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The flying speed and trajectory of particles are subject to several factors, including neighborhood
structures, inertia weight, and acceleration coefficients. This paper improves particle swarm optimizer
by exploiting these factors. Specifically, it proposes an approach to adjust the neighborhood structures
of particles adaptively. The search task is divided between two groups of particles, termed even and
uneven, to perform a vigorous in-depth search. Each particle group pursues a different objective
and conducts its search in a different manner. Even particles adaptively adjust their number of
attractors and neighborhood radiuses to experience various flying trajectories and paces. Each uneven
particle follows a single even one for a while until it is assigned to another even particle. Uneven
particles are responsible for performing fine-grained searches in the vicinity of their associated even
particles as well as their previously experienced locations. A tree structure is utilized to implement the
neighborhood structures of the proposed method. In the presented structure, particles can experience
large neighborhoods by choosing their attractors from higher levels of the tree. The proposed method
is experimentally investigated on the comprehensive CEC2013 benchmark set and two challenging
real-world problems: non-uniform circular antenna array synthesis and image segmentation. The
comparison results with advanced particle swarm optimization algorithms demonstrate that search
bifurcation and topology adjustment can significantly improve particle swarm optimization. Exper-
imental results also indicate that the proposed method can be successfully employed for solving
challenging real-world problems with various characteristics.
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1. Introduction In canonical PSO, each particle is pulled by two attractors

while having some tendency to continue flying along its pre-

Particle swarm optimization (PSO) is a nature-inspired opti-
mization method. It is inspired by the social behavior existing in
bird flocking or fish schooling [ 1-3]. PSO systematically searches
a given fitness landscape to find its optimum point. The al-
gorithm maintains a swarm of particles to conduct its search.
These particles constantly fly over the fitness landscape with
specific velocities. The velocity of a particle governs its flying path
over the problem search space. Particles iteratively update their
velocities using their individual and social experiences to reach
fitter areas. Due to its fast convergence speed and simplicity, PSO
has widely been employed for solving scientific and engineering
optimization problems. Some recent applications of PSO include
band selection of hyperspectral images [4], feature selection [5],
localization in wireless sensor networks [6], robotics [7,8], and
optimal scheduling [9].
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vious direction. Accordingly, these three elements govern the
flying trajectories of particles. A set of coefficients control the
influence of these elements on the flying pattern of a particle.
These coefficients deeply affect the flying pace of particles and
consequently the convergence speed of the algorithm. In order to
have more control over the flying pattern and pace of particles,
various swarm topologies have also been investigated in the
literature [10-12]. The swarm topology dictates which particles
can influence each particle. It also governs the information spread
throughout the swarm. Meanwhile, changing the number of at-
tractors can lead to different trajectories and social behaviors. All
these factors intensively affect the explorative and exploitative
behavior of the algorithm.

While conical PSO uses two attractors to guide each particle,
some PSO variants operate differently. In fully informed PSO
(FPSO), each particle is influenced directly by all of its neighbors,
rather than just the best one [13]. Hence, a particle can learn from
the success of several neighbors at the same time. Like FPSO, par-
ticles of comprehensive learning PSO (CLPSO) are also allowed to
follow several different exemplars simultaneously [14]. However,
at each time step, a particle can follow only one exemplar in each
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dimension. Both schemes have their advantages and drawbacks.
The averaging effect that exists in FPSO would reduce its explo-
ration ability and thus its effectiveness on complex multi-modal
problems. However, FPSO can effectively exploit the local pat-
terns of the fitness landscape. In contrast to FPSO, CLPSO is mainly
developed for effective exploration of the problem landscape.

Several improved PSO variants have been developed by ex-
ploiting different neighborhood topologies. Some of these vari-
ants start with small local neighborhoods for better explorations
and gradually increase the neighborhood size for better exploita-
tion [15]. In the PSO variant presented by Bonyadi et al. [16], pop-
ulation topology changes over time from several small swarms
at the beginning to few large swarms at the end. In another
work, Xia et al. [17] suggested a dynamic strategy that peri-
odically reduces the number of sub-swarms. Although several
studies indicated that increasing the neighborhood size or con-
nectivity can improve the performance of PSO, decreasing the
neighborhood size or connectivity can be beneficial on some
problems [18]. Cellular learning automata based multi-swarm
optimization algorithm (CLAMS) uses a reinforcement learning
approach to gradually learn the most promising connectivity
degree for each particle [19]. Dynamic tournament topology PSO
(DTT-PSO) utilizes a tournament strategy for repeatedly choosing
an appropriate exemplar set for each particle to follow [20]. New
local rules and neighborhoods have also been investigated in
several works [21-25].

Maintaining a swarm with a well-balanced explorative and
exploitative behavior is critical for obtaining accurate solutions.
Exploration guides the swarm out of poor local optima and pre-
vents premature convergence. Exploitation is a consequence of
precise and in-depth search in promising areas, which is re-
quired for obtaining high-quality solutions. Achieving desirable
explorative and exploitative abilities is the ultimate challenge
of designing a robust PSO. Several adaptive mechanisms have
been proposed in the literature to achieve this robustness. These
mechanisms try to adjust various aspects of the algorithm, such
as inertia weight, dynamically during the search process [26-
29]. However, it is hard to describe the general swarm topology
via few parameters controllable by the common adaptive mecha-
nisms. Accordingly, less work has been conducted on developing
adaptive methods regarding the swarm topology.

This paper presents an enhanced particle swarm optimizer
called bifurcated dynamic topology PSO (BDTPSO). BDTPSO en-
hances PSO by diversifying the searching patterns of particles.
It also adjusts the flying trajectories of particles adaptively ac-
cording to the characteristics of the fitness landscape. To achieve
these goals, the search process of BDTPSO is bifurcated among
two types of corporative particles, called even and uneven par-
ticles. Each type of particle has its neighborhood structures and
adjusts these structures according to the fitness landscape. In
order to have an efficient adaptive topology mechanism, BDTPSO
only considers the most significant aspects of the swarm topol-
ogy. Even particles adaptively adjust their number of attractors
and neighborhood radiuses. Accordingly, they can reach a well-
balanced explorative and exploitative search behavior. The com-
ponents of these particles tend to move in tandem, which is
beneficial for solving problems with correlated and inseparable
variables. Uneven particles serve a complementary and different
objective. Each uneven particle can follow only a single attractor
at each dimension. Accordingly, these particles can easily improve
their unfit components. They are designated to perform fine-
grained searches in the proximity of the fit locations discovered
by even particles. These particles can adaptively change their
exemplars to find the most suitable attractors.

Acceleration coefficients are the most significant parameters
of the PSO algorithm. Proper settings for these parameters are
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very problem-dependent, and each variant of the PSO requires
careful settings. Here, we use a simple technique to adjust the
acceleration coefficients adaptively during the search process. The
employed adaptation technique is similar to those developed in
some differential evolution literature [30]. Although this adapta-
tion mechanism is not the best choice for a PSO method, it can
be employed to obtain acceptable settings. Also, this adaptation
mechanism eliminates the need for an exhaustive search to find
appropriate values for the acceleration coefficients.

The rest of the paper is organized as follows: Section 2 presents
some background on particle swarm optimization algorithm and
one of its variants called CLPSO. In Section 3, we describe the pro-
posed algorithm. Section 4 introduces the antenna array design
problem considered in this paper. Section 5 introduces another
real-world application. Experimental results are presented in
Section 6. Finally, some brief concluding comments are provided
in Section 7.

2. PSO and CLPSO

In this section, we briefly review PSO and one of its well-
known variants called CLPSO.

2.1. PSO

PSO is a nature-inspired optimization algorithm. It is inspired
by the swarm social behavior existing in bird flocking or fish
schooling [1,2]. PSO uses a swarm of particles to search for
the optimum solution to a given problem. Each particle of the
swarm records its current flying velocity and its current position
in the search space. It also keeps track of the fittest position
it has encountered thus far, which is called its personal best
position or pbest. We use three D-dimensional vectors x; =
[x'..... k2 ...xP], b = [pl.....p2.....p7]. and
v = [v} v, ..., vP] to represent the current position of
a particle like X;, its pbest, and velocity, respectively. The fittest
position encountered by the whole swarm is called the global
best or gbest of the swarm and is denoted by pg = [pg!, pg?,
..., pgP]. To perform its search, each particle iteratively updates
its flying velocity and current position according to the following
Equations:

vl (k+1) = wol (k) + 17 (p! (k) — x (k)
+ crf (pg(k) — ' (b)), (1)

R

X k4+1) = vig (k+ 1) + x4 (k), (2)

where w, ¢y, and c; are, respectively, inertia, cognitive, and social
weights. rf, and rg are two random numbers drawn from the
uniform distribution u [0,1]. After moving to a new position, the
personal best position of the particle is updated, which may also
affect the global best position of the swarm. Considering the
above equations, PSO searches the fitness landscape by simply
adjusting the trajectory of each particle towards gbest and its
pbest. The inertia weight w maintains a balance between the
global and local search [3].

2.2. CLPSO

The updating mechanism of canonical PSO has long been
criticized as a reason for its stagnation and premature conver-
gence. To improve the exploration ability of the algorithm, Liang
et al. suggested a novel updating scheme [14]. In their proposed
method, called CLPSO, each particle exclusively follows a single
attractor in each dimension. However, particles are allowed to



R. Vafashoar, H. Morshedlou and M.R. Meybodi

have as many different exemplars as their number of dimensions.
Consequently, the velocity updating equation of CLPSO is defined
as follows:

v (k+ 1) = wol (k) + c1r{ (pf g () — X (©)) 3)

where f; = [fi(1), ..., fi(D)] represents the index of attractors
for particle X;. fi(d) is defined in the following manner. First,
two particles X; and X; are selected randomly from the swarm.
Without loss of generality, assume that X; is fitter than X;. Then,
fi(d) is set to either i with probability Pc; or to j with probability
1-Pc;. Pc is called the learning probability of particles and controls
their explorative and exploitative properties. Each particle X; has
its learning probability, which is defined as follows:

exp (52) — 1
exp (10) — 1

where N is the number of particles in the swarm.

Using the defined exemplars, each particle X; strives to find
a better position in the search space. If the personal best posi-
tion of the particle does not get better after a fair number of
iterations, it can be assumed that the exemplar set defined by
fi is not appropriate for X;. At this point, CLPSO re-defines f; as
described previously. CLPSO uses a parameter called refreshing
gap, denoted by m to control the number of iterations required
before changing the exemplars of a particle.

Pc; = 0.05 — 0.45 , (4)

3. The proposed algorithm

This section introduces bifurcated dynamic topology PSO
(BDTPSO). BDTPSO modifies the neighborhood structures of parti-
cles adaptively to achieve an enhanced explorative and exploita-
tive behavior. Neighborhood structures control the information
spread in the swarm. Large and fully connected topologies induce
high selection pressure; meanwhile, small or loosely connected
topologies can promote swarm diversity [31-33]. Swarm topol-
ogy also determines which particles attract each particle of the
swarm. As a result, they affect the flying patterns and trajectories
of particles.

