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ertex coloring problem

a  b  s  t  r  a  c  t

Genetic  algorithms  (GAs) can  be  divided  into  two  broad  approaches,  Michigan  and  Pittsburgh  Approaches.
In  Pittsburg  approach,  one  of  the  individuals  (chromosomes)  in  the  population  becomes  the  solution  of
the problem  being  solved  whereas  in  Michigan  approach  the whole  population  represents  the  solution.
For  example  in the  problem  of vertex  coloring,  in Michigan  approach,  each  chromosome  encodes  a color
of a vertex  and  the  set  of all chromosomes  in  the  population  represents  the  solution  which  is a  coloring
for the  graph  whereas  in the  Pittsburgh  approach  each  individual  encodes  a coloring  for  the  whole  graph.
Combining  a  genetic  algorithm  (GA)  with  a local  search  produces  a type  of  evolutionary  algorithm  (EA)
known as a memetic  algorithm  (MA).  MA  uses  the local  search  method  to  either  accelerate  the  discovery  of
good solutions,  for  which  evolution  alone  would  take  too  long  to discover,  or to reach  solutions  that  would
otherwise  be  unreachable  by  evolution  or a  local  search  method  alone.  In this  paper  a Michigan  memetic
algorithm  for  solving  vertex  coloring  problem  is  proposed.  The  initial  population  is a set  of  chromosomes
each  of  which  is associated  to a vertex  of the  input  graph.  Each  chromosome  is  a  part  of the  solution  and

represents  a color  for its corresponding  vertex.  The  proposed  algorithm  is  a distributed  algorithm  in  which
each  chromosome  locally  evolves  by  evolutionary  operators  and  improves  by  a  learning  automata  based
local search.  To  evaluate  the  efficiency  of  the  proposed  algorithm  several  computer  experimentations
have  been  conducted.  The  results  show  the  superiority  of the  proposed  algorithm  over  existing  algorithms
in  terms  of  running  time  and  the required  number  of colors.

©  2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

Vertex coloring problem is a well-known combinatorial opti-
ization problem in graph theory which is used in many

pplications such as timetabling, air traffic follow management,
egister allocation and scheduling [1]. GraphG = (V, E) is given
here V is the set of |V | = n vertices and E is the set of |E| = m

dges. A k-coloring of graph G is a function ˚:V → � where � =
1, 2, . . .,  k

}
is the set of integers, each one represents one color.

 coloring is valid if no two endpoints of each edge have the same
olors. That is, for all [u, v] ∈ E we have that ˚ (u) /=  ˚ (v), other-
ise coloring is invalid. If the endpoints u and v of any edge have
he same color, the vertices u and v are in conflict. The set of all ver-
ices that are in conflict, forms the conflict set VC with size |VC|. The

inimum number of colors required for a valid coloring is called

∗ Corresponding author.
E-mail addresses: mrezapoorm@aut.ac.ir (M.  Rezapoor Mirsaleh),

meybodi@aut.ac.ir (M.R. Meybodi).

ttps://doi.org/10.1016/j.jocs.2017.10.005
877-7503/© 2017 Elsevier B.V. All rights reserved.
the chromatic number � (G) and a graph G is said k-chromatic, if
� (G) = k. We  can consider a valid k-coloring as a partitioning of the
set of vertices in k disjoint sets, named color classes and shown by
C =

{
C1, . . .,  Ck

}
. The k-coloring problem is formally NP-complete

for general graph and chromatic number problem is NP-hard [2].
The vertex coloring problem can be considered as a decision or an
optimization problem. In decision version of the vertex coloring
problem, the question to be answered is whether for some given
k a valid k-coloring exists, and in the optimization version of the
vertex coloring problem, the goal is to find the smallest number k
by which the graph can be feasibly colored. Due to NP-hardness of
vertex coloring problem for large graphs, exact techniques can only
be used for small graphs, while there are very large graphs in a vari-
ety of applications [3]. On the other hand, a near optimal coloring
of graph can be used in many applications. Hence, different local
search algorithms have been proposed for finding the near optimal

solution for vertex coloring problem in the literature. Central to any
local search algorithm is the neighborhood, which defines the set of
solutions that can be reached from a current solution by one move,
and the evaluation function used to rate solutions [4].

https://doi.org/10.1016/j.jocs.2017.10.005
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jocs.2017.10.005&domain=pdf
mailto:mrezapoorm@aut.ac.ir
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In this paper a new Michigan memetic algorithm, called Michi-
an LA-MA, is proposed. The new algorithm is based on the memetic
lgorithm (MA) and learning automata (LA). Michigan LA-MA is
omposed of two parts, genetic section and memetic section. Evo-
ution is performed in the genetic section and local search is
erformed in the memetic section. Genetic section consists of a
opulation of chromosomes, each of which is associated to a ver-
ex of graph. That is, each chromosome locally represents a color for
ts corresponding vertex and the whole population is used to color-
ng the graph. On the other hand, memetic section is equipped with

 set of learning automata which are used to balance the process of
xploration performed by evolution and the process of exploitation
erformed by local search. The proposed algorithm is a distributed
lgorithm in which each chromosome locally evolves and selects

 color by evolutionary operators and improves its selection by a
ocal search. In this paper, we compare the results of the proposed
lgorithm with the results of the best-known vertex coloring algo-
ithms such as: TPA [5], AMACOL [6], ILS [7], CHECKCOL [8], GLS
9], CLAVCA [3] and CLAMACOL [10]. The obtained results show the
uperiority of the new method over the other algorithms in terms
f running time of algorithm and required number of colors. This
aper is organized as follows. In Section 2, an overview of related
orks on vertex graph coloring problem is represented. Michigan

pproach and Pittsburg approach are briefly reviewed in Section 3.
he theory of automata is described in Section 4. Michigan LA-MA
s introduced in Section 5. The Michigan LA-MA based algorithm
or vertex coloring problem is described in Section 6. Sections 7
s including of implementation considerations, simulation results,
nd comparison with other algorithms to highlight the contribu-
ions of the new algorithm. Finally, conclusions and future works
re discussed in Section 8.

