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Abstract

In recent years, with the rapid development of online social networks, an enormous amount of
information has been generated and diffused by human interactions through online social
networks. The availability of information diffused by users of online social networks has facilitated
the investigation of information diffusion and influence maximization. In this paper, we focus on
the influence maximization problem in social networks, which refers to the identification of a small
subset of target nodes for maximizing the spread of influence under a given diffusion model. We
first propose a learning automaton-based algorithm for solving the minimum positive influence
dominating set (MPIDS) problem, and then use the MPIDS for influence maximization in online
social networks. We also prove that by proper choice of the parameters of the algorithm, the
probability of finding the MPIDS can be made as close to unity as possible. Experimental
simulations on real and synthetic networks confirm the superiority of the algorithm for finding the
MPIDS. Experimental results also show that finding initial target seeds for influence maximization
using the MPIDS outperforms well-known existing algorithms.

Keywords. Learning Automata, Social Network Analysis, Minimum Positive Influence Dominating
Set, Influence Maximization.

1 Introduction

Today, online social networks (OSNs) such as Facebook, LinkedIn and Twitter play an important
role in diffusing opinions and information between individuals. Extensive research on social
network analysis shows that online users, when sharing information, trust the opinions or
information obtained from their close social groups such as friends and acquaintances far more



than they trust the comments of ordinary people or news about information from public media.
Moreover, with the rapid development and increasing popularity of online social networks, an
enormous amount of information has been generated and diffused by human interactions through
these networks. The availability of information diffused by online users had led to emerging
opportunities for enabling large-scale research into information diffusion.

Extensive studies have been conducted on many real and complex social networks. In most of the
studies, a social network can usually be modeled as a graph, with a set of nodes representing
online users and edges representing a relationship between users. Social networks have the small-
world property, implying a short average distance between each pair of nodes in the real network
[1]. Another significant characteristic of social networks is the community structure, that is, the
tendency to form communities between some nodes [2]. Furthermore, social networks reflect the
scale-free property, in which several nodes with a relatively large number of edges exist that these
nodes are known as hubs [3].

One of the fundamental problems in information diffusion in social networks is the influence
maximization problem. The problem of optimizing influence maximization in a social network
focuses on how to select a small sub-set of individuals as the initial influence adopters to trigger a
cascade such that the influence diffusion in the social network is maximized. This problem has
drawn a great deal of attention because it can be applied to optimize the spread of information,
new ideas or innovations through social networks. One of the most popular applications is viral
marketing. For a company needing to promote a new service, viral marketing is an effective
strategy for a limited budget. Instead of promoting the new service to all potential customers, a
company can target a small sub-set of customers who then recommend the service to their friends
or acquaintances. Due to the word-of-mouth effect, a small number of nodes can affect the whole
network, while the idea, service or innovation can be spread widely [4]. This set of nodes is
referred to as a dominating set (DS). Because there is a tendency in online social networks for
users to match each other’s behaviors, the extended minimum dominating set could be
investigated using the DS concept as a positive influence dominating set (PIDS) in social networks.

Let G=(V, E) be the graph of a network, in which V is the set of nodes and E is the set of edges. For
such a network, a PIDS is a subset PV with a minimum size such that any node v;eV is dominated

by at least [ﬂ nodes in P, where n; is the degree of node v;.. The minimum positive influence

dominating set (MPIDS) is the PIDS with minimum cardinality [5]. The MPIDS concept has many
applications in online social networks. For example, in terms of viral marketing [6], an influential
individual can efficiently change the decisions of other people to adopt or refuse a product or
service. Due to structural changes in positive effects on social networks, it can be guaranteed
through the constructing of an MPIDS that each node has more positive neighbors than it has
negative ones. Figure 1 provides a typical example of an MPIDS. The black nodes, P= {3, 4, 5, 6},
represent one of the MPIDSs in this network. We note that {1, 3, 5, 6} and {2, 3, 5, 6} are two other
possible choices,



Figure 1. Example of a minimum positive influence dominating set in a typical input network.

Several studies have been conducted on finding PIDS; these studies can be summarized as follows.
Wang et al. [6] proposed a greedy algorithm for finding the MPIDS in a social network with
computational time complexity O(n’). The proposed algorithm uses classic dominating sets
iteratively and adds nodes with an H(d), where H is the harmonic function and d is the maximum
vertex degree of the network. Moreover, the authors prove that the problem is APX-hard. Raei et
al. [7] presented another greedy algorithm for the PIDS problem, in which the running time is
reduced to O(n°). Although the greedy algorithm was successful in finding the optimal solution, it
failed to do so in some cases and obtained an inappropriate solution. Another greedy algorithm
which has been designed for power law graphs was introduced by Zhang et al. [8]. This work also
showed that the presented algorithm has a constant approximation factor for power law graphs;
however, the authors did not consider real networks, which do not necessarily reflect power-law
degree distribution properties. Dinh et al. [9] defined the new concept of the total positive
influence dominating set (TPIDS), in which the goal is to cover the fraction p of neighbors rather

than [%} The authors also presented an approximation factor for the TPIDS and showed that in

power-law networks, in which the degree sequence follows a power-law distribution, both PIDS
and TPIDS problems admit constant factor approximation algorithms. Furthermore, they
investigated this problem only in the special case in which the influence spread is performed based
on a linear threshold model. In their model, a node is activated when a fraction p of neighbors are
activated. Wang et al. [10] considered the slightly different problem of the weighted positive
influence dominating set. In this problem, each node of the network is assumed to have a weight
value, and the goal is to identify the PIDS with maximum total weight.

