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ABSTRACT

Several graph models are available today to model online social networks. These graph models are used to
analyze the structural properties of the online social network, such as detecting communities, finding the
influential spreader and predicting the behavior of the network. However, these models are based on deter-
ministic single-layer graphs that may not be appropriate when online users use multiple social networks at the
same time and social networks provide specific services. Moreover, because of the unknown and dynamic nature
related to the behaviors and activities of online users, as well as structural and behavioral parameters, which may
vary over time, stochastic multi-layer models could be applied to better capture and represent this phenomenon,
as well as the dynamic nature of social networks. For example, in recommender systems, users' interests are
unknown parameters and vary over time. Therefore, stochastic multilayer graph modeling can be used to develop
recommender systems by considering different layers for different types of interests or preferences. In this paper,
we propose a stochastic multilayer graph in which the edges are associated with random variables as a potential
graph model for the analysis of online social networks. Therefore, after redefine some network measures related
to stochastic multilayer graphs, we propose a Cellular Goore Game (CGG) based algorithm to computes the
redefine network measures. A CGG-based algorithm computes defined network measures by learning automata
from the edges of stochastic multilayer graphs. The experimental results show that the new CGG-based algorithm
requires fewer samples from the edges of stochastic multilayer graphs than the standard sampling method in
network measures calculation. Furthermore, the obtained results demonstrate that, from an evaluation
perspective, the CGG-based algorithm provides superior results in terms of Kolmogorov-Smirnov (KS-test),
Pearson Correlation Coefficient (PCC), Normalized Root Mean Square Error (NRMSE) and Kullback-Leibler
divergence (KL-test).

1. Introduction

or absent, have been criticized for their inability to capture the
complexity of real-world social interactions. One example of such a

Social networks such as Facebook, Twitter, and LinkedIn have wit-
nessed exponential growth among social media users. Social networking
sites are increasingly popular as communication tools. The past few
decades have seen a significant amount of research conducted in this
particular context. However, many researchers assume the social
network structure under study is single-layer. Even, several models have
been developed to demonstrate the main characteristics of real net-
works, such as the Erdés-Rényi model [1], Watts-Strogatz model [2],
Barabasi-Albert [3] and Kroneker [4]. These models are presented to
reveal the main characteristic of online social networks such as small-
world [2], scale-free [3], community structure [5], heavy-tailed de-
gree distribution [6] and small diameter. Single-layer network models,
which assume that relationships between individuals are either present

* Corresponding author.

criticism comes from the field of sociology and concerns the concept of
multiplexity in social networks. Multiplexity refers to the idea that social
ties between users can involve multiple dimensions, such as emotional
closeness, shared interests, and geographic proximity. Single-layer
network models, however, only consider one type of relationship be-
tween individuals, such as friendship or coworker status. Research has
shown that multiplexity has important implications for social influence,
information diffusion, and collective action. For instance, studies have
found that people are more likely to adopt new behaviors or beliefs if
they receive consistent messages from multiple sources within their
social network, rather than just one. Therefore, Single-layer network
models may overlook important aspects of social relationships that
could have significant effects on individual behavior and group
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dynamics. From another aspect, due to the fact that online users often
use several social networks simultaneously and since these networks are
specialized in providing services, modeling them as a single-layer may
be inappropriate. In single-layer representations, each node is typically
regarded as a user of the network, and each interaction is a connection
(or edge). Furthermore, it is clear that treating all network changes as a
single-layer network may cause a significant constraint, as well as result
in the loss of some critical information if all changes are treated as
single-layer network. As an example, consider a social network, which is
described as a collection of individuals (or groups of individuals) with a
pattern of interaction between them [14,15]. It seems natural to pre-
sume that all relationships or connections between users take place at
the same level. However, in reality, the distance between users is sub-
stantial, and relationships may occur at different levels of relationship.
Also, certain parameters of network structures, such as behavioral
characteristics and structural characteristics, are subject to time varia-
tions because of the dynamic characteristics of many decision-making
problems in real-world domains. In order to come closer to an under-
standing of the characteristics of these networks, stochastic graphs are
presented as a model [7]. In [7], it was found that stochastic graphs in
which the edges are random variables are more suitable for analyzing
social networks. In addition, they provided a comprehensive definition
of network characteristics associated with stochastic graphs. Based on
the introduction of stochastic graphs for social networks analysis, the
concept of trust and link prediction in stochastic networks has been
studied in [8,9]. Among the key factors affecting trust in stochastic
networks, it has been shown that the length of trust paths is one of the
most important influences on trust [8]. Also, they stated the quality of
trust is affected by the length of trust paths. A learning-based method is
used by the authors in order to aggregate the trust values derived from
multiple paths together in order to create a single trust value. They also
noted that trust inferences are much more likely to be accurate if trust
values are evaluated based on all paths. Nevertheless, in large social
networks it can be very time-consuming to compute all the paths.
Therefore, they have developed a dynamic algorithm to infer trust net-
works using distributed learning automata. In [9] the link prediction
problem has been studied in stochastic graphs. With a dynamic and
uncertain concept of activities in social networks, research has shown
that over time, the structure of networks can also change. A link pre-
diction algorithm based on learning automata has been designed for
stochastic social networks by taking advantage of this concept and has
been developed by the company using the potential for future rela-
tionship formation.

Considering the above points regarding user activity and stochastic
modeling, all studies assume that the network under study is single-
layer. However, recently, a new phenomenon has emerged in social
networks that enables the analysis of user behavior across multiple
levels of activities, referred to as multilayer networks. Multilayer social
networks are a potential solution to studies effectiveness in under-
standing user behavior because they allow researchers to analyze user
interactions across multiple platforms or layers of social networks. As
users increasingly use multiple social media platforms, it becomes
important for researchers to understand how these different platforms
interact with each other and how user behavior on one platform can
affect their behavior on another platform. By studying multilayer social
networks, researchers can gain a more comprehensive understanding of
how people use social media and how information flows through these
networks. They can also identify patterns of behavior that might not be
evident if only one social network is studied in isolation. For example, in
terms of community detection, in a multi-layer graph, nodes can belong
to multiple communities across different layers. This means that the
analysis of community structure can take into account the relationships
between nodes across multiple layers, providing a more nuanced un-
derstanding of the system being studied. Also, multi-layer graphs allow
for the consideration of different types of relationships between nodes,
such as co-authorship, citation, or friendship, each of which may have
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their own distinct community structure.

Since users' behavior in social networks with multiple layers, such as
their use of different social networks, their friendship behaviors, and
their commenting behavior, vary over time with unknown probabilities.
Using deterministic multilayer graphs to model social networks is not
sufficient to reflect what users are doing in different social networks as
time goes on. Even representation of multilayer networks with different
weighted network in each layer can only provide a snapshot of the real
network. Furthermore, the topology and structure of multilayer social
networks depend on the number of user connections between layers and
their connections with other networks (layers). The use of stochastic
multilayer graphs with weights connected to edges in various layers as
random variables seems a promising candidate for modeling real-world
network applications. The selection of a stochastic multilayer graph as
the graph model will allow all the characteristics, measures, and con-
cepts associated with the multilayer graph to be interpreted as stochastic
features, such as degree, strength, clustering coefficient, cover, clique,
and spanning tree. By modeling online social networks using stochastic
multilayer graphs, we defined influential nodes based on a set of vertex
cover nodes associated with viral marketing and a random variable
associated with each node. It is possible to apply stochastic vertex cover
to the study of influence maximization in the application of viral mar-
keting to stochastic multilayer social networks as a graph model. In [10]
a social choice procedure, social agents are modeled as Nash games.
Through an undirected graph-based social communication network, the
agents communicate and their opinions are governed by dynamic rules.
The criteria used by the agents in this game describe a trade-off between
self-consistent and manipulative behavior. It has been shown that the
best response strategies result in dynamic rules for their actions.

Stochastic multilayer social network provides a more precise and
intricate representation of human behavior. Stochastic multilayer
graphs are more suitable for modeling the unpredictable and time-
varying nature of social network activities because they allow for the
representation of the dynamic interactions between individuals in a
social network. Social networks are complex systems that are charac-
terized by their high degree of interconnectedness, dynamic, unpre-
dictable and time vary. In order to accurately model these
characteristics, it is necessary to use a framework that can capture these
properties of the system as it evolves over time. Stochastic multilayer
graphs provide such a framework by allowing for the representation of
multiple layers of connectivity between individuals in a social network.
Each layer represents a different aspect of the network, such as the
frequency and duration of interactions, the strength of ties between
individuals, or the content of communication. By modeling these
different aspects of the network separately, stochastic multilayer graphs
can capture the heterogeneity and complexity of social network activ-
ities. Furthermore, stochastic multilayer graphs are capable of incor-
porating unpredictability and uncertainty into their models. This is
important because social network activities are inherently unpredictable
and has time varying nature. In real applications such as influence
maximization and budget allocation are critically important in
competitive environments. However, if we fail to consider the dynamic
process of human behavior in these applications, we may end up causing
unintended damage or negative consequences. Therefore, it is crucial
that we use a stochastic multilayer network as a model for under-
standing human behavior. This approach allows us to gain a deeper
understanding of the underlying dynamics and factors that shape human
behavior, which in turn can help us make more informed decisions in a
variety of settings.

