—10 -3.05E+02 7.25E-13 -3.02E+02 -3.03E+02 -3.03E+02 2.51E-12 -3.23E+02 4.46E+00 -3.09E+02 5.67E-29
2F11 1.03E+02 5.19E-12 1.00E+02 9.80E+01 9.80E+01 1.20E-15 9.47E+01 3.22E+00 9.80E+01 9.32E-23
ile -4.50E+02 1.73E-10 -4.50E+02 -4.52E+02 -4.52E+02 4.67E-15 1.18E+02 4.07E+05 -4.56E+02 3.65E-19
EIlS -1.20E+02 4.99E-12 -1.22E+02 -1.23E+02 -1.23E+02 5.83E-16 -1.29E+02 8.58E-02 -1.30E+02 3.89E-18
21514 -2.83E+02 1.18E-10 -2.85E+02 -2.88E+02 -2.88E+02 3.57E-15 -2.96E+02 1.37E-01 -2.99E+02 4.15E-17
26
% Table 3: Outcomes of statistical test for the rsSBOA, Original rBOA, LA-rBOA, the IrBOA, and GRS-BOA
29 Function Original rBOA LA-rBOA IrBOA GRS-BOA
22 F1 2.77TE+10 1.74E+12 5.13E+11 0.00E+00
32 F2 7.05E+09 8.25E+12 2.11E+13 2.03E+00
33 F3 2.93E+37 2.73E+37 3.05E+37 7.07E-06
34 F4 3.29E+26 7.05E+26 7.68E+28 8.89E-02
22 F5 -1.57E+15 8.32E+16 4.18E+17 1.34E-02
37 F6 2.92E+22 2.45E-01 6.75E+18 1.41E-02
38 F7 4.14E+14 2.48E+16 1.05E+16 2.45E-01
39 F8 0.00E+00 0.00E+00 7.81E+11 1.03E+05
40 F9 2.53E+15 5.28E+13 6.99E+13 8.32E+00
j; F10 3.90E+13 6.13E+12 1.69E+13 -2.22E+01
43 F11 6.81E+12 1.06E+16 0.00E+00 -7.25E+00
44 F12 2.45E+11 2.91E+12 6.06E+15 9.97E-03
45 F13 1.42E+13 1.35E+16 8.49E+16 8.24E+01
j? F14 9.59E+11 4.07E+13 2 18E+16 155E+02
48
49 In what following the analysis between the rsBOA and the two older rBOA (IrBOA and LA-rBOA) is described:
gg Function F1 is shifted Sphere function, function F2 is shifted Schwefel’s problem 1.2, and function F3 is a shifted
gg rotated high conditioned elliptic one. These three functions have different conditions which make F3 to be harder than
54 F2 and F2 to be harder than F1. Based on the results we can conclude that rsBOA outperforms the three other
gg algorithms for functions F1, F2 and F3. Function F4 is shifted Schwefel’s problem 1.2 with noise in fitness. Noise in
57 the fitness disturbs the search process. From the results, we observe that the proposed rsBOA is superior to the Original
gg rBOA, IrBOA and LA-rBOA. Function F5 is Schwefels problem 2.6 with global optimum on bounds. For this function,
60 the proposed algorithm is superior to the Original rBOA, IrBOA and LA-rBOA. Function F7 is a shifted rotated
61
62
63
64
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Griewanks function without bounds, just the initialization range is given. Griewanks function is more difficult with low
dimension and it is also difficult to achieve the global optimum. The rsBOA gains better result in comparison to the
Original rBOA, IrBOA and LA-rBOA. Function F8 is shifted rotated Ackleys function with global optimum on bounds
which has a very narrow global basin half of the dimensions of which are on the bounds. Thus, the search looks almost
like seeking a needle in a haystack. For this function, the results of the rsBOA are clearly better than IrBOA but the
result of rsBOA is a little better than Original rBOA and LA-rBOA. Functions F9 and F10 are shifted Rastrigins
function and shifted rotated Rastrigins function respectively. The two have a huge number of local optima. The results
indicate equal performance for rsBOA in comparison to the Original rBOA, IrBOA and LA-rBOA on function F9 and
better performance on function F10. Function F11is a shifted rotated Weierstrass function and Function F12 is
Schwefels problem. For these function the rsBOA gets better solution compared to other algorithms. Finally for
function F13 through F15 the rsBOA gains better result in comparison to Original rBOA, IrBOA and LA-rBOA.