. Related work

The wide variety approaches have been reported for solving
he vertex coloring problem in the literature. These approaches
lassified as exact and approximation techniques. The first exact
lgorithm proposed in [11] to compute the chromatic number of
raph. This algorithm finds the optimal solution with running time(

2.4423n
)

. Also, an O
(

2.40231n
)

algorithm proposed to com-
ute the chromatic number of graph in [12]. The faster algorithms
eported in the literature when the number of coloring is fixed. An(

1.3289n
)

algorithm for k = 3 to solve k-coloring problem was

rovided in [13]. Also, an O
(

1.7504n
)

algorithm proposed in [14]

or k = 4. Finally, two algorithms with running time O
(

2.1020n
)

nd O
(

2.3289n
)

proposed for k = 5 [12] and for k = 6 [14] respec-
ively. Due to the NP-hardness of the vertex coloring problem for
arge graphs, the exact techniques can only be used for small graphs,

hile there are very large graphs in a variety of applications. On the
ther hand, a near optimal coloring of graph can be used in many
pplications. Hence, different approximation algorithms have been
roposed for finding the near optimal solution for vertex coloring
roblem in the literature.

A two-phased local search algorithm (TPA) is proposed in [5]
or vertex coloring problem. The algorithm generates candidate
olution by alternately executing two interacting functionalities,
amely, a stochastic and a deterministic local search. In stochastic
hase which is based on biased random sampling the valid color-

ngs is created. Then, in deterministic phase, each vertex is assigned
o the color class in such a way that the solution penalty is mini-

ized.

An iterated local search algorithm (ILS) which is based on a ran-

om walk in the space of the local optima, is proposed in [7]. The
lgorithm generates candidate solution in three steps. 1) A walk is
uilt by iteratively perturbing a local optimal solution. 2) A new
omputational Science 24 (2018) 389–401

local optimal solution is obtained by applying a local search algo-
rithm. 3) An acceptance criterion is used for selecting solutions to
continue the search.

A priority-based local search algorithm, called CHECKCOL, is
proposed in [8]. CHECKCOL decreases the running time of algo-
rithm by avoiding unnecessary searches in large parts of the graph
without making any progress in the solution. To do this, it intro-
duce the checkpoint notion to force the algorithm to stop at certain
steps and release all of its memory and then to start local search.
In this algorithm, each vertex of the graph is dynamically assigned
a priority. The priority is used to define a new effective long term
memory scheme which is integrated with the short term memory
scheme implied by the checkpoints.

In [15] a tabu search algorithm was proposed to solve the vertex
coloring problem. In this algorithm the vertices of the graph par-
tition into several blocks and a different color is assigned to each
block at each generation. This causes that the solutions be valid or
invalid. In next step, to create a valid coloring, the set of neighbors
generate for each vertex which is restricted by a tabu list and then
a new solution is obtained by applying local search algorithm. Tabu
list prevents premature convergence of algorithm.

A hybrid algorithm based on genetic algorithm and tabu search
method is proposed in [16] to solve the vertex coloring problem.
The hybrid algorithm consists of a population of solutions and a
crossover operator by which each vertex in the child chromosome
inherits its color from one of the parent chromosomes. The muta-
tion operator is replaced by a tabu search method. The hybrid
algorithm improved by selecting k-independent sets of vertices
first and then applying hybrid algorithm on the remaining vertices.

A genetic local search algorithm is proposed In [17] to solve
the vertex coloring problem. This algorithm introduces a new
crossover operator based on the union of independent sets (UIS)
which is combined with a tabu search method. The algorithm has
been tested on several data sets and the results compared with
the results obtained from best known methods. The comparison
showed the superiority of the proposed algorithm.

An adaptive memory algorithm for k-coloring problem called
AMACOL, was  proposed in [6]. The AMACOL is a hybrid evolutionary
algorithm in which the color classes that derived from the color-
ings generated during the previous stages of the search, stored in a
central memory. At each generation the central memory is used to
generate the new solutions which are then improved by applying
a local search method. Finally, the central memory is updated by
using the obtained solutions.

A hybrid evolutionary algorithm called HEA, was proposed in
[18] for vertex coloring problem. HEA uses the DSATUR construc-
tion heuristic to initialize the population of chromosomes. At each
generation, new chromosomes are generated by recombining two
parent chromosomes that are improved by local search method.
The greedy partition crossover (GPX) is used as crossover operator
in HEA. GPX generate a new chromosome by alternately selecting
color classes of each parents. The new chromosome generated by
GPX is then improved by tabu search method and replaced with the
worse parent in current population.

A cellular learning automata (CLA) based memetic algorithm
called CLAMACOL, was proposed for finding a near optimal solu-
tion for vertex coloring problem in [10]. CLAMACOL is based on
irregular open CLA (IOCLA) which is an extension of irregular CLA
(ICLA) in which the evolution of CLA is influenced by local and global
environments. Similar to other IOCLA-based algorithms, in CLAMA-
COL, local environment is constituted by neighboring LAs of any
cell and the global environment consists of a pool of memes  in

which each meme  corresponds to a certain local search method.
Each meme  is represented by a set of LAs from which the history
of the corresponding local search method can be extracted.
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. Michigan versus Pittsburgh approach

Genetic algorithms (GAs) can be divided into two broad
pproaches, Michigan and Pittsburgh Approaches. Pittsburg
pproach denotes any approach where each individual (chromo-
ome) encodes the whole solution to the problem being solved
nd GA population converges to a single individual which is what
sually happens in standard GAs. In Michigan approach the whole
opulation represents the solution and each individual encodes a
art of the solution to the problem. For example in the problem of
ertex coloring, in Michigan approach, each chromosome encodes

 color of a vertex and the set of all chromosomes in the popu-
ation represents the solution which is a coloring for the graph

hereas in the Pittsburgh approach each chromosome encodes
 coloring for the whole graph. The Pittsburgh approach leads to
yntactically longer individuals, which tends to make fitness com-
utation more computationally expensive. Also, we  may  need to
ake some modifications to standard genetic operators to cope
ith relatively complex individuals. By contrast, in the Michigan

pproach the individuals are simpler and syntactically shorter. This
ends to reduce the time taken to compute the fitness function and
o simplify the design of genetic operators.