A significant application of the PIDS is the solution of the influence maximization problem. Given a
social network, the problem of influence maximization involves the determination of a set of
nodes that maximizes the spread of influences based on the given propagation model. In [4], two
classical propagation models taken from mathematical sociology are presented, including the
linear threshold model and the independent cascade model. In the linear threshold (LT) model,
each node has a threshold that is chosen uniformly and randomly between 0 and 1. A node is
activated when the fraction of its activated neighbors reaches this threshold. Threshold models
have been proposed and studied in many domains, for example, sociology, as a reasonable
approach toward a model for influence in a social network. In the independent cascade (IC) model,
each node has either an active or an inactive state and is allowed to change its state from inactive



to active, but not vice versa. Each active node has a single and independent chance to activate its
inactive neighbors. Java et al. [11] applied the linear threshold model for finding influential
bloggers to maximize the spread of information throughout the blogosphere. They also
investigated the performance of the different algorithms, such as PageRank, HITS and in-degree,
on modeling the influence of blogs. In [12], Kimura and Saito used the shortest path model for
information diffusion and proposed an algorithm to achieve the maximum spread under their
proposed model. They investigated an algorithm that efficiently computes a proper approximate
solution to the problem using a greedy approach. Domingos and Richardson [13, 14] considered
influence maximization a basic algorithmic problem and suggested a probabilistic model of
interaction between people in networks. Following this idea, Kempe et al. [4] formulated influence
maximization as a discrete optimization problem that attempts to find a set of k nodes according
to a specific propagation model to maximize the influence spread.

In [15], a new algorithm was presented by Liu et al. for solving the influence maximization problem
by forming an influence-spreading path. They argued that time plays an important role in the
influence spread between two users and that the time needed for each user to influence another
is different. Another algorithm is investigated by Xu et al. [16]; the authors solved the problem of
influence maximization using a weighted maximum cut problem and a semi-definite program-
based algorithm. Based on the proposed algorithm, the value of the influence between two non-
adjacent individuals is computed according to the existence of a social influence path between
them. In addition, Jong et al. [17] presented an algorithm for influence maximization on specific
users in social networks and formulated the problem as query processing to find specific users
within the network as a whole. One of the most important heuristic algorithms is the high-degree
approach suggested in [4]. According to this algorithm, the initial k nodes used as seeds are nodes
with k maximum output degree. In the PageRank algorithm for influence maximization [18], nodes
are ranked according to significance, although recent research has shown that PageRank vyields
inappropriate results for finding influential nodes. In the hyperlink-induced topic search (HITS)
[19], the concepts of hub and authority were investigated, in which a hub is a page that points to
many other pages, and a good authority represents a page that is linked to by many different hubs.
Lu et al. [20] presented the extension of the H-index concept to determine how important a node
is in the underlying network as an important parameter to quantify the influential spreaders.
Based on the definition, the H-index of a node is specified to be the maximum value h such that
there exists at least h neighbors of degree no less than h in a network. They also discovered that
the H-index of a node can be a better predictor of the influence of a node in epidemic spreading
than the degree or the coreness. A Cost-Effective Lazy Forward selection (CELF) algorithm [21], is a
well-known lazy-forward greedy algorithm with an optimization, in which new seed nodes are
selected by further exploiting the sub-modular property of influence maximization. More precisely,
the marginal gain of a node in the current iteration cannot be greater than its marginal gain in
previous iterations; hence, the number of spread estimation calls can be reduced significantly.

To improve the effectiveness and performance of CELF, CELF++ [22] is presented as an extension of
CELF. In CELF++, the influence spread for two successive iterations of the greedy algorithm is
computed simultaneously, leading to a lower number of iterations being required. More recently,
Zeng et al. [1] proposed the Mixed Degree Decomposition (MDD) algorithm, which cooperates
with both the residual degree (number of links connecting to the remaining nodes) and exhausted



degree (number of links connecting to the removed nodes) in networks and is therefore called
mixed degree. During the execution of the MDD algorithm, nodes are removed based on the mixed
degree. In Yeruva et al. [2] a Pareto-Shell decomposition algorithm is proposed such that the
algorithm selects non-dominated spreads with a ratio of high out-degree to in-degree and high in-
degree. In addition, they have shown experimentally that the proposed algorithm outperforms
high degree centrality in some cases.

A valuable direction for research into finding influential nodes in graph theory is the solution of the
minimum dominating set (MDS) problem. Several algorithms have been proposed [23-28] to solve
this problem. Because finding the MDS and its variants are NP-complete problems [23], the
algorithms presented in [23-28] attempt to minimize the cardinality of the obtained dominating
set in only certain areas. In [29-31], the most popular approximations based on greedy algorithms
are presented. In greedy selection, the main idea is to choose a node with maximum dominance
among uncovered nodes until a set with minimum cardinality is achieved. This idea results in an
Ln(A) approximation factor, where A denotes the maximum degree in the graph. A polynomial
time approximation scheme (PTAS) for polynomial bounded graphs is presented in [32] to solve
the MDS problem in polynomial bounded graphs. A polynomial bounded graph is a graph in which
the number of independent nodes in the r-hop neighborhood of a node is bounded by a
polynomial function. In [33], the MDS is considered in terms of critical nodes in social networks,
while it is shown, as a significant property, that in scale-free networks a high-degree node tends to
be included in the dominating set. It is also shown experimentally that the obtained MDS is unique
when the average degree is large.

In this paper, we propose an algorithm based on learning automata for finding the near-optimal
MPIDS in social networks. We note that for a lower cardinality of the obtained PIDS, influence will
be spread more efficiently because a smaller number of nodes is involved in the spread process. In
the proposed algorithm, a learning automaton is assigned to each node of the network. During the
execution of the proposed algorithm, the set of learning automata cooperate with each other to
find the near-optimal positive influence dominating set in the given network. To investigate the
performance of the proposed algorithm, several experiments have been conducted on well-known
synthetic and real datasets.

The rest of the paper is organized as follows. Section 2 provides a necessary background for an
introduction to learning automata, entropy and influence maximization. Section 3 presents the
proposed learning automaton-based algorithm for finding the minimum positive influence
dominating set in social networks. In section 4, the convergence of our proposed algorithm to a
PIDS is proved, and numerical results are reported in section 5. Finally, section 6 presents our
concluding remarks.