BDTPSO diversifies the search patterns of the swarm by using
two types of particles called even and uneven particles. Even
particles use an updating scheme similar to that of FIPS [34].
However, they can have any number of exemplars, and their
neighborhood radius can change dynamically. An adaptive mech-
anism adjusts the neighborhood size and the number of exem-
plars of even particles according to their surrounding fitness
landscape. Consequently, these particles can experience different
degrees of exploration and exploitation. The components of an
even particle tend to move in tandem. As a result, even particles
can move in trajectories consistent with the existing interde-
pendencies among the problem variables. Also, even particles
have high exploitative capabilities. These features make even
particles suitable for solving complex problems with insepara-
ble and correlated variables. However, simultaneous attractions
to multiple points can confound a particle [34]. Also, in highly
connected topologies, when particles have many attractors, the
search region will shrink to the area around the swarm centroid.
To overcome these drawbacks, BDTPSO uses uneven particles that
serve different and complementary objectives.

Uneven particles use an updating scheme similar to that of
CLPSO. While identical attractor particles affect different compo-
nents (dimensions) of an even particle, the attractors that affect
different components of an uneven particle can be dissimilar.
Each uneven particle has two exemplars: its pbest and an even
particle. However, each of its components can be pulled towards
only one of the exemplars. Accordingly, the unfit components
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of these particles can be improved separately and rapidly. Un-
even particles change their exemplars dynamically. When an
uneven particle cannot get fitter after some iterations, it rede-
fines the exemplars for its components. BDTPSO uses mutually
different attractors for uneven particles to enhance the diversity
of the swarm. Experiencing different combinations of sources
of attraction provides uneven particles with high exploration
capabilities. Also, these particles provide a fine-grained search in
the proximity of previously discovered promising regions.

BDTPSO employs an equal number of even and uneven par-
ticles. In order to control the neighborhood structures of even
particles dynamically, the algorithm maintains two parameters
for each one: tournament size and the number of exemplars. The
number of exemplars of an even particle determines how many
attractors are affecting the particle. To determine each attractor of
an even particle, tournament selection is employed. The number
of participants in the tournament is defined by the tournament
size parameter of the particle. In order to simplify the descrip-
tion of the algorithm and increase its computational efficiency, a
binary tree data structure is utilized in the implementation.

All particles are stored in the leaves of a binary tree, where
each leaf node holds exactly one particle. The leaf nodes are la-
beled from 1 to N. Each leaf node with an even label holds an even
particle like X;, while its sibling node holds the uneven particle
which follows X;. The levels of the tree can be defined recursively
as follows. The leaf nodes constitute the first level of the tree.
If a node resides in the kth level of the tree, then its parent is
considered to be in the (k+1)th level. Each internal node contains
a pointer to the fittest particle in its rooted subtree (to ease the
description of the algorithm, we will say that each internal node
holds the fittest particle of its rooted subtree, instead). Fig. 1
shows the described tree structure. Additionally, Table 1 provides
some useful notations.

3.1. The updating procedure of BDTPSO

BDTPSO uses the procedure given in Fig. 2 to update its parti-
cles. Uneven particles are updated using their sibling even par-
ticles. Specific acceleration coefficients are calculated for each
particle dynamically during the updating step. BDTPSO maintains
two archives of promising acceleration coefficients for this pur-
pose. The set of promising acceleration coefficients for uneven
particles is denoted by . During the kth iteration, each uneven
particle X; selects a promising acceleration coefficient from this
set. Using this acceleration coefficient, the acceleration coefficient
of the particle is calculated as follows:

ci(k) = Max [Min { + ¢ (0,0.2), c"¥}  cMN] (5)

where ¥,; is an acceleration coefficient randomly picked from .
£(0,0.2) is a random number generated by a Cauchy distribution
with a mean of 0 and a standard deviation of 0.2. C¥/N and "X
represent, respectively, the minimum and maximum allowable
values for an acceleration coefficient. In short, each uneven parti-
cle uses a slightly modified archived acceleration coefficient. After
obtaining its acceleration coefficient, the velocity of the particle
is updated according to the following Eq.:

(k) = wol (k— 1) + ci(k)rf (pa(k — 1) — x{(k — 1)), (6)

where Q; =[Qi 1, ..., Qi p], defines the index of attractors for each
component (dimension) of X;. Q is called attractor index, and its
calculation is described in Section 3.3.

During each iteration, an even particle X; uses its pbest along
with n; exemplars from the l}h level of the tree to calculate
a new velocity. n; and I; define the neighborhood structure of
the particle and are adapted during the search procedure (this
adaptation procedure is described in the subsequent sections).
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Level 4

Level 3

Level 2

Fig. 1. The organization of particles in BDTPSO. Uneven particles and their corresponding nodes are shown in red. In this particular example, it is assumed that

fXa) < fXs) < f(X7) < f(X1) < fX2) < f(X3) < f(Xs) < f(Xs)

Table 1
The notations that are used in the proposed method.
Notation Description Notation Description
Xi The ith particle of the swarm D Number of dimensions of the problem
Di The personal best position of X; N Swarm size
Xi The current position of X; a(s, 1) The ancestor of node s at the Ith level
Vi The velocity of X; & The archive of promising acceleration coefficients for
even particles
Pc; Learning probability for particle X; x(s) The index of the particle associated with node s
o) The number of nodes at level I, which is N/(2"-1) node(X;) the node holding X; at the first level
Qid The attractor index of the dth component (dimension) v The archive of promising acceleration coefficients for
of X; uneven particles
w. The archive of promising neighborhood structures for e(s, n) Ifn=1,¢es,n)=s
even particles Otherwise e(s, n) = s U e(next(s), n-1)
m Refreshing gap next(s) The immediate right node of node s in the tree

Two acceleration coefficients are used in the updating stage of
an even particle. These acceleration coefficients are calculated
for each particle at each iteration using an archive of promising
acceleration coefficients. The archive of promising acceleration
coefficients for even particles is denoted by &. During iteration k,
the acceleration coefficients of each even particle X; are calculated
as follows:

¢ (k) = Max [Min {&} + ¢ (0,0.2), c"™¥}  cMV], (7)

¢’ (k) = Max [Min {€} + ¢ (0,0.2), "}, cMN], (8)

where &,; is a tuple of acceleration coefficients randomly picked
from &. Using the calculated acceleration coefficients, the velocity
of the particle is updated as follows:

vi(k) = wui(k—1)+¢! i ® i (k—1) —x; (k— 1))
c? (k)
+ si " T2 ® Z (px(u)(k — 1) — xi(k — 1))

i uee(a(node(X;).l;),n;)

(k)
+ 0 =si)——rs® >

i uee(a(node(X;).l;),n;)

(Pxa(k — 1) = xi(k — 1)) ,

(9)
where r;; and r; are D-dimensional vectors whose components
are sampled from u(0,1). The ‘®’ symbol is the Hadamard
(element-by-element matrix multiplication) operator. s; and ri3
are real numbers sampled from u(0,1). It should be noted that
Eq. (9) uses both linear and classical scaling schemes [35], and the
random number s; determines the weight of each scheme. Linear
scaling schemes use random scalers instead of vectors of random

scalers (r; and r; in Eq. (1)). Both schemes have their advantages
and drawbacks [35], and Eq. (9) tries to combine their benefits.

The new position of each particle is acquired by Eq. (2) after
its velocity is updated. Then, this position is evaluated using a
fitness function, and the personal best position of the particle is
updated accordingly (line 3.a of Fig. 2). BDTPSO maintains the
number of consecutive failures of each particle in fail_count for
later use. Moreover, considering line 3.a, BDTPSO sets the current
position of each particle to its previous pbest upon successful
updates. The intuition behind this step is as follows. Based on our
empirical studies, each even particle like Xi is frequently updated
using n; = 1 and [; = 2. In this case, X; is pulled towards p; and
the pbest of the particle pointed by the node that a(node(X;), 2),
while carrying some inertia of its old velocity. There is a good
chance that a(node(X;), 2) also points to X; itself. As a result, the
particle may move in very small steps for several iterations after
a successful update (considering canonical updating rules, p; is
equal to x; after successful updates). In order to prevent this,
BDTPSO changes x; to the previous pbest, which is a promising
position and is different from the updated pbest.

3.2. Archival memories

As discussed in the previous section, each particle uses an
archival memory to calculate its required acceleration coeffi-
cients. BDTPSO also maintains an archival memory of promising
neighborhood structures for even particles, which is denoted
by @ . Each entry in @ is an ordered pair that defines the number
of exemplars and the tree level of an even particle. BDTPSO
updates the archival memories after updating its swarm (Fig. 3).
In order to update the archival memories, BDTPSO first identifies
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1. For each uneven particle X; do:
a.  Obtain ¢(k) using Eq. 5.
b.  Update v; using Eq. 6.
c.  Update x;(k) using Eq. 2.
2. For each even particle X; do:
a.  Obtain ¢;'(k) and ¢?(k) using Eq. 7 and Eq. 8, respectively.
b.  Update v; using Eq. 9.
c.  Update x; using Eq. 2.
3. For each particle X; do:
a.  If f(k))<flpi(k-1)) then set pi(k)=xi(k); set x(k)=pi(k-1); set fail_count(X;)=0.
b.  Else set pi(k)=pi(k-1); set fail_count(X;)= fail_count(X;)+1.

Fig. 2. The updating procedure of BDTPSO.

the most promising even and uneven particles. Then, it utilizes
the acceleration coefficients and structural parameters (for even
particles) of these particles to update the corresponding archives.
The procedure of identifying promising particles is as follows.
BDTPSO first determines the degree of improvement for each
particle X; as follows:

§i=fitk—1) —f @i (). (10)

After calculating the degree of improvement of each particle,
BDTPSO identifies the TN/2 even and tN/2 uneven particles
with the highest improvement degrees. Among these particles,
the ones with non-zero improvement degrees are considered
promising particles. Let t; and 1, represent, respectively, the
number of promising uneven and even particles. BDTPSO replaces
the t; oldest entries of { with the acceleration coefficients of
the promising uneven particles. Similarly, the 7, oldest entries of
& are replaced by the acceleration coefficients of the promising
even particles. Finally, BDTPSO substitutes the 7, oldest entries
of @ with the structural parameters of even particles.

3.3. Adapting neighborhood structures and updating tree nodes

BDTPSO dynamically changes the neighborhood structures and
exemplars of particles during the search procedure to achieve
an in-depth and balanced search (Fig. 4). At the end of each
iteration, BDTPSO identifies the ineffective particles. Ineffective
particles are those that have failed to make any progress during
the later m consecutive iterations. m is called the refreshing gap
and has a similar role to the refreshing gap of CLPSO.

BDTPSO deals with ineffective uneven and even particles in
different ways. Let S, and T, denote, respectively, the set of
uneven ineffective particles and their corresponding tree nodes.
First, BDTPSO randomly rearranges the ineffective uneven parti-
cles in the nodes in T, (one particle in one node). Then, BDPTPSO
redefines the attractor index (Q) for each particle X; in S, as
follows. A D-dimensional vector r is generated randomly, where
each component ry is sampled from u(0,1). Then, Q; 4 is set to i if
rq < Pcj; otherwise, it is set to y(next(node(X;))).

BDTPSO redefines the structural parameters of each ineffective
even particle X; as follows. First, one element is selected randomly
from @ . Let this element be (g, b). Then, BDTPSO slightly modifies
this element with some probability by randomly increasing or de-
creasing a, b, or both by one. After that, the obtained parameters
may be reinitialized randomly with a small probability. Finally,
(m, L) is set to (a, b).