. Theory of automata

A learning automaton [19] is an adaptive decision-making unit
hat improves its performance by learning how to choose the opti-

al  action from a finite set of allowed actions through repeated
nteractions with a random environment. The objective of a learn-
ng automaton is to find the optimal action from the action set
o that the average penalty received from the environment is
inimized [19,20]. Learning automata have been found efficiently

perate in unknown environments where no priori information is
vailable [21]. A learning automaton able to modify its behavior
ased solely on simple responses it receives from the environ-
ent. One of the strengths of the learning automata approach is

hat this learning model is supported by a powerful mathemati-
al framework [22,23]. An attractive feature of learning automata
pproach is that it could be regarded as a simple unit from which
omplex systems such as hierarchies, games and feed forward net-
orks could be constructed to handle the complicated learning
roblems [24,25]. Learning automaton selects an action based on a
robability distribution at each instant and applies it on a random
nvironment. The environment sends a reinforcement signal to
utomaton after evaluating the input action. The learning automa-
on processes the response of environment and updates its action
robability vector. By repeating this process, the automaton learns
o choose the optimal action so that the average penalty obtained
rom the environment is minimized. The environment is repre-
ented by a triple 〈˛,ˇ,c〉 where ˛={�1,. . .,�r}is the finite set of the
nputs, � = {ˇ1,. . .,ˇm} is the set of outputs that can be taken by the
einforcement signal, and c={c1,. . .,cr} is the set of the penalty prob-
bilities, where each element ci of c is associated with one input
ction �i. When the penalty probabilities are constant, the random
nvironment is said a stationary random environment. It is called

 non stationary environment, if they vary with time. Depending
n the nature of the reinforcement signal, there are three types of
nvironments: P-model, Q-model and S-model. The environments,
n which the output can take only one of two values 0 or 1, are
eferred to as P-model environments. The reinforcement signal in
-model environment selects a finite number of the values in the
nterval [a, b]. When the output of environments is a continuous
andom variable in the interval [a, b], it is referred to as S-model.
he relationship between the learning automaton and the random
nvironment is shown in Fig. 1.
Fig. 1. The relationship between the learning automaton and random environment.

There are two main families of Learning automata [26]:
fixed structure learning automata and variable structure learning
automata. Variable structure learning automata are represented by
a triple 〈ˇ,�,T〉, where  ̌ is the set of inputs,  ̨ is the set of output
actions, and T is learning algorithm which is used to modify the
action probability vector. Learning algorithm is the critical factor
affecting the performance of variable structure learning automata.
Suppose learning automaton selects action ˛i(k) ∈  ̨ according to
action probability vector p(k) at instant k. The action probability
vector p(k) is updated by the learning algorithm given in Eq. (1), if
the selected action ˛i (k) is rewarded by the random environment,
and it is updated as given in Eq. (2), if the taken action is penal-
ized. a and b denote the reward and penalty parameters and r is
the number of actions that can be taken by learning automaton.

Pj(n + 1) =
{

Pj(n) + ˛(1 − Pj(n))j = i)

(1 − ˛)Pj(n)∀j, j /= i
(1)

Pj(n + 1) =
{

(1 − b)Pj(n)j = i

b/(1  − r) + (1 − b)Pj(n)∀j, j /= i
(2)

If a = b, the recurrence Eqs. (1) and (2) are called linear reward-
penalty (LR−P) algorithm, if a � b the given equations are called
linear reward-C-- penalty (LRεP),  and finally if b = 0 they are called
linear reward-Inaction (LR−I).  In the latter case, the action proba-
bility vector remains unchanged when the taken action is penalized
by the environment.

Learning automata have a vast variety of applications in cog-
nitive radio network [27], grid computing [28], adaptive Petri
net [29–31], stochastic graphs [32,33], data mining [34], network
sampling [35], peer-to-peer networks [36], social networks [37],
recommender system [38], complex networks [39,40], image pro-
cessing [41] and machine vision [42].

Several optimization methods such as CLA–EC which is obtained
from the combination of cellular learning automata (CLA) and evo-
lutionary computing (EC) [43] and CLA–DE which is obtained from
the combination of CLA and a differential evolution algorithm (DE)
[44] are reported in the literature. Both methods, with the aid of
CLA, try to create a balance between exploration and exploitation.

In the CLA–EC model, each chromosome of the population is
assigned to one cell of the CLA and each cell in the CLA is equipped
with a set of learning automata, each of which corresponds to a
gene of the assigned chromosome. The operation of the CLA–EC
can be described as follows: At first step, all LAs in the CLA–EC
choose their actions synchronously. The set of actions chosen by
the learning automaton of a cell determines the chromosome for
that cell. Based on a local rule, a vector of reinforcement signals is
generated and given to the LAs residing in the cell. All LAs in the

CLA–EC update their action probability vectors based on the rein-
forcement signal received using a learning algorithm. The process
of action selection and updating the internal structures of LAs is
repeated until a predetermined criterion is met.
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In CLA–DE model each cell of the CLA is composed of two parts
alled the candidate solution (CS) and the solution model (SM).
he SM represents a model for the desirability of different regions
f the problem domain. The CS of a cell is the temporary, fittest
olution found by the cell. The SM is a learning system including a
et of LA in which each automaton is restricted to one dimension
f the problem search space, and learns the promising regions of
hat dimension. The SM governs the evolution of its related CS. On
he other hand, CSs also guide the learning process of their SMs
hrough reinforcement signals provided for the SMs. Unlike DE or
A methods in which each entity represents a single point in the
earch space, each SM represents the entire search space, and thus
revents trapping at the local optima. The SMs  interact with each
ther through a set of local rules. So they can impact the learning
rocess of each other.

A new variant of Differential Evolution (DE), called ADE-Grid, is
roposed in [45] which aims at controlling the diversity by adapt-

ng the mutation strategy, crossover rate and scale factor during the
un. In ADE-Grid, learning automata are employed to determine the
roper value of these parameters, and the suitable strategy for the
onstruction of a mutant vector for each individual, adaptively. For
his purpose, the individuals of the population are placed on dis-
inct cells of a mesh grid. ADE-Grid is able to maintain the diversity
mong the individuals and encourage them to move toward sev-
ral promising areas of the search space as well as the best found
osition.

An orthogonal evolutionary algorithm with LA (OELA) which
onsists of a new fitness function based on the decomposition of
he objective space and a quantization orthogonal crossover (QOX)
ith LA is proposed in [46]. The goal of OELA is to try to find an

ptimal solution for each sub objective space. For this purpose, the
tness function which uses the weight vector and aggregate func-
ion is proposed to evenly decompose the objective space so that
he diversity and the coverage of the obtained solutions to the true
areto front (PF) can be well maintained. In addition, a QOX with
earning automaton which improves the search efficiency by using
he past information is also utilized in the algorithm, where the
ariables are purposely grouped by using the past information so
s to quickly find optimal solutions.