The major different between IrBOA and the proposed algorithm is that IrBOA clusters the population using an
adaptive clustering method and generates a Bayesian network for each cluster; but based on the nature of evolutionary
algorithms, the diversity of population is decreased over time, so the number of Bayesian networks is also decreased
over time. While in the proposed algorithm, we use only a stochastic Bayesian network and there is a possibility of
generating different Bayesian networks until all edges probability converge to some value. In other words the proposed
algorithm can preserve multi Bayesian networks in one structure a longer time than IrBOA without using any clustering
method that results in a lower computational complexity and running time. On the other hand the major different
between LA-rBOA and the proposed algorithm is that LA-rBOA uses a learning automaton for each possible edge in
the network without any idea to preserve multi Bayesian networks in one generation. The LA-rBOA only uses a fast
method to learn the Bayesian network. So, the proposed algorithm is superior to the LA-rBOA in most of used
benchmark functions. Generally, according to the obtained results it is reasonable to say that the rsBOA presents

evidences of better performance than similar algorithms such as Original rBOA, LA-rBOA and IrBOA.

5.1.3. The Comparison of Convergence Speed for rsBOA
The comparison of convergence speed for eight test functions for 5 typical runs (1000 iteration) among the rsBOA,

Original rBOA, LA-rBOA and IrBOA is presented in Figure 2. Each sub-figure shows the obtained fitness value from
four algorithms throughout the optimization process. It can be seen from the Figure 2 that rsBOA has a lower

convergence rate than the three other algorithms in all of used test suits.
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Figure.2. The convergence speed for the rsBOA, LA-rBOA and the IrBOA

1000

Function Value

103.5
103
102.5
102 %
L
101.5
101
100.5+
100

99.5-

99

—

T T

rsBOA
LA-rBOA H
IrBOA
Original rBOA

0

L L
100 200

5.1.4. The Comparison of Computation Time for rsBOA
The rsBOA is also compared in terms of computation time with the Original rBOA, LA-rBOA and IrBOA. These

algorithms are implemented in MATLAB R2009a in a PC, with a single CPU of Intel(R) Core(TM)2 Duo 3.33 GHz

and a 4GB memory. Table 4 shows the computation time for four algorithms for the used test functions. It can be seen

Il
300

that the rsBOA requires a smaller computation time than the three other algorithms.

Table 4: Computation time (minutes) comparison
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IrBOA

8.5

8.2
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10.2

9.5

115

12.2

12.8

8.1 12.6

12.6

Original rBOA

6.5

6.9

6.6

6.0

6.1

6.2

6.5

6.5

7.0

7.2

7.1

7.5 8.5

9.3

5.1.5. Sensitive analysis

In this section we study the effects of each parameter on the performance of the rsBOA. The proposed algorithm has

six parameters: (1) Selection strategy method, (2) Parameter t in the selection strategy, (3) Population size (Np), (4)

The number of Mixture components (K ), (5) the constant Factor in the updating rule (A) and (6) the maximum number

of possible links of each variable of the optimization problem (I). In order to study the impacts of one parameter, the

values of other parameters are fixed. For the first parameter there are two common strategies: tournament selection

versus truncation selection. In tournament selection, t individuals are randomly picked from the population and the best

one is then chosen as a candidate solution (1) (2). In truncation selection the best t% individuals of the population are
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selected as candidate solutions (1) (2). Since the updating rule of stochastic structure depends on the promising
solutions” dependence tree, it is evident that in the truncation selection a larger number of better solutions are selected
and it will give better results in comparison to the tournament selection. Therefore, the experiments of the proposed
algorithm are performed based on the truncation selection. The default values of the parameters are listed in the
following setting: (1) the parent selection method is truncation selection (2) parameter T = 20, (3) population size
(Np) = 500, (4) the number of Mixture components in the model building and model sampling phase (K ) = 10, (5) the

constant factor in updating rule A = 0.4, and (6) the number of links for each variable | = 5.

The impact of parameter T in the truncation selection: This experiment will compare the effect of parameter t
in truncation selection on the performance of the rsBOA. In order to do that, parameter t is varied from the set
{10%, 30%, 50%, 70%} and the performance of the proposed algorithm in 100 iterations is followingly calculated for
some of the test functions of Table 1. Table 5 exhibits the results of this experiment. Table 5 indicates that the best
value of parameter t is in range [10% 30%].