2 Background

2.1 Learning Automata

A learning automaton (LA) [34] is an adaptive decision-making unit in which the performance is
improved by learning how to choose the optimal action from a finite set of allowed actions
considering repeated interactions with a random environment. The action is chosen randomly



based on a probability distribution that is retained over the action set so that at each instant the
given action serves as the input to the random environment. In turn, the environment responds to
the action taken with a reinforcement signal. The action probability vector is updated based on the
reinforcement feedback from the environment. The objective of a learning automaton is to find
the optimal action from the action set so that the average penalty received from the environment
is minimized. The environment can be described by a triple E={c, B, c}, where a={a;, o, ..., o}
represents the finite set of the inputs, B={P1, B>, ..., Pm} denotes the set of values which are chosen
from the reinforcement signal and c={c;, ¢3, ..., ¢} denotes the set of penalty probabilities, where
c; is associated with the given action . If the penalty probabilities are constant, the random
environment is said to be a stationary random environment; otherwise, it is known as a non-
stationary environment. The environments, depending upon the nature of the reinforcement
signal 3, can be classified into P-model, Q-model and S-model. If the reinforcement signal is only
able to take two binary values 0 and 1, the corresponding environment is referred to as a P-model
environment. Another type of environment that allows a finite number of values in the interval [0,
1] to be taken by the reinforcement signal is known as a Q-model environment. In S-model
environments, however, the reinforcement signal lies in the interval [0, 1]. The relationship
between the learning automaton and its random environment is shown in Figure 2.
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Figure 2. The relationship between the learning automaton and its random environment.

Learning automata can be also classified into two main groups: fixed structure learning automata
and variable structure learning automata. Variable structure learning automata are represented by

a triple (B, o, T), in which  is the set of inputs, « is the set of actions and T is the learning
algorithm. The learning algorithm is a recurrence relation that is used to modify the action
probability vector. Let a(k) and p(k) be the action chosen at instant k and the action probability
vector on which the chosen action is based, respectively. The recurrence equations (1) and (2)

introduce a linear learning algorithm by which the action probability vector p is updated. Let o(k)
be the action chosen by the automaton at instant k. Then, to reward {(i.e., }(k)=0) and penalize
(i.e., B(k)=1) an action, the relationships

pi(k) +a(k) x[1—p;(k)] ifi=j (1)

pjk +1) = { p;(k) — a(k) x p;(k) if i #j

and



pXx(A=b() o 2)

are used respectively, where r is the number of actions that can be chosen by the automaton and
a(k) and b(k) denote the reward and penalty parameters determining the amount of increase
and decrease in action probabilities, respectively. When a(k) equals b(k), the recurrence
equations (1) and (2) are referred to collectively as the linear reward penalty (L;_p) algorithm. If
a(k) > b(k), the given equations are known as the linear reward-g penalty (Lp_.p). Finally if
b(k) = 0, they are known as the linear reward-inaction (Lg_;).In the latter case, the action
probability vectors remain unchanged during the penalizing process.

Leaning automata have been successfully used in many applications such as image processing [35,
36], combinatorial optimization problems [37-39], stochastic graphs [37, 40-42], wireless
networks [43], social networks [44-46], network sampling [47], grid computing [48], cloud
computing [49], and adaptive petri-net [50], to mention only a few.

2.2 Entropy

Entropy is introduced into reinforcement learning as a measure of the learning process [51].
Entropy is a fundamental concept in thermodynamics, representing the degree of order or
disorder in a thermodynamic system, and plays an important role in various fields of computer
science such as learning. Entropy essentially estimates the measure of uncertainty in the action of
a learning automaton during the next selection. A larger value of entropy leading to more
uncertainty in the probability vector for a learning automaton means that the automaton contains
no useful information for achieving a goal and its performance is more or less similar to a random
selection. However, lower entropy indicates that by decreasing the uncertainty measure the
automaton selects one of the actions with a higher likelihood, which is useful information in
moving closer to the target.

Suppose that {p1, ps ... p:} is the action probability vector of a learning automaton with r actions
and that the entropy of the action probability vector is determined by

E(P) = —Zl pi log(py). -

The entropy value is maximized when the probabilities of all actions are the same. Over successive
iterations, the entropy value will decrease [51]. The learning automaton initially assigns equal
probabilities to all actions. This uniform distribution leads to considerable uncertainty. Hence, by
using the entropy of the action probability vector as the convergence criterion, the learning
automaton converges to an optimal action with a probability close to unity in the learning process.
In the case of a two-action learning automaton, the entropy will have a value between 0 and 1.
Otherwise, the entropy value can be re-scaled to the interval [0, 1].



2.3 Influence Maximization

Influence maximization is one of the most important issues in the field of social networks, the main
idea of which is taken from viral marketing. The point of interest in viral marketing is how an
innovation is spread throughout a population through word of mouth to maximize the adaptation
in the whole network. In influence maximization, the goal is to find a set of nodes with minimum
cardinality such that their activation maximizes the influence spread through the network. To this
end, we first find the MPIDS in the network using Algorithm 1 (i.e., figure 3). To obtain proper
candidate nodes for influence spread, we select k nodes from the obtained MPIDS based on an
appropriate criterion that can be set according to the application to random, degree, betweenness
[52] or closeness [53]. With the aid of the LTM model [4], we next spread influence from these k
nodes.

One of the most important criteria for the selection of an initial active node is betweenness, which
is calculated for a specific node by computing the number of shortest paths going through a node.
Betweenness is formulated for node v as

Betweenness = Z Diwiz A (4)
i# ] iz jzv
where g;,,; indicates the total length of the shortest path from node i to node j through node v,
and g;; shows the total length of the shortest path from node i to node j in the network.

The closeness centrality of a node is defined by the inverse of the average length of the shortest
path from all other nodes in the networks and is defined as

Closeness = ———. (5)
Yizv Jiv

The eccentricity for a specific node in a connected network is the maximum length of the shortest
path from the other nodes in the network. The maximum eccentricity shows the diameter of the
network.