In [47], two different classes of learning automata based dif-
erential evolution for adaptive selection of crossover probability
nd mutation strategy in differential evolution are proposed. In
he first class, i.e. GLADE, genomes of the population use the same

utation strategy and crossover probability. In the second class,
.e. ILADE, each genome of the population acts in a separate man-
er and adjusts its own mutation strategy and crossover probability
ased on its success and failure.

In [40] a Michigan memetic algorithm; called MLAMA-Net;
s proposed for solving the community detection problem. The

LAMA-Net algorithm is an evolutionary algorithm in which each
hromosome represents a part of the solution and the whole pop-
lation represents the solution. In the MLAMA-Net algorithm, the
opulation of chromosomes is a network of chromosomes which is

somorphic to the input network. Each node has a chromosome and
 learning automaton. The chromosome represents the community
f corresponding node and saves the histories of exploration. The
earning automaton represents a meme  and saves the histories of
he exploitation. The MLAMA-Net algorithm is a distributed algo-
ithm in which each chromosome locally evolves by evolutionary
perators and improves by a local search. By interacting with both
he evolutionary operators and local search, this algorithm effec-
ively detects the community structure in complex networks and

olves the resolution limit problem of modularity optimization.
omputational Science 24 (2018) 389–401

5. Michigan LA-MA

Michigan LA-MA is obtained from combination of learning
automata (LA) and memetic algorithm (MA). This algorithm is com-
posed of two  parts, genetic section and memetic section. Evolution
is performed in genetic section and local search is performed in
memetic section. Memetic section is equipped with a set of learn-
ing automata which are used to balance the process of exploration
performed by evolution and the process of exploitation performed
by local search. In what follows genetic and memetic sections are
described.

5.1. Genetic section

The genetic section is represented by a triple 〈P (t) , A, GF〉  where

• P (t) = {CR1, CR2, . . .,  CRN} is the population of chromosomes at
generation t.

• A is a binary matrix where indicates the adjacency of chromo-
somes. If chromosome CRi is adjacent to chromosome CRj then
A [i, j] = 1, otherwise A [i, j] = 0.

• GF is fitness function which is used to evaluate the fitness of a
chromosome based on its genotype and genotypes of its adjacent
chromosomes. The fitness of chromosome CRi at generation t;
which is referred to as genetic fitness; is denoted by GFi (t). The
fitness function is a maximizing function and the genetic fitness
is rescaled to a number in [0, 1].

In proposed algorithm we use the Michigan approach for chro-
mosome representation. Each chromosome as a part of solution,
is composed of n genes and each gene can take one of m possi-
ble values from set V = {v1, v2, . . .,  vm}. Chromosome i is denoted
by CRi =

[
CRi

1, CRi
2, . . .,  CRi

n

]
where CRi

k
is the value of kth gene,

1 ≤ i ≤ N, 1 ≤ k ≤ n and CRi
k

∈ V . Initial chromosomes are created
randomly and then changed by mutation operator with rate rm at
next generations.

5.2. Memetic section

The memetic section is represented by a triple 〈M (t) , LS, MF〉
where

• M (t) = {M1 (t) , M2 (t) , . . .,  MN (t)} is the population of memes  at
generation t and Mi (t) is a meme which save the effect (history)
of the local search on the chromosome CRi at generation t.

• LS is a local search method where is applied on a chromosome
and its adjacent chromosomes.

• MF is a function which is used to evaluate the effect (history) of
local search method on a chromosome. The effect (history) of the
local search method on chromosome CRi at generation t; which
is referred to as memetic fitness; is denoted by MFi (t).

For each chromosome, there is a meme  which saves the effect
(history) of local search method on its corresponding chromosome.
Each meme  is composed of n learning automata each of which cor-
responds to a gene of its corresponding chromosome. Specifically,
the jth automaton in meme  Mi (t) corresponds to the jth gene of the
chromosome CRi. Each learning automaton has m actions corre-
sponding to m possible values that each gene can take from set V.
The effect (history) of the local search method on chromosome CRi

at generation t is represented by the action probability vectors of

learning automata in the meme  Mi (t) as given by Eq. (3).

Mi (t) =
[
Mi

1 (t) , Mi
2 (t) , . . .,  Mi

n (t)
]

, 1 ≤ i ≤ N (3)

where
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Fig. 2. The relationship between the genetic

Mi
j (t) =

[
Mi

j1 (t) , Mi
j2 (t) , . . .,  Mi

jm (t)
]′

, 1 ≤ i ≤ N, 1 ≤ j ≤ n and

i, j,
m
�

k=1
Mi

jk
(t) = 1.

Mi
jk (t) denotes the probability that action k of jth leaning

utomaton in the meme  Mi (t) (corresponding to the value vk of
ene j of chromosome CRi) is selected in the exploitation process.
n other words, Mi

jk (t) is the probability that value vk is selected

y local search method for gene j. Mi
jk (0) where1 ≤ i ≤ N, 1 ≤ j ≤

and1 ≤ k ≤ m is initially set to 1/m.  After the local search has been
pplied on chromosome CRi, the action probability vectors of the
eme  Mi (t) are updated according to a learning algorithm based

n the reinforcement signal received from the genetic section.

Fi(t) =
n
�
j=1

Mi
jk

(t), where k is the action of automaton j in the meme

i (t) which corresponds to the value of gene j in chromosome CRi

that is vk = CRi
j
), is the probability of locating chromosome CRi in

he basin of attraction containing the best solution found so far by
ocal search method at generation t. The MFi (t) is only depended
n the action probability vectors of learning automata in the meme
i (t) and the value of gene j in chromosome CRi. Memetic fitness

f a chromosome changes when the action probability vectors of
earning automata in its corresponding meme  is updated. Updating
s performed on the basis of the result of applying the local search

ethod on a chromosome. If the values of gene j of chromosome
 (CRi

j
) are the same before and after applying local search method

n chromosome CRi, the action of jth learning automaton of the
eme  Mi (t) which corresponds to the value CRi

j
is rewarded and

enalized, otherwise. It is worth noting that, local search changes
nly the action probability vectors of the meme  not values of the

enes. That is, local search only changes the memetic fitness not
he genetic fitness. Local search method is applied on chromosome
Ri based on the genetic information (genotype and genetic fitness)
n and memetic section in Michigan LA-MA.

and memetic information (action probability vectors and memetic
fitness) of chromosome CRi and the genetic and memetic infor-
mation of its adjacent chromosomes. The adjacent chromosomes
of chromosome CRi is a finite subset of P (t).  For example, in ver-
tex graph coloring problem, local search is applied on chromosome
CRi associated to vertex i based on the information of chromosome
CRi and the information of chromosomes associated to neighboring
vertexes of vertex i. The relationship between genetic section and
memetic section for Michigan LA-MA is shown in Fig. 2.

