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Abstract— In this paper, we introduce asyn-
chronous cellular learning automata and then
study its convergence behavior. It is shown that
for class of rules called commutative rules, the
asynchronous cellular learning automata converges
to a stable and compatible configuration. The nu-
merical results also confirms the theory.

I. INTRODUCTION

ELLULAR automata are a set of identical

components, called cells, each of which oc-
cupies a node of a regular, discrete, infinite spa-
tial network [1]. The simple components act to-
gether to produce complicated patterns of behav-
ior. Cellular automata perform complex compu-
tation with high degree of efficiency and robust-
ness. They are specially suitable for modelings
natural systems that can be described as mas-
sive collections of simple objects interacting lo-
cally with each other [2], [3]. Each cell can assume
- a state from a finite set, the cellular automata
evolves in discrete steps, changing the states of all
its cells according to a local rule, homogenously
applied at each step. The new state of a cell
depends on the previous states of a set of cells,
which can include the cell itself, and constitutes
its neighborhood [4].

In other hand, learning automata are simple
agents for doing simple things. The learning au-
tomata have finite set of actions and each stage
choose one of them. The choice of an action de-
pends on the state of automaton which is usually
represented by an action probability vector. For
each action chosen by the automaton, the envi-
ronment gives a reinforcement signal with fixed
unknown probability distribution, which specified
the goodness of the applied action. Then upon
receiving the reinforcement signal, the learning
automaton updates its action probability vector
by employing a learning algorithm. The learning

algorithm is a recurrence relation and is used to
modify action probability vector p. Various learn-
ing algorithms have been reported in the litera-
ture. Below, a learning algorithm, called Lg_y,
for updating the action probability vector, which
will be used later in this paper, is given. Let a;
be the action chosen at time k£ as a sample re-
alization from probability distribution p(k). In
Lp_; algorithm, the action probability vector is
updated according the following rule.

pj(k) +a x [1 - p;(k)]
pj(k) — a x p;(k)

it 3£ 7

(1)
when G(k) = 0 i.e. environment rewards the
chosen action of learning automaton and the ac-
tion probability vector remains unchanged when
G(k) = 1, i.e. environment penalizes the cho-
sen action of learning automaton. Parameters
0 < a < 1 represent step lengths and r is the
number of actions for LA [5]. LA have been used
successfully in many applications such as tele-
phone and data network routing [6], solving NP-
Complete problems [7], capacity assignment [8]
and neural network engineering [9], [10] to men-
tion a few.

pj(k+1) = {

Learning automata are, by design, "simple
agents for doing simple things”. The full potential
of a LA is realized when multiple automata inter-
act with each other. Interaction may assume dii-
ferent forms such as tree, mesh, array and etc. De-
pending on the problem that needs to be solved,
one of these structures for interaction may be cho-
sen. In most applications, full interaction between
all LAs is not necessary and is not natural. Lo-
cal interaction of LAs, which can be defined in a
from of graph such as tree, mesh, or array, 1s nat-
ural in many applications. In the other hand, CA
are mathematical models for systems consisting
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of large numbers of simple identical components
with local interactions. In [11], the CA and LA
i1s combined to obtain a new model called cellular
learning automata (CLA). This model is superior
to CA because of its ability to learn and also is
superior to single LA because it is a collection of
LAs which can interact with each other. The ba-
sic idea of CLA, which is a subclass of stochastic
CA, is to use learning automata (LA) to adjust
the state transition probability of stochastic CA.

Cellular learning automata (CLA) is a math-
ematical model for dynamical complex systems
that consists of large number of simple compo-
nents [11]. The simple components, which have
learning capability, act together to produce com-
plicated behavioral patterns. A CLA is a CA in
which a learning automaton will be assigned to
its every cell. The learning automaton residing in
each cell determines the state of the cell on the ba-
sis of its action probability vector. Like CA, there
is a rule that CLA operate under it. The rule of
CLA and the actions selected by the neighboring
LAs of any cell determine the reinforcement sig-
nal to the LA residing in that cell. In CLA, the
neighboring LAs of any cell constitute its local en-
vironment. This environment iS a nonstationary
environment because of the fact that it changes
as action probability vectors of neighboring LAs
vary.

The operation of cellular learning automata
could be described as follows: At the first step,
the internal state of every cell is specified. The
state of every cell is determined on the basis of ac-
tion probability vectors of the learning automata
residing in that cell. The initial value of this state
may be chosen on the basis of past experience or
at random. In the second step, the rule ot cellu-
lar automata determines the reinforcement signal
to each learning automaton residing in that cell.
Finally, each learning automaton updates its ac-
tion probability vector on the basis of supplied
reinforcement signal and the chosen action. This
process continues until the desired result is ob-
tained. Formally a d—dimensional CLA is given
below.

Definition 1. A d—dimensional cellular learn-
ing automata is a structure A = (Z¢,® A, N, F),
where
1. Z%is a lattice of d—tuples of integer numbers.
2. ® is a finite set of states.