3 Proposed Algorithm for Finding the Positive Influence Dominating Set

In this section, we propose a learning automaton-based algorithm for solving the minimum
positive influence dominating set problem. The undirected graph G=(V, E) serves as the input to
the algorithm and the desired output is the near-optimal minimum positive influence dominating
set. The proposed learning automaton-based algorithm involves four steps. Following the
initialization step by assigning a learning automaton to the nodes of the input network, the second
step of the proposed algorithm tries to find a candidate positive influence dominating set with the
help of learning automata. The algorithm then evaluates the cardinality of the obtained set to find
the minimum positive influence dominating set. Finally, the probability vector is updated until the
stopping criteria are satisfied. We describe the four steps of the proposed algorithm in detail in the
following subsections.



3.1 Initialization

In the proposed algorithm, each node of the graph is initially equipped with a learning automaton.
Thus, a network of learning automata isomorphic to the graph is initially constructed. The set of
learning automata (LAs) can be described by a tuple LA={A, o} where A={A,,...,A,} corresponds to
the learning automata and a={w, o, ..., o} represents the finite set of actions. Moreover, a
probability vector assigns a probability value to the selection of each action. A common choice for
the initial value of the probability vector is computed using a uniform probability distribution. In
Algorithm 1, the action set of each learning automaton A; residing in node v; consists of only two
actions, & and o}. Let Q;be the selected positive influence dominating set in iteration t. If & is
selected, the corresponding node v, becomes a member of ;. Otherwise, ifa%is selected, no
change will occur in the membership of the positive influence dominating set.

3.2 Finding a Candidate Positive Influence Dominating Set

At each iteration, all learning automata simultaneously select one of their actions according to the
action probability vector. In the proposed algorithm, the action r:x? corresponds to choosing v; as a
member of the currently obtained PIDS, while selecting .-::f% means that v; does not belong to the

current PIDS. Hence, all learning automata that selected action @ become members of Q.. Let n;
be the number of nodes that are neighbors of node v;; then the algorithm checks whether the

obtained €2;is a PIDS by considering whether each node in the network has [ﬂ neighbors included

in the current PIDS. If not, the process of action selection by the learning automata continues;
otherwise, step 3.3 is started. We note that the process of action selection is performed
simultaneously by all learning automata; this cooperation between learning automata helps to
accelerate the learning process.

3.3 Computing the Objective Function

A dynamic threshold is applied by the algorithm to evaluate whether the current obtained solution
is a proper one. Let the dynamic threshold be defined as the average cardinality of the positive
influence dominating sets up to iteration t:

1
Dy = EEF:[ |2l (6)

where Q is the positive influence dominating set and [,/ is the cardinality of the selected positive
influence dominating set at iteration t. The dynamic threshold aids in deciding whether the
obtained PIDS is a proper one; more precisely, if the dynamic threshold, D, is less than ||, the
current PIDS is an appropriate candidate MPIDS.

3.4 Updating the Probability Vector

At every iteration t, if the average cardinality of the positive influence dominating set is less than
or equal to the dynamic threshold D;, then depending upon the internal state, the actions chosen
by all learning automata are rewarded. Each learning automaton updates its action probability
vector by using an Lg, reinforcement scheme. Finding the positive influence dominating set and
updating the action probabilities are continued until the entropy of the probability vector of the



chosen nodes reaches a certain threshold, or the number of resulting positive influence
dominating sets reaches a pre-defined threshold. Figure 3 shows the steps of Algorithm 1 in detail.

Algaricnm |1 proposed algorithm for finding the mimimum positive influence dominating set

|neut The graph GH( V. E), Threshold P, T
Ouepue: Minimum positive influence dominating set
Assumptiona
Assign an automaton A, to each node v, and the initial action set of each automaton is set equally;
Begin
Let ¢ be the iteration number of the algorithm, initially set to 1;
Let €3, be the positive influence dominating set at iteration £ initially set to empty;
Let N, be the set of non-positive influence dominating sets at iteration ¢, initially set to ¥
Let [, be the average size of all positive influence dominating sets up to iteration £
Let P, be the entropy value of probability of the nodes of the positive influence dominating set, initially set to 1;
Whis (t< Tor P,< P)
Rapeat
For all of the learning automata D=
Learning automaton A, chooses an action using its action probability vector;
|+ (the action selected by A; is a member of the positive influence dominating set) tnen // o;
SN = PR
Ena
Erd for
e (€, construct a candidate positive influence dominating set)
Compute D, according to Equation (7);
Ir (€2 £ D)) ehen
Reward the actions chosen by all of the activated learning automata;
F 1=a
Penalize the actions chosen by all of the activated learning automata;
Era lf
Compute entropy probability P, according to Equation (3);
te— 1t +1;

EI'II:I wo e

n
Erd Migorithm

Figure 3. Pseudo-code for the proposed algorithm for finding the minimum positive influence dominating set.

The proposed positive influence dominating set is crucial in the application of influence
maximization and can be used as prior knowledge to select the initial active node. Indeed, in order
to spread diffusion throughout the network we select initial nodes from the obtained PIDS.

Note 3.1. In Algorithm 1 a penalizing parameter is assumed so that when penalizing an action is
necessary, the probabilities are updated based on Equation (2). However, in our experiments the
learning scheme Lg, is used, in which the penalizing parameter is assumed equal to zero; hence,
the actions are rewarded or the probabilities remain unchanged.

4 Convergence Results

In this section, we prove the convergence of Algorithm 1 to the optimal solution by a proper choice
of learning rate.

Theorem 1. Let q(r) be the probability of constructing a positive influence dominating set in a
given graph at stage t. If q(!) is updated according to Algorithm 1, then for everye = 0, there

exists a learning rate @ € (Oﬁl)such that forall a € ({Lﬁ), we have

10



Prob (lim g(1)=1)>1-¢. (7)
Proof.