Before proceeding to the next iteration, BDTPSO updates its
tree structure. This updating phase simply involves iterating each
pair of sibling nodes and comparing the fitness of their associated
particles. The node iterating process begins from the leaves and
continues towards the root. When the process reaches a pair of
nodes like s and next(s) at level [ of the tree, it identifies the one
with the fittest particle and assigns its particle to a(s, [+ 1). Fig. 5
shows the general building blocks of the proposed method.
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3.4. Time complexity of BDTPSO

This section investigates the asymptotic time complexity of
BDTPSO. In this regard, the computational cost of each iteration
of BDTPSO is measured. The computational cost of fitness eval-
uations is ignored in the calculations as different algorithms are
compared using an equal number of fitness evaluations.

The initialization phase requires o(ND) time for generating
random velocity and position vectors. The binary tree data struc-
ture has 2N — 1 nodes and can be initialized in o(N) time.
This data structure can be formed by only storing the index of
particles in an array of size 2N — 1. Computing Q has a time
complexity of o(ND). ¥, &, and @ all have a size of o(N) and are
randomly initialized within the feasible range, which takes o(N)
time. Considering all steps of the initialization phase, the time
complexity of this phase is o(DN).

The updating phase has a time complexity of o(ND). Consid-
ering that the number of exemplars is bounded by a constant
number, updating velocity and position vectors requires an o(ND)
time. Also, selecting parameters from archival memories and
changing their values requires just a few steps for each particle,
making its overall computational cost O(N). Finally, updating
personal best positions has a time complexity of o(ND).

Updating each archival memory is performed by choosing at
most tN particles and updating at most o(tN) array entries.
Identifying promising particles can be performed efficiently in
a linear time, O(N). Updating o(tN) array entries takes o(tN)
time. Accordingly, the overall time complexity of this phase,
considering three archival memories, is o(3N)=0(N).

Adapting neighborhood structures has a time complexity of
o(ND/m+N). Identifying ineffective particles simply requires
checking the fail count array, which has a time complexity of
o(N). Changing neighborhood structures requires at most o(D)
time for a particle, which is the time required for defining the cor-
responding entries of Q. However, the neighborhood structures
of each particle may be changed at most once every m iterations.
Consequently, the time complexity of changing the neighborhood
structures over m iterations is at most o(ND), making its average
time complexity in each iteration o(ND/m). The employed tree
data structure can be updated at the end of each iteration in o(N)
time. There are 2N — 1 nodes in this tree, and each pair of sibling
nodes are traversed and processed once to update their parent
node.

Considering the time complexities of all phases, the time com-
plexity of each iteration of BDTPSO is o(ND), which is similar to
the time complexity of canonical PSO. While BDTPSO uses several
additional steps, all these steps can be performed by simple
calculations per particle.

4. Designing antenna array using BDTPSO

Antenna array design and synthesis can be modeled as a
global optimization problem. According to the requirements, this
problem may involve features like side lobe level, physical size,
dynamic range ratio, gain, and radiation pattern. In this section,
we consider the non-uniform circular antenna array design prob-
lem [36]. Such antennas are required in many communication
systems. The array consists of N elements, which are placed non-
uniformly on a circle of radius r (Fig. 6). Since these elements are
considered to be isotropic sources, the associated array factor can
be described by the following equation:

N

AF(g) = Zlnei(kr'cosw—wn)wn)’ (11)
n=1

where I, 8y, and ¢, denote, respectively, the current amplitude,

phase, and angular position of the nth element. Without loss of
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Calculate the improvement degree of each particle using Eq. 10.

7. For each particle X;e S do:
a  Set Egestin s = [ (K), ¢A(K)].
b.  Set @yidestin_z = [1k), l{K)].

1.
2. Let S be the set of zV/2 uneven particles with the highest improvement degrees.
3. Ifaparticle in S has zero improvement degree, remove it from S.
4.  For each particle X;eS do:
a. Set l//oldevr,in,l// = L,(k)
b.  Setoldest_in_y = (oldest_in_wy) % (N/2) + 1. // % represents the modulo operator
5. Let Sbe the set of 7V/2 even particles with the highest of improvement degrees.
6.  If a particle in S has zero improvement degree, remove them from S.

c.  Setoldest_in_¢&= (oldest_in_¢&) % N/2 + 1.

Fig. 3. Updating archival memories.

SetS$=0,8,=0.
Add each uneven particle X; with fail_count(X;>m to S;.
Add each even particle X; with fail_count(X;)>m to S>.
For each particle X; € S;US; Set fail_count(X;) = 0.
Let T, be the set of tree nodes containing particles in S;.
Randomly rearrange the particles in S; into the nodes in 7).
For each particle X;e S, do:
a. For d=1 to D do:
i.  With probability Pc; set Q;4 = i; otherwise, set Q4 = y(next(node(X))).
8. For each particle X;e S, do:
a.  Select a random element (a, b) from @.
b.  Set(m, )= (a,b).
c.  With probability 0.5:
i.  Set flag = false.
ii.  With probability 0.5 do:
1. Randomly increase or decrease /; by 1.
2. Ifli<1,setl;=b+1.// ensuring lower limit of /;
3. Ifl;>logx(N)+1, set [;= b-1. // ensuring upper limit of /;
4. If ;> p(D), set n; = p(l).
5. Set flag = true.
iii.  If p(/)>1, with probability 0.5 do:
1. Randomly increase or decrease n; by 1.
2. Iftni>p(l), setni=a-1.
3. Set flag = true.
iv. If flag = false, with probability 0.25
1. Select random feasible values for n; and /..
9.  For each level [ from 1 to log,(N) do:
a.  For each pair of sibling nodes s and u=next(s) at level / do:
i I fpuo)<fpyw)s set yla(s, I+1)) to x(s)
ii.  Else set y(a(s, [+1)) to y(u)

NN E W=

Fig. 4. Adapting neighborhood structures and updating tree nodes.

generality, we can assume that the peak of the radiation pattern
is directed along the x-axis, i.e. ¢ = 0. If we assume that the
distance between the nth and the (n — 1)th elements is d,, then
kr, ¢q, and B, can be defined as follows:

N
kr = Zdn, (12)
n=1
N
2
n — 5 dm
o= (13)
n=1
Bn = —kr - cos(po — ¢n). (14)

4.1. Optimization problem for the antenna array synthesis

Here, we wish to adjust the amplitudes and the distances
of the elements in order to obtain an antenna array with a
specific first null bandwidth (FNBW) and the minimum side lobe
level. This problem can be modeled as an optimization problem,
which has terms to ensure the minimum side lobe level and the
specified first null bandwidth. In order to minimize the side lobe
level, two terms are considered in the optimization problem. The
first term is intended to decrease the maximum existing side lobe

in the radiation pattern. The second term represents the integral
of the side lobes. The array factor is always minimal in the nulls
of the radiation pattern. Hence, minimizing the array factor in
the specified first nulls can guarantee the specified first null
bandwidth. The general optimization problem can be specified as
follows [36]:

ming ¢(f(I, d) = a.fyy + b.fsia + ¢.fust), (15)
with
fnu = |AFn(enyrir)l + |AFn(enui2)!

‘1 @YNULL1
fon= — / |AFn(p)| dg
T+ ¢nuLt J—x

-l T
+ P
T — ONULL2 J opyirn

fust = |AFn(@usiin)| + |AFn(@usiiz )l

AF
max |AF|’
where @nyrr1 and @nyr2 are the angles at the null; ¢ygq is the
angle where the maximum side lobe level resides in the lower
band, i.e. [—mw, NULL1]; ¢upsio is the angle where the maximum
side lobe level of the upper band, i.e. [NULL2, ] resides. fys; and
fsia are incorporating, respectively, the maximum side lobe level
and the average side lobe level in the fitness function. fyy aims at
adjusting the FNBW according to the two fixed values of nulls
i.e. onurrr and enurz. a, b, and ¢ represent the weight of each
objective in the fitness function. To put equal weight on each of
the design objectives, we assume that a = b = ¢ = 1. Moreover,
to alleviate the mutual coupling between elements we consider
d, to be at least 0.5A.

Designing circular antenna arrays with non-uniformly spaced
elements, maximum directivity, and minimum side lobe level is
a challenging optimization problem. Canonical approaches used
for antenna array synthesis and optimization are usually stuck
in poor local optima if their initial guesses are not near the
global optimum of the problem. BDTPSO uses several techniques
to guarantee an explorative and in-depth search. Accordingly,
the quality of its obtained solutions is not affected by the initial
population. Additionally, the proper exploration and exploita-
tion balance provided by the topology adaptation mechanism of
BDTPSO and its dual particle types ensures high-quality solutions.

|AFn(¢@)| dg

AFn =

5. Multilevel image thresholding using BDTPSO

Multi-level thresholding is a popular image segmentation ap-
proach, widely employed in medical image analysis. This ap-
proach involves finding a set of optimum thresholds (according to
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@ialization:

e Create a binary tree of N leaf nodes.
each particle X; set node(X) = i, Vie{1, ..., N}.

in section 3.3.

K e Set k=0.

e Each node contains a randomly initialized particle, and for

e Each particle X; with odd label do: define Q; as described in

o ~

QQ e O
Xy
Xy
Xyl 9
inN-14

uneven particles even particles

Set k= k + 1. No

- |

Updating particles:

e Update particles as described in Fig. 2.

\

3

Updating Archival memories:

e Update archival memories as described in Fig. 3.

2N

@pting and updating structures:

e Perform topology adjustment as
described in Fig. 4.

oo CE%

Fig. 5. General block diagram of BDTPSO.

\
y
/ d
/
|n-1 |l dl
dn In ”
In dn
\ IN-1

Fig. 6. A circular antenna array with N non-uniformly distributed elements [36].

some criteria) and using them to separate image pixels into differ-
ent classes. Methods such as Kapur and Otsu are highly effective
for bi-level thresholding. However, as the number of required
thresholds increases, the computational cost of these methods
grows dramatically. Accordingly, nature-inspired optimization
methods are often utilized for finding suitable thresholds with
manageable computational costs [37-39]. However, these meth-
ods usually suffer from a lack of robustness when dealing with a
high number of thresholds. Because of the neat balance between
exploration and exploitation properties, provided by the adaptive
mechanism of BDTPSO, the proposed method can be effectively

employed for finding even a large number of thresholds. In what
follows, we formally define the problem and the criterion used
for segmentation.

5.1. Problem definition

Consider a grayscale image like I, which is required to be
partitioned into K + 1 segments. To this end, a thresholding
approach finds an optimum set of K thresholds according to
some criteria. Using these thresholds, each pixel of the image is
segmented or classified according to its intensity as follows:

Gifgj<T

G fhi<gi<T
Gj=1... (16)
Ck  if Txkm1 < 8ij <Tx
if Tx < &ijs

where g;; is the intensity or the gray level of pixel I; ;; G repre-
sents the segment or the class of the pixel, and T = {Ty, T, ...,
Ty} is the set of the obtained thresholds.

Several criteria have been suggested for choosing suitable
thresholds. Criteria based on the entropy concepts have proven
to be quite effective for image thresholding. Recently, Sarkar
et al. have shown that maximizing the total fuzzy entropy of the
partitioned image can lead to even better solutions [40]. In what
follows, we describe the concepts of their proposed method in
more detail.