3. A is the set of LAs each of which is assigned
to each cell of the CA.

4. N = {Z,,%2, -, Em} is a finite subset of Z¢
called neighborhood vector, where z; € Z¢. The
neighborhood vector determines the relative posi-
tion of the neighboring lattice cells from any given
cell » in the lattice Z%. The neighbors of a partic-

ular cell u are set of cells {u+ #;[i = 1,2,---,m}.
We assume that, there exists a neighborhood
function N(u) that maps a cell u to the set of
its neighbors, that is

Nu)=(u+Z,u+z2,-,u+Zm). (2

For the sake of simplicity, we assume that the first
element of neighborhood vector (i.e. Z;) is equal
to d-tuple (0,0,---,0) or equivalently u + Z; = u.
5. F : 8™ — B is the local rule of the cellular
automata, where § is the set of values that the
reinforcement signal can take. It gives the reward
(reinforcement) signal to each LA from the cur-
rent actions selected by its neighboring LAs.

A number of applications for CLA have been
developed recently such as rumor diffusion [12],
image processing [13], [14], [15], and fixed chan-
nel assignment in cellular networks [16]. In [17],
a mathematical methodology to study the behav-
ior of the synchronous CLA is given and its con-
vergence properties has been investigated. It is
shown that the synchronous CLA converges to a
globally stable state for a class of rules called com-

“mutative rules.

In some applications such as call admission con-
trol [18] and dynamic channel assignment in cel-
lular networks [16], a type of cellular learning au-
tomata in which the LA in different cells are ac-
tivated asynchronously is needed. We call such
a CLA as asynchronous CLA. In this paper, we
introduce asynchronous CLA and study its con-
vergence behavior. It is shown that for commuta-
tive rules, the asynchronous CLA converges to a
globally stable state.

The rest of this paper is organized as follows.
In section II, the asynchronous CLA is presented.
Section III presents the convergence behavior of
asynchronous CLA. In section IV, the behavior of
the ACLA when the commutative rules are used
is studied. Sections V presents the numerical ex-
ample and section VI concludes the paper.

II. ASYNCHRONOUS CELLULAR LEARNING
AUTOMATA

A CLA is called asynchronous if at a given
time only some LAs are activated independently
from each other, rather than all together in par-
allel. The learning automata may be activated
in either time-driven or step-driven manner. In
time-driven asynchronous CLA, each cell is as-
sumed to have an internal clock which wakes up
the learning automaton associated to that cell
while in step-driven asynchronous CLA, a cell is
selected in fixed or random sequence. The asyn-
chronous CLA in which cells are selected ran-
domly is of more interest to us because of its ap-
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plication to cellular mobile networks. Formally a
d—dimensional asynchronous step—driven CLA is
given below.

Definition 2: A d—dimensional asynchronous
step—driven cellular learning automata is a struc-
ture A = (Z9,®,A, N, F, p), where
1. Z%is a lattice of d—tuples of integer numbers.
2. @ is a finite set of states.

3. A is the set of LAs each of which is assigned
to each cell of the CA.

4. N ={z,Z2, --,Zm} is neighborhood vector.
5. F : ®™ — B is the local rule of the cellular
automata. a

6. p is an n x n diagonal matrix and represents
the_swp—driven vector, where p;; is the activation
probability of learning automata in cell :. When
pii=1fori=1,...,n, the CLA is synchronous.

In what follows, we consider ACLA with n cells
and neighborhood function N(i). A learning au-
tomaton denoted by A;, which has a finite action
set o, is associated to cell 7 (for i = 1,...,n) of
ACLA. Let cardinality of a; be m; and the state of
ACLA represented by p = (;_3’1 Do 53D, )+ where
p, = (Pi1,---,Pim;)" is the action probability vec-
tor of A;. It is evident that the local environ-
ment for each learning automaton is the learning
automata residing in its neighboring cells. From
the repeated application of simple local rules and
simple learning algorithms, the global behavior of
ACLA can be very complex.

The operation of ACLA takes place as the fol-
lowing iterations. At iteration k, each learn-
ing automaton A; is activated with probability
p; and the activated learning automata choose
one of their actions. The activated automata use
their current actions to execute the rule (com-
puting the reinforcement signal). The actions
of neighboring cells of an activated cell are their
most recently selected actions. Let a; € «; and
Bi € B be the action chosen by the activated
and the reinforcement signal received by learn-
ing automaton A;, respectively. The reinforce-
ment signal is produced by the application of lo-
cal rule F*(Qitz,, Qitzy - -» Qitzn) — B. The
higher value of §5; means that the chosen ac-
tion of A; is more rewarded. Finally, activated
learning automata update their action probability
vectors and the process repeats. Since each set
a, is finite, rule F*(@itz,,...,®i+z,) — B can
be represented by a hyper matrix of dimensions
mi X Mma X --- X Mp. Lhese n hyper matrices to-
gether constitutes what we call the rule of ACLA.
When all of these n hyper matrices are equal, the
rule is uniform; otherwise the rule is nonuniform.
For the sake of simplicity in our presentation,
the rule F* (aj1z,, ®itz, - - -, itz ) is denoted by
Ft(oq,a,...,0m). Based on set B, the ACLA

can be classified into three groups: P-model, Q-
model, and S-model Cellular learning automata.
When g = {0,1}, we refer to ACLA as P-model
cellular learning automata, when 8 = {b1,...,b},
(for [ < co), we refer to ACLA as Q-model cellular
learning automata, and when 3 = [by, ba], we refer
to ACLA as S-model cellular learning automata.
If learning automaton A; uses learning algorithm
L;, we denote ACLA by the ACLA(L4,...,Lyn).
If L; =L foralli=1,---,n, then we denote the
ACLA by the ACLA(L).