The proposed algorithm is a fully distributed algorithm in which
each chromosome locally evolves based on its adjacent chromo-
somes and independent of the other chromosomes. The operation
of the proposed algorithm can be described as follow. Initial popu-
lation is created randomly and the probability of selecting an action
for all learning automata is set to 1/m.  The proposed algorithm is
progressed in a number of generations as long as the termination
criteria are not satisfied. First, mutation operator is applied on chro-
mosome CRi with rate rm. In the next step, local search method is
applied to chromosome CRi based on a criterion described in next
section, and then the action probability vectors of the meme Mi (t)
(the history) is updated according to a learning algorithm based on
the reinforcement signal received from the genetic section. In this
step chromosome CRi and its genetic fitness will not change. Fig. 3
demonstrates the pseudo code for Michigan LA-MA.

The steps of procedure Michigan LA-MA are described below.
Step 1: Initialize the action probability vectors of the meme

Mi (t).
Step 2: Create the chromosome CRi randomly.
Step 3: Until the termination condition is satisfied, Michigan

LA-MA is running in the while loop.
Step 4: Mutation operator is applied on chromosome CRi with
rate rm.
Step 5: Calculate the genetic fitness for chromosome CRi.
Step 6: Calculate the memetic fitness for chromosome CRi.
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Fig. 3. Pseudo cod

Step 7: If the local search leads to greater benefits than
lobal search then the local search is applied to chromosome

Ri. We  shown in [48], if inequality
(

1 − MFi (t)
)2

/MFi (t) ≥
1 − GFi (t)

)
/GFi (t) is satisfied then applying local search method

n chromosome CRi is beneficial.
Step 8: Update the action probability vectors of the meme  Mi (t)

ccording to a learning algorithm based on the reinforcement signal
eceived from the genetic section after applying the local search
ethod on chromosome CRi. If the values of a gene (for example jth

ene) of chromosome CRi are the same before and after applying
he local search method on the chromosome CRi, the corresponding
ction of jth learning automaton of the meme  Mi (t) is rewarded and
enalized, otherwise.

Step 9: Every learning automaton of the meme Mi (t) randomly
hooses one of its actions (the value of gene) and as a result a new
hromosome is generated.

Steps 10, 11: If the genetic fitness of new chromosome be higher
han genetic fitness of chromosome CRi, the newly generated chro-

osome replaces chromosome CRi.

. The michigan LA-MA based algorithm for vertex coloring
roblem

In this section, we propose a Michigan LA-MA based algorithm
alled MLAMACOL for solving the vertex coloring problem.

.1. Genetic section for vertex coloring problem

Genetic section includes a population of chromosomes with size
 = n where n is the number of vertices of given graph. For this
urpose, each vertex vi of graph is associated with the chromosome
Ri which represents the color of vertex vi by an integer number.
et ai = {a1

i
, a2

i
, ...., adi+1

i
} be the set of values (colors) that can be

epresented by chromosome CRi (the set of colors by which the
ertex vi can be colored) where di is the degree of vertex vi. It has
een shown in [49] that an arbitrary graph can be colored with at
ost D + 1 colors, where D denotes the graph degree. Therefore, it
an be concluded that vertex vi and its neighboring vertices can be
olored with at most di + 1 colors in the worst case. That is why the
et of values (colors) that can be represented by chromosome CRi

corresponding to color-set of vertex vi) is composed of di + 1 values
Michigan LA-MA.

(or colors). Initial chromosome CRi is created randomly by selecting
a random integer number from color-set ai = {a1

i
, a2

i
, ...., adi+1

i
}. At

the beginning of each generation, mutation operator is applied on
chromosome CRi with rate rm in which the value of chromosome CRi

is exchanged by other value of its color-set ai = {a1
i
, a2

i
, ...., adi+1

i
}.

6.2. Memetic section for vertex coloring problem

Memetic section in MLAMACOL consists of n memes where n is
the number of vertices of given graph. The effect (history) of the
local search method on chromosome CRi at generation t is rep-
resented by meme  i (Mi (t)) where is equipped with a learning
automaton in which ai = {a1

i
, a2

i
, ...., adi+1

i
} (defined in genetic sec-

tion) is the set of actions (colors) that can be taken by learning
automaton (the set of colors by which the vertex vi can be colored).
Updating of the action probability vector of associated learning
automaton to meme  Mi (t) (Memetic fitness of chromosome CRi)
is performed on the basis of the result of applying the local search
method on the chromosome CRi as described in next paragraph.

6.3. Local search for vertex coloring problem

In vertex coloring problem the local search method is applied on
chromosome CRi based on the genetic and memetic information of
chromosome CRi and the genetic and memetic information of chro-
mosomes associated to neighbors of vertex i. Let �i be the color of
vertex vi which is represented by chromosome CRi, Ni = {u| [u, vi] ∈
E} be the set of neighbors of vertex vi, Ni (c) =

{
j ∈ Ni : ˛j = c

}
be

the set of neighbors of vertex vi with color c and |Ni (c) | be the num-
ber of neighbors of vertex vi with color c. At generation t, the action
�i of learning automaton associated to meme  Mi (t) is rewarded, if
color of vertex vi does not conflict with the colors represented by
its neighboring chromosomes or it has the highest priority amongst
its neighbors. Otherwise, it will be penalized.

The priority of vertex vi can be described as follows:

priority (vi) =

{
1 if (di > dj)∀j ∈ Ni (˛i)

1 if (di = dj)and
(

MFi (t) > MFj (t)
)

∀j ∈ Ni (˛i) (4)

0  otherwise

where MFi (t) and MFj (t) are the memetic fitness of chromosomes
CRi and CRj at generation t, respectively. In the last step, learn-
ing automaton associated to meme  Mi (t) randomly chooses one
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Table  1
The characteristics of DSJ benchmark graphs.