Cic+1
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5.2. Multi-level Shannon entropy

Consider an image [ with L gray levels, and assume that g; is
the probability distribution of the ith gray level. Let T = {Ty, T,
..., Tx} be the set of thresholds that is used for partitioning I into
K + 1 segments. The entropy of each obtained segment can be
defined as follows [40]:

Ty ) )
Hi(T) = —Zg—iln (;) (17)

L-1
HeaD=— Y -2 zn( 2 )

P P
=T +1 K+1 K+1

where ; ; -
Py =— Zila i Po = — Ziinﬂ Giy oo Py1 = — Zi:_TK+1 qi-
The optimum thresholds, according to this entropy concept,
can be obtained by solving the following equation [40]:

[Ty, Ta, ..., Tx] = Argmaxy(H{(T) + Ha(T) + - - - + Hg11(T)). (18)
5.3. Multi-level fuzzy entropy

Consider an image I with L gray levels, which is needed to be
partitioned into K + 1 segments. Using the ideas from the fuzzy
theory, we can define each segment by a fuzzy set. The universe of
discourse of this fuzzy set is the set of all gray levels of the image,
and its membership function represents the membership degree
of gray levels to the related segment. Here, K + 1 trapezoidal
membership functions uy, ..., ug+q will be used to define image
segments. These set of functions can be defined by 2K parameters
like a;, b;, with0 <i <K,where0 <a; <b; <... <agx <byx <L-1
(Fig. 7) [40]. The membership functions can be defined as follows:

1 i < a4
N .
w1 () = oo, MISIS by (19)
0 i> b],
0 i<agk
i—ag_q :
il . <i<
-y K1 SPE bi—1
pk () =11 bx_q <i<ax_y
i—by <i<
a—b I S1E bk
0 i> bK
0 i<a
) = { =% <i<
Hi1 (D) he—ay Ok =1=bg
0 i> b]

Similar to the previous section, we can define the fuzzy en-
tropy of segments as follows:

_ — Qim(i)ln qip(i)
Py Py '

Hi(a.c) = (20)

i=0

o Gitta(i), ([ Gittali)
Hz(a.c):—zq'lz In <q“l;z )

i=0
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-1
Hiti1(a.c) = —
i—0

CIiMK+1(i)l (QiMK+1(i))
n ,

Py i1 Py 14

where

-1
Pi=—> " qui).
i=0
We can find the optimum parameters of these fuzzy sets by

solving the following problem:

., Cx) = Argmax, .(Hq(a, ¢) + Hy(a,c) + - -
+ Hya(a, ©)).

(ay,...,ag,cq, ..

(21)

In this paper, BDTPSO is employed to solve the optimization
problem given in Eq. (21). Finally, to obtain non fuzzy thresholds
the following equation can be used:

Ti=(a;+ b;)/2,i € {1,2,...,K}. (22)
6. Experimental results

This section investigates the effectiveness of the proposed
approach via a comparative study on the CEC2013 benchmark
set [41], image segmentation, and the antenna array design prob-
lems. CEC2013 benchmark set includes three categories of prob-
lems: unimodal (f;-f5), basic multimodal (fs—f20), and composi-
tion (f21-f28). Interested readers can refer to [41] for a thorough
description of the benchmark set. Four advanced variants of PSO
are chosen for comparison on this benchmark set. These algo-
rithms include: DTT-PSO [20], MCUPS [42], HCLPSO [43], and
EPSO [44]. Like the proposed approach, DTT-PSO mainly exploits
the topological properties of the swarm to perform an improved
search; consequently, it can be an appropriate choice for compar-
ison. HCLPSO is one of the recent variants of CLPSO and is chosen
because BDTPSO embeds some features from CLPSO. Like BDTPSO,
EPSO is a multi-strategy approach. However, this algorithm tries
to learn the most promising search scheme. In the experimental
studies, all peer methods use the same configurations suggested
in their related literature. For comparisons on the antenna array
design and image segmentation problems, three approaches are
selected that have been successfully employed recently on vari-
ous similar problems. These approaches are CSO [45], CLPSO [46],
FFO [47].

6.1. Parameter settings

Like other nature-inspired optimization methods, BDTPSO has
some specific parameters. However, most of its parameters are
adaptively adjusted, and it is only required to define their up-
per and lower bounds. These upper and lower bounds can be
loosely defined using few trails. In what follows, we thoroughly
investigate the impact of each parameter on the performance
of the proposed approach. We also discuss the intuition behind
each parameter setting. The summary of the suggested parameter
settings for BDTPSO is given in Table 2. Since we use the most
common setting for the inertia weight, this parameter is not
investigated in this section.

6.1.1. The impact of swarm size on the performance of BDTPSO
This section empirically investigates the impact of the swarm
size on the performance of the proposed approach. In this regard,
BDTPSO is examined using various swarm sizes on a set of multi-
modal and unimodal benchmarks from the CEC2013 benchmark
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Fig. 7. Fuzzy membership functions for K+1 segments.
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Table 2
Parameter settings of BDTPSO.
Parameter Value
w Linearly decreasing form 0.9 to 0.3
T 0.2
m 7
CMIN 0.1
cMax 1.5 for G; and C} in Eq. (5) and Eq. (7), respectively. 2.7
for C2 in Eq. (7)
N 64
MaxE 4

set. In this paper, BDTPSO is tested using swarm sizes which are
exact powers of two. The algorithm can be extended to operate
with any number of particles; However, describing this extension
is unnecessary. The swarm size has a profound impact on the
performance of swarm optimization algorithms. Small swarms
can rapidly lose diversity, while large swarms cannot evolve suf-
ficiently in time. Usually, a swarm of 40 particles is suggested for
problems with dimensionalities tested in this paper. Accordingly,
a swarm of 32 or 64 particles seems to be a reasonable choice for
BDTPSO.

Fig. 8 gives the average obtained results of BDTPSO on several
problems while using various swarm sizes. The performance of
BDTPSO deteriorates significantly when its swarm reduces from
32 to 16. Small swarms can easily lose their diversities on the
complex problems of CEC2013 and get trapped in poor local
optima. The quality of results on f>, f11, and f;5 decreases as N in-
creases from 64 to 256. In contrast, the quality of results on f; and
f12 improves by increasing the swarm size. Increasing the swarm
size from 64 to 256 slightly improves the performance of BDTPSO
on f; and fi; by providing a well-diversified population. These
problems are multi-modal functions with lots of local optima and
complex landscapes. In contrast, the quality of the results of the
algorithm on f5, f11, and fi5 decreases with N increasing from
64 to 256. BDTPSO can obtain better results on these problems
by evolving a medium or small size swarm for more iterations.
The proposed algorithm operates well on most benchmarks when
its swarm size lies between 32 and 128. Finally, considering the
overall performance of BDTPSO on several tested problems, N =
64 is employed for the rest of this paper.

6.1.2. The impact of MaxE on the performance of BDTPSO

This section investigates the effect of changes in MaxE on the
performance of BDTPSO. This parameter defines the maximum
number of non-self attractors that an even particle can peruse.
Each even particle can have at most N/(21-1) exemplars from the
Ith level. For instance, with N = 8, an even particle can follow not

more than eight other particles from the fourth level. Using large
MaxE values only impedes the learning process, as the learning
procedure searches for a suitable number of exemplars among
infeasible values. Also, using too many exemplars have several
unpleasant effects on the search process [34]. Our experimental
studies indicate that the setting MaxE = 4 works well on most
problems.

Fig. 9 shows the results of BDTPSO on several problems, with
MaxE changing between 2 and 7. BDTPSO obtains better results
on all problems, except fi5, with MaxE settings greater than two.
With MaxE = 2, even particles can use at most two exemplars
besides their own historical best positions. Consequently, their
behavior becomes closer to canonical particles. The performance
of BDTPSO deteriorates slowly on most problems as MaxE in-
creases from 5 to 7. Using too many exemplars can confound
even particles. However, the adaptive mechanism slowly learns to
use an appropriate number of exemplars. Hence, the performance
deterioration due to increasing MaxE is not significant.

6.1.3. The impact of selection rate on the performance of BDTPSO

This section investigates the sensitivity of the proposed ap-
proach to its selection rate (7). This parameter determines the
ratio of particles that can be considered promising. The value
of the selection rate lies between 0 and 1. Fig. 10 shows how
the performance of BDTPSO is affected by using various settings
for 7. As it is clear, the proposed approach is not sensitive to
changes in this parameter. In fact, we can simply omit it from
the proposed method by using t = 1. This insensitiveness is
mainly because of the following two reasons. First, only particles
with improvement degrees higher than zero can be selected as
promising particles. These particles potentially possess favorable
parameters, which can be beneficial to the other particles. Second,
usually, a small portion of the swarm improves at each iteration.
Hence, no matter how large is the used selection rate, the number
of promising particles is usually small. However, to increase the
flexibility of the algorithm, we retain this parameter. Considering
the obtained results, BDTPSO performs slightly better on f; and fi;
when 7 is between 0.1 and 0.25. Accordingly, T = 0.2 is suggested
in Table 2.

6.1.4. The impact of refreshing gap on the performance of BDTPSO
This section investigates the impact of the refreshing gap
on the performance of the proposed method. The value of this
parameter lies between 1 and the maximum number of itera-
tions. Increasing the refreshing gap reduces the number of neigh-
borhood adjustments that can be performed during the search.
Accordingly, the refreshing gap should be a small fraction of the
maximum number of iterations. If the number of allowable fitness
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Fig. 10. The effect of selection rate on the results of BDTPSO.

evaluations, and consequently the number of iterations, is small
(see Section 6.6), then the refreshing gap should be kept small
as well. The suggested setting for this parameter is m = 7 [14].
Fig. 11 provides the results of BDTPSO on some of the benchmarks
when its refreshing gap changes between 3 and 12. Considering
the obtained results, the proposed algorithm is not sensitive to
small changes in the refreshing gap. The performance of BDTPSO
on f, and f; slightly improves with increasing the refreshing gap.
However, the algorithm shows an opposite behavior on fy. On the
other three benchmarks, the changes in the results due to using
various settings of the refreshing gap are neglectable.

10

6.1.5. The impact of acceleration coefficients on BDTPSO

Uneven particles are updated using Eq. (6), which has one
acceleration coefficient. Even particles use two acceleration coef-
ficients according to Eq. (9). All these acceleration coefficients are
adaptively generated between CMN and CMAX for each particle.
Since ¢! in Eq. (9), like ¢ in Eq. (6), is applied to a term with a sin-
gle exemplar, we use identical CM4X values for generating both of
them. However, c?, like the constriction factor of FIPS (x in [34]),
is applied to the sum of several terms and exemplars. Hence, a
different upper bound is employed for generating social weights
for even particles. Suggested acceleration coefficient values in
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Fig. 11. The effect of refreshing gap on the results of BDTPSO.

the literature usually lie between 0 and 4.1. Accordingly, a small
nonnegative CVIV like 0.1 is employed in this paper. C™X can
be set easily to 4.1, which allows the adaptive mechanism to
search for suitable acceleration coefficients in a wide range of
values. However, we can obtain better results by using better
upper bounds. Two of the most popular settings for acceleration
coefficients are ¢ = 1.5and ¢ = 2. ¢ = 1.5 (c = 1.49445 to
be precise) is also suggested for CLPSO, which uses an updating
rule similar to that of uneven particles. The recommended setting
for x in the FIPS is x = 4.1. According to the updating rules of
even particles, we can assume that x = c! + c2. Therefore, if
we use ¢! = 1.5, ¢> = 2.6 would match the suggested settings
of FIPS. These recommended settings can give some intuition in
finding proper upper bounds for generating acceleration coeffi-
cients. In fact, experimental studies demonstrate that CMA = 1.5
is a good choice for uneven particles. Also, it is a good choice
for generating cognition weights for even particles. Moreover,
CMAX — 2.7 works well for generating social weights for even
particles. The rest of this section investigates the sensitivity of
BDTPSO to CMAX.