In the following subsections, we give some defi-
nitions and notations, which will be used later in

section III to analysis the behavior of ACLA.

A. Definitions and Notations

In this subsection, we give some definitions and
then derive some preliminary results regarding
ACLA which will be used later in this paper for
the analysis of ACLA.

Definition 3: A configuration of the ACLA at
stage k is denoted by p(k) = (p; (k), P, (k), - -
where p (k) is the action probability vector of
learning automaton A;.

Definition 4: A configuration p is called deter-
ministic if the action probability vector of each

learning automaton is a unit vector; otherwise it
is called probabilistic. Hence, the set of all deter-

ministic configurations, £*, and the set of proba-
bilistic configurations, X, in ACLA are

K* = {plp=(pnp, -0 ),p, = (Pir,---
, Py =0o0rl Vy,i,» piy=1Vi}, and
y
K = {ElE:(ELE;:-”:E;)I:EI—=(pi1:---

, U ppsld ‘u’y,i,Zpiy = 1 Vi}, respectively.

J
The application of the local rule to every cell

allows transforming a configuration to a new one.

Definition 5. The global behavior of a ACLA is
a mapping G : L — K that describes the dynamics
of the ACLA.

Definition 6: The evolution of the ACLA from
a given initial configuration p(0) € K is a sequence
of configurations {E(k)}kzﬂrﬂut‘h that E(k +1) =
G(p(k)).

Definition 7: The average reward for action r
of automaton A; for configuration p € K is defined

asS
dielBy =Y ,.c: 3 Filrsyms-cootm) || Do
y2 Ym “EI‘:E":'

(3)

and the average reward for learning automaton A;
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is defined a

D;i(p) = ) _ dir(D)pir- (4)

The above definition implies that if the learn-
ing automaton A; is not a neighboring learning
automaton for A;, then d;-(p) does not depend
onp.. -

Beﬁmtwn 8: A configuration p € K is compat-

ible if i
Z 'd'ff‘ (E)pir :_} Z di-r (E) Qir (5)

for all configurations ¢ € K and all cells i. The
configuration p € X is said to be fully compatible,
if the above inequalities are strict.

The compatibility of a configuration implies
that no learning automaton in ACLA have any
reason to change its action.

Definition 9: The total average reward for the
ACLA at configuration p € K is the sum of the
average rewards for all the learning automata in
the ACLA, that is,

p) =2 Dip) (6)

Lemma 1: The ACLA has at least one compat-
ible configuration.
Proof: Let ¢;, (fp) dir(p) — Di(p) and ¢ir(p) =
max{¥;,(p), 0} fori=1,...,nandr=1,...,m;.
Note that ¥;-(p) and qbw( ) are Cmntinuﬂus func-
tions on K. Introducing the mapping T : K = K
given by

Dir = Pir + ¢'£r
L+ F oo i

fore=1,...,.nand r =1,...,m;. It is evident
that T is a continuous mapping. Since K is closed,
bounded and convex, we can use the Brouwer’s
fized point theorem to show that every mapping
T has at least one fixed point. We now show that
every fixed point of T is necessarily a compatible
configuration of the ACLA and conversely every
compatible configuration of the ACLA is a fixed
point of T, that is, p = T'(p) thereby concluding
the proof of the lemma. We first verify the latter
assertion: if p € K is a compatible configuration,
then for every ¢ € K, we have ). dir(p)pir 2

> dir (P)Gir for all 1 = T Cﬂnﬁguratm:l
q also includes qg=

{— r,...?p )! for fixed
i (i=1,.

n). Sme%e diy (p) is mdependent of
p., we :}bta.m Yir; (p) < 0. Hence, ¢ir, = 0 for
ajlzw.l nand r; = 1,...,m and we have
p=T(p), mhmh cc}ncludmg th:a.t p is a fixed point
=
Conversely, suppose that p € K is a fixed point
of T, but not a compatible configuration. Then
for some i (1 <7 < n), there exists an action prob-
ability vector p. such that p = (2’1, . ;:5':, o 2:1 ¥

(7)

and

Z dir (E)pir < Z dir(g)p_ir (8)

Let y; (1 < © € m;) be an action for which
di»(p) attains its maximum value. Then D;(p)
can be bounded from above by d;y, (p), thus im-
plies ¥, (p) > 0, which implies ¢ir,(p) > 0.
But since ¢;,.(p) is nonnegative for all r;, then
25 $ij(p) > 0. Let r; (1 < i < m;) be an ac-
tion tor which d;-(p) attains its minimum value.
Then by using inequality (8), it can be shown
that D;(p) bounded below by d; (p). This im-
plies ¥y, (p) < 0, which implies ¢;y, (p) = 0, which
when used in (7) yield the conclusion p;,, < Piy;,
because ). ¢ij(p) > 0 and contradicts the hy-
pothesis that ¢ is a fixed point of T. i#

Lemma 2: Configuration p € K is compatible if
and only if
dir(E) i: Di@)a

for all 7 and r.