Stochastic multilayer graphs are a type of network model that have
several unique features compared to other models such as Single-layer
networks, probability networks, and fuzzy networks. The stochastic
multilayer graph has some of key characteristics including, Multiple
layer representation, time varying interactions, edge weights and un-
certainty. Unlike Single-layer networks, which consist of only one layer
of nodes and edges, stochastic multilayer graphs have multiple layers.
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Each layer represents a different type of relationship or interaction be-
tween nodes. Time-varying interactions: Stochastic multilayer graphs
allow for time-varying interactions between nodes. This means that the
strength and type of relationship between nodes may change over time,
allowing for more complex and dynamic modeling of real-world sys-
tems. Moreover, stochastic multilayer graphs incorporate uncertainty
into the modeling process. This allows for the exploration of different
possible outcomes and makes it easier to model systems that are
inherently uncertain or unpredictable. In addition, stochastic multilayer
graphs can also incorporate edge weights, which represent the strength
or intensity of the relationship between two nodes. This allows for a
more nuanced modeling of relationships between nodes than simpler
network models like probability networks or fuzzy networks.

In this paper, we first review a recent multilayer graph model pro-
posed for social network modeling, and then define some network
measures related to stochastic multilayer graphs. After that, these
measures are used to design an algorithm based on the Cellular Goore
Game (CGG) [11,12] for calculating them under the presumption that
the probability distribution functions of the weights connected with the
edges are unknown. In CGG-based algorithms, samples from the edges of
a stochastic multilayer graph are employed to calculate and estimate the
distribution of multilayer measures. To reduce the number of possible
samples, learning automata are used to guide the sampling process from
the edges of the graph. In CGG-based algorithms, guided sampling is
used to take more samples from multilayer graphs that show a high rate
of change (e.g., increased user activity) in order to cut down on un-
necessary samples from non-promising parts. Experimental evaluation
of the proposed algorithms has been conducted on synthetic stochastic
multilayer graphs. When sampling from the edges of stochastic multi-
layer graphs, guided sampling algorithms require significantly fewer
samples than standard sampling methods. In the remainder of the paper,
the following sections are presented: Section 2 describe definition and
notations including brief introduction to some structural network mea-
sure for deterministic multilayer graph, an overview of research work
related to multilayer networks, learning automata and cellular Goore
Game. In Section 3, the proposed measures for stochastic multilayer
graphs are described. In Section 4, we describe the proposed algorithm
based on Cellular Goore Games for calculating the proposed measures in
stochastic multilayer graphs. In Section 5, the simulation results are
presented, and in Section 6, the paper is concluded.

2. Definition and notations

A multilayer network .# is represented by .# = (@, #) where ¢ =
{Gq:q€{1,...,M} } indicates as a graph G, = (Vg E,) called layers of
# that E; = V, x V, is inter-layer edges and

€ ={Ex CV,xVisq,k€{l,...M} ,q#k} @

¢ consist of the edges that connect nodes from different layers G,
and Gy with g # k. The component of # is called as crossed layers
element, and each element of Eg (q #k) is called interlayer edges.
Moreover, each layer G, has a set of nodes that indicates as V; =

{v‘{, VR, } Calculating network measures plays an important role in

designing network algorithms related to multilayer social network
analysis because these measures are used to solve network problems
based on the algorithm. In [13] Chinese air transportation network is
modeled as a multilayer structure. This model represents commercial
airlines through several layers. A weighted network represents the
number of seats in a particular airport and also the distance between two
airports that are close to one another. In addition to computing the
clustering coefficient and average shortest path distance of the airport's
networks, it is also possible to select airlines according to their avail-
ability and cost-effectiveness. The following are definitions of some
measures related to deterministic multilayer networks for background

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 182 (2024) 114764

information. We further provide related works by scholars associated
with different applications of multilayer social networks. This section
ends with a discussion of learning automata and cellular Goore Games
(CGQ).

2.1. Multilayer deterministic network measures

Identifying and calculating network measures for single-layer net-
works motivates us to generalize these measures to multilayer networks.
However, some definitions make it possible to be defined in multiple
ways in multilayer domains. As a result, generalization is subject to a
number of complications that do not exist in single-layer networks. To
formulate a set of measures for computing quantitative descriptions of
multilayer networks, our objective is to develop a set of measures. Some
of these measures are applicable to single-layer networks, while others
are concerned with multiple layers or their interaction. A traditional
measure does not have a specific equivalent for these measures.

2.1.1. Node degree

Many studies have used Degree as a fundamental network measure
[14]. In a multilayer network K;, indicates as the degree v; of layer g and
defined by Eq. (2):

Ky =k )

m=1

where kl[q‘k] indicate the sume of all edges that connect node (i, q) to
other nodes in layer k, and computes by Eq. (3):

N
K= ai @)

Jj=1

where j is the index of other nodes. In this equation al[]‘-l'k] indicates 1 if
node v; in layer g adjacent to v; in layer k and O otherwise. Alternatively,
the degree v; in layer g indicate the number of nodes connected to v;

directly. As we can see from the above, kl[q'q] indicates the degree of the
node i in layer q. As the level of centrality is calculated, it is important to
recognize that the degree of centrality refers to the degree of human
involvement in any “diffusion of information” within the network.
Therefore, humans with a high degree of centrality can be involved in
many ways.

2.1.2. In-degree
In a directed multilayer network, the In-degree of node i in layer q is
denoted by Kjq i, and defined as:

M
Kigin = 3 _ k4" &)
m=1
where kl[q"f | is the sum of incoming edge to node i in layer g to nodes in
layer k and computed by the following equation:

ki = af” ®)

Jj=1

where a}?‘k] is 1 if node v; in layer q is adjacent to v; in layer k and
0 otherwise [15]. In a real application a node with a high in-degree is
regarded to be prominent or have high prestige among other nodes seek

to connect directly.

2.1.3. Out-degree
In a directed multilayer network, the out-degree of node i in layer q is
denoted by Kj i, and defined as:



M.M.D. Khomami et al.

M
Kiq,{)m = Z k,[l],,;n;] (6)

m=1

where kl[‘f)ﬁ]t

layer k and computed by equation:

. N
Ko = > " @)

J=1

is the sum of outgoing edge to node i in layer q to nodes in

X
i

0 otherwise [15]. In a multilayer social network, central nodes in the
different layers are of particular interest implies that nodes with many
citations have a high In- degree of centrality. In contrast, if a node cites
many others, they have high out-degree centrality.

where a;”" is 1 if node v; in layer g is adjacent to v; in layer k and

2.1.4. Strength
The strength of node v; in layer q is defined as follows:

M .
‘yiq = Z Si'q'm] (8)

m=1

where sl[q’k] is the sum of adjacent edge weights for weighted network and
computed

N

P Z wgl‘k] (C)]
j=1
i

where wgl’k] is >0 if node v; in layer q is adjacent to node v; in layer kand

its value indicates the weight of edge between node v; and node v; [16].
Like degree centrality, a human with high strength centrality is known
as a popular with high strength connection to other humans; however, a
human with high strength may not necessarily consist of the maximum
number of friends. Strength centrality is useful in finding a human
affected by the amount of spreading from any information in the
network.

2.1.5. Local cross-clustering coeffcient

The local cross-clustering coefficient E’Eq'k] of anode v; in layer g with
respect to the layer k measure the density of edeges within any two
neighbors of node (i,q) belonging to layer k [17]. Therefore, it is a
measure of the tendency of a node (i,q) to connect to nodes of layer k

that belong to a close community. For a node v; in layer g with kl[q'k] >1

the local cross-clustering coeffiecient is given by:

clad ! okl kAl [kd]

cC = 9:K]  [kA] [5d] 10
i k[q,k: (k[q.k] - 1) r;q.ka“ a, Ay 10)

where it is assumed that if kl[q’k] =0or kgq‘k] = 1 the local cross-clustering
coefficient is zero. Local Cross-Clustering Coefficient provides the in-
formation that how densely the nodes in different layers of networks
forms the cluster together. In other words, the local clustering coeffi-
cient calculates the transitivity characteristics of a multilayer network.
And also, most of the friends of a node with a high local cross clustering
coefficient can cooperate even if the focal node is removed from the
network.