Fig. 12 shows the results of BDTPSO when the upper bound
for defining ¢ in Eq. (6) and c! in Eq. (9) changes. The pro-
posed method performs better on f; and f;; when it uses a
large CMAX | like CMAX = 3. This observation indicates that using
large acceleration coefficients can result in a better performance
on these problems. But, the adaptive procedure cannot generate
sufficiently large acceleration coefficients whenever C¥*X is not
large enough. The performance of the proposed method slightly
gets worse when CMAX increases from 0.9 to 3. This decline
in performance suggests that BDTPSO performs better on these
benchmarks with small acceleration coefficients. With large CMAX,
the adaptive mechanism faces a bigger parameter space and
requires more effort to find suitable settings for these problems.
Moreover, changing CM4X within the designated range does not
affect the performance of the proposed approach on f, and fy. Fi-
nally, while the best setting of CM4X varies for different problems,
with a large enough CMAX the adaptive mechanism can always
find appropriate acceleration coefficients for the particles. Hence,
the decline in the performance of BDTPSO on some problems due
to using large CM4X values is neglectable.

Fig. 13 shows the results of the proposed method when the
maximum bound for defining ¢? in Eq. (9) changes between 1
and 4. Increasing CMAX for generating the social weights of even
particles improves the performance of BDTPSO on problems like
fi1 and fi,. The adaptive mechanism can choose a large range
of social weights for each even particle with large CMX values.
However, with large CMX values, particles may use large social
weights excessively on some benchmarks such as f;,. This exces-
sive usage of large social weights can lead to fast diversity loss
and entrapment in poor local optima.

11

Table 3
The summary of comparison results of BDTPSO with other peer methods based
on Wilcoxon rank sum test.

Unimodal Basic Multimodal Composition All
MCUPS 3/2/0 14/1/0 6/2/0 23/5/0
DTTPSO 3/2/0 13/1/1 6/2/0 22/5/1
EPSO 3/2/0 10/2/3 4/2/2 17/6/5
HCLPSO 3/2/0 8/2/5 4/2/2 15/6/7

6.2. Experiments on 30-D CEC2013 problems

The experiments of this section are conducted on the 30-D
instances of the CEC2013 benchmarks. Each algorithm is tested 51
times on each function for obtaining statistical results, and each
run of an algorithm on a function is terminated after 3E+5 fitness
evaluations. The Freidman ranks of the compared methods based
on the average obtained results are provided in Figs. 15 to 18.
Additionally, in order to compare different methods from a statis-
tical point of view, the Wilcoxon rank-sum test with a confidence
level of 95% [48] is employed. The summary of comparison results
according to this test is provided in Table 3. The results in this
table are presented in the form “w/t/I” meaning that BDTPSO is
significantly better than, equal to, or worse than the correspond-
ing compared methods on w, t, and I functions, respectively. The
convergence curves of the compared methods on some of the
benchmarks are provided in Fig. 14. Also, the detailed statistical
results are given in Appendix A.

BDTPSO performs statistically better than or equal to the com-
pared methods on the unimodal benchmarks. Both f; and fs
are separable functions and easily solvable. Hence, all compared
methods performed equally well on these functions. However,
BDTPSO obtained better results on the remaining challenging and
non-reparable unimodal benchmarks. Although these problems
are unimodal, they have landscapes with complex properties,
providing challenging features, especially for PSO methods.

The multimodal problems except fi1, f14, and fi; are non-
separable and rotated, and they usually possess a tremendous
number of local optima. The proposed method outperforms
MCUPS and DTTPSO on almost all multimodal problems. Be-
sides fg and fi5, the obtained results of BDTPSO on the multimodal
problems are noticeably better than those obtained by MCUPS
and DTTPSO. BDTPSO also has overall better results on the mul-
timodal benchmarks in comparison to EPSO and HCLPSO. Both
EPSO and HCLPSO are able to find the global optimum of Rastri-
gin’s function (fi;). BDTPSO is also capable of reaching the global
optimum of this problem in most of its executed runs, and it
demonstrates a very competitive performance. The performance
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Fig. 13. The effect of CMAX for social weights of even particles on the performance of BDTPSO.

of BDTPSO on the rotated versions of fi1, i.e. fio and fi3, which
are remarkably harder than fi, is considerably better than the
other compared algorithms. Similarly, while EPSO and HCLPSO
outperform BDTPSO on the Schwefel’s function (fi4), BDTPSO is
able to obtain better results on the rotated version of fi4, i.e. fis.
BDTPSO also obtained the best results on the rotated Lunacek bi-
Rastrigin function (fig), while HCLPSO has the best performance
on its non-rotated version, i.e. fi;. This general superiority of
BDTPSO is due to its better explorative abilities. BDTPSO can
effectively exploit variable dependencies existing in inseparable
problems via the adaptive mechanisms of even particles. It can
reach a balanced explorative and exploitative behavior via this
adaptation and the cooperation of even and uneven particles.
BDTPSO was able to yield better results on the composition
problems. Except for f5,, all composition benchmarks are rotated
and have inseparable variables. These benchmarks are formed by
combining several functions and present challenging optimiza-
tion tasks. Each constituent function has its landscape patterns
and characteristics. Hence, the properties of each composition
problem vary greatly over its landscape, and the landscape has
different patterns in different areas. These varying characteristics
make it hard for learning mechanisms to adapt. The proposed
method was capable of achieving the best results on six out of
eight composition problems while reaching comparable solutions
on the reminder (see Appendix A for the detailed results). HCLPSO
and EPSO obtained better results than BDTPSO on f,1 and f5;. fo1
is composed of four unimodal functions, fi, f3, f4, and fs, and
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one multimodal function, fs. Accordingly, it has several local
optima, with different properties around its different optima.
While the proposed method is not the best algorithm for this
problem, it obtained acceptable and better solutions than MCUPS
and DTTPSO. f>, is composed of several instances of the Schwe-
fel's function with different parameters, and, similar to fi4, the
proposed method obtained close but weaker results than HCLPSO
and EPSO on f,;. However, BDTPSO outperformed MCUPS and
DTTPSO with a large margin on this benchmark.

Fig. 14 shows the convergence curves of the compared meth-
ods on a set of problems. These selected benchmarks include
some unimodal, multimodal, and composition functions with var-
ious characteristics. On all of these benchmarks, the proposed
algorithm shows an eligible convergence rate. It approaches ap-
propriate solutions at a desirable pace. On f2, the proposed algo-
rithm reaches solutions better than the other compared methods
nearly after 1/3 of their fitness evaluation budget. The conver-
gence rate and the solution accuracy of BDTPSO on f27 are also
distinctive. It found and converged to better solutions in less than
a quarter of the evolution budget designated to the other peer
algorithms. A similar discussion also holds for 9. If we move
along the FEs axis, the average fitness of BDTPSO at each point
of the axis is usually better than the average fitness of MCUPS at
that point. The same statement is true when we compare BDTPSO
with other peer methods. For instance, except for some intervals
in the plots related to f22 and f7, the average fitness curves
of BDTPSO are generally better than the corresponding fitness
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Fig. 14. Convergence curves of the compared methods on f, fs, fo, fi3, f17, f20, fo3, and fo7.

curves of EPSO at each point. Considering these observations
and the statistical results from Table 3, we can postulate the
following. The proposed algorithm is able to converge to better
solutions at a pace better than the other compared algorithms
on a majority of problems. Although BDTPSO is not the fastest
compared method on all problems, it can usually reach solutions
with specific fitness values using less evaluation budget than the
other methods. Consequently, the proposed method can be used
for solving optimization problems in cases where the evaluation
budget is very limited.
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6.3. Experiments on 50-D CEC2013 problems

This section investigates the performance of the proposed
approach on the 50-dimensional instances of the CEC2013 bench-
marks. The results of each method on each problem are obtained
over 51 independent runs. Each run is terminated after 5E+45
fitness evaluations. The Freidman ranks according to the average
errors of the compared methods are given in Figs. 19 to 22.
The detailed results are provided in Appendix B. With few ex-
ceptions, the comparison results are similar to those reported
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of the compared methods on the Composition

on 30-dimensional problems. The proposed approach is the best
performing algorithm on the unimodal problems, f;-fs.
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Fig. 20. The Freidman ranks of the compared methods on the 50 dimensional
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The proposed approach is the best performing algorithm on
the unimodal problems, f;-fs. On the multimodal benchmarks, fg—
f20, the overall performance of BDTPSO is better than the other
compared PSO algorithms. It has the best results on the rotated
Rosenbrock’s function (fs). However, while BDTPSO is able to
reach the global optimum of the 30D f;, it is unable to escape
from the local optimum of the 50D instance of fs in most of its
runs. This benchmark has only two optima. A very narrow valley
connects the local optimum to the global one, which makes it
extremely hard for the algorithms to find their ways towards
the global optimum. The proposed approach has the best average
results on f;—fip. HCLPSO and EPSO obtained better results on
the Rastrigin’s function, similar to the previous section. However,
BDTPSO is superior to the other peer PSO methods on the rotated
versions of this function. DTTPSO has the best performance on the
rotated Schwefel (fi5), while BDTPSO has a close performance on
the benchmark. The proposed algorithm obtained the second-best
results on fig and fy7, just behind HCLPSO, and the best results on
fis and fo.

The comparison results on the 50D composition functions
are also similar to the results obtained on their 30D instances.
BDTPSO obtained the best average results on five benchmarks,
f>3-f>7, and fell behind HCLPSO and EPSO on three cases. HCLPSO
and EPSO yielded superior results on f,; and f,, in comparison
to the other compared algorithms. The result of BDTPSO on f,1 is
close to the results of MCUPS and DDTPSO on f,;. The proposed
method is superior to the two algorithms with a large margin on
f22. The performance of BDTPSO is very close to EPSO and HCLPSO
on f,g, where BDTPSO has fallen behind EPSO and HCLPSO in a few
runs, only.

6.4. Investigating the running time BDTPSO

This section experimentally compares the running time of dif-
ferent peer PSO methods on a set of problems from the CEC2013
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Table 4
The average running time of different compared methods on several benchmark
problems (in seconds).
h f f3
MCUPS 4.00 475 4.63
DTTPSO 9.97 10.78 10.51
BDTPSO 11.32 12.53 12.03
HCLPSO 12.13 13.32 13.26
EPSO 17.13 19.28 17.53

fa fs fs
420 3.60 4.64
10.27 10.28 10.72
11.77 1145 11.95
1245 11.17 14.52
20.83 16.88 19.91

f7 fs fo

6.18 590 15.35
12.70 11.54 20.77
13.83 12.37 22.28
14.80 15.33 24.03
21.35 36.81 32.66

f10

4.40

10.03
11.42
12.52
17.77

benchmark set. The comparison results are given in Table 4.
We can arrange the compared methods from the fastest to the
slowest as follows: MCUPS, DDTPSO, BDTPSO, HCLPSO, and EPSO.
MCUPS has the lowest running times among the compared al-
gorithms. The proposed method is the third fastest method, just
slightly behind HCLPSO.

MCUPS has the best running times. However, the accuracy
of its obtained solutions is generally lower than EPSO, HCLPSO,
and BDTPSO (see Section 6.2). BDTPSO obtains better solutions
compared to DTTPSO while its running times are close to BDTPSO.
BDTPSO can still demonstrate better performance in compari-
son to EPSO and HCLPSO with lesser computation costs. Putting
all this together, it can be inferred that BDTPSO is an efficient
algorithm in terms of both accuracy and computational cost.