The sketch of the proof is similar to the method given in [54] and [34] to analyze of the behavior of
the learning automaton operating in a non-stationary environment. The steps of the convergence
proof are briefly outlined as follows. First, the convergence of the penalty probability of the PIDS
to the final penalty probability is established for sufficiently large values of t. Moreover, it is shown
that the probability of choosing the minimum PIDS is a sub-Martingale process for large values of t;
hence, the change in the probability of constructing the minimum PIDS is non-negative at each
step. Finally, the convergence of Algorithm 1 to the minimum PIDS is proved using well-known
Martingale convergence results. For details and proofs of statements see e.g., [28].

Step 1. Assuming the generated PIDS at stage t is penalized with probability c(f) and lim c{r)z c,
I—»a0
for each ¢ € (0,]) and 1> T(g) we have

pmb“c* - c(f] >0 J«-: £ (8)

where 7(5) denotes the minimum number of stages of Algorithm 1 to achieve error rate & .

Step 2. Let L{f)z pr{}bﬂﬂr‘ > Dr] and d(r)z |- c‘(!) be the probabilities of penalizing and
rewarding the PIDS respectively. If q(f) is updated according to Algorithm 1, then the conditional

expectation of q{t) is defined as E[q(Hl]q(r)]:q{r{c(r) q(r)+ d(r{nﬁ—ﬂ:”(f))n PL(I)H ,

. F : ¥
¥ & Vo, EF

where

| I 9]
pL(e+1)=1{" () rall-pf0) e : |
P (N1 - a) v, €P

and pi”(r) is the probability of declaring v, as a dominator by itself at stage t. Moreover,

,&q(r)z E{q(t+ I]q(r)]— q(r) is always non-negative.

Step 3. In defining F(q): pmb[q(m):\‘q(-)z q], the goal is to compute a lower bound for f(q)

that guarantees the convergence of Algorithm 1 after a sufficient number of stages. Let w(q) be a

sub-regular function on [0,]] satisfying/(1) = 0. We note that y(g) < F(q) holds for any g e [0,]]
(see, e.g., [27]). Hence, to establish the convergence of Algorithm 1 with probability equal to 1, it is
sufficient to find a sub-regular function w(q) that is bounded from below and converges to 1.

i 5



—xg
Let ﬁﬂ(ﬂﬂ. q): t‘_lx
e —]

qa(x, q) on [0,]] is that

G(x q)=(1-g)d" V- M1~ g)|- gd" V]xg] = 0, (10)

1 In [34], it is shown that the sufficient condition for the sub-regularity of

(e’ —1
where V[;.r]: SO 7 ﬂ. We note that equation (10) is equivalent to

B u=10

-si-g)l (12)
Uxg| T 1- q*

It is shown in [55] that ‘/[ 3(1 ‘i')] . Hence, (11) is satisfied if

V[xq] : V[ "] V[}:]

sufficient condition for sub-regularity of @(X, q) on [{],l] is to choose x such that ‘/[ ] }
X

X and the

'i]’

Lemma 1. There exists x € R such that for x< x the inequality (11) holds.

Proof.
We note that V[}E'] is continuous, strictly increasing and positive. Moreover, ] 9_ has a positive
il
. * * ] e *
value for any 0 <g<I1. Hence, there exists x € R such that V[x ]:—, and for x< x the

q
inequalities and (9) hold. Hence, for x< x , as in Lemma 1, r,:r?(ﬁ; q) is sub-regular. It

: =
V]
can therefore be concluded that QJ(X, c;-') < F(q) <1.

Moreover, from the definition of t;o(X, q), it is clear that for a given £ = 0, there exists a positive

constant a such that for 0<a<a, we have |-¢ < g.o(x, q)iif(q)ii I. Hence, for a sufficiently
small g =0, Algorithm 1 converges to the minimum PIDS with probability 1 as [—>%. This
completes the proof of Theorem 1. ]

Theorem 2. Algorithm 1 converges to the minimal PIDS in the network after

” - E-lfrfl-nj‘"‘r 1.1
[ = 291=a T iterations with probability not less than 1 — &, where m and N are the

2
average size and the number of PIDSs in the whole network respectively.

Proof.

12



To investigate an upper bound for the complexity, we focus on the worst case, in which all PIDSs
greater than the minimal one, P, are selected first. The worst case can be divided into the two
distinct phases of before and after the first proper selection; these two stages are referred to as
the effort phase and the success phase, respectively.

In the effort phase, all of the selected PIDSs greater than P, are selected. Without loss of
generality, we suppose that these PIDSs are selected in decreasing manner; hence, each obtained
PIDS is rewarded because it is greater than the previous one. Letting i be the iteration in which the
maximal PIDS is obtained for the first time, all of the selected actions are rewarded during the first
i iterations. We then have

pi(N) Zp(N-1)(A -a)™, (12)

where N is the total number of PIDSs in the network and m is their average size. The success phase
is started in iteration i, in which PIDS,,;, is selected for the first time. In the success phase, the
probability of penalizing PIDS;, is zero; thus, the change in the probability of selecting PIDS i, is
non-negative. More precisely, the probability of selecting PIDS,, in this period increases if the
corresponding actions are rewarded, and remains unchanged otherwise. Therefore, at each
iteration of the success phase, the inequality

PPmsmmj 2 l_[ P’ +a(l—p’ ), (13)

holds, where ppmgmmf is the probability of selecting PIDS..;, after j iterations in the success phase.
Using (5) iteratively we obtain

PPIDS i’ 2 l_[ (1-ayp+[1-a) '+ +(1-a)+1]q (14)
VL EPIDS min

where p_g is the probability of selecting the action corresponding to v, at the start of the success
phase and is greater than p, (1 — a)™ ! according to (12). Moreover, using the geometric series
formula, (14) can be simplified to

PpiDs,.) = l_l (1-aYp.(1-a)¥ 1+

a

1—(1—{1}1
a

(15)

[[ a-oma-av1-11+1

VELEPIDS iiin

Because the algorithm starts from uniform probabilities, each pyis initially equal to %and we have

m

%(1 _ N1 1] +1)

Therefore, to ensure that the algorithm converges to PIDS,;, with probability greater than 1-¢, it is

sufficient to let ((1 —a)/ I%(l —a)V 1 — 1] + 1)m = 1.—E.