2.2. Modeling of multilayer networks

There have been many deterministic network models presented in
different domains for social networks. Researchers have noticed that
social networks can be modeled as multilayer graphs. It has been shown
that this modeling is applicable to a variety of applications. In
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transportation applications, networks are often represented as multi-
layer networks, meaning they have multiple layers [18]. Through the
analysis of flight connections at various airports belonging to different
airlines, this model aims to investigate the role of specific airports in
European air traffic. These connections form the different layers of
multilayer data. This multilayer representation facilitates the design of
new flight connections and enables airlines to form economic partner-
ships. The network exhibits several characteristic correlations, such as
overlaps between layer boundaries and the degree of individual airports
across different layers. Brummitt et al. [19] employed a multilayer
network model to investigate the interactions between three power grids
in the US network. The grids correspond to the regions of the country
that are situated in the Western, Eastern, and Texas regions. It has been
demonstrated that adding some connectivity between the layers is
beneficial, and provides the largest number of alternative cascade paths.
It has been shown that a higher level of interconnectivity might have a
negative effect on the ability of neighboring networks to establish large
cascades as a result of their increased interconnectivity. It is also sig-
nificant to note that the addition of new interconnections will increase
the capacity and total possible load. This will allow a larger amount of
fuel to be transported. Trade networks are investigated as a multilayer
network to evaluate the effects of globalization on the economy in [20].
Trade networks have been extensively used to evaluate the current state
of economic development in nations and to predict future developments
[21,22]. A randomizing algorithm based on hidden variables and ran-
domized network ensembles has also been used to evaluate trade net-
works [23,24]. The study of a multiplex trade network that includes 162
countries as nodes and 97 layers that have evolved annually from 1992
to 2003, has been conducted in [25,26]. For more clarity, in [26], the
authors described the characteristic properties of the different layers.
Barigozzi et al. [25], suggests that the community structure in each layer
can be lost if the aggregated layer does not distinguish between trades of
different commodities in order to preserve the community structure.
Ducruet [27] states that the modeling trade network as a multiplex
structure is correlated with the diversification of trade ports and their
distance from one another. According to [28], the multilayer structure
modeling of financial networks may lead to an underestimation of sys-
temic risk related to the estimates based on a single-layer approach.
Additionally, a multilayer measure is proposed for evaluating the ex-
pected loss in multiplex financial networks with respect to systemic risk
computation. In this manner, systemic risk may be compared over time
and the extent of expected loss can be determined in accordance with
market risk indicators. In [29,30], the Italian Interbank Market is
studied from the perspective of a multiplex network. The layers of the
multiplex network exhibit a strong correlation between degree and
strength of nodes, and degrees are distributed in a highly heterogeneous
manner. The results show strong correlations between the centrality
measures of large banks across various layers of the Italian Interbank
Market [30]. Moreover, a comparison is also made between the results
of the interbank network to those of the null-based model, which is
constructed by combining independent layers of multiplex modeling in a
randomized fashion. There has been a presentation of a multilayer
interbank model that can be used to assess system risk [31]. In this
network modeling, layers are created by aggregating the securities
holdings, short-term and long-term interbank borrowings, and cash of
fifty large banks. Based on the input data, a stochastic model is used to
generate a multiplex network between the banks that is not known.
Bargigli et al. [31] described that, how an agent-based contagion process
can be implemented based on the proposed model. It has been demon-
strated that multiplex interbank networks include relevant non-
linearities in the propagation of stocks that can have significant effects
on contagion losses. Using only financial time series, the financial
network has been investigated in [32]. As a result of this method, the
information is encoded and reduced to a multiplex network between the
assets. In this modeling, each layer corresponds to a statistically signif-
icant linear, non-linear, tail, and partial correlation between the assets.
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» Random Environment

a(k) B (k)

Learning Automaton

Fig. 1. The communication between the learning automata and random
environment.

Using yeast molecular interactions and gene co-expression, a multiplex
network analysis was conducted [33]. In the first layer of proteins, genes
and their encoded proteins are mapped one to one, forming larger
protein complexes. Furthermore, the network can be used to find out
which genes are being activated and repressed by particular activators
and repressors. A novel algorithm for detecting multi-community envi-
ronments is presented using a generalized modularity measure called
SimMod [33]. The algorithm optimizes this measure to identify com-
munity structures. The proposed algorithm outperforms other clustering
algorithms by providing improved results even without any prior
training on known biological functions at the time of implementation.
Cantini et al. [34] developed an algorithm to identify cancer drivers by
utilizing multiplex networks derived from gene expression correlation
networks that incorporate transcription factor co-targeting, microRNA
co-targeting, and protein interaction. The authors have therefore
considered four-layer multiplex networks for each type of cancer, where
only the first layer (gene co-regulation) is affected by the type of cancer.
The four-layer of multiplex network was designed to fine-tune trans-
lational and post-translational layers to control gene expression and
protein interactions. The multilayer gene communities within the
resulting multiplex network are investigated using a consensus clus-
tering approach proposed in [35].

There is a small overlap between the multilayer communities and the
communities of the individual layers. By taking into consideration the
co-expression layer, a multilayer community provides more information
than a co-expression layer-based community. In a different research
direction, multilayer network tools are being developed to provide a
comprehensive view of a given biological network under a wide variety
range of biological conditions. It has been demonstrated that recurrent
heavy subgraphs can be formed by simultaneously clustering genes and
tissues [36,37]. In [38], conserved modules were identified across pro-
tein interaction networks of different species by using a multilayer
network perspective. There is also the theoretical challenge of the
network alignment problem, which can be formulated as a search for the
best fit between two communities of two different networks structure by
considering the mapping from one node to another. The spectral clus-
tering algorithm can be used to align communities across the complex
networks [38]. In this algorithm, by representing the set of points using
hypergraphs, the method is developed based on a generalization of the
Perron-Frobenius theorem. It can be shown that a duplex multilayer
network is created between a yeast protein interaction network and a
human protein interaction network as a result of applying this algo-
rithm. Based on the results of the global assessment, it appears that
conservation efforts are being conducted at a high level.

A multi-influence diffusion model MMIC has been proposed for
multilayer social networks [39]. In the application of viral marketing,
the MMIC model considers multilayer networks as a underlying net-
works and multiple competing influences propagating among users.
According to this model, the author proposes a multilayer fair seed
allocation problem. The research presented in [40], epidemic phenom-
ena are proposed to explain the impact of influence maximization on
user behavior. On the basis of modeling, the influence of disease
spreading is investigated. It has been reported that the probability of a
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node becoming infected by a diffusion process such as disease spreading
is determined by its neighbors or adjacent nodes [40]. An extension of
Watts' threshold model is proposed to assess the condition and size of
global spreading cascades of innovation [41]. They also assume that if
the fraction of infected neighbors in any link type is greater than a
certain threshold, a node will change its state to infected. The authors in
[42] present a content-dependent threshold model in which each
connection type is connected with a relative bias in spreading given
content such as a newly launched product. Furthermore, a novel
approach has been investigated to determine the importance of a
multiplex correlated graph in the maintenance of viral marketing [43].
With tha aid of correlated percolation model, they determined the
conditions for viral cascading. A research was carried out to examine the
conduct of inactive participants who are commonly referred to as lurkers
[44]. Lurkers gain benefit from the community and observe user-
generated communications while rarely participating in them. Accord-
ing to the model outlined in [45], the reasons for lurking include envi-
ronmental factors, personal factors, a lack of commitment to the
community, and concerns regarding security. Multilayer networks are
able to reveal significant properties of real phenomena that are not
detectable through a single-layer network approach. This includes the
different roles that industrial sectors play during crisis. In [46] proposed
an extended epidemic model and applied it in a multilayer network.
They found that infection density and social influence are both associ-
ated with self-protection, but their impacts on the epidemic threshold
are different. In particular, social influence can only increase the
epidemic threshold if its strength is greater than its own threshold. Risk
perception cannot affect the epidemic threshold.

In this section, all studies evaluated using multilayer networks as
deterministic multilayer graphs. Due to the dynamic nature of many
decision-making problems in real-world multilayer networks, some
structural and behavioral parameters may change over time. For this
reason, deterministic multilayer graphs may not be suitable for
modeling such problems. Additionally, most multilayer modeling sce-
narios assume that the edges of the graph have fixed weights. This is not
true when tasks/activities on networks fluctuate over time. Moreover, it
is also difficult to capture the continuum of phenomena that occur over
time when multilayer networks are modeled using deterministic graphs.
A weighted graph analysis of multilayer networks can provide only a
snapshot of the real network if the edge weights are assumed to be fixed.
As a result of this challenge, stochastic multilayer graphs seem to be a
better candidate for describing real-world networks that are unpredict-
able and time-varying. It should be considered that every characteristic
of a stochastic multilayer graph, such as its path, cover, spanning tree,
and dominating set, should also be treated as stochastic in nature. In the
following, after providing a brief survey of Learning Automata (LA) and
Cellular Goore Game (CGG), we define stochastic multilayer graphs in
the following subsection and redefine some of their associated network
measures.