6.5. Antenna array design

In this section, BDTPSO is employed for designing two antenna
arrays with 15 and 20 elements. It is assumed that the amplitudes
are normalized and fall in the range [0,1]. Also, the distances
between consecutive elements can change from 0.5A to 1A. As
stated previously, each synthesized array should comply with a
predefined first null bandwidth. In this experiment, the FNBW
corresponding to a uniform circular antenna array of size N, with
unit amplitudes and 0.5\ between element spacing, is used for
designing an array with N elements.
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Table 5
Statistical results of the obtained solutions of the compared methods on the
antenna array synthesis problem with different number of elements.

NE St BDTPSO CLPSO CSo FFO

15 Mean 3.56E—01 4.49E—-01 6.65E—01 3.95E—-01
Min 3.51E-01 3.97E-01 4.40E—-01 3.53E-01
Std 3.00E-03 2.93E—-02 1.07E-01 4.45E—02
P-value (+)3E—11 (+)3E—11 (+)6E—07

20 Mean 481E-01 5.65E—01 6.59E—01 5.09E—-01
Min 4.63E—01 5.22E-01 5.22E—-01 4.82E—-01
Std 6.38E—03 2.02E—-02 8.30E—02 1.65E—02
P-value (+)3E—11 (+)3E—11 (+)6E—10

Table 6

The average results of different methods on the antenna synthesis problems
according to various design objectives.

NE St BDTPSO CLPSO cso FFO

15 fia 140E—01  161E-01  252E-01  156E—01
fust 217E—-01  2.68E—01  392E-01  2.38E—01
FNBW 370E+01  3.70E+01  3.70E+01  3.70E+01

20 foa 172E-01  198E—01  242E-01  1.83E—01
fust 310E—01  357E—01  4.00E—01  3.27E—01
FNBW 276E+01  277E+01  2.78E+01  2.76E+01

Note. The array factor of the uniform antenna array with N
elements can be obtained using Eq. (11). The minimums of this
array factor on two sides of the main lobe represent the location
of NULL; and NULL,. The desired FNBW for N = 15 is 3.70E+1
and for N = 20 is 2.76E+1.

Note. Each position vector is a 2N-dimensional vector with
components corresponding to dy, do,...,dn, I1, I, ..., and Iy.
This vector represents a configuration for an antenna array with
N elements. The array factor of this antenna array for different
angles can be calculated using Eq. (11). In order to calculate the
fitness value of a position vector, the array factor is sampled along
the azimuth angle. Using this sampled array factor, fyu, fsia, and
fust can be computed easily. The fitness of a position vector is the
sum of these three values (Eq. (15)).

The obtained results of BDTPSO are compared with those of
CSO [35], FFO [37], and CLPSO [36]. The results of each method on
each antenna design problem are obtained over 30 independent
runs, and each run is terminated after 1.5E+5 fitness evaluations.
The statistical results, in terms of the average, minimum, and
standard deviation of solution costs, are given in Table 5. Also,
BDTPSO is compared with each peer method using the Wilcoxon
rank-sum test for a confidence level of 95%, and the obtained
P-values are given in the table. In this table, ‘+’ denotes the
statistical superiority of BDTPSO to a compared algorithm accord-
ing to the Wilcoxon test, ‘—‘ indicates the opposite case, and
‘=" indicates that the two compared methods are statistically
indistinguishable. The cost function in Eq. (15) has three design
objectives, which are formalized as fs4, fust, and fyu. fsia encodes
the average side lobe level, and fys; encodes the sum of the
maximum side lobes in the lower and upper bands. FNU is a
term employed to enforce the desired FNBW. Table 6 provides
the average fs4, fusi, and FNBW of the obtained antenna arrays.
Also, Fig. 23 shows the radiation patterns of the synthesized
antenna arrays with the best and median fitness values. The
configurations of the antenna arrays synthesized by BDTPSO are
given in Appendix C.

The statistical results demonstrate the superiority of the pro-
posed approach for solving antenna array design problems.
BDTPSO has the best average fitness values on both of the antenna
design problems. It also obtained the best antennas according to
the design objectives. The Wilcoxon rank-sum test results show
the superiority of the proposed algorithm statistically. In sum-
mary, the proposed approach has a robust performance and can
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Fig. 23. Normalized radiation patterns for the circular antenna arrays with 15 and 20 elements, median and best cases.

Table 7

Statistical results of the compared algorithms on several images in terms of average and standard deviation of the fitness values along with Wilcoxon rank-sum tests
and p-values. Number of thresholds = 3.

Image ID 107014 118072 15062 179084 189029 3063 326025 43033 71099 94095
BDTPSO 1.750E+01  1.731E+01  1.835E+01 1.717E+01  1.588E+01  1.752E+01 1.800E+01 1.700E+01 1.695E+01  1.745E+01
2.348E—04  6.419E—-04 3613E—15  7.227E—15  5.420E—15 1.119E—04  7.227E—15 6.716E—06  3.939E—03  3.225E—05
CLPSO 1.746E+4-01 1.727E4-01 1.826E+01 1.707E4-01 1.578E4-01 1.749E+-01 1.794E+-01 1.696E+01 1.688E+-01 1.740E+-01
2.844E—-02 1.960E—02 4.199E—02 4.622E—02 3.934E—-02 1.061E—02 3.229E—-02 1.279E—-02 2.404E—-02 1.945E—02
(+)1IE—-11 (+)3E—11 (+)1IE—12 (+)IE—12 (+)IE—12 (H)1E—11 (+)IE—12 (+)1E-11 (+)2E—11 (+)2E—11
SO 1.750E+01 1.731E+01  1.835E+01 1.717E+01  1.588E4+01  1.752E+01 1.799E+-01 1.700E+-01 1.693E+401 1.744E+-01
2.318E—-02 6.398E—03 2.870E—-03 2.884E—-03 1.129E—-02 5.013E-03 4.268E—03 1.809E—03 3.901E-02 6.838E—03
(=)1E-01 (=)4E—01 (+)1E—03 (+)2E—02 (+)6E—03 (+)2E—-03 (+)3E—05 (+)2E—-02 (+)4E—03 (+)5E—05
FFO 1.733E4-01 1.717E4-01 1.814E4-01 1.688E+01 1.557E+401 1.741E4-01 1.783E+-01 1.681E+01 1.678E+-01 1.728E+-01
4980E—02  4.054E—02  7.542E—02  4.707E—02  6.285E—02  4.715E—02  5.842E—02 5.696E—02  4.789E—02  5.303E—02
(+)1E—-11 (+)3E—-11 (+)1E—12 (+)1IE—12 (+)1IE—12 (+)1E—-11 (+)1E—12 (+)1E—11 (+)2E—-11 (+)2E—11
Table 8

Statistical results of the compared algorithms on several images in terms of average and standard deviations of the fitness values along with Wilcoxon rank-sum
tests and p-values. Number of thresholds = 9.

Image 107014 118072 15062 179084 189029 3063 326025 43033 71099 94095
BDTPSO 3.619E+01  3.574E4+01 3.672E+01  3.521E4+01  3.435E+01  3.608E+01 3.663E+01 3.457E+01 3.473E+01  3.567E-+01
1709E—02  1.888E—02  5.014E—02 4.200E—02 1811E—02  2.103E—02  3.674E—02  1350E—02 2.687E—02  1.362E—02
CLPSO 3.526E+01  3.484E4+01  3.577E4+01  3.422E4+01  3.355E+01  3.498E+01  3.565E+01  3.362E4+01  3.366E4+01  3.470E401
1537E-01  1.808E—01  1644E—01 1271E-01 1567E—01  1863E—01  1737E—01  1895E—01  1734E—01  1.619E—01
(+)3E—11 (+)3E—-11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11
CsO 3.595E4+01  3.550E4+01  3.651E4+01  3.489E+01  3.414E401  3.581E+01  3.630E4+01  3.433E+01  3.433E4+01  3.543E+01
1568E—01  1.881E—01  1561E—01  2.098E—01  1.196E—01  1637E—01  2383E—01  1.187E—01  2543E—01  1.603E—01
(+)5E—10 (+)9E—11 (+)2E—07 (+)6E—10 (+)8E—10 (+)3E—11 (+)5E—09 (+)3E-11 (+)3E—11 (+)3E—11
FFO 3.426E4+01  3.396E4+01  3.487E4+01  3.321E4+01  3249E401  3.411E4+01  3.480E4+01  3.246E+01  3263E4+01  3.370E+01
2.161E-01  3.027E—01  2.131E-01  2.076E—01  1874E—01  2.343E—01  1796E—01  3.542E—01  3.453E—01  3.045E—01
(+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11
be successfully employed for designing various antenna arrays. Table 6 indicates that with optimizing Eq. (15), we can achieve

We can run each optimization algorithm just once and use the all defined design objectives. All algorithms are able to find
obtained solution, or we can run the algorithm several times and antenna designs with the defined FNBWs. However, FFO and
pick the best solution. In either case, the proposed algorithm out- BDTPSO can attain this objective more accurately. BDTPSO also
performs the other peer methods and can be utilized positively. yields the best performances according to the two other design

objectives. It obtained the lowest sum of the maximum side lobe
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Statistical results of the compared algorithms on several images in terms of average and standard deviations of the fitness values along with Wilcoxon rank-sum

tests and p-values. Number of thresholds = 15.

Image 107014 118072 15062 179084 189029 3063 326025 43033 71099 94095
BDTPSO 5.075E+01  5.028E+01  5.121E+01  4.938E+01  4.904E4+01  5.108E+01  5.119E+01  4.822E4+01  4.844E+01  4.985E-+01
2911E—-02  3.881E—02  6.028E—02  4.950E—02  3.913E—-02 8.726E—02  6.395E—02  3.416E—02 6.707E—02  5.295E—02
CLPSO 4.842E+01  4.799E4+01  4.903E+01  4.718E4+01  4.703E4+01  4.865E+01  4.900E+01  4.536E4+01  4.601E+01  4.735E+401
2.827E—01  2.986E—01 3.371E-01 2.928E—01  2.904E-01 3.064E—01 3.502E-01  3.659E—01  3.398E—01 3.042E-01
(+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11
Cso 4.992E+01  4.939E+401 5.049E4+01  4.871E+01  4.813E+401 5.019E+01 5.032E+01  4.719E+01  4.756E4+01  4.888E+01
3.883E—01  3.319E-01 3.124E-01 2.361E-01 3.691E-01  4.555E—01 3.859E—-01 3.473E-01 3.771E-01 5.278E—01
(+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)BE—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11
FFO 4.638E+01  4599E4+01  4.701E+01  4.521E4+01  4.492E4+01  4.673E+01  4.727E4+01  4.230E4+01  4.372E+01  4.518E+401
3.829E-01  4.102E—-01  4.579E-01 5.200E—01  4.671E—01  4.904E—01 2.918E—01 7.387E-01  6.018E—01 5.481E—-01
(+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11 (+)3E—11
Table 10
The average results according to FSIM.
TH Image 107014 118072 15062 179084 189029 3063 326025 43033 71099 94095
3 BDTPSO 5.85E—01 6.31E-01 6.93E—01 7.58E—01 7.53E—01 7.04E—-01 6.86E—01 5.65E—01 7.00E—-01 5.62E—01
CLPSO 5.88E—01 6.33E-01 6.92E—-01 7.58E—01 7.53E-01 6.97E—-01 6.85E—01 5.68E—01 6.86E—01 5.78E—01
Cso 5.86E—01 6.31E-01 6.93E—01 7.58E—01 7.53E—01 7.04E—01 6.86E—01 5.65E—01 6.86E—01 5.67E—01
FFO 5.87E—01 6.37E—01 6.88E—01 7.54E-01 7.51E—-01 7.02E-01 6.79E—01 5.59E—-01 6.77E—-01 5.72E-01
9 BDTPSO 8.43E—01 9.00E—01 9.04E—01 8.69E—01 9.02E—01 8.23E—01 8.81E—01 8.43E—01 9.00E—01 9.06E—01
CLPSO 8.32E-01 8.87E—01 8.87E—01 8.62E—01 8.93E—-01 8.10E—01 8.72E—-01 8.27E-01 8.92E—-01 8.90E-01
Cso 8.40E—01 8.91E—-01 8.91E-01 8.62E—01 8.97E—01 8.16E—01 8.72E—-01 8.33E—-01 8.87E—-01 8.98E—-01
FFO 8.27E—01 8.70E—-01 8.75E—-01 8.53E—-01 8.85E—-01 8.01E—-01 8.62E—01 8.07E—01 8.84E—-01 8.73E—-01
15 BDTPSO 9.27E—01 9.60E—01 9.52E—-01 9.19E—-01 9.49E—-01 8.88E—01 9.44E—01 9.26E—01 9.45E—01 9.59E—01
CLPSO 9.10E—01 9.40E—-01 9.40E—01 9.10E-01 9.36E—01 8.74E—-01 9.30E—-01 9.07E—-01 9.36E—-01 9.39E-01
Cso 9.17E-01 9.46E—01 9.44E-01 9.14E-01 9.42E—-01 8.80E—01 9.28E—01 9.08E—01 9.35E-01 9.45E-01
FFO 8.94E—-01 9.23E-01 9.33E-01 9.02E-01 9.24E—01 8.75E—01 9.17E-01 8.83E—01 9.22E-01 9.22E-01