Table 5: Sensitive analysis results for parameter t

Function 1=0.1 1=0.3 1=0.5 1=07
F1 11.12E+02 50.88E+02 88.59E+02 12.47E+03
F2 95.88E+01 16.91E+03 24.88E+03 70.92E+03
F3 15.68E+06 33.93E+06 42.38E+03 57.14E+03
F7 16.53E+02 16.69E+02 19.62E+02 20.86E+02
F8 -13.91E+01 -13.87E+01 -13.86E+01 | -13.82E+01
F9 -29.37E+01 -29.45E+01 -29.23E+01 | -29.09E+01
F10 -29.74E+01 -30.00E+01 -29.25E+01 | -28.88E+01
F11 99.63E+00 99.86E+00 99.85E+00 10.05E+01

The effect of the population size (Np): This experiment compares the impact of parameter Np on the performance
of the rsBOA. To do that, the value of Np is chosen from the set {100, 300,500, 700,900} and the results of the
proposed algorithm in 100 iterations for some of the test functions of Table 1 are given in Table 6. Table 6 shows the

best value of the parameter Np in term of the improvement in the quality solutions is about 500.

Table 6: Sensitive analysis results for parameter Np

Function Np =100 Np =300 Np =500 Np =700 Np =900
F1 10.71E+03 35.24E+02 26.68E+02 | 23.78E+02 | 19.92E+02
F2 18.60E+02 10.90E+02 96.48E+01 | 83.50E+01 | 76.28E+01
F3 56.38E+06 36.73E+06 15.70E+06 | 10.21E+06 | 10.70E+06
F7 18.09E+02 17.84E+02 16.85E+02 | 16.48E+02 | 16.42E+02
F8 -12.99E+01 -13.88E+01 | -13.88E+01 | -13.87E+01 | -13.87E+01
F9 -25.65E+01 -30.05E+01 | -20.43E+01 | -29.38E+01 | -30.37E+01
F10 -27.56E+01 -28.04E+01 | -20.02E+01 | -29.45E+01 | -29.80E+01
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F11 100.70E+00 ‘ 100.10E+00 ‘ 99.60E+00 99.59E+00 ‘ 99.29E+00 ‘

The impact of the number of mixture components (K): This experiment shows the influence of the number of
mixture components on the performance of the rsBOA. To do that, the value of K is chosen from the set {5,10,20,30}
and the result of the proposed algorithm in 100 iterations for some of the test functions of Table 1 is represented in
Table 7. This Table shows that the best value of parameter K is about 10.

Table 7: Sensitive analysis results for parameter K

Function K =5 K =10 K =20 K =30
F1 95.2E+02 26.68E+02 38.15E+02 37.72E+02
F2 42.20E+02 96.48E+01 15.79E+02 17.94E+02
F3 86.56E+06 15.70E+06 15.24E+06 57.31E+06
F7 18.88E+02 16.85E+02 16.80E+02 18.80E+02
F8 -12.74E+01 -13.88E+01 -13.82E+01 | -13.84E+01
F9 -25.35E+01 -29.43E+01 -29.78E+01 | -29.12E+01
F10 -27.51E+01 -29.02E+01 -27.14E+01 | -26.28E+01
F11 100.22E+00 99.60E+00 100.65E+00 | 99.94E+00

The impact of constant factor in the updating rule (1): In this experiment, the impact of parameter A on the
performance of the rsBOA on some of the used test functions is exhibited in Table 8 where it is shown that the best
value of parameter X is between 0.2 and 0.4.

Table 8: Sensitive analysis results for parameter A

Function 1=0.2 L=0.4 1=0.6 1=0.8
F1 24.33E+02 26.68E+02 26.78. E+02 26.93E+02
F2 93.89E+01 96.48E+01 94.72E+01 98.19E+01
F3 13.96E+06 15.70E+06 20.09E+06 21.75E+06
F7 18.25E+02 16.85E+02 16.85E+02 16.87E+02
F8 -13.80E+01 -13.88E+01 -13.86E+01 13.87E+01
F9 -29.13E+01 -29.43E+01 -28.14E+01 | -29.17E+01
F10 -29.01E+01 -29.02E+01 -29.21E+01 | -29.35E+01
F11 10.12E+01 99.60E+00 10.11E+01 10.14E+01

The maximum number of possible links for each variable (I): Finally, the impact of parameter | on the
performance of the rsBOA on some of the used test functions is exhibited in Table 9 where it is shown that the best
value of parameter | is 5.