Proof: If p € K is a compatible configuration,
then from (5}, for every g € K and 1 <1 < n,
we have ) dir(p)pir > ), dir(p)gir- Since, g
includes ¢ = (p},....€,,,-.-,p )" for fixed i (i =
1,...,n) and du. (p) is independent of p, then we

thain dir; (p) < D,;(E).

Conversely, suppose that d;. (p) < D;i(p) (1 =
L. .oyt @tid v = L. Biik ﬁis not {:E:mpat-
ible. Then for some learning automaton i with

action probability vector q, there exists an ac-
tion y; such that ¢ = (pl,.,.,q s ’)’ and
diy; (p) > Di(q). Actmn y; denotes the a.{:tmn for
which d;,, (p) attains its maximum value. Since
g, is a probability vector, then D; (g) is bounded
frc.-m the above with d;y, (p) and arrives at strict
inequality D;(p) < Di(q) < di, (p). But this
contradicts the_h} pmthesfs that dir. (p p) < Di(p),
which concludes that p is a compatible configura-
tion. ®

Lemma 3: Let p € K be a compatible configu-
ration. Then for each 7, we have

d‘ir(E) = Di(ﬂ)a
for all r such that p;, > 0.

Proof: From lemma 2, we have

dir(E] E Da(E).—-

for all 2 and r. Suppose that for at least one action
y of automaton A;, the above inequality is strict.
Thus we have

djy(p) < D;(p).
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From the above inequality and equation (4), we
obtain

Di(p) = Y dir(p)pir < Di(p) D pir = Di(p)
B pir >0

The above contradiction completes the proof of
the lemma. =

Theorem 1: A configuration p € K is compat-

ible if and only if >, > diy(p) [Piy — qiy] > O
holds for all g € K.

Proof: If p is compatible, then from (5), we
have

> diy(P)piy > Y diy () iy,

y y

for any ¢ € K. Summing over 1 we obtain
DD diy®piy 2 ) ) diy(p)aiy-
iy iy

Conversely, if inequality (5) is solved by p, then
for any ¢ € K, fixed [, 1 <[ < n, and set ¢ =

! / !\
(Pl 5oy Qe <2 0.)~ Then g€ K and 50

Z Zdiy(ﬂ) hjiy = G’z‘y} = Z diy (E) P1y — ny]
> 0.

Since [ is arbitrary, then the above inequality im-
plies that p is compatible. =

This Theorem states that, when the action
probability vector of all the learning automata ex-
cept the specific learning automaton A; are held
fixed for some 7, then the configuration reached by
the ACLA at the point, where the average reward
of A; is maximum, is compatible.

Theorem 2: A corner p = (gtl,gh,...,gtﬂ)’ 18
compatible if and only if

Fi(tl,tg,“+,tﬁl)zfi(rjtj,...,tm.}
forall r £ 1.
Proof: Let ¢ = (gh,gti:...,gn,...,e“]’ for

r; # t; be a compatible corner. From definition 8,
we have

Z dir (E)P-ir 2 Z dir (E)Q’w . (9)

Since p and ¢ are two corners, then the above
inequality can be simplified as

diti (E) > dir‘i (E)

Substituting d;-(p) from equation (4), we obtain

(10)

P(tl,tg,”.,tﬁl) :-_”" }Pil:f‘l,tg,...,tﬁy

Conversely, assume that F'(t;,ts,...,ts) >
F(ry,t2,-..,tm) but p is not compatible. From
definition 8 and by some algebraic simplifications
we obtain

Z[Fi(tlrtﬂiw-jtrﬁ_-:‘ri(?'lrtgj.“.,tﬁ)}qir >

T

Since each term of the above inequality is non-
negative, thus the summation is also nonnegative,
which contradicts our assumption and hence p is
compatible. N |