2.3. Learning automata

The purpose of this section is to provide a brief explanation of LAs
and their learning algorithms. Described in the following way is the
learning process that takes place when an LA is working. The LA is in this
case selecting a randomly selected action from its action set, and then
performing the action on the environment to determine its outcome. In
response to an action, the environment gives reinforcement signals
(rewards or penalties). Following the reinforcement signal provided by
the environment, the LA updates its action probability vector and re-
peats the learning process. It is known as a learning algorithm when an
algorithm is used to update the action probability vector. The objective
of the learning algorithm is to select an action that maximizes the
average reward received from the environment. Fig. 1 illustrates the
relationship between learning automata and its random environment.

The LAs can be represented by quadruple (A.B..7 .P(k)), where A =
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{a1.....ar}, is a finite set of actions, B is the set of all possible inputs or
reinforcements to the automation, .7 is the learning algorithm for
updating action probabilities, and P(k) is the action probability vector at
instance k. In order to modify the action probability vector, the learning
algorithm uses a recurrence relation.

pilk+1) = pi(k) +a(1 —p;(k)) an
pilk+1) = p;(k) —ap;(k)Vj # i

pitk+1) = (1-b)pi(k) 12)

Pkt 1) = L (L b)py (%) #

Let g; is the selected action by LAs, at instance k from distribution
q(k). In a linear learning algorithm, the updating rule is characterized by
Eq. (11) for a favorable response (f = 1), and an unfavorable response
(# = 0). The probability of getting an unfavorable response by action g;
is characterized by ¢; = Pr{ = O|a;]. There is no way to determine
whether the LA will receive a favorable or unfavorable response. Let a
defined as the reward value, which applied for the amount increase of
the action probability vector, and b is applied for the penalty value
determining the amount the decrease of the action probabilities values.
Based on the value of a and b, when the value of a is equal to b, the
recursion Egs. (11) and (12) are called linear reward penalty (Lz_p);
when a is strictly increasing b the recursion equation is called linear
reward-e penalty (Lz_.p); and finally, when the value of b is equal to
zero, the algorithm is called linear reward inaction (Lg_;) algorithm. In
Ly ;. when the environment penalizes an action, the action probability
vectors remain unchanged. In many complex and dynamic environment
where there exists a great deal of uncertainty or a lack of information,
learning has proven to be an important tool for optimizing performance.
Due to its simplicity and ability to work in unknown environments,
learning automata has contributed significantly to this field, producing
numerous works [47,48].

2.4. Cellular Goore-Game (CGG)

A model for optimizing one or more criteria can be developed using
the Cellular Goore Games (CGG), introduced in [49]. Generally, CGG
can be described as a massive collection of simple objects that interact
locally, and this type of model is suitable for modeling. It is described as
cellular in the sense that it is composed of cells or points arranged in a
structure. A CGG is a network of Goore Games where each node par-
ticipates in Goore Games with its neighbors, playing by the rules of
referees. According to the gains and losses received from the referee
adjacent to them, each player selects its optimal action independently.
In CGG, players are unaware of how or why other players play or are
rewarded or penalized. According to CGG with LA, each player is rep-
resented by a learning automaton with two actions which has its action
probability vector updated as the learning algorithm progresses. At
round k of the game, player i chooses its action p;(k) from two available
actions ajand a2 according to its action probability vector pi(k) =
(pi1 (k).pi2(k) ). According to the learning algorithm, the chosen action
will be either rewarded or penalized based on the average value of the
performance criterion determined by neighboring referees (or other
criteria). In CGG, the goal is to maximize the sum of G;s where G; values,
where G; is the performance criterion for node i.

Definition 1. A Cellular Goore Game with LA can be defined by 5-
tuple CGG = (N, P, R, A, G), where

I. N = (V,E) is an undirected network that determines the structure
of CGG where V = {cell; .cell,.....cell, } is the set of vertices with
n = |V|which can be either players or referees or both, and E is
the set of edges.
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II. P is a subset of V playing the role of players.

III. R is a subset of V playing the role of referees. (the intersection of
sets P and R may or may not be empty)

IV. A = (LA}, LAy, ... LA,) is a set of learning automata where LA, is
the learning automaton residing in cell;.

V. G = (Gy, Gy, ...Gp) is a set of unimodal performance criteria for
the referees, where G; is the performance criterion for cell;.

The aim of CGG is to maximize the total performance criterion, that
is, the sum of G’is where G; is the performance criterion for referee i.

3. Proposed network measure for stochastic multilayer graph

In this section, we first define stochastic multilayer graphs and then
define network measures related to stochastic multilayer graph
including Node Degree, In-degree, Out-degree, strength and Local Cross-
Clustering Coefficient.

3.1.1. Stochastic multilayer graph

A stochastic multilayer network .# can be described by a triple .7 =
(&, €, W) where ¢ = {G;: g€ {1,...,M} } is a family of graphs G, =
(Vq,Eq, Wy) called layers of .#Z where Eq C Vg x Vg is an interlayer edge
and W, € W is a matrix in which w; is random variable connected with
edge e; € E, if such edge exists.

€ ={Ex CVyxVisq k€ {l,....M} .q #k} (13)

¢ is the set of interconnection among nodes of different layers G,
and Gy with g # k and W, € W is matrix in which wy € W is random
variable connected with edge e; € ¢ if such edge exists.

3.1.2. Stochastic multilayer in-degree
In a stochastic multilayer graph, the In-degree of node i in layer q is
denoted by EKiq» and defined as:

M
EKiyin = Y EKS (14)
m=1

where Ekl[flif] is the sum of the all random variable associated with
incoming edge to node i in layer g to nodes in layer k and computed by
equation:

EKY =

ijin

i (1)

N
=1

J

where W][f'

k if there exist.

%! is the value of random variable from vj in layer g to v; in layer

3.1.3. Stochastic multilayer out-degree
In a directed multilayer network, the out-degree of node i in layer q is
denoted by Kjqi» and defined as:

M

EKigou = »_ EK) (16)
m=1

where EkE"(,ﬁ]t is the sum of outgoing edge to node i in layer g to nodes in

layer k and computed by equation:
N .
k) = a7)
Jj=1

where Wg?'k] is the value of random variable if node v; in layer q is
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Cellular Goore Game-Based Algorithm for Stochastic Multilayer Network Measure
Computation

Inputs: The stochastic multilayer graph M = (g, €, W), Threshold Tmax , Tmin

Output: Computed Stochastic Multilayer Network Measure 8y, ...0] where 87 is the
network measure each cell i in layer g related to node v?.

Initialization

Create CGG isomorphic to the graph M by associating with a cell in each node and then
assigning a Player/LA in each cell.

Let P is the set of player and Piq is the player resided in cell i in layer q.

Let R is the set of referees and Rf is the referee resided in cell i in layer q.

Let G is the set of uni-modal performance function and qu is the performance that is assign
to cell i in layer q.

Let a;(t) = {af(t). ....a}(t)} denotes the action set in which af(t) consist of two actions
aj and aj, for LAjin cell v}

Let pj(t) = (pj1 (1), pj 2 (1)) be the action probability vector of LA} in cell v} and initialized
1.

Let rand(t) be the random number at iteration ¢.

Beginning algorithm

Let t be the iteration number of the algorithm and initially set to 1.

Let E (pf) be the entropy value for the referee in cell v;‘ and initially set to the maximum

value
while t< Tiax or Ent > Tpin do

For each cell] in g do in parallel
LA{ chooses one of its action @/ (t) from two actions /', (“YES”) and a/, (“NO”)
according to its action probability vector p?(t) = (pg1 (1), pgz 1);
End For
For each Cell{ in R, do in parallel
Cellf count the fraction of “Yes” corresponding to taking sample from neighboring
player nodes
Construct 97 for the each cell i in layer g at round t.
Compute (piq(t) based on equation (22)
Compute the mean u?(t)and standard deviation o’iq (t) of the sampled node i in layer
q and generate reinforcement signal based on equation (23)
End For
For cach Cell! in P do in parallel
It @iq is In-degree then

Let G{1(87(t)) be the the value of referee i in layer q at round t.
If (rnd(t)) < G(8{ (1)) and |G (6 (D)- G{ (B (t — 1)< & and the selected
action is ag Then
LA, updates its action probability vector based on equation (26);
End IF
It (rnd(6)) < G (67(t)) and |G{ (7 (1))- G (B (t — 1)< £ and the selected
action is @;1Then
LA, updates its action probability vector based on equation (27);
End IF
End If
If @? is Out-degree then
Let G/ (éiq (t)) be the the value of referee i in layer g at round t.
If (rnd(0)) < G/ (éiq (t)) and |G/ (8] ())- G{ (B (t — 1)< & and the selected
action is @;7 Then
LA updates its action probability vector based on equation (26);
End IF
It (rnd (1) < G (67(6)) and |G (B (£))- G (B (t — 1)}< & and the selected
action is aigThen
LA, updates its action probability vector based on equation (27);
End IF
End If
It @'i‘ is Strength then
Let G/ (éiq (t)) be the the value of referee i in layer g at round t.
If (rnd(®)) < G{! (éﬁ(:)) and |G (6 (1))- G(B (t — 1))|< &{ and the selected
action is ai‘j Then
LA, updates its action probability vector based on equation (26);
End IF
If (rnd()) < G/ (éi"(t)) and |67 (7(£))- G1 (07 (t — 1)< & and the selected
action is aigThen
LA, updates its action probability vector based on equation (27);
End IF
End If
If 87 is SLCS then
Let G/ (éiq (t)) be the the value of referee i in layer g at round t.
It (rnd (1)) < G (87(6)) and G (B (0))- G (B (t — 1)|< & and the selected
action is ai'j Then
LA, updates its action probability vector based on equation (26);
End IF