CL

CS

FF

Fig. 24. The median images obtained using different optimization algorithms. Or = original image, BD = BDTPSO, CL = CLPSO, CS = CSO, FF = FFO.

levels in the upper and lower bands and the lowest average side
lobe levels. Accordingly, the proposed method can be utilized to
achieve the maximal reduction of side lobe levels, while satisfying
different objectives.

6.6. Image thresholding
This section investigates the performance of BDTPSO on the

image thresholding problem and compares its performance with
CLPSO, CPSO, and FFO. The objective function given in Eq. (21)

17

is employed in this section. Ten grayscale images are chosen
randomly from the famous Berkeley image dataset [49] for the
experiments. All algorithms are tested using three thresholds: 3,
9, and 15. Ordinarily, thresholding algorithms are tested using
fewer than seven thresholds. However, we use a high number
of thresholds to investigate the performance of the algorithms in
complex optimization scenarios. The results of each test case are
obtained over 30 independent runs, and each run is terminated
after 2E+3 fitness evaluations. Image thresholding objective func-
tions are usually computationally expensive. Hence, optimization
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Table 11
Average Fitness, Standard Deviation and Wilcoxon rank-sum test on the Fitness for CEC2013 in 30D. The results are given in the mentioned order.

f BDTPSO MCUPS DTT PSO EPSO HCLPSO f BDTPSO MCUPS DTT PSO EPSO HCLPSO

0.00E-+00 0.00E-+00 0.00E-+00 0.00E-+00 0.00E-+-00 2.95E+03 4.26E+03 2.56E+03 3.59E+03 3.42E+03

h 0.00E-+-00 0.00E-+00 0.00E-+00 0.00E+-00 0.00E-+00 fis 5.84E+02 6.88E+02 1.19E4-03 5.64E4-02 5.87E+4-02

(=) =) (=) =) (+)7E-14  (-)2E-06 (+2E-06  (+)3E-04

1.20E4+04 2.26E+06 1.84E4-05 1.65E4-05 8.78E+4-05 1.44E4+00 2.27E+400 2.47E4-00 1.68E4-00 1.25E4-00

f2 5.25E+03 1.14E+06 1.20E+05 7.98E4-04 3.76E+05 fie 3.76E-01 3.33E-01 3.03E-01 4.00E—01 2.30E—-01
(+)3E—18 (+)3E—18 (+)3E—18 (+)3E—18 (+)4E—14 (+)3E—16 (+)1E—03 (-)2E-02

2.04E+04 4.74E+08 5.75E4-07 1.38E+4-08 4.04E4-07 3.52E+01 7.10E+01 4.80E4-01 3.72E4-01 3.08E+01

f 3.68E+04 4.33E+08 8.45E4-07 2.71E4-08 4.11E4-07 fi7 1.43E+00 1.16E+401 5.01E4-00 3.45E4-00 1.97E-01
(+)3E—18 (+)6E—18 (+)3E—18 (+)3E—18 (+)3E—18 (+)3E—18 (+)3E—03 (-)3E-18

7.68E+01 1.29E+02 1.91E+04 1.78E+402 2.08E4-03 7.36E+01 1.38E+02 1.82E4-02 8.97E4-01 8.19E4-01

fa 3.23E+01 6.76E401 4.93E+03 1.09E+02 9.13E+-02 fis 2.09E+01 4.16E+401 9.71E4-00 4.06E4+01 1.45E+01

(+)5E—05 (+)3E—18 (+)1E—08 (+)3E—18 (+)3E—14 (+)3E—18 (=)1E—01 (=)8E—02

0.00E--00 0.00E-+00 0.00E-+-00 0.00E+4-00 0.00E+-00 2.03E4+00 3.09E+00 3.17E4-00 1.78E4+00 1.37E4-00

f5 0.00E4-00 0.00E+4-00 0.00E+4-00 0.00E+4-00 0.00E+4-00 it} 3.06E—01 9.94E—01 6.72E—01 3.50E—-01 2.45E—-01
(=) (=) (=) (=) (+)9E—13 (+)1E—=15 (-)3E—04 (-)1E-14

1.06E+00 3.42E+01 1.27E+01 9.97E4-00 1.58E+01 1.04E4+01 1.29E+01 1.10E+01 1.08E+01 1.10E4-01

fe 5.17E+00 2.48E+01 1.48E+01 5.70E4-00 2.94E+00 S0 5.63E—01 8.69E—01 7.88E—01 1.18E+00 7.12E-01

(+)6E—17 (+)2E—15 (+)8E—15 (+)8E—16 (+)4E—18 (+)3E—07 (+)1E—02 (+)4E—06

1.31E4+01 1.38E+02 5.21E4+01 3.24E4-01 2.08E+01 2.97E4+02  3.14E+402 3.28E+02 2.52E4+02 2.48E+02

f 5.54E4+00 4.29E+01 1.85E4+-01 1.52E+01 8.30E+00 f 4.92E4+01 8.68E+401 7.87E4+01 5.56E+01 4.74E+01
(+)3E—18 (+)4E—17 (+)9E—13 (+)6E—07 (=)2E-01 (+)4E—02 (-)2E—02 (-)3E-04

2.09E+01 2.09E+01 2.10E+01 2.10E+01 2.10E+01 1.75E402 1.21E403 1.44E+03 1.40E+-02 1.03E+-02

fs 4.36E—02 6.25E—02 3.96E—02 4.97E—02 4.60E—02 f2 5.35E+01 3.22E+02 4.05E+02 4.14E4-01 3.37E+01
(=)2E-01 (=)9E-02 (=)8E-02 (=)5E-02 (+)3E—18 (+)3E—18 (-)2E—05 (-)9E-17

1.57E+01 2.76E+401 1.76E4-01 2.24E4+01 1.95E+4-01 2.79E+03 5.10E+403 2.86E+03 4.10E+03 3.82E4-03

fo 3.44E+00 3.54E+400 2.59E+00 2.82E+00 3.22E+00 S 5.46E+02 9.26E+02 6.37E+02 7.84E+02 5.97E+402

(+)2E—17 (+)6E—03 (+)5E—14 (+)3E—06 (+)1IE-17 (=)1E4-00 (+)1IE—-12 (+)6E—12

441E-02 141E-01 1.86E—01 1.62E-01 2.36E—-01 2.10E+02 2.84E+02 2.48E+-02 2.47E+02 2.28E+402

Sro 240E—-02 7.69E—02 8.26E—02 8.63E—02 1.36E—01 fa 5.14E4+00 8.40E+00 1.03E4-01 1.26E4-01 8.73E4-00

(+)5E—13 (+)1E—16 (+)2E—15 (+)4E—17 (+)3E—18 (+)4E—18 (+)4E—18 (+)2E-15

1.77E—01 2.12E401 3.20E+01 0.00E-+-00 0.00E-+-00 249E+02 2.89E+402 2.73E402 2.83E+02 2.70E+4-02

fn 3.69E-01 6.59E+00 8.11E4-00 0.00E+-00 0.00E-+00 fos 6.41E+00 1.10E+01 8.73E4-00 1.15E4-01 2.15E4-01

(+)3E—18 (+)3E—18 (-)9E-07 (-)9E-07 (+)3E—18 (+)4E—17 (+)1E—16 (+)5E—11

2.11E+01 1.75E+402 3.74E+01 5.21E401 5.49E+01 2.00E+02 3.31E402 3.06E+02 2.00E+02 2.00E+02

fiz2 6.07E+00 5.06E+01 9.84E4-00 1.58E+4-01 1.38E+401 fas 4.12E-03 7.39E+01 5.67E4-01 7.75E—03 9.23E—-03

(+)3E—18 (+)3E—13 (+)2E—17 (+)2E—17 (+)3E—18 (+)2E—17 (=)9E-02 (=)7E-02

5.10E4+01 2.14E+02 1.02E4-02 1.17E402 1.24E+4-02 3.98E+02 1.05E+03 7.01E4-02 7.20E4-02 5.92E4-02

fis 1.55E4+01 4.49E+401 2.76E4-01 3.11E4-01 2.50E+01 S 5.32E+01 9.03E+01 9.91E4-01 2.00E4-02 1.23E4-02

(+)3E—18 (+)1E—14 (+)1E—16 (+)7E—18 (+)3E—18 (+)5E—18 (+)5E—12 (+)6E—13

1.46E4+02  1.29E+403 1.53E4-03 2.91E4-01 1.60E+-01 296E+02 4.53E+02 4.00E+4-02 2.96E+4-02 3.00E+4-02

fia 1.08E4+02 2.91E+02 3.12E4-02 1.02E4+01 4.52E+01 fas 2.80E+01 4.98E+02 4.40E+-02 2.80E+01 2.73E—13

(+)3E—18 (+)3E—18 (-)8E—16 (-)1E-14 (=)4E—01 (=)2E—01 (=)1E-01 (=)3E—01

algorithms utilized on image thresholding problems should be
able to reach acceptable solutions with a manageable number
of fitness evaluations. CLPSO, CPSO, and FFO have been em-
ployed successfully for solving various image thresholding and
segmentation problems [50-52]. These algorithms are capable of
obtaining high-quality solutions in a limited number of iterations.