Graph Name Number of vertices Number of edges Density

DSJC125.1 125 736 0.09
DSJC125.5 125 3891 0.5
DSJC125.9 125 6961 0.9
DSJC250.1 250 3218 0.1
DSJC250.5 250 15668 0.5
DSJC250.9 250 27897 0.9
DSJC500.1 500 12458 0.1
DSJC500.5 500 62624 0.5
DSJC500.9 500 112437 0.9
DSJC1000.1 1000 49629 0.1
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DSJC1000.5 1000 249826 0.5
DSJC1000.9 1000 449449 0.9

f its actions (the value of gene) and as a result a new chromo-
ome is generated. If the genetic fitness of new chromosome be
igher than genetic fitness of chromosome CRi, the newly gener-
ted chromosome replaces the chromosome CRi. The genetic fitness
f chromosome CRi is calculated based on the number the neighbors
f vertex i which are in conflict with vertex i as follows:

Fi (t) = 1
1 + |Ni (˛i) | (5)

here �i is the selected color for vertex vi and |Ni (˛i) | is the number
f neighbors of vertex vi with color �i. GFi (t) counts the number of
eighbors of vertex vi that have same color with color of vertex vi.
he coloring process continues (in parallel) for each vertex vi, if the
robability of an action (color) of meme  i exceeds a pre-specified
hreshold, e.g., �i.

. Experimental result

In this section several experiments are described to show the
fficiency of proposed algorithm. The results of proposed algorithm
re compared with the results of the best-known vertex coloring
lgorithms such as: TPA [5], AMACOL [6], ILS [7], CHECKCOL [8],
LS [9], CLAVCA [3] and CLAMACOL [10]. The obtained results show

he superiority of the new algorithm over the other algorithms in
erms of running time of algorithm and number of colors required
or coloring the benchmarks. The experiments are implemented
y MATLAB 2009a running on a PC with a 2.83 GHz processor and

 GB memory. For all experiments the mutation rate is 0.05, the
utput of environment can take only one of two values 0 or 1
P-model environment), the action probability vectors of learning
utomata are updated according to LR−I learning algorithm with

 = 0.5 and algorithm is terminated when the probability of cho-
en at least an action (color) of learning automaton in each meme
as 0.95 or greater. It also should be noted that these parameters

re obtained based on empirical experiment. We  used a database
f hard-to-color benchmarks like DSJ graphs [50], Leighton graphs
51] and WAP  graphs [5]. The characteristics of the used benchmark
raphs are given in Tables 1–6 show the comparison of obtained
esults for different algorithms. In these tables, for all algorithms,
he first column (color) includes the number of colors required for
oloring the graph, the second column (FE) includes the number of
tness evaluations of each algorithm and the third column (time)

ncludes the running time of each algorithm in seconds. Also, to
nd the impact of learning automata on MLAMACOL performance,
wo experiments have been conducted.

.1. Experiment 1
The first class of the benchmark graphs on which the proposed
lgorithm is tested is DSJ graphs. This class consists of the graphs
ith a variable number vertices n, where each of the n(n-1)/2 pos- Ta
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Table 3
The characteristics of Leighton benchmark graphs.

Graph Name Number of vertices Number of edges Density

Le 15a 450 8168 0.08
Le 15b 450 8169 0.08
Le  15c 450 16680 0.17
Le  15d 450 16750 0.17

s
p
1
g

o
T
t
a
t
m
c
i
G
i
r
t
w
t

7

p
o
v
a
T
s
L
i
a
w
e
b
t
p
o
c
c
C
r
t
t
m
s

7

a
o
r
i
m

n
ce

 

co
m

p
ar

is
on

 

of

 

th
e 

p
ro

p
os

ed

 

al
go

ri
th

m

 

an
d

 

th
e 

m
os

t 

ef
fe

ct
iv

e 

co
lo

ri
n

g 

al
go

ri
th

m
s 

on

 

Le
ig

h
to

n

 

be
n

ch
m

ar
ks

 

gr
ap

h
s.

m
e 

TP
A

 

A
M

A
C

O
L 

IL
S 

C
H

EC
K

C
O

L 

G
LS

 

C
LA

V
C

A

 

C
LA

M
A

C
O

L 

M
LA

M
A

C
O

L

co
lo

r 

FE

 

ti
m

e 

co
lo

r 

FE

 

ti
m

e 

co
lo

r 

FE

 

ti
m

e 

co
lo

r 

FE
 

ti
m

e 

co
lo

r 

FE

 

ti
m

e 

C
ol

or

 

FE

 

ti
m

e 

C
ol

or

 

FE

 

ti
m

e 

co
lo

r 

FE

 

ti
m

e

15

 

46
58

51
3 

14
44

 

15

 

11
74

87
3 

34
5 

15

 

16
53

 

0 

15

 

66
52

12
3 

21
45

 

15

 

81
25

 

2 

15

 

70
61

8 

23

 

15

 

36
65

1 

12
.4

 

15

 

21
86

9 

8.
23

15

 

53
38

98
8 

16
55

 

15

 

11
75

68
1 

34
5 

15

 

16
77

 

0 

15
 

85
46

52
8 

27
56

 

15

 

16
25

 

0 

15

 

55
59

3 

18

 

15

 

36
59

4 

12
.3

 

15

 

32
89

1 

12
.6

15

 

17
73

75

 

82

 

15

 

56
68

 

2 

15

 

42
96

5 

19

 

15
 

93
72

81
2 

45
34

 

15

 

14
08

3 

6 

15

 

61
10

2 

30

 

15

 

20
63

4 

10
.4

 

15

 

36
32

3 

21
.3

15

 

74
17

5 

34

 

15

 

10
20

2 

4 

15

 

45
16

8 

20
 

15

 

94
59

62
6 

45
76

 

15

 

18
41

7 

8 

15

 

65
10

8 

32

 

15

 

26
92

3 

13
.7

 

15

 

38
32

7 

22
.5

26

 

95
67

5 

44

 

26

 

21
19

65

 

93

 

26

 

55
08

 

2 
25

 

71
87

99
3 

34
77

 

26

 

40
08

3 

18

 

26

 

61
10

2 

30

 

27

 

16
24

5 

8.
05

 

26

 

15
28

1 

8.
65

26

 

48
37

5 

22

 

26

 

23
80

4 

10

 

26

 

33
05

 

1 
25

 

93
52

14
2 

45
24

 

26

 

54
17

 

2 

25

 

93
15

5 

46

 

26

 

32
77

5 

16
.8

 

25

 

26
48

6 

15
.4

s 

ar
e 

h
ig

h
li

gh
te

d

 

in

 

bo
ld

.