It (rnd(t)) < G/ (97(9)) and |6/ (8 (9))- G/ (B (¢ — 1)|< & and the selected

action is aig Then

LA updates its action probability vector based on equation (27);

End IF
End If
If 87 is SCT then

Let qu (9{1 (t)) be the the value of referee i in layer g at round t.
1t (rd(6) < 67 (87(6)) and |G/ (8 (6))- G (B (t — 1))|< & and the selected

action is a;1 Then

LA updates its action probability vector based on equation (26);

End IF

It (rmd(®)) < 6/ (67(t)) and |G{ (B (£))- G (B (¢ = D)}< & and the selected

action is ai; Then

LA updates its action probability vector based on equation (27);

End IF
End If
End For
/[Calculate LAs Information Entropy

Set Ent = Calculate the average entropy of all LAs in each cells;

Sett=t+1;
end while
End

Fig. 2. Pseudo code for CGG based algorithm for network measure compuations.

adjacent to v; in layer k.

3.1.4. Stochastic multilayer strength
The stochastic multilayer strength of node v; of layer q in a stochastic
multilayer graph is denoted by Eq. (18):

ES =Y Est" 18)

m=1

where Esl!q'k] is the sum of adjacent random variable associated with node
v; in layer q that is adjacent to node v; in layer k for q € {1,...,M} and
computed by Eq. (19):

N
Es =Y " 19)
j=1

i#f



M.M.D. Khomami et al.

Table 2
The main characteristics of the real networks for experiments.

# # #
Node Edge Layer

Description

It contains two layers (marriage
alliances and business
relationships) that describe the
relationship between florentine
families during the
Renaissance, describing the
social network as a multilayer
social network.

A multi-layer social networks
consist of 3 kinds of
relationships between manager
of a high-tech company
(Advice, Friendship, and
“Reports to”) that can be
described as three different
categories of relationships.
There are five online and offline
layers included in the form of
multilayer data, which were
obtained at a University
research department.

A study on the social
mechanisms of peer

FLORENTINE [15] 16 35 2

KRACKHARDT

HIGH TECH [15] = 812 8

AUCS [15] 61 620 5

Lazega-Law-Firm 7 2293 3

[15] cooperation in a corporate law
partnership.
An edge is an existing route
London 8 &

between a station in London

Transportation 369 441 3 . . L
and a node is a train station in
[15]
London.
Lk . . . . .
where W[Jq | is a random variable associated with node v; in layer q v; in

layer k.

3.1.5. Stochastic multilayer local cross-clustering coefficient (SLCC)

The stochastic multilayer local cross-clustering coefficient EEE“"‘] of a
node v; in layer g with respect to the layer k is a random variable and
computed by Eq. (20):

=lakl gkl glak Lk glkal
EC, = [M]( o ) Zw wlklgpledl glakl gkl gl (20)
w — 1) rsgk
where kl[q'k] is degree of node i in layer q which is connected to nodes in

layer k and al[f'k] is 1 if node i in layer q is connected to node r in layer k.

Wl[q‘k] is a random variable of node i in layer g which is connected to
nodes in layer k.

4. Cellular Goore Game based algorithm for computing network
measure

In this section, several algorithms are presented that exploit the
Cellular Goore Game to calculate measures in stochastic multilayer
graphs. These algorithms are presented when the probability distribu-
tion functions of weights connected to edges are unknown. A CGG-based
algorithm estimates the distribution of these measures by taking samples
from appropriate parts of the edges of the stochastic multilayer graph.
To estimate network measures, the proposed CGG-based algorithm uses
learning automata to eliminate sampling from edges of the stochastic
multilayer graph. The CGG-based algorithm consists of four phases,
including 1. Initialization 2. Network measure computation 3. Update
the action probability vector 4. Stopping conditions are described below.

4.1. Initialization

Let.# = (@, ¢, W) represent a stochastic multilayer graph in which
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& ={Gy:qe{1,....M}} is a graph Gy = (Vy,E4, W,) called a layer of
# and E; C Vg x Vg, is an interlayer edge and W, € W shows as the
weighted matrix in which weight w applied as a random variable to the
edge e; € E; in layer g a possible edge if there is one. Moreover, ¢ =
{Eg C Vg x Visq,k € {1,....M},q #k} stands for the set of edges
among the nodes of different layers G, and Gy withq # kand Wz € Wis
matrix in which qu € W¢ is a random variable associated with edge

efj( ¢ a possible edge if there is one. In CGG-based algorithm, each
node i which we called to a cell is equipped with a learning automaton
with two available actions a}, and af, corresponding to “Yes” and “No”
where a‘ill (“take sample”) and a?z (“do not take sample™) as described in
Goore Game, respectively. Let LAY is a learning automaton residing in
cell! with two actions af} (“Yes”) and af, (“No”). Moreover, P{(k) =

? (k), pl, (k) is the action probability vector of LA? with an initial value
pL(k) =p%(k) = 0.5. Let §; (1) is the network measure that is calculated
by cell i in layer q at iteration t. Moreover, each cell; in layer g has a uni-
modal objective function G?(@?(t)). The uni-modal objective function
takes the fraction of “Yes” action that is selected by LAs to the total
number of nodes participating in a sampling process for the network
measure under study.

4.2. Network measure computation

During each round of the algorithm, every cell acts as a player and
plays the Goore Game simultaneously and independently with its
neighboring cells (as players) in order to estimate the distribution of a
stochastic multilayer network measure over each round. In each
instance, in order to achieve this goal, each learning automaton residing
in a cell chooses one of its actions based on its action probability vector.
This is because it decides whether or not to take a sample from every
edge incident within a cell. Let a, is the selected action that perform by
the learning automaton LA? in layer g. Then each referee count the
fraction of “Yes” corresponding to af, of its adjacent players to the total
number of LAs participating in estimate the distribution of stochastic
multilayer network measure. Let A} (¢) is the number of adjacent players
to cell; in layer g selects action g; . This function counts the action o) by
the neighboring players at round ¢ and is defined by Eq. (21):

Ky

=> Hailo) = o @D
i=1

where Kj; indicates as the degree of node i, and I represent as the indi-
cator function. It should be noted that, since each cell; is connected with
vertex v , hereafter(in some cases) vertex v; in layer g may be referred to
as cell! and vice versa. Let ¢{(t) is the candidate distribution of the
stochastic measure at round t that obtained by Eq. (22):
(1)

Pl (t) =

FCES, @2

where d(v]) indicates as the degree of node v; in layer q. Moreover, x(t)
and o(t) is the mean and standard deviation of the players that select
their first action. Then the expected value of E[;(t)|g{(t) ] is denoted by
Eq. (23):

B O110)] = 61 (g g #0010 ) (29
where

, 2(0) , ) B . 4 (é’(:ﬁ;{:,“u))

G (—W)m,uf 0,0 (r)) S (ers 24)
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Fig. 3. The distribution of stochastic multilayer degree from some randomly selected nodes.

M

#)
After G} (W,

cell; in layer g. Then, each referee generates reinforcement signal. Let
pi(t) is defined as the reinforcement signal which is produced by the
referee i in layer g, then each players which is adjacent to the referee i
update their own selected action.

ul(t),ol(t) ) is computed by the referee reside in

4.3. Update action probabilities

In this stage, each referee G! computes the difference value of the

Kolmograove-Smirnove test (KS-test) based on the Eq. (25):

KS(G](1), Gl (t—1)) = max|G{(t) - G{(t— 1) (25)
where G} (t) is the value of referee i in layer q at iteration t. In order to
update the selected action of the players, for each player which is
adjacent to referee i in layer g, if the value of Eq. (25) is less than £}, then
each adjacent LAs generates a random number independently. If the
selected action by a LA; is equal to of, and the random number is less or
equal than the value of the performance function KS then the probability
of the action pj;; (t) for each adjacent LA; is updated according to Eq. (26):



M.M.D. Khomami et al.