Ppips,,..} = ((1 - a)/

1



Now, the minimum number of iterations in the success phase is equal
_ M1—e-1/%(1-a)N-1-1

toi = log, _, & .

We note that when an incorrect PIDS is chosen during the success phase, the probability of

selecting PIDS,.;» remains invariant; hence, i does not include the iterations in which the other

PIDSs are selected. In the remainder of this section, we discuss how to compute the total number

of iterations.

Let P, be the average probability of selecting PIDS.i, in the first k iterations. Because this

probability is equal to g in the first iteration and reaches 1-¢ after i iterations in the success phase,
1—£+qg

its average value is Py, = = Conversely, assuming that / is the total number of iterations, it is
mgmu'ﬁ-iflru-u}”“q
clear that i=/Pg.e and hence | = —1=8—— i ]

This completes the proof.

Remark 1. In Theorem 2, the maximum number of iterations necessary for Algorithm 1 to reach a
proper solution is presented. Here, we study the computational complexity of each iteration to
provide a proper bound for the computational complexity of the algorithm. The average degree
among the nodes is O(2n/n)=0(1). Hence, the total complexity in an iteration of the algorithm has
the same order as one node. Moreover, the most time-consuming part of the algorithm is the
selection of an action based on the action probability vector, which in the worst case takes 0(n?).
Consequently, the total complexity of the algorithm is not greater than T,,,, = O(n°y), where

MA—g-1/5(1-a)¥ 11

P = l0g,_q

1—-£+4
2

5 Experiments

In this section, we evaluate the performance of our proposed algorithm for several well-known
real and synthetic networks, including Zachary's Karate Club (Karate) [56], American college
Football (Football) [57], the Dolphins network (Dolphins) [58], Jazz musicians network (Jazz) [59]
and BA-50 to 500 as synthetic networks. All of these networks are commonly used benchmarks in
simulations. Table 1 shows the real and synthetic networks that were used in the experiments and
their characteristics. As an example of a well-known synthetic network, we used the Barabadsi-
Albert model (BA model), which is a scale-free network with heavy-tailed degree distribution [3]. In
addition, we assume that all undirected datasets are double weighted and directed for influence
maximization, in which the weight of the edge (u, v) is 1/deg(v), where deg(v) is the in-degree of
node v.

Table 1. Real and synthetic networks used in simulations.

Network Nodes Edge Description
Karate 34 78 Zachary’s Karate Club Network
Dolphins 62 159 Networks of Dolphins
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Football 115 613 Network of American College Football Teams
Jazz 195 5484 Network of American musicians
BA-[50-500] [50-500] [200-2000] Synthetic Scale-Free Networks

Sections 5.1 and 5.2 present experimental results corresponding to the MPIDS and influence
maximization problems respectively. All experiments with the algorithm were launched on a
system with a hardware configuration of Intel® Core i5 2.67 GHz and 4 GB RAM. The linear learning
algorithm Lg, was used for the learning automaton, and the learning parameter 0.001 was applied
in all of the experiments.

5.1 Experimental Result for the MPIDS Problem

To demonstrate the performance of the proposed positive influence dominating set algorithm,
several experiments were conducted on well-known real and synthetic networks. The termination
condition of the proposed algorithm is when either the number of iterations reaches 10,000 or the
value of entropy is less than 0.1. The entropy value is computed using Equation (3), considering the
learning automata of the nodes that are members of candidate PIDS at specific iterations.

5.1.1 Different Learning Rates

In any learning automaton-based algorithm, the selection of the proper learning rate a is a difficult
task. In this experiment, we study the effect of choosing different learning rates on the
performance of the proposed algorithm. In Table 2, the sizes of the obtained MPIDS are
represented for different learning rates and datasets. Each experiment is conducted 30 times, and
the results are reported based on the average and standard deviation values. From Table 2, we can
conclude that the performance of the algorithm is significantly sensitive to the value of the
learning rate a; in in most cases, the lower the learning rate a, the lower the size of the obtained
MPIDS. Therefore, in the rest of the experiments, the value of the learning rate a is assumed 0.001.
The best result for each dataset is highlighted in boldface.

Table 2. Average results [tstandard deviation] for Algorithm 1 in terms of obtained minimum PIDS.
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5.1.2 Convergence Behavior of the Proposed Algorithm

In this experiment, we investigate the convergence behavior of the proposed algorithm. For this

purpose, the entropy value versus the iteration number is plotted in Figure 4. The uncertainty for

learning automata in selecting the next group of actions is indicated by the entropy; the greater
the entropy value, the higher the degree of uncertainty of the next action set, which means that

the learning automata have no useful data for obtaining a proper result and the action selected is

equivalent to a random selection. Conversely, a lower uncertainty value confirms that the learning

automaton selects a proper action set with a high probability.

As shown in Figure 4, the entropy value gradually decreases with the increase in iteration number.
We note that the smooth reduction in entropy value shows that the algorithm converges to an
optimal action. In addition, the trend in the reduction in entropy value is considerably different in
different networks. This trend is confirmed by the entropy plots of Figure 4. More accurately, the

reduction trend differs from one network to another, meaning that the entropy value depends

upon the topology of the networks.
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Figure 4. Entropy value of the proposed algorithm on the experimental datasets.

5.2 Experimental Results for Influence Maximization

In our proposed algorithm, we initially discover the MPIDS for a given network and then use the
obtained results for influence maximization. Several algorithms and heuristics have been
investigated for influence maximization and are compared below.