III. BEHAVIOR OF ASYNCHRONOUS CELLULAR
LEARNING AUTOMATA

In this section, we analyze the asynchronous
CLA in which all learning automata use the Lr_;
learning algorithm. We denote this ACLA by
ACLA(Lg-;). For analyzing the behavior of
ACLA, we need to count how many times a learn-
ing automaton is activated. To do this, we in-
troduce the concept of local time for every learn-
ing automaton (cell). The local time for every
automaton starts with 1 and incremented by 1
every time that learning automaton is activated.
Let t; be the local time for learning automaton
A;. We now define a sequence of random vari-
able Tti ( e T, & Teig & ), where Tt; 1S
the global time for the learning automaton A; ac-
tivated at local time ¢;. Let «;(7%,) be the ac-
tion chosen by learning automaton A; at global
time instant 7% in tEh activation of A4;. We as-
sume that the action of a learning automaton
is the action chosen in its last activation and is
held be constant between its two activations, 1.e.
a;(k) = a;(T},) for all k € [Ty, T¢,+1). Let II be
an M x M diagonal binary matrix with m;; =1
for Z;,__,i my < j < Y.,_, mu if the learning au-
tomaton A; is activated at each time instant and
mi; = 0 elsewhere. Using Lg-; learning algo-
rithm, process {p(k)}k>o0 is Markovian and can
be described by the following difference equation.

p(k + 1) = p(k) + allg(p(k), B(k)),

where 8(k) is composed of components S, (k) (for
1 <i<mnandl <y < m), which are depen-
dent on p. ¢ represents the learning algorithm,
a is a M x M diagonal matrix with aj; = a;
for Zf;i’ My <1 5 z:=1m.g, and a; represents
the learning parameter for learning automaton A;.
Let p; (0 < p; < 1) be the probability that the
learning automaton A; activated to choose its ac-

tion and let p is an M x M diagonal matrix with
pj; = pi for Zi;i my < J < )=y mu. Let

(11)

p=E[L]. (12)
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We assume that p; (1 = 1,...,n) be time invari-
ant through the operation of ACLA. Now define

Ap(k) = E[p(k +1) - p(k)|p(k = p]
Since {p(k) } k>0 is Markovian and (k) depends

only on p(k) and not on k explicitly, Ap(k) can be
given by a function of p(k). Hence, we can write

Ap(k) = apf (E(k)) ; (13)
Now using Lg_; algorithm, the components
p(k) can be obtained as follows.

Apiy(k) = (14)

aipii fiy (D),
where

fiw(p) = piy(k) [diy(p) — Di(p)] - (15)

The details of the above derivation can be found
in [19]. For different values of a and p, equation
(11) generates different process and we shall use
p? (k) to denote this process whenever the value
of a and p are to be specified explicitly. Define
a continuous-time interpolation of p.(k), denoted

by E‘” (t), and called interpolated process, whose
components are defined by
p,*"(t) = p,(k)

i

t € [kaipi, (k+1)aip;], (16)

where a; is the learning parameter of the Lg_;
algorithm and p; is the activation probability for
learning automaton A;. The interpolated process
{P*(¢) }+>0 is a sequence of random variables that
takes values from R™1 % *™Mn where R™M1 % "Mn
is the space of all functions that, at each point,
are continuous on the right and have a limit on
the left over [0,00) and take values in K, which
is a bounded subset of R™1*-*™~_ The objec-
tive is to study the limit of sequence {p*(t)}+>0
as max{a} — 0. Since 0 < p; < 1, when max{a}
is sufficiently small, then {p®(t)}:>0 will be a good
approximation to the asymptotic behavior of (16)
and equation (13) can be written as the following
ordinary differential equation (ODE).

p=f(p), (17)

where p is composed of the following components.

(18)

dp;
= = piy [diy(p) — Di(p)]
dt |

We are interested in characterizing the long
term behavior of p(k) and hence the asymptotic
behavior of ODE (17). The analysis of process

{p(k)}k>0 is done in two stages. In the first stage,

we solve ODE (17) and in the second stage, we
characterize the solution of this ODE. The solu-
tion of ODE (17) approximates the asymptotic
behavior of p(k) and the characteristics of this
solution specify the long term behavior of p(k).
The following theorem gives the asymptotic be-
havior of p* as max{a} is sufficiently small. We
show that the sequence of interpolated process
{p*(t)} converges weakly to the solution of ODE
(17) with initial configuration p(0). This implies
that asymptotic behavior of p(k) can be obtained
from the solution of ODE (17).

Theorem 3: Sequence {p*(.)} converges weakly
to the solution of -

(19)

with initial condition X (0) = X as a — 0, where
Xo = p*(0) and a = max{a}.
Proof: The following conditions are satisfied by
the learning algorithm (11).
1. {p(k),(a(k—1),8(k—1))}r>0 is a Markov pro-
cess.
2. (a(k),B(k)) takes values in a compact metric
space.
3. g is bounded, continuous and independent of
a.
4. ODE (19) has a unique solution for each initial
condition X (0).
5. If p(k) = pis aconstant, then {(a(k), B(k))} x>0
is an independent identically distributed se-
quence. Let MP be the distribution of process
{(a(k), B(K))}x>o.
Then using the weak convergence theorem [20],
sequence {p“(.)} converges weakly, as max{a} —
0 to the solution of

dX

52 = 10, X(0) = Xo,

where f(p(k)) = E,f(p(k), a(k), B(k)) and E, de-
notes the expectation with respect to the invari-
ant measure MP. Since for p(k) = p, (a(k),3(k))
is an independent identically distributed sequence
whose distribution depends only on p and the rule
of the ACLA, then we have -