0.45

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 182 (2024) 114764

node 2 in layer 1

04
0.35
0.3
__025f
£
Q
0.2
0.15
0.1
005
" ' : .
-5 0 5 10 15 20
X
g) Lazega-Law-Firm
45 node 29 in layer 2

1t J
08| |
%os- 1
0.4 J
0.2 1
(S

-1 0 1 2 3 4 5 6 7 8 9
X

i) London Transportation

0.6

node 5in layer 3

05
04r

03

02f J

p(x)

h) Lazega-Law-Firm
node 51 in layer 3

04

j) London Transportation

Fig. 3. (continued).

pa(t4+1) = pu(t) +A(1 —pa(r))

Pi(t+1) = pa(r) — Apn(t) (26)

where A is determined the learning rate. On the other hand, if the
selected action by each player is equal to a, and the random number is
less than the value of the performance function KS then the probability
of the action pi(t) for each adjacent LA; is updated based on Eq. (27):

Pa(t+1) = pa(t) + (1 —pa(t) )

pi(t+1) = pu(t) = Apa(t)

Otherwise, if the random number is greater than the value of either
pa (t) or pix(t) the action probability vector remains uncahnge.

(27)

4.4. Stopping conditions

For all the learning automaton, two criteria may be used for stopping
the CGG-based algorithm for network measures computation. The pro-
posed CGG-based algorithm stops, either the number of iterations
exceed to Tpax OF entropy reaches a predetermined value. The definition
of Entropy is provided as below:

E(p)= =" p;logp;

icP j=1

(28)

10

where p; is the probability of choosing action j of automaton i. The
pseudo-code of the proposed algorithm is given in Fig. 2.

4.5. Strategies

In the proposed algorithm, all learning automata use the same
learning rate, which means that the algorithm considers each action
with equal importance. The following part of this section discusses
various strategies for analyzing the behavior of learning automata in the
CGG-based algorithm for network measure computation. These strate-
gies, which are applied to LAs, are described in the next subsection.
Moreover, this paper is the first work that is concerned with stochastic
multilayer graphs. As a result, we have used the following strategies for
comparison.

4.5.1. Strategy 1

The first strategy in the CGG-based algorithm is selecting each action
with equal probability. In this strategy, for each algorithm iteration, we
proposed that the action be chosen randomly for each learning autom-
aton. Moreover, since each player may participate in more than one
referee at the same, a referee may select randomly. In CGG based al-
gorithm, the LAs select their referee for playing GG, and their actions
randomly are called Algorithm 1.
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Fig. 4. The distribution of stochastic multilayer in-degree from some randomly selected nodes.

4.5.2. Strategy 2

The second strategy in the CGG-based algorithm is that actions are
selected based on the reward value generated by the reinforcement
signal. This strategy sets a referee with the maximum degree for each

LAs to play GG. In addition, we considered the last recent iterations of
the algorithm in which the actions and the action with maximum
reward, among others, are selected. This strategy in which a referee is
selected based on their maximum degree and the action is selected based

11
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Fig. 4. (continued).

on rewards values of k recent iterations is called Algorithm 2.

4.5.3. Strategy 3

The third strategy in the proposed CCG-based algorithm is computed
based on average reward for k last iterations for each action. In this
strategy for the action selection, the average reward for each action is
calculated based on the last k recent iterations, and for the current
iteration the action with maximum average reward is selected. More-
over, in this strategy the referee with maximum degree is selected to
play GG by LAs. This strategy in which the action is select based on the k
maximum average of last recent iterations rewards and the referee are
selected based on maximum degree are called Algorithm 3.

4.5.4. Strategy 4

According to the CGG algorithm, the fourth strategy is that each
player selects the referee with the highest multilayer clustering coeffi-
cient. The referee residing in the cell with the maximum multilayer
clustering coefficient is chosen to perform GG. Moreover, the perfor-
mance of each LA based on their average reward for each action is
calculated based on the last k recent iterations that are considered for
selecting the action in the next iteration. In Algorithm 4, the action is
selected based on the average reward of the k most recent actions and
referees with a multilayer cluster co-efficient.

12

4.5.5. Strategy 5

To improve the speed up of convergence of the learning automata, in
[50] proposed the estimator's idea by presenting a Pursuit algorithm
indicated called CPgp. In CPgp algorithm, it is assumed that the current
action is to be optimal. The current optimal action is determined ac-

cording to the estimator vector D which is computed as:

=~  Wi(k)

where Z;(t) indicates the number of times the action g; has been selected
up to iteration t and W;(t) indicates the number of times the action g; has
been rewarded up to iteration t. In formula (29) the higher value of f)i
means to be current optimal action for iteration t. Based on CPgp, an
action is selected from its available action initially. Then, the selected
action is either rewarded or penalized; the CPgp only increase the
probability of the optimal action. Algorithm 1, in which the LA is pursuit
called Algorithm 5.

4.5.6. Strategy 6

The combination of improvement 4 and improvement 5 that LA is
pursuit learning automata called Algorithm 6. More clearly, in this
combination, each LA selects the referee with high multilayer clustering
co-efficient in addition to using pursuit learning algorithm.
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Fig. 5. The distribution of stochastic multilayer out-degree from some randomly selected nodes.

We note that to utilize the proposed algorithm in practical applica-
tions, the first step includes constructing a multi-layer stochastic graph
using one of the available construction methods, such as crawling from
networks. Then, we obtain the input graph from real-world networks,
where the behavior of users is represented through different layers of the
graph. Users are treated as players, and their relationships are captured
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through different edges across the layers. Additionally, we associate a
random variable that represents the communication rate between users
across different layers, which is assigned to the edges of the graph. Then,
using an iterative procedure and taking sample with the aid of learning
automata, the algorithm attempts to estimate and construct the distri-
bution of criteria for stochastic multi-layer graph in a guided manner.
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Fig. 5. (continued).

The sampling mechanism involves the use of learning automata, which
allows the algorithm to sample from the edges of the graph and find
suitable samples that accurately represent the distribution of the pa-
rameters. Through this process, the algorithm aims to provide accurate
estimates of the parameters related to the stochastic multi-layered
graph, which is crucial for making informed decisions about the un-
derlying system. The use of learning automata ensures that the distri-
bution estimation mechanism is robust, effective and leading to better
outcomes and improved performance.

4.6. Evaluation distance measures

To evaluate the accuracy of estimations by CGG-based algorithms,
several distance functions were applied between the real parameters and
the estimated parameters. We compare the distribution properties of the
proposed algorithms for estimating network parameters using the
Kolmogorov-Smirnov distance statistic, skew divergence distance,
Pearson's correlation coefficient, and normalized L1 distance. Below is a
general description of these distance measures as evaluation criteria.

4.6.1. Kolmogorov-Smirnov statistic

The Kolmogorov-Smirnov test compares a group of samples with a
reference probability distribution. KS tests measure the distance be-
tween the distribution function of the sample and the cumulative dis-
tribution function of the reference distribution. This is done by
comparing the empirical distribution function and the cumulative dis-
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tribution function. The value of this test is between 0 and 1. As closer to
zero, both distributions will have a greater similarity. The two distri-
butions will show a greater distinction as closer to the unit. This measure
is denoted by Eq. (30)

KS(F", F) = max|F" (x) — F(x)] (30)
where F* and F are two CDFs of original and estimated data respectively
and x represents the range of the random variable.

4.6.2. Pearson correlation coefficient

One of the appropriate measure to compute the similarity among the
estimated parameter value and original parameter value is Pearson
correlation Co- efficient and computed as follows.

i — () (37
/

in which F(x) and F"(x) indicates the values of the real and estimated
distribution from stochastic multilayer networks and f; and f; is the
estimated and real parameter of the F(x) and F'(x) distributions
respectively.

PCC(F(x),F (x)) = (€20)]
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Fig. 6. The distribution of stochastic multilayer strength from some randomly selected nodes.

4.6.3. Normalized Root Mean Square Error (NMSE)
Another measure used for evaluating the sampling algorithm is

Normalized Root Mean Square Error (NMSE) for the clustering coeffi- NMSE =

cient which is defined by Eq. (32).
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(EIF" ~ F(x)|)*

F(x)

(32)
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Fig. 6. (continued).

where F(x) and F’(x) indicates the real and estimated distribution from
stochastic multilayer networks.

4.6.4. Kullback-Libler divergence

The Kullback-Leibler divergence is a statistical distance that com-
putes how one probability distribution Q is different from a second
reference probability distribution P. In other words, Kullback-Leibler
(KL) divergence measures the similarity between two PDFs F(x) and
F’(x) that do not have continuous support over the full range of values
and g = 0.99. The Kullback-Leibler (KL) divergence is defined as
follows:

(33)

KL(F()IF () = Y Fiog F();))

F(
5. Experiments setup

This section provides the configurations which are used for the ex-
periments. For the experiments of the proposed stochastic network
measure algorithm, we have used the real and synthetic multilayer
networks in which the edge weights are random variables with Power-
law distributions whose value takes randomly from a=
{1.44,1.47,1.53,1.54,1.98} and degree exponent k= {3,5,7,10,12}.
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The charachtricts of the real network used for experiment is shown in
Table 2. The stopping condition for the proposed algorithms is either the
number of iteration t reached T = max|vy| x 100 iterations where v,
is the number of nodes in layer g or the value of average information
entropy value H(t) reachs lower than T, <0.05 or the difference be-
tween the calculated measure in two consecutive iterations based on KS-
test becomes lower than &/ < 0.01. For the proposed algorithm, the
reinforcement scheme used for updating the action probability vector of
learning automata in all experiments are considered Lg_; and the
learning rate is set to a = 0.001.