5.2.1 Total Influence Spread by Heuristics

To study the performance of the proposed algorithm, we conducted several experiments to
compare the influence spread obtained by our proposed algorithm with High-degree [4], PageRank
[18], HITS [19], CELF [21], CELF++ [22], K-Shell [60] and Pareto-Shell [61]. The computational points

below were considered in applying these algorithms:
- For PageRank, we selected the k number of highest-ranked nodes as initial seed nodes
and we used £=10" as a stopping condition for convergence of the PageRank algorithm.
- In HITS, we set the stopping criterion at 1.02 for selecting the k initial seed nodes.
- CELF was run 10,000 times to evaluate and estimate the influence spread of the seed set.
The descriptions of the algorithms used to provide comparisons are presented in Table 3.

Table 3. Description of the Algorithms used for experimental comparison.

Algorithm

Description

High-degree [4]
HITS [19]

PageRank [18]
CELF [21]
CELF++ [22]

K-Shell [60]

Pareto-Shell [61]

A heuristic approach that selects k nodes with maximum degree,

Hyperlink-Induced Topic Search (HITS; also known as hubs and authorities) is a link analysis
algorithm that rates Web pages.

This algorithm is used for ranking webpages according to their importance in a web graph.
A greedy algorithm that executes CELF using a Monte Carlo simulation.
An improved version of CELF.

This algorithm is an improved version of MDD [1] that considers both the residual degree
and exhausted degree.

An improved version of K-Shell algorithm with the Pareto optimal set consisting of non-
dominated spreads, with the ratio of high out-degree to in-degree and high in-degree.
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Mumber of Activated Nodes

This experiment was conducted to study the effect of different selections of initial active nodes
based on different criteria on the performance of the proposed algorithm. To this end, we studied
the effect of the selection of various numbers of initial nodes on the active seed nodes obtained by
the proposed algorithm. We initially obtained the MPIDS by Algorithm 1 and calculated the
activated nodes based on the following policy. Different criteria are used, including Random node
selection, High-degree nodes, High-betweenness nodes, High-closeness nodes and High-
eccentricity nodes. The initial activated seed nodes are assumed 5%, 10%, 15%, 20% and 25% of
the whole networks. In each case, a specific percentage of the nodes that are the best according to
one of the assumed criteria are selected as the initial activated nodes. Figure 5 shows the numbers
of activated nodes for different numbers of the initial active nodes for the different criteria, in
which x-axis represents the number of initial activated nodes and y-axis represents the total
numbers of activated seed nodes. In these figures, the short forms of the criteria are used as
follows: Rand-PIDS, PIDS, Betweenness-PIDS, Closeness-PIDS and Eccentricity-PIDS stand for
Random, High-degree, High-Betweenness, High-Closeness and High-Eccentricity criteria.

Compared with other algorithms, our proposed algorithm performs as well as other heuristics in
terms of High-degree PIDS. We note that the term High-degree PIDS refers to the PIDS in which the
nodes are sorted based on their degree. In some real networks, such as Dolphins and Football, the
High-degree PIDS naturally has a high influence spread because these networks consist of many
communities with High-degree nodes; hence, the greatest influence spread is expected to be
obtained by selecting a High-degree node. In addition, in other datasets such as BA-50, BA-150,
BA-250, Karate and Jazz, the number of activated nodes at the end of the proposed algorithm is as
close as in the other algorithms.
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Figure 5. Number of activated nodes using different centrality and initial numbers of activated nodes.

To find the best-performing algorithm among all PIDS variants (Random, High-degree, High-
Betweenness, High-Closeness and High-Eccentricity), a Tukey-Kramer multiple comparison [62]
[60] has been applied over all test networks. Table 4 shows the result of multiple comparisons in
the form of (b, —w). For each cell (row, col) of table 4, b and —w represent the number of test
networks for which PIDS,,,, is significantly better than and worse than PIDS_,, respectively. If the
subtraction of b and w (boldface values) is a positive number, then PIDS,,, is better than the
PIDS..; and vice versa. When this value is equal to zero, none of the algorithms is superior to any of



the others. The last column of Table 4 indicates the overall superiority of each algorithm over the
other algorithms, which is obtained by summing the boldface values of each row. From the results
of table 4, one can conclude that PIDS-Rand is the worst performing algorithm, being
outperformed by all of the other PIDS variants in most cases and PIDS is the best performing
algorithm on the set of benchmark functions that is not outperformed by any other PIDS variants
in most cases. According to the obtained results and to the simplicity computation of degree, in
the rest of this paper, we choose High-degree as a criterion for selecting MPIDS for studying the
performance of PIDS in comparison with that of other algorithms.

Table 4. Multiple comparison of influence spread of algorithms based on the Turkey-Kramer method.

Algorithms Rand-PIDS PID5 Betweenness-PIDS  Closeness-PIDS Eccentricity-PIDS  Score
Rand-PIDS 0 (0, -42) -42 (+1, -38) -37 (+2, -38) -36 (+14, -29) -15 -130
PIDS (+42, 0) +42 0 (+12, -6) +6 (+22, -8) +14 (+38, -7) +31 +93
Betweenness-PIDS (+38, -1) +37 (+6,-12) -6 0 (+6, -5) +1 (+40, -6) +34 +66
Closeness-PID5 (+38, -2) +36 (+8, -22) -14 (+5, -6) -1 0 (+33,-2) +31 +52
Eccentricity-PIDS (+29,-14) +15  (+7,-38) -31 (+6, -40) -34 (+2,-33) -31 0 -81