Table 9: Sensitive analysis results for parameter |

Function 1 =2 1=5 1 =8
F1 23.63E+02 26.68E+02 28.43. E+02
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F2 99.74E+01 96.48E+01 98.38E+01
F3 16.62E+06 15.70E+06 22.74E+06
F7 31.35E+02 16.85E+02 18.42E+02
F8 -14.72E+01 -13.88E+01 -13.86E+01
F9 -29.27E+01 -29.43E+01 -28.04E+01
F10 -29.52E+01 -29.02E+01 -29.86E+01
F11 10.97E+01 99.60E+00 10.23E+01

5.2. Experiment 2: Comparison of the rsBOA with some General EDA algorithms
In this section we compare the results for the proposed rsBOA with some general EDA algorithms and one of the

well-known method s for continuous global optimization (CMA-ES) . To do this the proposed rsBOA is applied on the
optimization functions in Table 1 in order to see how the proposed algorithm effects the optimization of the used test
functions. The optimization outcomes of the proposed rsBOA are compared to five other algorithms. The five

algorithms are:

. Continuous Univariate Marginal Distribution Algorithm (UMDA) (19).

. Estimation of Gaussian (Bayesian) Network Algorithm (EGNA) (19).

. Estimation of Multivariate Normal (Distribution) Algorithm (EMNA) (38).

. Extended Compact Genetic Algorithm for Real-Parameter Optimization by Using Adaptive Discretization
(39).

. A Restart Covariance Matrix Adaptation Evolution Strategy with Increasing Population Size (40).

The results for the rsBOA and the other five algorithms are given in Table 10. For each function the best function
values on the 50 independent runs are given. Table 10 shows that in the most used optimization functions, the rsBOA
obviously outperforms the other algorithms. Also it should be noted that CMA-ES is not really an EDA algorithm; it is
an evolution strategy adapting the full covariance matrix of the normal mutation search distribution. We have

considered this algorithm in the comparison because CMA-ES is a well-known method for continuous global

optimization.
Table 10. Numerical results for the rsBOA and other algorithms
Function UMDA EGNA EMNA SoD ECGA CMA-ES rsBOA
F1 -4.40E+02 -4.43E+02 -4.50E+02 -4.50E+02 -4.50E+02 -4,50E+02
F2 -4.05E+02 -4.10E+02 -4.21E+02 -4.50E+02 -4.50E+02 -4,50E+02
F3 -4.04E+02 -4.15E+02 -4.21E+02 -4.50E+02 -4.50E+02 -4,50E+02
F4 -4.01E+02 -4.11E+02 -4.25E+02 -4.50E+02 -4.50E+02 -4,50E+02
F5 -2.90E+02 -2.93E+02 -3.05E+02 -3.10E+02 -3.10E+02 -3.07E+02
F6 3.50E+02 3.61E+02 3.70E+02 3.84E+02 3.90E+02 3.89E+02
F7 -1.65E+02 -1.70E+02 -1.72E+02 -1.80E+02 -1.80E+02 -1.82E+02
F8 -1.25E+02 -1.30E+02 -1.40E+02 -1.20E+02 -1.20E+02 -1.40E+02
F9 -2.90E+02 -2.95E+02 -2.97E+02 -3.30E+02 -3.30E+02 -3.30E+02
F10 -2.85E+02 -2.92E+02 -3.00E+02 -3.22E+02 -3.30E+02 -3.09E+02
F11 9.01E+01 9.45E+01 9.90E+01 8.77E+01 8.91E+01 9.80E+01
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F12 -4.11E+02 -4.37E+02 -4.42E+02 -3.96E+02 -4.31E+02 -4.56E+02
F13 -1.00E+02 -1.13E+02 -1.29E+02 -1.30E+02 -1.29E+02 -1.30E+02
F14 -2.57E+02 -2.69E+02 -2.91E+02 -2.97E+02 -2.97E+02 -2.99E+02

6. Conclusion
This paper offers a new real-coded stochastic Bayesian optimization algorithm that uses a stochastic Bayesian

network. For each potential edge in the Bayesian network there is a probability distribution function which determines
the existence or lack of the corresponding edge. In order to generate each new solution, one Bayesian network is
sampled according to the stochastic structure. Before the next generation is generated, each probability distribution
function will be updated according to the dependence tree of the promising solutions. This dependence tree is built by
the Chow-Liu algorithm. The experimental results which are reported here indicate that the proposed algorithm is

superior to other related algorithms in terms of quality and performance measures.
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