Le  25c 450 17343 0.17
Le  25d 450 17425 0.17

ible edges is generated independently at random with probability
. DSJ graphs are denoted as DSJCn.p where n ∈ {125, 250, 500,
000} and p ∈ {0.1, 0.5, 0.9}. The characteristics of DSJ benchmark
raphs are given in Table 1.

Table 2 shows the results of simulation experiments conducted
n DSJ benchmark graphs. Comparing the results reported in
able 2, we find that, in 8 cases, GLS outperforms the others in
erms of running time. It can be seen that AMACOL and CHECKCOL
lways select the smallest color-set for coloring the graphs, while
heir running time are the worst. It also can be seen that GLS uses the

ost number of colors, and AMACOL uses the smallest number of
olors for coloring the graph. Comparing the MLAMACOL with GLS,
t can be seen that the running time of the MLAMACOL is as close to
LS as possible, while the size of the color-set, in the MLAMACOL,

s smaller as compared with GLS. On the other hand, comparing the
esult of proposed algorithm and AMACOL, we find that, in 10 cases,
he color-sets chosen by MLAMACOL are as small as those AMACOL,
hile the running time of the MLAMACOL is considerably shorter

han AMACOL.

.2. Experiment 2

Leighton benchmark graphs are the second class by which the
roposed algorithm is tested. Leighton graphs are random graphs
f density below 0.25, which are constructed by first partitioning
ertices into k distinct sets representing the color classes and then
ssigning edges only between vertices that belong to different sets.
he chromatic number of these graphs is guaranteed to be k by
etting cliques of sizes ranging from 2 to k into the graph. The
eighton benchmark graphs are denoted as le450 kx, where 450
s the number of vertices, k is the chromatic number of the graph
nd x ∈

{
a, b, c, d

}
is a letter used to distinguish different graphs

ith the same characteristics, with c and d graphs having higher
dge density than the a and b ones. The characteristics of Leighton
enchmark graphs are given in Tables 3 and 4 shows the results of
he conducted experiments on Leighton benchmark graphs. Com-
aring the results reported in Table 4, we observe that, in 4 cases, ILS
utperforms the other algorithms in terms of running time. It also
an be seen CHECKCOL, in all cases, select the smallest color-set for
oloring the benchmark graphs, while its running time is the worst.
omparing the result of MLAMACOL with the minimum number of
equired colors for coloring benchmark graphs, we observe that
he size of color-set conducted by the proposed algorithm is equal
o the minimum number of required colors for coloring bench-

ark graphs. It also can be seen that, the proposed algorithm is
ignificantly outperforms CHECKCOL in terms of running time.

.3. Experiment 3

The third class of benchmark graphs by which the proposed
lgorithm is tested includes WAP  graphs which arise in the design

f transparent optical networks. In WAP  graphs, each vertex cor-
esponds to a light path in the network and edges correspond to
ntersecting paths. These graphs are denoted by WAP0ma, where

 ∈ {1,2,. . .,8}. They have between 905 and 5231 vertices and Ta
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Table  5
The characteristics of Wap  benchmark graphs.

Graph Name Number of vertices Number of edges Density

WAP01a 2368 110871 0.04
WAP02a 2464 111742 0.04
WAP03a 4730 286722 0.03
WAP04a 5231 294902 0.02
WAP06a 947 43571 0.1
WAP07a 1809 103368 0.06
WAP08a 1870 104176 0.06
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ig. 4. Sample graph G, to study the search progress of the proposed algorithm.

ll instances have a clique of size 40. The characteristics of WAP
enchmark graphs are given in Table 5.

Table 6 shows the results of the conducted experiments on WAP
enchmark graphs. Comparing the results given in Table 6, we find
hat, TPA and GLS outperform the other algorithms in terms of the
equired number of colors for coloring the WAP  benchmark graphs.
t also can be seen that, ILS outperforms others in terms of the run-
ing time. The obtained results reported in Table 6 show that, in
ll cases, both the running time and the size of color-sets created
y the proposed algorithm is smaller than that of the best reported
esults.

Table 7 shows the ranking of comparing algorithms on different
enchmarks graphs. The ranking is calculated based on the num-
er of colors required for coloring the graph and the number of
tness evaluations of each algorithm. From the results reported

n Error! Reference source not found., we observe that, the both
verage rank of MLAMACOL (2.12) and median rank of MLAMA-
OL (1) are smaller than the average rank and median rank of other
lgorithms.

We  performed a non-parametric test (wilcoxon rank sum test) at
he 95% significance level to provide statistical confidence. Table 8
hows the p-values of the two-tailed wilcoxon rank sum test. From
able 8, the difference between the rank of the MLAMACOL algo-
ithm and the rank of all other algorithms (TPA, AMACOL, ILS,
HECKOL, GLS, CLAVCA and CLAMACOL) are statistically significant
p-value <0.05).

.4. Experiment 4

Experiments 4 and 5 aimed to find the impact of learning
utomata on MLAMACOL performance. For this purpose we  com-
ared the proposed algorithm (MLAMACOL) with the proposed
lgorithm in which the learning automata residing in each meme
re replaced by pure chance automata (MLAMACOL-PC), in terms
f speed of convergence. In pure chance automaton the actions are
lways chosen with equal probabilities. The goal of experiment 4
s to study the search progress of the proposed algorithm. Radar
harts of Figs. 5 and 6 show the search space and search progress

f the MLAMACOL algorithm and MLAMACOL algorithm with pure
hance algorithm for sample graph G shown in Fig. 4, respectively.

Figs. 5 and 6 show the all 44̂ = 256 possible solutions for col-
ring the given graph G and the number of vertexes which are in Ta
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Table 7
The ranking of comparing algorithms (TPA, AMACOL, ILS, GLS, CLAVCA, CLAMACOL and MLAMACOL) on different benchmarks graphs.