5.2.2 Comparison with Other Algorithms

This experiment was conducted to compare the performance of the proposed algorithm (PIDS)
with other algorithms (Rand, High-degree [4], PageRank [18], HITS [19], CELF [21], CELF++ [22], K-
Shell [60] and Pareto-Shell [61]) in terms of the humber of activated nodes (influence spread) for
different size of initial spreaders (seed nodes). Figure 6 shows the influence spread of algorithms
on the test networks for different size for initial spreaders from 5 to 25% with a 5% interval. The
results show that for all of the test networks, increasing the size of the initial spreaders results in
increasing the total number of activated nodes at the end of the diffusion process. As shown in
figure 6, PIDS activates more nodes than do other comparing algorithms for most synthetic
networks. However, for some of real networks (i.e., karate and jazz), High-degree and PageRank
activate more nodes than does PIDS, meaning that PIDS provides important nodes (MPIDS) as
initial spreaders (seed nodes) for the diffusion process, particularly in synthetic networks. This
behavior might be due to the structural properties of these networks. In dense or modular
(clustered) networks, High-degree and PageRank strategies cannot incorporate the fact that many
of the most important nodes (i.e., highest-degree or high PageRank) might be clustered or have
several common neighboring nodes, so that targeting all of them is unnecessary. Conversely, some
important (i.e., highest-degree or high PageRank) nodes can be ignored in MPIDS due to properties
of MPIDS for existing common neighboring nodes. Therefore, it seems that PIDS is suitable for
sparse networks and High-degree and PageRank strategies are suitable for dense or modular
networks.
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Figure 6. Numbers of activated nodes using different algorithms and initial numbers of activated nodes.

To verify statistical differences among the proposed algorithm (PIDS) and other algorithms, a two-
tailed t-test for a confidence level of 95% has been performed to compare the algorithms from a
statistical point of view (Table 5). In this test, it is assumed that the difference between each pair
of algorithm is statistically significant if the difference significance is less than 0.05. The first
column of table 5 includes the list of the algorithms for influence maximization. The second
column shows the p-value of the t-test concerning PIDS versus each algorithm. In the third column,
the t-test result concerning PIDS versus the corresponding algorithm is shown as ‘+’, -’ and '~/
when the performance of PIDS in terms of influence spread is significantly better than, worse than,
and similar to that of the corresponding algorithm. This conclusion is drawn based on the t-test
result for influence spread difference significance between the two compared algorithms. For
example, in Table 5, for a comparison between PIDS and RAND, for 5% of initial spreaders, the p-
value of 1.93e-25 indicates that PIDS outperforms Rand. From the results, one can conclude that
for a small number of initial spreaders (5% through 15%), PIDS outperforms other algorithms
significantly in terms of the influence spread, whereas for 20% of initial spreaders, PIDS
outperforms for at least six out of the eight algorithms (except for high-degree) and has similar
performance in comparison with Pareto-shell. For a large number of initial spreaders (25%), PIDS is
only better than Rand, PageRank, CELF, CELF+ and Pareto-shell. This result might mean that the
results of MPIDS are more appropriate for influence maximization with a small number of initial

spreaders (i.e., real-life application with a limited budget) than with a small number of initial
spreaders.

Table 5. Results of t-test for comparing the performance of PIDS versus other algorithms in terms of influence spread.

Algorithm Numbers of activated nodes (%)

5 10 15 20 25

p-value result p-value result p-value result p-value result p-value result
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Rand 1.53e-25 + 9.77e-17 * 8.40e-15 + 2.51e-05 + 3.85e-02 +

High-degree 6.99e-03 + 6.07e-03 + 4.73e-03 + 9.76e-01 - 4.62e-04 -
PageRank 1.39e-11 + 1.30e-11 + 5.6%9e-09 + 4.58e-06 + 3.03e-07 +
HITS 1.37e-13 + 1.10e-11 + 7.64e-10 + 4.07e-02 + 2.45e-03 —
CELF 3.38e-23 + 3.90e-25 + 3.47e-21 + 8.18e-10 + 4.59e-02 +
CELF++ 1./6e-17 + 8.43e-25 + 3.58e-22 + 1.43e-14 + 1.01e-16 +
K-Shell 1.16e-31 + 3.20e-40 B 1.69e-38  + 2.88e-35 + 8.02e-28  +
Pareto-Shell 3.07e-02 + 1.02e-03 + 1.83e-03 + 1.39e-01 ~ 2.41e-02 -

Note: '+, ' and '~" indicate a 0.05 level of significance by t-test. '+, - and "~ denote that the performance of the PIDS is better than, worse than,
and similar to that of the compared algorithm, respectively.

5.2.3 Convergence Behavior

In this experiment we aim to compare the convergence behavior of the proposed algorithm and
other existing algorithms. In order to perform this experiment, we plot influence spread versus
time in Figure 7 for each real and synthetic network. For clarity, we present only the curves for the
best and the worst obtained results for the proposed algorithms. We note that in this experiment
the best achievement of each algorithm occurred when 25% of the initial activated nodes are
considered. According to the results in Figure 7, the following observations are noted:

- In the initial time steps, the influence spread increases sharply; however, closer to
convergence the trend becomes smoother.

- The proposed algorithm obtains greater spread influence in some of the cases including BA-
100.

- In most cases, the Rand algorithm is superior to the others and the worst performance is
obtained by CELF. The best and worst performances are shown by the maximum and the
minimum curves in Figure 7, respectively.

- We note that in all cases, the proposed algorithm is very close to the best-obtained

performance.
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Figure 7. Convergence behavior of the proposed algorithm in terms of the influence spread.
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6 Conclusion

In this paper, we propose a learning automaton-based algorithm for finding the minimum positive
influence dominating set (MPIDS). The proposed algorithm iteratively finds candidate nodes in
order to form a PIDS in a social network. In the proposed algorithm, each node has two possible
choices that correspond to whether or not it belongs to the PIDS. In the process of the algorithm,
each node learns how to select one of its actions in order to minimize the number of nodes
selected per iteration. We then introduce the minimum positive influence dominating set in an
application of influence maximization. We also discuss how to solve the influence maximization
problem using the proposed learning automata-based algorithm and present the results of
experiments performed to evaluate the performance of the proposed algorithm. These
experimental results confirm the superiority of the proposed algorithm in terms of the total
influence spread.
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