f(p) = E [f(p(k), a(k), B(K))] = f(p),

and hence the theorem. %

Theorem 3 enables us to understand the long
term behavior of p(k). The weak convergence in
this theorem implies that path p?(t) will closely
follow the solution to the ODE on any finite
interval with an arbitrarily high probability as
max{a} — 0. As the length of the time interval
increases and max{a} — 0, the fraction of time
that the path of the ODE must eventually spend
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in a small neighborhood of p°, the solution of the
ODE, goes to one. Thus, p*(.) will éventually
(with an arbitrarily high probability) spend all of
1its time in a small neighborhood of p° as well.
The time interval over which the evolution of the
CLA follows the path of the ODE goes to infinity
as max{a} — 0. The speed of convergence de-
pends on the specific value of a. The above point
is summarized in the following lemma.

Lemma 4: For large k and small enough value

of max{a}, the asymptotic behavior of p(k) gen-
erated by the CLA can be well approximated by
the solution to ODE (19) with the same initial
configuration.
Proof: Let X(.) be the solution of ODE (19)
with initial condition X (0) = Xy sufficiently close
to an asymptotically stable configuration of the
ODE, say p° € K. For any Y(t) € K, ¢t > 0 and
any positive T' < oo, define

hr(Y) = sup ||X (t) -

t<T

X ()]l

Function hr(.) is continuous on K. Then theo-
rem 3 says that E [h7(p)?] = E[hr(X)] = 0 as
max{a} — 0. The limit is zero since the value of
hr(X) on the paths of limit process is zero with
probability one. Thus, the sup over ¢t € [0,7] of
the distance between the original sequence p(t)
and X (t) goes to zero in probability as k — oo.
With particular initial condition used, let p® be
the equilibrium configuration to which the solu-
tion of the ODE converges. Using this and the
nature of interpolation, given in (16), it is implied
that for the given initial configuration and any
e > 0 and integers k; and k2 (0 < k1 < k3 < 00),
there exists a ap such that

=0

- Prob Va < ay,

sup ||p(k) —p°|| > €

ky <k<ks

where a = max{a}. Since p° is an asymptotically
stable equilibrium point of ODE (17), then for all
initial configurations in small neighborhood of p°,
the ACLA converges to p°. n

In the following subsections, we first find the
equilibrium points of ODE (17), then study the
stability property of equilibrium points of ODE
(17), and finally state a main theorem about the
convergence of the ACLA.

A. Equilibrium Points

The equilibrium points of equation (15) are
those points that satisfy the set of equations
Ap;i(k) = 0 for all ¢,j, where the expected
changes in the probabilities are zero. In other
words, the equilibrium points are zeros of f (p),
which are studied in the following two lemmas.

Lemma 5: All the corners of K are equilibrium
points of f(.). All the other equilibrium points p
of f(.) satisfy

diy (E) = di?‘(E)v (20)

for all r,y € {1,2,...,m;}, and for all ¢ =

j [P [

Proof: From equation (14), it is obvious that
fiy =0 (for i = 1,2,...,n) if p. is a unit vector
and hence all corners r:}f K are ethbrmm points
of f(.). In order to find other equilibrium points
of _f() from (14) it is obvious that f;, = 0 if
piy = 0. Since p. is a probability vector, then all
components of p, cannot be at the same time zero.
Hence, when p;, 75 0, the following equation must
hold.

" pir(k) [diy(0) — die(@)] =0 (21)

rEY

Using some algebraic simplification, we obtain

Z [diq(P dir P)} pir(k) = dﬂi‘( = :y(ﬁm
r#q
for y =1,...,m; and y # ¢q. The details of the

above derivation can be found in [19]. The left
hand side of the above equation is same, say as

do. Forallg=1,. ., mm; anly %15 Thus, bor all
y # q, we have
dig(p) — dia(p) = ... = dig(p) — dim.(p) =

When dy # 0, equation (22) implies that
D rsq Pir(k) = 0, corresponding to the unit vec-
tor e, and considered already. When dp = 0, then
the p that results f(p) be zero must satlsfy the
following

diq (E) — diy (E) =0,

or equivalently

diq(p) = diy(p),

for Vi = 1,2,...,n and Yy # ¢. When some p;,
are zero, for f to be zero, equation (21) must be
satisfied for all 1 < y < m; such that p;, # 0 for

each ¢, which completes the proof of this lemma.
=

Lemma 6: All compatible configurations are
equilibrium points of f(.).

Proof: Let p be a compatible configuration.
Then by lemma 3, for each i, either p;, = 0 or
dir(p) = Di(p). Hence, fir(p) = 0 for all 7 and .

i

277



Proceeding of CSI Computer Conference

B. The Stability Property

In this subsection we characterize the stabil-
ity of equilibrium configurations of ACLA, that
is the equilibrium points of the ODE (17). From
the lemmas 5 and 6, all the equilibrium points
of (17) are known. In order to study the stabil-
ity of the equilibrium points of (17), the origin
is transferred to the equilibrium point under con-
sideration and then the linear approximation of
the ODE is studied. The following two lemmas
are concerned with the stability properties of the
equilibrium points of ODE (17).