Graph Name TPA AMACOL ILS CHECKCOL GLS CLAVCA CLAMACOL MLAMACOL

DSJC125.1 5 8 7 4 6 3 2 1
DSJC125.5 8 6 2 5 7 4 3 1
DSJC125.9 4 8 2 3 1 7 6 5
DSJC250.1 3 4 1 5 6 2 8 7
DSJC250.5 8 5 4 6 7 3 2 1
DSJC250.9 5 6 1 4 7 8 3 2
DSJC500.1 1 4 3 3 2 5 8 2
DSJC500.5 4 5 7 6 8 3 2 1
DSJC500.9 6 4 7 5 8 3 2 1
DSJC1000.1 4 1 2 6 7 5 8 3
DSJC1000.5 3 5 7 4 8 2 6 1
DSJC1000.9 5 4 7 6 8 3 1 2
Le  15a 7 6 1 8 2 5 4 3
Le  15b 7 6 2 8 1 5 4 3
Le  15c 7 1 5 8 2 6 3 4
Le  15d 7 1 4 8 2 6 3 5
Le  25c 6 7 2 1 4 5 8 3
Le 25d 8 6 4 3 5 2 7 1
Wap01a 5 8 6 7 4 3 2 1
Wap02a 5 8 6 7 4 3 2 1
Wap03a 3 8 6 7 5 2 4 1
Wap04a 4 8 7 6 5 3 2 1
Wap06a 4 8 5 7 3 2 6 1
Wap07a 4 8 5 7 3 2 6 1
Wap08a 4 8 5 6 3 2 6 1
Average rank 5.08 5.72 4.32 5.6 4.72 3.76 4.32 2.12
Median rank 5 6 5 6 5 3 4 1

*Best results are highlighted in bold.

Fig. 5. Search space and search progress of MLAMACOL for sample graph.
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Table  8
The results of statistical tests for CLAMACOL algorithm and other algorithms.

MLAMACOL vs. TPA AMACOL ILS CHECKCOL GLS CLAVCA CLAMACOL

p-values 3.88E-06 6.16E-06 4.61E-04 1.06E-06 1.04E-04 4.13E-04 2.65E-04

ress o
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t
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f
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p
s

Fig. 6. Search space and search prog

onflict (| VC |)in each solution along a separate axis that starts in
he center of the chart and ends on the outer ring. In Fig. 5, for
he search progress of MLAMACOL algorithm, the initial popula-
ion contains four chromosomes P (0) = {CR1 = 1, CR2 = 1, CR3 =
, CR4 = 2}. The initial population P (0) represents the solution 1122
or coloring the given graph G in which color 1 is selected for ver-
exes v1 and v2 and color 2 is selected for vertexes v3 and v4. As
hown by thick arrows, solutions 1133, 1221, 1411, 1444, 1123,
222, 1323, 1424, 2423, 3112 and 4123 have been accessed by
LAMACOL during a typical runs. In Fig. 6, the search progress of

roposed algorithm with pure chance automaton has been shown.
n this figure the initial population contains solution 1133 but an
ntricate sequence of solutions have been accessed to reach an opti-

al  solution (4132) for coloring the given graph G during a typical
uns.

.5. Experiment 5
The goal of this experiment is to compare the entropy of action
robability vector of memes  associated to vertexes of graph G
hown in Fig. 4 for MLAMACOL algorithm and MLAMACOL algo-
f MLAMACOL-PC for sample graph.

rithm with pure chance automaton (MLAMACOL-PC). Entropy is
a significant concept in the thermodynamics, representing the
degree of disorder in a thermodynamic system [52]. Shannon has
introduced this concept into the information theory, by the name
of “information entropy”. Entropy, in its basic, indicates a measure
of uncertainty rather than a measure of information. More specif-
ically, the information entropy is a case of the entropy of random
variables defined as follows:

H (X) = − �
X ∈ �

P (X) log (P (X)) (6)

where, X represents a random variable with set of values � and
probability mass function P(X).

The entropy of action probability vector of meme i (Mi (t)) asso-
ciated to vertex vi is defined as follows:

H
(

Mi (t)
)

= −
di+1∑

Mi (t) log
(

Mi (t)
)

(7)
j=1

j j

The entropy of Mi (t) has its maximum value at generation 0;
max

(
H

(
Mi (t)

))
= H

(
Mi (0)

)
= log (di + 1); when all actions have
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Fig. 7. Comparison of the entropy of the action probability vector of memes associated to vertexes of graph G at different generations. MLAMACOL-Vi is the entropy of the
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qual probabilities and has its minimum value; min
(

H
(

Mi (t)
))

=
; when the action probability vector is a unit vector. Fig. 7 shows
he comparison of the entropy of the action probability vector of

emes  associated to vertexes of graph G shown in Fig. 4 for MLA-
ACOL algorithm and MLAMACOL-PC algorithm. The entropy of
i (t) represents the uncertainty of the decision by local search

n vertex vi. The larger entropy causes the more uncertain the
ecision maker. In reinforcement learning, the process of optimiza-
ion increases the probability values of selecting optimal solution,
.e. the initial random solution will converge to a specific opti-

al  solution. Therefore, the entropy can represent the degree of
onvergence in the learning process. Fig. 7 shows that in initial
enerations, entropy lines are not smooth because of no conver-
ence in action probability vector of memes  associated to vertexes
f graph G. In last generations, the action probability vector con-
erges to optimal action. This causes the probability of optimal
ction approaches to near 1 and the probability of other actions
pproaches to near 0. This means that, entropy lines converge to 0
n last generations. In other words, Fig. 7 shows the role of learning
utomata in convergence the finding optimal solution for coloring
raph G shown in Fig. 4.

. Conclusion

A new Michigan learning automata based algorithm called MLA-
ACOL is proposed for finding a near optimal solution for vertex

oloring problem in this paper. The proposed algorithm is based
n the LA-MA, a combination of learning automata and memetic
lgorithm, in which the learning automata has the role of local
earch and evolution is performed in memetic algorithm. Unlike
he Pittsburg evolutionary algorithms in which each chromosome
epresents a full solution to the problem; the proposed algorithm
epresents the chromosomes based on the Michigan approach. In
he proposed algorithm, each chromosome which is associated to

 vertex of graph represents part of the solution. That is, each
hromosome locally represents a color for its corresponding ver-
ex and the whole of population is used to coloring of graph. The
roposed algorithm is a distributed algorithm in which each chro-
osome locally evolves by evolutionary operators and improves

y a local search. To show the efficiency of proposed algorithm,
everal computer simulations were conducted on hard-to-color

enchmark graphs. The obtained results showed that the pro-
osed algorithm outperforms the well-known algorithms both in
erms of the required number of colors and the running time of
lgorithm.

[

[

LAMACOL-PC-Vi is the entropy of the action probability vector of meme  associated
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