The proposed algorithm aims to collect information from the
network to find reasonable estimates for the network's measurements
using fewer samples than that standard sampling methods. The first
experiment provides a representation of how one can utilize the
approach proposed in the paper to analyze a multilayer social network
modeled as a stochastic multilayer graph.

5.1. Experiment I

This experiment is conducted to study the behavior of the CGG-based
algorithm for finding stochastic measurements that are proposed for
stochastic multilayer graphs. To perform this experiment, we selected
two different nodes from different layers randomly and ranked them
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Fig. 7. The distribution of stochastic multilayer local clustering co-efficient from some randomly selected nodes.

based on their high-degree, in-degree, out-degree, strength, and clus-
tering coefficient for each network. The distributions of the stochastic
multilayer measures for each of these networks are shown in Figs. 3 to 7.
For statistical ranking, we have used Friedman's multi-comparison test
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with a 95 % significance interval that is reported in Tables 3 to 7. In
influence propagation, disease spreading, and the shortest path for
rumor spreading are applications of ranking in which the problem of
influence maximization is critical. In this case, nodes are ranked based
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Fig. 7. (continued).
Table 3
The average ranking nodes from FLORENTINE stochastic multilayer in terms of different stochastic measures.
High-degree In-degree Out-degree Strength Cluetring co-efficient
Avg Rank Avg Rank Avg Rank Avg Rank Avg Rank
Node 2 in layer 1 1.038 1 1.17 1 1.17 1 1.24 1 3.17 5
Node 3 in layer 2 2.25 2 1.43 2 1.43 2 2.41 2 2.19 2
Node 6 in layer 2 5.58 5 5.01 5 5.01 5 5.71 5 1.05 1
Node 8 in layer 1 2.49 3 3.59 4 3.59 4 2.25 3 2.87 4
Node 11 in layer 1 3.15 4 2.64 3 2.64 3 3.01 4 2.31 3
Table 4
The average ranking nodes from KRACKHARDT HIGH TECH stochastic multilayer graph in terms of different stochastic measures.
High-degree In-degree Out-degree Strength Cluetring co-efficient
Avg Rank Avg Rank Avg Rank Avg Rank Avg Rank
Node 15 in layer 1 2.71 3 2.84 4 2.71 4 2.61 3 2.78 4
Node 15 in layer 3 3.15 4 2.54 2 2.44 2 3.41 4 3.11 5
Node 4 in layer 2 1.24 1 1.34 1 1.24 1 2.01 1 1.52 2
Node 7 in layer 3 1.47 2 2.58 3 2.61 3 241 2 1.44 1
Node 8 in layer 3 3.54 5 3.21 5 3.52 5 2.54 5 2.57 3
on their strengths or clustering coefficients, and influence maximization to the random variable. From the obtained result, we may conclude that
is used to propagate influence. In all Figs. 3 to 7, the x-axis is the values in all Figs. 3 to 7 the network measures under study have a global
of the random variable and the y-axis is the its probability corresponde maximum and several local maximum. The algorithm converges after
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The average ranking nodes from ACUS stochastic multilayer graph in terms of different stochastic measures.

High-degree In-degree Out-degree Strength Cluetring co-efficient
Avg Rank Avg Rank Avg Rank Avg Rank Avg Rank
Node 35 in layer 4 2.64 4 3.21 5 213 2 213 3 3.41 5
Node 23 in layer 2 1.05 1 217 2 2.18 3 1.52 1 212 2
Node 4 in layer 1 1.43 2 1.84 1 1.93 1 1.61 2 2.54 3
Node 18 in layer 3 2.28 3 2.82 4 2.35 4 2.35 4 3.11 4
Node 17 in layer 2 2.71 5 2.62 3 2.64 5 3.11 5 1.24 1
Table 6
The average ranking nodes from Lazega-Law-Firm stochastic multilayer graph in terms of different stochastic measures.
High-degree In-degree Out-degree Strength Cluetring co-efficient
Avg Rank Avg Rank Avg Rank Avg Rank Avg Rank
Node 2 in layer 1 3.41 4 2.52 3 3.05 3 3.43 5 3.41 5
Node 5 in layer 3 2.57 3 2.41 2 2.15 1 2.45 3 3.21 4
Node 17 in layer 2 1.87 1 1.65 1 2.31 2 1.92 2 2.21 2
Node 23 in layer 2 1.96 2 2.54 4 3.24 4 1.75 1 2.25 3
Node 50 in layer 3 3.45 5 3.54 5 3.62 5 3.20 4 2.14 1

Table 7

The average ranking nodes from London Transportation stochastic multilayer graph in terms of different stochastic measures.

High-degree In-degree Out-degree Strength Cluetring co-efficient

Avg Rank Avg Rank Avg Rank Avg Rank Avg Rank
Node 2 in layer 1 2.21 2 3.51 5 3.47 5 3.21 3 4.31 5
Node 8 in layer 3 2.12 1 3.41 4 3.39 4 2.11 1 3.41 3
Node 55 in layer 2 2.35 3 3.11 3 3.25 3 2.24 2 3.45 4
Node 23 in layer 3 4.12 5 2.46 2 2.52 2 3.58 5 2.64 2
Node 37 in layer 2 3.11 4 241 1 2.48 1 3.54 4 1.23 1
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Fig. 8. The plot of average number of sample versus iteration number for stochastic FLORENTINE network.

finding the global maximum.
5.2. Experiment IT

This experiment is performed to evaluate the algorithm performance
in terms of the number of required samples used by LAs versus the
manner in which the LAs are not used. The sampling ratio is computed as
the total number of samples taken by LAs over the total number of
samples when the LAs are not used. The result of the algorithm is shown
in Figs. 8 to 12. To do, some random nodes from each stochastic
multilayer network are selected, and then as the algorithm proceeds, the
average number of samples which is taken by each of the strategies is
reported in Figs. 12 to 14. As can be seen from the result, in all stochastic
multilayer graphs, when the algorithm proceeds because of guided
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sampling, the number of samples taken by LAs gradually reduces and
takes fewer samples. While in case the LAs not use, not only is the
number of samples not reduced but also the number of samples increases
as the algorithm proceeds due to a lack of learning mechanisms.

5.3. Experiment III

This experiment aims to evaluate the number of samples taken by the
different strategies applied in the proposed algorithm regarding the
number of samples. The result is shown in Tables 8 to 12 for each
measure in terms of mean and standard deviation. From the result it
shown that in FLORENTINE stochastic multilayer, in terms of high-
degree, in-degree, out-degree, strength and clustering co-efficient the
algorithms 6 which is used the pursuit learning algorithm and each
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Fig. 13. Comparing results of average KS distance over high-degree, in-degree, out-degree, strength and clustering co-efficient for FLORENTINE network.

players uses the referee with high clustering co-efficient is superior than
others. It seems that in all stochastics networks, the Algorithm 6
outperform than other algorithms in terms of number of samples.

5.4. Experiment IV

This test aims to study the behaviors of different algorithms in terms
of evaluation criteria. To performs these experiment, the number of
required sample by different algorithms are compared with standard
sampling methods with 0.05 confidence interval. The results for
different measures for each stochastic multilayer networks are reported
for average Kolmogorov-Smirnov criteria. Form the results, it is shown
that in all learning algorithm the average KS value is outperform than
standard sampling methods due to using learning automata for guided
sampling. Moreover, among the learning automaton based algorithm, it
seems that Algorithm 5 and Algorithm 6 achieve more promising results
than other algorithms.

6. Discussion

The role of online users in generating and exchanging information
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through social networks is significant. In this study, we examine various
aspects of multi-layered social networks, including user behavior and
the use of different applications within the network. For example, on
Twitter, posts, likes, and comments can collectively form a multi-layered
network. Concurrent use of different social network platforms by online
users, such as Twitter, Facebook, and Instagram, can also contribute to
the formation of multilayer social networks with a time-varying nature.
Recent research indicates that multilayer social networks can reveal
important patterns in user activity that would otherwise be missed by
analyzing only one layer of connections. These activities include inter-
acting with friends, responding to their comments, participating in on-
line communities, posting and sharing information content on their
friends' pages, visiting their friends' profiles, commenting on a friend's
post or liking it. Due to the unpredictable and time-varying nature of
social network activities, stochastic multilayer graphs with weighted
edges associated with random variables are a better candidate model for
analyzing social networks. We obtain a stochastic multilayer graph by
capturing snapshot samples of different user profiles at different time-
stamps, allowing us to capture the time-varying nature of activities from
different profiles if we seek to monitor user activity outside the system.
However, due to inherent limitations in social networks and a lack of
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Table 8
The average ranking nodes from FLORENTINE stochastic multilayer in terms of
different stochastic measures.