Lemma 7: A corner p° € K* is a fully com-
patible configuration if and only if it is uniformly
asymptotically stable.

Proof: Let configuration p° = [gil, . ,EL)I be
a corner of K that is a fully compatible configu-
ration. Using the transformation defined by

ity #ti
if y # ¢

the origin is translated to E‘j. Since P, (1< <
n) is a probability vector, then only > .(m; — 1)
components of p° are independent. Suppose that
pir for r # t; (for 1 < i < n) be the independent
components. Using Taylor’s expansion, f;, can be
expressed as

fi*y = ﬁiy[fi(yvtﬂ:-”‘&tfﬁ)
+ high order terms.

i :Fi(ti:tﬂr L :ltﬁl)]

(23)

We consider the following positive definite Lya-
punov function V' (p) > i 2oy, Piy, where
V (p) > 0 and is zero when p;,, = 0 for all ¢,y, and
its derivative is equal to V (B) = X, 2, . fiy-
- Since corner p° is a fully compatible configuration,
then from Theorem 2 we have Fi(y,ta,...,tm) —
Jﬂ'-i(ti,tg, osbm) < D fors = 1.2....,n. Thus,
equation (23) implies that there is a neighborhood
around p° such that the linear terms dominate the

high order terms. Hence, V (E) < 0 and p” is an
uniformly asymptotical stable configuration.
Conversely, assume that p° is an uniformly

asymptotical stable configuration, then the lin-
ear approximation of ODE (17) can be writ-

ten as E = Ap, where A = diag ( ﬂ-y) and
fiy:Fi(ytrtﬂ:l"':tﬁl)_‘Fi(ti:t?'l'*'&tﬁl) for i =
1,2,...,n. Since p° is uniformly asymptotical sta-

ble, A should ha.v_{_a eigenvalues with negative real
parts and hence f;, < 0. Using Theorem 2, this
implies that p° is a fully compatible configuration.
This completes the proof of this lemma. L}

Lemma 8: Non-compatible equilibrium points
of f(.) are unstable.

Proof: Let p° be an equilibrium point of f(.)
which is not compatible. Then by lemma 3, there
1s a learning automaton j and an action y such
that djy(p) > D;(p). Since djy(p) and D;(p)
are continuous, then inequality dj,(p) > D i(p)
will hold in small open neighborhood EiIGllI]d 0o,

Using (18), it is implied that for all points in
this neighborhood _~&§1 > 0 if pj; # 0. Hence,
no matter how small this neighborhood we take,
there will be infinity many points starting from
which, p(k) will eventually leave that neighbor-
hood, which implies that p° is unstable. B

C. Convergence Results

We study the convergence of ACLA for the fol-
lowing four different initial configurations, which
covers all the points in X.

1. p(0) is close to a compatible corner p°. By
lemma 7, there is a neighborhood around P’ en-
tering whmh the ACLA will be absorbed by that
corner. Thus, the ACLA converges to a compati-
ble configuration.

2. p(0) is close to a non-compatible corner p°. By
lemma 8, no matter how small neighborhood we
take around p°, the solution of (17) will leave that
neighborhood and enter K —K*. The convergence
when the initial configuration is in K — K* is dis-
cussed in case 4 below.

3. p(0) € K*. Using the convergence properties of
Lr_; learning algorithm [5], no matter whether
p(0) is compatible or not, the ACLA will be ab-
sorbed to p(0).

4. p(0) € K — K*. The convergence results of the
ACLA for these initial configurations is stated in
theorem 4.

Theorem 4: Suppose there is a bounded differ-
ential function D : R™++™m=» — R such that
for some constant ¢ > 0, 5‘1%(3_?) = &l (E) for all
i and 7, and p; > 0 for all 2. Then asynchronous
CLA for any initial configuration in  — K* and
with sufficiently small value of learning parameter
(max{a} — 0), always converges to a configura-
tion, that is stable and compatible.

Proof: Consider the variation of D along the
solution paths of ODE (17), D is non-decreasing
because

D Op;
ZZ Opiy Sty -

The details of the above derivation can be found
in [19]. The ACLA updates the action proba-
bilities in a such a way that p(k) € K for all
p(0) € K and k > 0. Since K is a compact sub-
set of RMi++ma asymptotically all solutions of
ODE (17) will be in K. Inequality (24) shows that
ACLA updates the configuration probabilities in
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i+ 1

Fig. 1. The linear ACLA.

gradient ascent manner and hence, converges to
a maximum of D, where ¢ d = 0. From (24), the
derivative of F is zero if and only if for all 7,y,r

we have pirpiy = 0 or piy = Dir.
and 6, these configurations are equilibrium points

of fiy(p). Thus the solution to ODE (17) for any
initial configuration in K — K* will converge to a
set containing only equilibrium points of the ODE
(17). Since all equilibrium configurations that are

not compatible are unstable, the theorem follows.
=

IV. ASYNCHRONOUS CELLULAR LEARNING
AUTOMATA USING COMMUTATIVE RULES

In this section, we study the behavior of the
ACLA when the commutative rules are used.
Commutativity is a property of hyper matrix F°
as given in the following definition.