First, algorithms are compared based on their obtained fitness
values. Tables 7-9 give the average results and their standard
deviations. Additionally, the Wilcoxon rank-sum test with a confi-
dence level of 95% is used to analyze the results statistically. The
tested peer methods are very competitive, and all were able to
reach optimum or near optimum solutions with the designated
number of fitness evaluations. BDTPSO has obtained the opti-
mum solutions, according to the defined objective function, on
all of the 3-thresholding problems. Other compared algorithms,
specifically CSO, have also been capable of finding the optimum
solutions. However, the precision of their obtained solutions is
low in comparison to BDTPSO. The proposed method has ob-
tained the highest average solutions (note that the results have
been rounded to two decimal points) with the lowest standard
deviations in all tested instances. BDTPSO is also statistically
superior to the compared algorithms in most tested scenarios
according to the Wilcoxon rank-sum tests. It has delivered a

18

robust performance on the image thresholding problem when the
number of thresholds is three. As the complexity of the problem
increases by increasing the number of thresholds, the superiority
of BDTPSO to the other peer methods becomes more apparent.
The proposed method has obtained the best average results on
the thresholding problems when the number of thresholds is
9 and 15. It has demonstrated a robust performance on these
problems by obtaining the best solutions in almost all runs. This
robustness indicates that the proposed method is suitable for
solving various image segmentation problems.

The results demonstrate that the proposed method can obtain
solutions with high fitness values on different images. However,
other evaluation criteria are required to examine the suitability of
the employed objective function. One of the widely utilized im-
ages quality assessment matrices is the feature similarity (FSIM)
index [40], and Table 10 compares different methods according
to this criterion. The results of the compared methods are close
according to the FSIM metric when the number of thresholds is
three. However, as the number of thresholds increases, the results
of the proposed method become better than other peer methods.
Fig. 24 shows the results of the first five images of the dataset
for the segmentation problems with nine thresholds. Each given
image has the median fitness among the 30 obtained results (the
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Table 12
Average Fitness, Standard Deviation and Wilcoxon rank-sum test on the Fitness for CEC2013 in 30D. The results are given in the mentioned order.

f BDTPSO MCUPS DTT PSO EPSO HCLPSO f BDTPSO MCUPS DTT PSO EPSO HCLPSO
f 0.00E+00  0.00E+00  0.00E+00  0.00E+00  0.00E+00 f 6.57E+03  8.32E+03  6.27E+03  7.03E+03  6.95E+03
1 0.00E+00  0.00E+00  0.00E+00  0.00E-00  0.00E+-00 15 9.72E+02 1.13E+03  2.27E+03  6.55E402 7.65E++02
9.68E+04  521E4+06  4.35E+05 5.80E+05 1.64E+06 1.86E+00  3.05E4+00  3.39E+00 1.98E4-00 1.64E+00
f 547E+04  1.90E+06 1.27E405 1.93E4-05 5406405 T 3.92E-01 3.83E—01 2.63E—01 3.24E—01 2.86E—01
f 8.99E+05  1.81E+09 1.33E408 3.02E+08 1.76E408 £ 6.65E4-01 1.49E402 1.13E+02  7.15E401 5.12E+01
3 1.24E+-06 1.76E+09 1.52E4-08 4.29E+08 1.81E4-08 17 3.44E4+00  2.20E+01 1.32E+01 1.02E+01 1.78E—01
£ 4.23E401 1.18E4-02 2.08E404  8.71E+01 1.77E403 £ 1.19E+02  3.06E+02  3.87E+02 1.57E402 1.74E4-02
4 2.94E+01  4.59E+01 5.27E+03 3.87E401 6.44E+02 18 3.83E+01  8.42E+01 1.71E+01 4.28E+01 3.93E401
P 0.00E+00  0.00E4+00  0.00E+00  0.00E-00  0.00E+-00 f 424E4+00  6.35E400  8.98E+00  3.74E400  2.38E+00
5 0.00E+00  0.00E+00  0.00E+00  0.00E+00  0.00E+00 1 8.13E—01 1.48E+00 1.98E+00  8.88E—01 3.39E—-01
P 4.34E+01  6.25E+01 457E4+01 4.34E+01  4.45E+01 P 1.86E+01  2.25E+01 2.04E+01 1.98E+01 2.03E+01
6 6.17E—14  2.46E+01 1.27E4-01 2.58E+00  8.22E—01 20 9.24E—01 1.50E4+00  7.37E—01 9.58E—01 9.44E—01
2.24E+01 1.16E402 5.83E+01 5.18E+01 4.15E+01 757E+02  823E+02  7.31E4+02  2.81E+02  2.69E+02
fr 5.91E+00  2.88E+01 1.05E4-01 1.30E4-01 116E+01 2 3.67E+02 3.43E4+02 3.74E402 1.55E+02 1.58E+02
2.11E+01  2.11E+01  2.11E+01  2.11E4+01  2.11E+01 398E+02  242E+03  3.80E+03 1.17E+02 5.30E+01
fs 398E-02 483E-02 4.04E-02 383E-02 346602 J2 1.94E402 7.27E402 1.11E4-03 7.34E401 5.59E+01
P 2.69E+01  5.34E+01 3.41E+01 457E+01 4.10E+01 P 5.93E4+03  9.99E+03  6.74E4+03  8.66E4+03  7.96E+03
9 465E+00  471E4+00  3.16E4+00  5.05E+00  6.52E+00 3 8.68E+02  145E4+03  7.72E402 1.18E+03  8.57E+02
f 5.32E—02  2.71E—01 2.07E—01 1.80E—01 216E—01  fog 241E+02  356E4+02  297E+02  3.15E402 2.85E+02
10 3.32E—02  3.75E—01 1.01E-01 9.53E—02 1.09E—01 9.30E+-00  1.16E+01 1.20E+01 1.34E4-01 1.43E4-01
2.02E4+00  5.75E401 9.42E+01 1.87E—01 0.00E+-00 3.02E+02  3.75E4+02 3.38E4+02  3.76E+02 3.58E+02
fun 1.80E+-00 1.82E4-01 1.79E4-01 4.61E—01 0.00E+00 I 1.03E+01 1.46E+01 1.07E+01 1.13E4-01 1.67E4-01
5.02E+01  2.61E4+02 9.46E+01 1.28E402 1.32E+02 2.00E+02  4.22E402 3.68E4+02  2.00E+02  2.03E+02
fr2 1.03E4+01  5.92E401 1.46E+01 3.29E+01 2.23E+01 fas 1.50E—-01  6.23E401 5.80E+01 2.09E—02  2.63E+01
f 1.31E+02  3.65E+02 2.30E402 2.66E+02  2.54E+02 P 8.30E+02  1.74E+03 1.26E4-03 1.44E403 1.24E403
13 2.40E+01 7.60E+01 3.66E+01 5.36E+01 5.16E401 z 1.25E+02 1.59E+02 1.18E4-02 2.40E+402 2.08E+02
f 330E4+02  2.33E4+03  3.22E403 5.06E+01 1.72E+01 P 4.02E+02 1.80E4+03  7.28E4+02  4.00E4+02  4.00E-+02
14 1.83E4+02  5.46E+02 6.23E++02 1.95E+01 4.50E+01 2 1.73E401 1.63E+03 1.00E4-03 1.06E—-12  6.98E—13

15th best solution). Since the number of the employed thresholds
is large, the obtained images are very similar to the original
ones. Accordingly, recognizing differences between the results
may require careful observation. Some of these differences are
highlighted in the first images. Looking closely at the images, it
can be observed that the results created by the proposed method
are the most similar images to their original versions.

7. Conclusion

This paper presented a bifurcated particle swarm optimizer
and investigated its application on various optimization prob-
lems. The searching process of the proposed method is bifur-
cated among two types of particles, which are called even and
even particles. Each particle type has its search objectives and
induces specific behavior during the search. While even parti-
cles can discover appropriate flying trajectories in the search
space through topology adaptation, uneven particles can combine
and exploit different solutions obtained by the even particles.
The cooperation among these two types of particles enables the
proposed method to effectively balance its explorative and ex-
ploitative features during the search procedure. We investigated
the effectiveness of BDTPSO on three categories of problems: the
comprehensive CEC2013 benchmark set, antenna array synthesis,
and image segmentation. The comparisons with several advanced
PSO methods indicated that the introduced mechanisms can suc-
cessfully control the behavior of particles and guide them toward
promising solutions. Also, BDTPSO was employed for synthesizing
non-uniform circular antenna arrays. This problem had several
design objectives, which includes achieving minimum side lobe
levels and maximum directivity. Experimental studies demon-
strated that the proposed approach can be employed successfully
for synthesizing antenna arrays according to these design ob-
jectives. BDTPSO was capable of obtaining solutions that lead

to a maximum reduction of side lobe levels while satisfying
predefined FNBWs. The proposed algorithm was also employed
for image segmentation via thresholding. On this real-world ap-
plication, the evaluation budget was kept very low due to the
computational cost of its optimization problem. The proposed
approach was capable of reaching the best results among the
compared methods, which indicates the ability of BDTPSO in
solving problems with strict time limits.
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Appendix A

Statistical results on the 30 dimensional CEC2013 benchmark
set in terms of the average and standard deviation of the error
obtained in different runs are given in Table 11. Also, the results
of Wilcoxon rank sum test are provided in the table. It should be
noted that on some problems like f,¢ different compared methods
occasionally get trapped in some similar common local optima
(for instance, local optima with the error of 200 in the case of
f26). On these problems, we consider obtained results closer than
1E-8 as identical and truncate them to identical values before
Wilcoxon tests.
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Table 13
Design variables obtained by BDTPSO for different antenna synthesis problems (results are rounded to four decimal places).
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NE d; in terms of wavelength Normalized I; d; in terms of wavelength Normalized I;
15 0.6096, 1.0000, 0.6795, 0.7048, 0.5891, 0.3812, 0.3046, 0.1835, 0.5956, 1.0000, 0.6965, 0.6797, 0.6207, 0.3866, 0.2563, 0.3058,
0.6212, 1.0000, 0.5107, 0.5119, 0.4101, 0.4091, 0.8019, 0.6966, 0.7389, 0.6570, 0.5099, 0.5305, 0.3574, 0.1583, 0.6807, 0.8930,
0.5006, 0.7384, 0.7482, 0.6685, 0.2064, 0.3684, 0.3456, 0.2021, 0.5434, 1.0000, 0.6552, 0.6832, 0.4645, 0.4574, 0.1982, 0.3314,
0.6840, 0.9999, 0.6111 0.4344, 0.5706, 0.9971 0.6914, 1.0000, 0.6122, 0.4205, 0.6047, 1.0000
20 0.5985, 0.5000, 0.9836, 0.7604, 1.0000, 0.8070, 0.5645, 0.5614, 0.6297, 0.5154, 0.9897, 0.6521, 0.9823, 0.5843, 0.7384, 0.0867,
1.0000, 1.0000, 0.8024, 0.9955, 0.0002, 0.3793, 0.6761, 0.6001, 0.7099, 0.7055, 0.9577, 1.0000, 0.4576, 0.1977, 0.6897, 0.9580,
0.6048, 0.5363, 0.5062, 0.6000, 0.9538, 0.9645, 0.8273, 0.6429, 0.5595, 0.6062, 0.5348, 0.6204, 0.8054, 0.9757, 0.7144, 0.2902,
0.9999, 0.8573, 0.9386, 1.0000, 0.7127, 0.3172, 0.0001, 0.5209, 0.5000, 0.8148, 0.6868, 0.6511, 0.5474, 0.1400, 0.5476, 0.0976,
0.7372, 1.0000, 0.5000, 0.6070 0.5575, 0.8103, 0.9900, 0.9991 0.7583, 0.9656, 0.5000, 0.6386 0.7244, 0.5748, 0.9771, 1.0000
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a composite particle swarm optimization algorithm, IEEE Trans. Evol.
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