High- In-degree Out- Strength Cluetring
degree degree co-
efficient
# of # of # of # of # of
samples samples samples samples samples
Algorithm 7.23£0.01 6.41+£0.45 7.35+£0.15 7.21£1.02 7.55+0.23
1
Algorithm 7.07+£0.11  6.55+1.33  7.14+0.41  7.41+0.02  7.42+0.21
2
Algorithm 7.154+0.21  7.33+1.14  6.95+1.32  7.25+0.12  7.32+1.24
3
Algorithm 7.09+0.21  6.1941.02  6.41+1.42  7.15+0.04  6.87+0.55
4
Algorithm 6.22+1.41  6.11+0.41  6.34+1.31  7.05£1.01  6.42+0.41
5
Algorithm 6.14+1.01  6.09+1.01 6.11+1.08  6.04+0.05  6.33+1.02
6
Table 9

access to whole log systems, temporal sampling is necessary to obtain
the model. To analyze the stochastic nature of social networks, we take
two perspectives. Firstly, as an owner of a social network system who
wishes to study user behavior within the system, careful observation
reveals that such behavior tends to be uncertain and varies over time.
Secondly, when monitoring user activity outside the system, the same
limitations require us to employ temporal sampling. As a result, user
behavior in social networks exhibits a time-varying parameter and re-
mains uncertain. Since the network under study is considered as a sto-
chastic multilayer graph, we redefined different criteria such as
maximum degree, in-degree, out-degree, strength, and local cross-
clustering coefficients for the proposed stochastic model. Modeling
network as a stochastic multi-layer graph leads to, more information is
encoded due to the consideration of details and can provide greater
insight into designing effective algorithms that capture the real network
characteristic.

When a user enters the system and performs an activity, their actions
can be modeled as a multi-layer graph. By displaying these activities in
different layers, the graph takes on a time-varying nature that can be
captured by a stochastic multi-layer graph model. Suppose the following

The average ranking nodes from KRACKHARDT HIGH TECH stochastic multilayer in terms of different stochastic measures.

High-degree In-degree Out-degree Strength Cluetring co-efficient
Samples Samples Samples Samples Samples
Algorithm 1 12.47+2.51 12.244+2.74 12.57+2.41 13.07+1.24 15.05+1.54
Algorithm 2 12.35+2.24 12.08+1.57 12.15+1.87 12.474+2.74 14.24+1.57
Algorithm 3 12.2441.95 12.01+1.25 12.124+1.66 12.4142.52 14.26+1.32
Algorithm 4 12.20+1.80 11.41+1.11 11.34+1.41 11.954+2.05 13.42+2.02
Algorithm 5 11.84+2.05 11.35%+1.09 11.29+1.24 11.57+1.75 13.33+1.24
Algorithm 6 11.554+1.56 11.1440.54 11.21+1.05 11.844+1.54 12.424+1.21
Table 10
The average ranking nodes from AUCS stochastic multilayer in terms of different stochastic measures.
High-degree In-degree Out-degree Strength Cluetring co-efficient
Samples Samples Samples Samples Samples
Algorithm 1 12.45+2.84 12.47+2.47 12.62+1.85 11.88+3.02 12.48+2.24
Algorithm 2 12.38+2.42 12.354+2.32 12.58+1.75 12.574+2.57 12.27+2.43
Algorithm 3 12.20+2.32 12.2442.23 12.41+1.24 12.344+2.41 12.13+2.11
Algorithm 4 12.14+2.54 12.124+1.85 12.04+1.11 12.224+2.11 12.02+1.95
Algorithm 5 11.38+2.84 11.954+1.95 12.02+1.57 12.08+1.25 11.75+1.85
Algorithm 6 11.244+2.14 11.454+1.52 12.02+1.41 12.014+0.94 11.55+1.62
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The average ranking nodes from Lazega-Law-Firm stochastic multilayer in terms of different stochastic measures.

High-degree In-degree

# of samples # of samples

Out-degree Strength Cluetring co-efficient

# of samples # of samples # of samples

Algorithm 1 17.85+2.87 19.35+2.01
Algorithm 2 17.55+2.47 18.28+3.24
Algorithm 3 17.25+2.35 17.75+2.84
Algorithm 4 16.87+2.14 17.45+2.54
Algorithm 5 16.57+2.32 17.35+£1.95
Algorithm 6 15.34+2.14 17.24+1.54

18.57+2.88 18.57+3.02 22.95+1.89
18.42+2.62 18.24+2.58 21.84+2.32
18.214+2.35 18.41+2.87 20.32+1.72
18.05+1.98 17.254+1.95 20.154+1.52
17.25+2.06 17.12+1.38 19.85+2.25
17.35+1.84 17.05+2.35 18.85+1.85

Table 12

The average ranking nodes from London Transportation network stochastic multilayer in terms of different stochastic measures.

High-degree In-degree

# of samples # of samples

Out-degree Strength Cluetring co-efficient

# of samples # of samples # of samples

Algorithm 1 70.62+4.21 73.75£2.12
Algorithm 2 72.24+1.35 72.66+1.45
Algorithm 3 70.55+2.63 71.52+2.75
Algorithm 4 68.95+1.24 71.43+£2.56
Algorithm 5 68.12+1.05 71.24+1.36
Algorithm 6 67.02+1.25 70.13+1.25

73.86+2.68 72.95+2.54 75.63+£2.38
73.78+1.47 73.52+1.24 74.96+2.58
72.64+2.63 71.68+2.35 73.54+1.95
72.45+2.24 70.75+2.13 73.24+1.72
71.42+1.68 70.32+1.68 72.48+1.35
71.12+1.11 70.24+1.36 72.15+1.36

scenario, where an individual enters a social network, performs an ac-
tion, and then exits from the network. To analyze the behavior of users
in the network, it is imperative to capture their actions. In the case
where the network is considered as a single-layer graph, a person who
enters the network only once may be recognized as a high-degree node.
However, this person may no longer be active in the network in subse-
quent times. When considering the stochastic nature of user behavior
and user activity, this inactive node should not be identified as a high-
degree node. Other scenarios are possible as well. For instance, in
multi-layer graph modeling, a network user may have a high degree in
one layer but not in the others, or it may have a high degree in one
snapshot but low in another.

The implementation of stochastic multilayer graphs has the potential
to open a new horizon in various domains including social sciences,
epidemiology, transportation, and finance as mention few. For example,
in the context of social networks, Stochastic multilayer graphs can be
used to model the complex relationships between individuals in social
networks. For example, researchers can use these graphs to study how
people interact with each other at different types of social events, such as
parties, bars, and conferences. In epidemiology, stochastic multilayer
graphs can be used to model the spread of infectious diseases through
populations. Each layer can represent a different mode of disease
transmission, such as person-to-person contact, airborne transmission,
or surface contamination. Moreover, in transportation networks, sto-
chastic multilayer graphs can be used to model the flow of traffic and
goods through transportation networks. Each layer can represent a
different mode of transportation, such as road, rail, or air, and the in-
teractions between nodes can represent the movement of vehicles or
goods. In addition, in Financial applications, stochastic multilayer
graphs can be used to model financial markets and the interactions be-
tween different types of assets. Each layer can represent a different type
of financial instrument, such as stocks, bonds, or commodities, and the
edges can represent the correlations or causal relationships between
them.

7. Conclusion

Conventional social network models generally consider connections
between users in the form of binary networks. These networks often lack
the ability to capture the complexity of relationships between users. As
such, there is a need to develop more sophisticated models that can
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capture the full range of relationships between users. Since people use
more than a social network and the behavior of the people in these social
networks has an unknown and unpredictable nature. Therefore, in this
paper we propose stochastic multilayer graph as a potential model graph
to represent the unknown and unpredictable nature of user behavior.
This model can incorporate both the complexity of relationships and
user behavior uncertainty. Additionally, this model can be used to
analyze user behavior's effect on the overall network. Furthermore, we
propose six different cellulare goore game based algorithms to estimate
some network measures related to stochoastic multilayer graphs. These
algorithms model user behavior dynamics in a multilayer network by
using learning automata. The proposed algorithm allows for a more
accurate representation of the complexities of relationships, as well as
user behavior uncertainty. Furthermore, the proposed algorithms
analyze the effect of user behavior on network measures, allowing for a
better understanding of the network structure. According to our belief,
the proposed model can provide an efficient way to analyze online social
networks such as human activity and user behavior. It is our intention in
the future to generalize our measures and algorithms in relation to
various applications of social network analysis, such as multilayer
network sampling and finding influential nodes in the context of viral
marketing.
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