Definition 10: A rule F*(Qtitz,,.--)Qitzs) 1S
called commutative if and only if
‘Fz(ﬁi.}.fl, viis -:&i+i‘ﬁ1) = ...= Fi(ﬂi+jz, .. .,ﬂ'i+fl),

(24)

In order to simplify the algebraic manipula-
tions, we give the analysis for the linear ACLA.
The linear ACLA, as shown in figure 1, uses the
neighborhood function N (i) = {i—1,7,i+1}. The
following theorem is an additional property for
compatible configurations in ACLA using commu-
tative rules.

Theorem 5: For a ACLA, which uses a commu-
tative rule, a configuration p at which D(p) is a
local maximum, is compatible. -
Proof: Since K is convex, then for every 0 <
A <1and g € K, we have A\g + (1 — A)p € K.
Suppose that pis a configuration for which D(p)
is a local maximum, then D(p) doesn’t increase
as one moves away from p. Thus we have

dD(Ag + (1 = A
Mg+ (-2p)| o
dA -

b2
|
—

Thus using chain rule, we obtain VD(p)(q —p) <

0. VD(q) has M elements in which (I, 7)th compo-
nent of VF (g) is denoted by g, and calculated by
the following equation. Let y = aj+z,, T = Qitz,,
z=m+is,j:i-1,andk=i+l.

Y_\ T T y\ P(y T,z pj:cptypkz

i’?p Ir

From lemmas 5 |

= 3d,§,-(£)

The details of the above derivation can be found
in [19]. Thus, VD(p)(¢ — p) < 0, which implies
that |
VD(p)(g—p) = 3 Z Z diy(p

'-'i'ty pi‘y] < 0.

The above inequality is true for all ¢ € K. So, p
satisfies the condition of theorem 1, a.nd hence p
is a, compatible configuration. H
Now, using the analysis given in section Ill, we
can state the main theorem for the convergence
of the ACLA when it uses commutative rules.
Theorem 6: An asynchronous CLA, which uses
uniform and commutative rule, starting from
p(0) € K — K* and with sufficiently small value
of learning parameter, (max{a} — 0), always con-
verges to a deterministic configuration, that is sta-
ble and compatible.
Proof: Let function D : R™m++mm 5 R be
the total average reward for the ACLA. Hence, we
have ED ~(p) = 3d;-(p) for all ¢ and 7. Using the-

orem 4 convergence of ACLA can be concluded.
o]

V. NUMERICAL EXAMPLES

This section discusses patterns formed by the
evolution of cellular learning automata from a
random initial configuration. For the sake of sim-
plicity in our presentation, we use the following
notation to specify the rules for the cellular learn-
ing automata for which each cell has a learning
automaton with m actions. The actions of each
learning automaton are represented by integers
in the interval [0,m — 1]. Hence, the configura-
tion of each cell and its neighbors form a m digits
number in interval [0, m™ — 1] with m™ possible
values. The value of reinforcement signal for all
of the above m™ configurations constitute an m™
bit number. We identify a rule by the decimal
representation of this m™-bit number. We use
notation (), to specify the rules of the ACLA,
where j is a decimal number representing the rule
and m is the number of actions of the learning
automaton. For example, table I represents the
rule (22), for a linear ACLA with two-actions
learning automata and the neighborhood function
N(@) = {i —1,i,i + 1}. In this table, each of
the eight possible configurations for a cell and its
neighbors appear on the first row, while the sec-
ond row gives the value of the corresponding rein-
forcement signal (£) to be output to the learning
automata.

In the experiments presented below, the asyn-
chronous CLA are considered. Figure 2 shows the
time-space diagram evolution of ACLA with 20
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TABLE I
THE SCHEME FOR THE RULE NUMBERING FOR TWO
ACTIONS LA

100 011 010 001 000

1 0 1 1 0

W (R
o
=

cells and a two-actions Lg_y learning automaton
in each cell. The probability of activation of learn-

2]
3]

4]
[5]

[6]

7]

8]

9]

[10]

(11]

[12]

[13]

(14]

[15]

[16]

ing automata is the following fixed vector
p = (01,0.1,0.20.1,0.3,0.5,0.6,0.8,0.1,
0.1,0.2,0.1,0.3,0.5,0.6,0.8,0.1,0.1,0.2, 0.1)".
le
-
rule (37)s rule (38)-
S.a8 SE: -
o2
rule (39)2 rule (47),
Fig. 2. Time-space diagram for asynchronous CLA

VI. CONCLUSIONS

In this paper, the asynchronous cellular learn-
ing automata was introduced and its convergence
behavior was studied. It was shown that for com-
mutative rules, the asynchronous cellular learning
automata converges to a stable configuration for
which the average reward for the ACLA is max-
imum. The numerical results also confirms the
theory:.
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